
Conformal circles in flat space
Useful quantities and formulæ

• ηab = flat metric
• ∂a = flat connection
• γ = curve in flat space
• t : γ → R a smooth parameterisation
• Ua a vector field along γ such that Ua∂at ≡ 1
• ∂ ≡ Ua∂a

• η̂ab = Ω2ηab also supposed flat with connection ∂̂a and

∴ ∂aΥb = ΥaΥb − 1
2
Υ.Υηab where Υa ≡ Ω−1∂aΩ.

• ∂̂aV
b = ∂aV

b + ΥaV
b + V.Υδa

b − VaΥb for any vector field V b

• ∂̂V b = ∂V b + U.ΥV b + V.ΥU b − U.VΥb for any vector field V b

• Ab ≡ ∂U b

• Âb = Ab + 2U.ΥU b − U.UΥb

• Cb ≡ 2U.U∂Ab − 6U.AAb + 3A.AU b

We compute

U.Â = U.A+ U.UU.Υ

and

Â.Â = A.A+ 4U.U(U.Υ)2 + (U.U)2Υ.Υ + 4U.ΥU.A− 2U.UA.Υ− 4U.U(U.Υ)2

= A.A+ (U.U)2Υ.Υ + 4U.ΥU.A− 2U.UA.Υ

and

∂̂Âb = ∂Âb + U.ΥÂb + Â.ΥU b − U.ÂΥb

= ∂(Ab + 2U.ΥU b − U.UΥb)
+ U.Υ(Ab + 2U.ΥU b − U.UΥb)

+ (Aa + 2U.ΥUa − U.UΥa)ΥaU
b

− Ua(Aa + 2U.ΥUa − U.UΥa)Υb

= ∂Ab + 2A.ΥU b + 2U.∂ΥU b + 2U.ΥAb − 2A.UΥb − U.U∂Υb

+ U.Υ(Ab + 2U.ΥU b − U.UΥb)
+ (A.Υ + 2U.ΥU.Υ− U.UΥ.Υ)U b

− (A.U + U.UU.Υ)Υb

= ∂Ab

+ 3U.ΥAb + (3A.Υ + 2U.∂Υ + 4(U.Υ)2 − U.UΥ.Υ)U b

− (3A.U + 2U.UU.Υ)Υb − U.U∂Υb

and

U.ÂÂb = (U.A+ U.UU.Υ)(Ab + 2U.ΥU b − U.UΥb)
= U.AAb

+ U.UU.ΥAb + 2(U.AU.Υ + U.U(U.Υ)2)U b − U.U(U.A+ U.UU.Υ)Υb.



Therefore,

U.U∂̂Âb − 3U.ÂÂb = U.U∂Ab − 3U.AAb

+ (U.U(3A.Υ + 2U.∂Υ− 2(U.Υ)2 − U.UΥ.Υ)− 6(U.AU.Υ))U b

+ (U.U)2U.ΥΥb − (U.U)2∂Υb

whereas
Â.Â = A.A+ (U.U)2Υ.Υ + 4U.ΥU.A− 2U.UA.Υ.

Therefore,

2U.U∂̂Âb − 6U.ÂÂb + 3Â.ÂU b = 2U.U∂Ab − 6U.AAb + 3A.AU b

+ U.U(4U.∂Υ− 4(U.Υ)2 + U.UΥ.Υ)U b

+ 2(U.U)2U.ΥΥb − 2(U.U)2∂Υb.

In other words

Ĉb = Cb + U.U(4U.∂Υ− 4(U.Υ)2 + U.UΥ.Υ)U b + 2(U.U)2U.ΥΥb − 2(U.U)2∂Υb

= Cb + 2U.U(2U.∂Υ− 2(U.Υ)2 + U.UΥ.Υ)U b − (U.U)2(2∂Υb − 2U.ΥΥb + Υ.ΥU b)
= Cb + 2U.UUa(2∂Υa − 2(U.Υ)Υa + Υ.ΥUa)U b − (U.U)2(2∂Υb − 2U.ΥΥb + Υ.ΥU b)
= Cb + U.U(2∂Υa − 2(U.Υ)Υa + Υ.ΥUa)(2UaU b − U.Uηab)

but recall that ∂aΥb = ΥaΥb − 1
2
Υ.Υηab so

2∂Υa − 2(U.Υ)Υa + Υ.ΥUa = 0 whence Ĉb = Cb .

In particular, the equation Cb = 0 is invariant under flat-to-flat conformal transformations.
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