Conformal circles in flat space
Useful quantities and formulae

® 1), = flat metric

e 0, = flat connection

e v = curve in flat space

e {: v — R a smooth parameterisation

e U“ a vector field along v such that U%0,t = 1

e 0=U%),

® Ny, = 2?1, also supposed flat with connection 3(1 and

0Ty =T, Ty — %T.Tnab where Y, = Q719,0.

° &Vb =0,V + Y, VP +V.15,b — V,Y? for any vector field V?
e VP =9V + UV + V.YU® — UVY? for any vector field V?
e A = 9U"

o AV = Ab 42U YUY —U.UY?

o C*=2U.U0A" — 6U.AA® + 3A. AU

We compute

UA=UA+UUUY
and

AA = AA+4UUWUTY?2+ (UUY.Y +4AUYU.A - 2UUAY — AU.U(U.Y)?
= AA+(UUPTY +4UYUA - 2UUAY

and
DAY = QA + UTAY + ATU — U.AT?
= (A" 4+ 2U.TU — U.UYY)
+ U.T (A" + 2U. YU — U.UTY)
+ (A% + 2U.YU — U.UYY)Y,U"
— U (A® 4+ 2U.YU — U.UYT) Y
= A+ 2A. YU + 2U.0YUY + 2U.TA® — 2A.UY® — U.UHY?
+UY(A + 2U.YUb — U.UYY)
+ (AY 4+ 2UYU.Y — UUY.T)U
— (AU +UUUY)Y?
= QA
+3UTAY + (3A.Y +2U.07 4+ 4(U.X)2 — UUY.T)U"
— (BA.U 4+ 2U.UU.Y)Y? — U.UDY?

UAA = (UA+UUUT) (A +2U.TU" — U.UY?)
= U.AA
+UUUYA + 2UAUY + UU(UY))U" — UU(U.A+ UUU.Y)Y?,



Therefore,

UUJA® — 3U.AAY = U.UAb — 3U.AAY
+ (UUBAY +20.07 —2(UY)2 = U.UY.Y) — 6(U.AUY)U?
+ (UU)2UXYY — (U.U)20Y?
whereas
AA = AA+(UUY.T+4UYU.A—-2UUA.T.
Therefore,

QU.UHAY — 6U.AAY + 3A. AU = 2.UJAY — 6U.AAP + 3A. AU
+UUMAUOY —4(UX)2 4+ UUY.T)U?
+ 2(U.U)2UYTY — 2(U.U)2TP.
In other words
Ct = Ct+U.UMAU.DY — A(U.T)2 + U.UT.T)U? + 2(U.U)2UTY? — 2(U.U)207TP

= CP 4+ 2U.U(2U.OY = 2(UX)2 + UUY. DU — (UU)*(20T" — 2U.TY + Y. YU?)
= CP 4+ U.UU(20Y, — 2(UX)Y, + Y. YU,)U? — (U.U)*(200" — 2U. XYl + Y. TU?)
= C*+U.U(207, —2(UX)Y, + Y. TU,)(2UU® — U.Un®)

but recall that 9,T, = T, Ty — $T. Ty s0

20T, —2(UX)Yy + Y. YU, =0 whence |C* = C?|.
In particular, the equation C° = 0 is invariant under flat-to-flat conformal transformations.
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