
Some Questions on the Course

Conformal Differential Geometry
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Question 1 Show that inverse orthographic projection

R2 3 (x, y) 7→ (x, y,
√

1− x2 − y2) ∈ R3

from the unit disc {(x, y) s.t. x2 + y2 < 1} to the round 2-sphere
{(x, y, z) ∈ R3 s.t. x2 + y2 + z2 = 1} is not conformal except at (0, 0).

Question 2 Show that the mapping

R2 3
(
x
y

)
7−→

(
x3 − 3xy2 − x2 + 4xy + y2 − x− 2y + 1
3x2y − y3 − 2x2 − 2xy + 2y2 + 2x− y

)
∈ R2

is conformal except at the points (1, 0) and (0, 1).

Question 3 Consider a smooth connected n-manifold equipped with
a torsion-free affine connection ∇a having curvature Rab

c
d defined by

(∇a∇b −∇b∇a)Xc = Rab
c
dX

d.

(i) Show that

∇aX
b − 1

n
δa

b∇cX
c = 0 ⇐⇒

{
∇aX

b = δa
bY

∇aY = − 1
n−1

RabX
b

where Rbd ≡ Rab
a
d.

(ii) Show that

dim{σbc s.t. σ(ab) = 0 and ∇(aσb)c = 0} ≤ n(n−1)(n+1)
6 .

Question 4 Use the definition of the Levi-Civita connection to show
that the Riemannian curvature of the surface in R3 defined by

z = αx2 + βy2 + higher order terms

is given by

Rabcd = 4αβ(gbcgad − gbcgad) at the origin.

Question 5 Solve the partial differential equations

∂aΥb = ΥaΥb and ∂aΥb = ΥaΥb − 1
2
ΥcΥ

cδab

in Rn for n ≥ 2.
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