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THE YAMABE PROBLEM FOR HIGHER ORDER CURVATURES

WEIMIN SHENG, NEIL S. TRUDINGER, XU-JIA WANG

ABSTRACT. Let M be a compact Riemannian manifold of dimension n. The k-curvature,
for k =1,2,--- ,n, is defined as the k-th elementary symmetric polynomial of the eigenval-
ues of the Schouten tenser. The k-Yamabe problem is to prove the existence of a conformal
metric whose k-curvature is a constant. When k = 1, it reduces to the well-known Yamabe
problem. Under the assumption that the metric is admissible, the existence of solutions to
the k-Yamabe problem was recently proved by Gursky and Viaclovsky for k > Z. In this
paper we prove the existence of solutions for the remaining cases 2 < k < %, assuming that
the equation is variational.

1. Introduction

In recent years the Yamabe problem for the k-curvature of the Schouten tensor, or
simply the k-Yamabe problem, has been extensively studied. Let (M, gg) be a compact
Riemannian manifold of dimension n. Denote by Riem, Ric, and R the Riemannian
curvature tensor, the Ricci tensor, and the scalar curvature, respectively. Then one has
the standard decomposition Riem = W + A ® gg, where W is the Weyl tensor, A is
the Schouten tensor given in (1.2) below, and ® denotes the Kulkarni-Nomizu product
[B]. As the Weyl curvature tensor is conformally invariant, the transformation of the
Riemannian curvature tensor under conformal changes of metrics is determined by that
of the Schouten tensor. Therefore it is of interest to study curvature functions of the
Schouten tensor under conformal deformation. A fundamental problem is the k-Yamabe
problem, to prove the existence of a conformal metric g = g, = = go whose k-curvature

is equal to a constant, that is

or(A(Ag)) =1, (1.1)
where 1 < k < n is an integer, A = (A1,---, \,) are the eigenvalues of A, with respect
to the metric g, and

A=t (Ric—i) (1.2)
9T 2 9 T g —1)? ‘
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is the Schouten tensor. As usual we denote by

N = D A (1.3)
i1 < <ig
the k-th elementary symmetric polynomial. When k = 1, we arrive at the well known

Yamabe problem.

When k > 2, the k-Yamabe problem was initiated by Viaclovsky [V1] and also arose
in the study of the Paneitz operator [Br, CGY1]. Equation (1.1) is a fully nonlinear
partial differential equation. To work in the realm of elliptic operators, one assumes that

the eigenvalues A\(A,) lie in the convex cone I'y, [CNS], where
I'n={AeR"|oj(A\)>0forj=1,--- k}. (1.4)

Under this assumption, the k-Yamabe problem has been solved in the cases when n =4
and k =2 [CGY1, CGY2], or when the manifold is locally conformally flat [LL1, GW2].

Very recently Gursky and Viaclovsky [GV2] solved the problem for k > %, using the

positivity of the Ricci curvature in this case.

In this paper we employ a variational method to treat the problem for the cases
2 < k < 5. We prove that equation (1.1) has a solution as long as it is variational,
namely it is the Euler equation of a functional, which includes the cases when k£ = 2
and when M is locally conformally flat. In Section 2 we give a sufficient and necessary

condition for equation (1.1) to be variational.

When (1.1) is variational and k # %, its solutions correspond to critical points of the

functional
n—2

n—2
J(g) = 5(n—2%) /M o,(A(g))dvoly — 5 /M dwvol, (1.5)

in the conformal class [go] = {g | g = VR gy, v > 0}. When k = %, the first integral
in (1.5) is a constant and we need to replace it by (2.32) below. We will find a min-max
(Mountain Pass Lemma) solution, as in the case k = 1. Note that in the case k > 7, the

coefficients are negative and the functional is negative.

The progressive resolution of the Yamabe problem (k = 1) by the second author,
Aubin and Schoen [Ya, Trl, Aul, S1| was a milestone in differential geometry. Roughly
speaking, the overall proof consists of two parts. The first one is to show that the Yamabe

problem is solvable if the Yamabe constant Y; satisfies the condition
Vi(M) <Y1(5"), (1.6)

and the second one is to verify the condition (1.6) for manifolds not conformally diffeo-
morphic to the unit sphere S™ with standard metric. When M is locally conformally

flat, different proofs were found later [SY1, Ye].
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For the k-Yamabe problem, 2 < k£ < 7, our variational approach basically comprises
the same two steps. Namely one first shows that (1.1) has a solution when the k-Yamabe

constant Y} satisfies

Yk(./\/l) < Yk(Sn), (1.7)

and then verify the condition (1.7) for manifolds not conformal to the unit sphere S™.
But since equation (1.1) is fully nonlinear, our treatment is technically different and more
complicated. For the first step, we cannot apply the variational method directly, since

we need to restrict the functional (1.5) to a subset of the conformal class [go], given by

g0l = {9 | 9 =v72g0,v > 0,\(4,) € T}, (1.8)

and the set of functions v with v==2 9o € [go]r may not be convex. Through the functional
(1.5), we introduce a descent gradient flow, establish appropriate a priori estimates, and
prove the convergence of solutions to the flow under assumption (1.7). We need to choose

a particular gradient flow to obtain the a priori estimates, locally in time.

For the second step, it seems impossible to find an explicit k-admissible test function.

The function

€ \(n-2)/2
Ve () = (52 —|-T2) ) (1.9)

which is the unique solution of (1.1) on the Euclidean space R™ for all 1 < k < n, is k-

1/2

admissible only when r < C'e'/* on a general manifold, where r is the geodesic distance.

Fortunately we found a simple way to deduce (1.7) directly from (1.6).

This paper is arranged as follows. In Section 2, we state the main results, specifically
in §2.1, while in §2.2 we outline the proof. In §2.3 we collect some related results on the
k-Hessian equation. In §2.4 we give a sufficient and necessary condition for a partial dif-
ferential equation to be variational. In Section 3 we study the regularity for the gradient
flow of the functional (1.5) for solutions with A\(A4,,) € I'y, and give counterexamples to
interior regularity for solutions with A(A4,,) € (—I'x). In Section 4 we investigate the
asymptotic behavior of a descent gradient flow and prove the convergence of the flow
under condition (1.7). We then prove (1.7) for manifolds not conformal to S™ in Section

5. The final Section 6 contains some remarks.

The authors are grateful to Kaiseng Chou for useful discussions. This research was
largely carried out in the winter of 2004-05 while the third author was at the Nankai
Institute of Mathematics in China under a Yangtze River Fellowship. The other authors
are also grateful for the Nankai Institute for hospitality when we were all there together
in November 2004.



2. The main results

2.1. The main results. Let (M, go) be a Riemannian manifold. If g = VRIS a

solution of (1.1), then the Schouten tensor is given by A, = (n_%)UV, and v satisfies the
equation
L[v] := v P55 g (A(V)) = viez, (2.1)
where
n Vv® Vv 1 |Vo|? n—2
V=-V? — Ag,. 2.2
Vv—l—n_2 v n—2 w go+ 9 4o (2:2)

Equation (2.1) is a fully nonlinear equation of similar type to the k-Hessian equations
[CNS, CW2, I1, TW2]. For the operator L to be elliptic, we need to restrict to metrics
with eigenvalues A\(A,) € U(£I'y), which we will simply denote as g € £I'y. Therefore
equation (2.1) has two elliptic branches, one is when the eigenvalues A € T’y and the
other one is when A\ € (—I'g). In this paper we will mainly consider solutions with
eigenvalues in I'y. Accordingly we say v is k-admissible (that is v is strictly subharmonic
with respect to L) if g = fuﬁgo € I'y. The set of all k-admissible functions will be
denoted by @, = ®,(M, go). In this paper we will always assume, unless otherwise
indicated, that 2 < k < % and the following two conditions hold,

(C1) The set @, (M, go) # 0;
(C2) The operator L is variational.

The condition (C1) ensures that the operator L is elliptic, and may be replaced by
Y;(M) >0 for j=1,---,k, as in the case when k = 2 and n = 4 [CGY1, GV1]. Note
that in condition (C1), we do not assume directly that the metric go € I'y, rather we
assume that there exists a positive function v such that v go € I'y,. Conditions (C1)

(C2) are automatically satisfied when k = 1.

As for the Yamabe problem, we introduce the k-Yamabe constant for 2 < k < 7,
V(M) = inf{Fy(9) | g € [go]x, VoL(M,) = 1}, (2.3)

where [go]x is defined in (1.8), and

2n n+2

_ / vm—kmgk()\(v))dvolgo. (2.4)
M

Note that we have ignored a coefficient (%)k in the second equality. The main result

of the paper is the following.
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Theorem 2.1. Assume 2 < k < % and the conditions (C1) (C2) hold. Then the k-
Yamabe problem (1.1) is solvable.

As indicated in the introduction, the proof of Theorem 2.1 is divided into two parts.

The first part is the following lemma.

Lemma 2.1. If the critical inequality (1.7) holds, then the k-Yamabe problem (1.1) is

solvable.
The second part provides the condition for (1.7).

Lemma 2.2. The critical inequality (1.7) holds for any compact manifold which is not

conformal to the unit sphere S™.

When k = 3, we prove that F,/2(9) = Y,/2(M), that is it is a constant for any
g € [go]x (Lemma 4.8). Hence (1.7) implies that F,,/2(g) < Y, /2(S™) provided M is not

conformal to the unit sphere.

2.2. Strategy of the proof. A solution of the k-Yamabe problem is a min-max
type critical point of the corresponding functional. As we need to restrict ourselves to
k-admissible functions, we cannot directly use variational theory (such as the Ekeland
variational principle). Instead we study a descent gradient flow of the functional and
investigate its convergence. We need to choose a special gradient flow (similar to [CW2])

for which the necessary a priori estimates can be established.

As with the original Yamabe paper [Ya], we first study the approximating problems
L(v) =P, (2.5)

where 1 < p < 2£2. Equation (2.5) is the Euler equation of the functional

n — 2 2n n+2 1
Ip(v) = Jp(v; M) = / vz FnS o (A(V)) - —— vPt(2.6)
" ' 2n — 4k (M, g0) p+1 (M, g0)

1 where € > 0 is a small constant. Then J,(p1) — 0 (when

Let o1 = ¢ and py = e~
k< %) and J,(p2) — —00 as € — 0. Let P denote the set of paths in ®; connecting ¢,

and o, namely
P ={yeC([0,1}, ) | 7(0) = ¢1,7(1) = @a}. (2.7)

Obviously ®; # (). Denote
cp[M] = inf sup J,(y(s); M). (2.8)

ver s€1[0,1]
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Then (1.7) is equivalent to
cpM] < cp[S"] (2.9)

with p = 2£2. We will prove that J,, has a min-max critical point v, with J,(vp) = ¢,[M],

in the sub-critical case p < Z—J_rg By a blow-up argument, we prove furthermore that v,

converges to a solution of (2.1) under the assumption (2.9).

The descent gradient flow will be chosen so that appropriate a priori estimates can be
established. To simplify the computations, we will also use the conformal transformations
g=1u"2gyor g=e"2"gy. That is

u=e" =v "2, (2.10)

We say u or w is k-admissible if v is, and also denote u, w € @y, if v € Py.

Our gradient flow is given by

F[w] - Wy = N(f(wi»? (2'11)

where

Flw] := p(or(A(Ag))) (2.12)

and g = e 2¥gy. When f(z,w) = e 2", a stationary solution of (2.11) is a solution to

the k-Yamabe problem. The function p is monotone increasing and satisfies

li t) = —oo. 2.13
Jim p(t) = —oo (2.13)
Condition (2.13) ensures the solution is k-admissible at any time ¢. For if u(-,t) is a
smooth solution, then (2.13) implies ox(A) > 0 at any time ¢ > 0. A natural candidate
for the choice of p is the logarithm function p(t) = logt [Chl, W1, TW4]. However for

the flow (2.11), we need to choose a different p to ensure appropriate a priori estimates.

n
2
theorem in [LL1], it is easy to prove that the set of solutions of (2.1) is compact. Hence

In the case k = %, F,,/2(g) is a constant less than Y, 5(S™). Hence by the Liouville

the existence of solutions can be obtained by a degree argument. When 2 < k < 3,

by the Liouville theorem in [LL2], one can also prove the set of solutions of (2.5) is

n+2
n—2"

need a solution v, of (2.5) satisfying J,(v,) = ¢,. This is the reason for us to employ the

compact when p < But to use the condition (1.7) in the blow-up argument, we

gradient flow.

For the verification of (1.7), one cannot mimic the argument in the case k = 1, as the

test function (1.9) is in general not k-admissible in a geodesic ball B,,. Instead we let
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v1 be the solution to the Yamabe problem (k = 1), and v be the k-admissible solution of
the equation
nt2

ok(A(V)) = v, "%

We will verify (1.7) by using the solution v as the test function.

The idea of using a gradient flow was inspired by [CW2], where a similar problem for
the k-Hessian problem (see (2.22) below) was studied. However technically the argument
in this paper is different. For the k-Yamabe problem, the corresponding Sobolev type
inequality was not available, and the a priori estimates only allow us to get a local (in
time) solution. The argument in this paper is also self-contained, except we will use the

Liouville theorem in [LL1, LL2], proved by the moving plane method; see also [CGY3].

2.3. The k-Hessian equation. Equations (2.1) is closely related to the k-Hessian
equation
or(MD*v)) = f(z) €, (2.15)

where 1 < k <n, A= (A1, -+, \,) denote the eigenvalues of the Hessian matrix (D?v),
) is a bounded domain in the Euclidean n-space R". For later applications we collect
here some elementary properties of the polynomial oy, and give a very brief summary of
related results for the equation (2.15).

We write 0g(A) =1, 0x(A) =0 for £ > n, and denote o,;(A) = ox ()

Xi=0"
Lemma 2.3. Let A €Iy, with Ay > ---> \,. Then
A >0 (i)
0k(A) = ki (A) + Aiogh—1:(N), (ii)
Yii10k-1:(A) = (n =k + 1)ox_1(N), (iii)
O-k—l;n(A) Z te Z Uk—1;1(>\) > 07 (IV)
Ok—1:k(A) > Cn kX7 10k-1,4(N), (v)
k 1 _

> N my\1/k (k=1)/k .

1 (V) = = () [ (V) (v

1/k

Moreover, the function [o]'/* is concave on T'.

We just listed a few basic formulae, there are many other useful ones, see for example
[CNS, CW2, LT]. For our investigation of equation (2.1) and its parabolic counterpart,

Lemma 2.1 will be sufficient. These formulas can be extended to o (A(r)), regarded as

1/k

functions of n X n symmetric matrices r. In particular [o4(A(r))]"/* is concave in r [CNS].
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We say a function v € C%(2) is k-admissible (relative to equation (2.15)) if the eigen-
values A\(D?*v) € Tj. Equation (2.15) is elliptic if v is k-admissible. The existence
of k-admissible solutions to the Dirichlet problem for (2.15) was proved by Caffarelli-
Nirenberg-Spruck [CNS], see also Ivochkina [I].

Relevant to the k-Yamabe problem is the variational property of the k-Hessian equa-
tion (2.15), investigated in [CW2, TW4, W1]. It is well known that the k-Hessian

equation is the Euler equation of the functional

1

=T Q(_mgk(A(D%)). (2.16)

Ik(v)

The Sobolev-Poincaré type inequality, for k-admissible functions vanishing on the bound-

ary,
1/ )y < o/ ), (2.17)

was established in [W1] for the case [ = 0 and k£ > 1, and in [TW4] for the case k > 1 > 1,
where 0 <[ <k <n,

Io(v) = [/Q o[*"da] """ (2.18)

and

kE*=nk+1)/(n—2k) if k<n/2, (2.19)
k* <oo if k=n/2,
k* =00 if k>mn/2.

The best constant in the inequality (2.17) is attained by
v(x) = (14 |zf?)BE-m/2k (2.20)

when [ =0, k < 3, and © = R"; and by the unique solution of

TE(\(D*)) =1 in Q (2.21)

oy
forl1 <lI< k<n.
i From the inequalities (2.17), it was proved in [CW2] that the Dirichlet problem

or(M(D?*v)) = [v]P + f(v) in Q, (2.22)
v=0 on 01,

admits a nonzero k-admissible solution, where 1 <k < 3, 1 <p < k* — 1, f is a lower
order term of |v|P. The existence result was proved for the problem with more general

right hand side.
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Remark 2.1. The 1996 preprint [CW1] also contains the existence of solutions to the
Dirichlet problem (2.22) in the critical growth case p = k* — 1. The result was obtained

by a blow-up argument and the symmetrization of functions, see Theorem 9.1 in [CW1].

2.4. A necessary and sufficient condition for an equation to be variational.
The following proposition was communicated to the authors by Kaiseng Chou several

years ago.

Proposition 2.1. Let M be a compact manifold without boundary, v € C*(M). An
operator Fv] = F[V?v,Vv,v, x| is variational if and only if its linearized operator is

self-adjoint. The functional is given by

Iv] = /G[v], (2.23)

except when F' is homogeneous of degree -1, where
1
G[v] :/ vF[\v]. (2.24)
0

This proposition can be found in [O]. We give a proof of the “if” part, as we need
some related formulae.

Proof. The linearized operator of F[v] is given by
L(p) = F¢ij + Fp, 05 + Fop. (2.25)

We have
| vp@) = [ Virivie) +opr) - 4
M M
=/ [—vip; FY + vpF,] — A
M
= / O[Fv;; + Fp,v; + Fv] — A+ B
M
— [ eLw)-a+5
M
where

/ U@j(viFij —ij),
M
B :/ vip(ViF9 — F,),

M

A+ B == [ (2)(9,F - F,)
M'U

:/ O (V,FT — F,)]
M



Hence L is self-adjoint if and only if

zn: Vi[v}(V;FY — F,,)] = 0. (2.26)

i,j=1

If L is self-adjoint,

Hence F' is the Euler equation of the functional I. []

Conversely if the operator F' is the Euler operator of the functional I, from the above
argument we must have —A+ B = 0, namely (2.26) holds. In other words, F' is the Euler
operator of [ if and only if (2.26) holds. Observe that if

Y ViFY=F, Vj (2.27)

then (2.26) holds.

. From Proposition (2.5) we can recover the results on the variational structure of (2.1)
in [V1]. First, if locally M is Euclidean, one verifies directly that (2.26) holds, as it is
a pointwise condition. The locally conformally flat case is equivalent to the Euclidean
case by a conformal deformation to the Euclidean metric. Finally if £ = 2, we note
that to verify (2.26) for arbitrary v with a fixed background metric gq is equivalent to
verify it for v = 1 with respect to an arbitrary conformal metric g = ﬁﬁgo. However
when v = 1, condition (2.26) becomes 223:1 V.V,;F =0, where F'/ = %Jk()\(r))
at r = A,. But we have

i _
by the second Bianchi identity.
When k > 3, it is easy to find metrics for which (2.26) does not hold (at v = 1). So

equation (2.1) need not be variational. As an example, let kK = n = 3, and in a local

coordinate system, let the metric g = {g;;} be given by

gi1 = 1, goo = 1 +ZL’, gs3s = 1 +y2 + 22, gij = (Sij for 1 7£ j (229)
10



L,iDEFANGED.171172 Then V,;V;F% # 0.
By (2.23) we also see that (2.6) is the functional of (2.5). When k = %, the integral

(2.24) may not exist. We may consider v as a composite function v = p(w) and write

equation (2.5) in the form

Flw] =: ¢'(w)L{p(w)) = ¢" (w)¢' (w). (2.30)

If the operator L in (2.1) satisfies (2.26) with respect to v, the operator F' in (2.30)

satisfies (2.26) with respect to w. Hence the corresponding functional is given by

Enya(w / / wF[tw]. (2.31)
M. go)

In particular if v = e~ "2 *, then we obtain the functional in [BV],

€ jalw /Mgo)/ w5 (A(Ay,). (2.32)

where g, = e ?'%g.
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3. The a priori estimates

In this section we study the regularity of k-admissible solutions (2 < k < n) to equation
(2.1) and its parabolic counterpart (2.11). The global a priori estimates for the elliptic
equation (2.1) (for solutions with eigenvalues in I'y) have already been established by J.
Viaclovsky [V2], with interior estimates by P. Guan and G. Wang [GW1]. We will provide
a simpler proof for the elliptic equation (2.1), and extend the estimates to the parabolic
equation (2.11) on general manifolds, which is necessary for our proof of Theorem 2.1.
Previously the estimates for the parabolic equation were proved on locally conformally
flat manifolds [Ye, GW2, GW3|. Regularity has also been studied in many other papers
[CGY1,LL1].

We will also present an example showing that the interior a priori estimates do not

hold for solutions with eigenvalues in the negative cone —T'.

3.1. A priori estimates for equation (2.1). For the regularity of (2.1), we will

use the conformal changes g = u=2go. For function u, equation (2.1) becomes

ok (AU)) = u™F, (3.1)
where 9
Vu
U=Vu— | 2u| go + udy,.

Lemma 3.1. [GWI1] Let u € C3 be a k-admissible positive solution of (3.1) in a geodesic
ball B, (0) C M. Suppose Ay, = (ai;) € C1(B-(0)). Then we have

[Vl
U

(0) <C, (3.2)
where C depends only on n, k, r, infu, and ||Ay,|c1, V denotes the covariant derivative

with respect to the initial metric gg.

Proof. Let p be a smooth, monotone increasing function. Write equation (3.1) in the

form

Flu] = p[f (2, u)], (3-3)

where Fu] = p[or(A(U))]. We will prove (3.2) for more general function f. Moreover the
constant C'is independent of supg w if f = ku™? for some constant p > 0 and smooth,

positive function k.
2
Let z = |[Vu|?¢?(u)p?, where o(u) = 1, and p(z) = (1 - |f—‘2)+ is a cut-off function,
|x| denotes the geodesic distance from 0. Suppose z attains maximum at xg € Bj(0),

12



and |Vu(xg)| = ui(zg). Then at xg, in an orthonormal frame,

U1 g’ Pi

1
glog2)i = == 4 —ui + == =0, 3.4
l(logz)-- _ U1ij + Z UaiUaj . Up;UL4 4+ ﬁlu + (90_,/ _ QD_IQ)UU + (@ . Pz’pj)

2 Towm v ui eV e @2 P’ (3.5)

Differentiating equation (3.3) gives

ii ’LLS Ui1U11
FYMui;1 + (2—;2 - T)%’] = A, (3.6)

where for a matrix r = (r;;), F¥(r) = afiju[ak()\(r))] =y azj or(A(r)),
A = Viu(f) = FIV 1 (aiu).

By (3.4)-(3.6) we have, at z,

1 . 1 wjuyy  ui i Uailla i pi\, ¢ Pj
0> ZFY(1 = - \F FU 2 pig( o, P+ 2
> 3 (log 2);; u1[ » 2u2] -I-aE>1 o (Sﬁuz+ p)(gouj+ p)
/ 2 2 " /2
¢ i |Vl ui ¢ " P e i P PPy A
—F"Y(u;; — ———0;; ——F 4+ (——-"5)F FY(— — — 4+ A,
+90 (uij " ”)+2us0 +(§0 902) uj + (p p2)+u1+

where F = Y F%, A’ arises in the exchange of derivatives, with |A’| < CF. Note that

_ vl

o (uij 2u

52’]’) = ]{TIUJ/O']C<)\) — uFijaij > —Can,

where C, = 0 if A,, = (a;;) = 0. By (3.4) and since p(u) = 1

TR

[E_“_%] ¢ __wmp
u  2u? 2u up
G0 iy iy, 9 5 20uip; | pips
—F9(Zu + 2 (Zuy + ) + (5 - ) FHuf = —FY g4 2
(90 p)(gp] p) ((p gpg) 1 ( op pg)

Hence we obtain

Ui Uy 1 up 1 A
> Fr 200 —— u — + A :
o_o; 2 O(r2p2+ wp+0)f+u1+ (3.7)
Denote b = %(mo). We claim
> Fugua; > COF — C'uF (3.8)
a>1

13



for some positive constant C,C’ (C’ = 0 if a;; = 0). Note that by Lemma 2.3 (iii) (vi),
F > C’mku’a,gk_l)/k. From (3.8) we have
‘VU‘ 0 S 01

” s + (s (3.9)

at xg, where C is independent of f and C5 independent of r. Hence z(0) < z(zq) < C,
namely (3.2) holds.

Denote t;; = u;; + ua;j. For any two unit vectors &, 7, we denote formally g, =
Y- &injti;. Then to prove (3.8) it suffices to prove

A=) Fligiia; > CH*F. (3.10)

a>1

By a rotation of the coordinates we suppose {;;} is diagonal at zo. Then

Al =111 — b, A = Upp — b
2
are the eigenvalues of the matrix {a;; — %&-j}. Suppose A1 > --- > \,. At zg we

have |Du(zg)| = ue (o) for some unit vector £. In the new coordinates we have

A=Y (F@ - i),

If there exists a small §y > 0 such that (e;,£) < 1 — §p for all unit axial vectors e;,
then A > 6oF"a?. Since A = (A1, ,\,) € Fz, we have A\, > 0 and so uy, > b. Hence
by Lemma 2.3(v), A > §ob?F** > §;b2F. We obtain (3.8).

If there is i* such that (e;-,&) > 1 — &y, then we have A > 337, .. F¥a3. If there
exists j > k, j # ¢* such that 4;; > ab for some o > 0, then by Lemma 2.3(iv)(v),
A > %Fjj(od))2 > §3b%F and the claim holds. Otherwise we have i* = k since Uy =

Ak +b>0.
Case 1: k < n — 2. Observing that 8%1 e a/\filak()\) =M +---+ A\, >0, we have
Ak > —(Agg1 + -+ Ap). Since @j; < ab for j > k + 1, we have \; < —(1 — a))b. Hence

A > (n—k)(1—a)b>2(1—a)b.

On the other hand, by (3.4), we may suppose at x, \%5\ < au—j, for otherwise we

have the required estimate (3.2). Hence @ge < (2 4+ a)b for a different small o > 0.
By the relation g = >, 2y > D i<k 24, — nab where &€ = (£1,---,&,), we have
Ugr < (1+a)lge < (2+2a)b. Hence A\, = Gy —b < (1+2a)b. We reach a contradiction

when « is sufficiently small.

Case 2: £k =n — 1. We have




Since A\j, = Uppn — b < —(1 — )b and by 8%1 e ﬁa_zak()\) = A_1 + A\, > 0, we have
An—1 > (L —a)band so A; > (1 — )b for any 1 < i < n — 1. Hence aiifﬂk—l >
(1 —a)?b?A1 -+ An_s. Note that /$3=(X) = F*. It follows that

1 aJk
> —r >/ —" )2 3.11
=5 a)\k_luk:—lkz—l = 2# ONn1 k—1 ( )

1
> 5,u/(1 —a)?b? A Ay_p > CHAF.

Case 3: k = n. Asin Case 1, we assume that | % < a=%. Then by (3.4), tge > (2—a)b.
Note that when k = n, A; > 0 for all <. Hence u;; = A\; + b > b. Recall that when k = n,
we have i* = n. It follows that @,, > (2 — «)b for a different small « > 0. Hence
An > (1 —a)b and

1 1

g 1 ..
A> in;éi*Fllafi > §F”)\§ = A > Ch*F. (3.12)

This completes the proof. [

We remark that in our proof of (3.10), we didn’t use the equation (3.3). Hence we
can also use (3.10) for the corresponding equation (3.21) below. We also note that the
gradient estimate is independent of the choice of u. From Lemma 3.1, we obtain the

following Liouville theorem.
Corollary 3.1. Let u € C3 be an entire k-admissible positive solution of

2
_ Vel

or(MV?u 5

)) =0. (3.13)

Then u = constant.

Proof. For equation (3.13), the constant Cs in (3.9) vanishes. Letting » — oo, by (3.9),
we see that either @ =0, or F = 0. In the former case, u is a constant. In the latter

case, u satisfies o;_1(A) = 0 and so it is also a constant by induction. [J

By approximation as in [MTW ,W2] one can show that Corollary 3.1 holds for contin-
uous positive viscosity solutions. The proof of the interior gradient estimate (3.2) can
be simplified if one allows the estimate to depend on both infp( ) u and supp ) u.

1

Indeed, let ¢(u) = —5 in the auxiliary function z, where ¢ = %inf B(0,~) u. Then one

obtains the extra good term %]—" on the right hand side of (3.7). The proof after
(3.8) is not needed.

For the k-Yamabe problem, f(u) = u~*. The constant C in (3.2) is independent of

sup u. Therefore we have the Harnack inequality [GW1].
15



Corollary 3.2. Let u € C3 be a positive solution of (3.1). If infu > Cy > 0, then
supu < (.

Next we prove the second order derivative estimate.

Lemma 3.2. Let u € C* be a k-admissible positive solution of (3.1) in a geodesic ball
B,.(0) C M. Suppose A € C*(B,.(0)). Then we have

|V2ul(0) < C, (3.14)
where C' depends only on n,k, r, infu, supu, and ||Ay,||c2.

Proof. Again we will consider the more general equation (3.3). Choose u(t) = t'/* such

that equation (3.3) is concave in U;;. Differentiating (3.3) we get

P p(orAD))
OU;0U,

where U;; 1, = VU;;. As above denote 4;; = u;; + ua;;. Let T denote the unit tangent

FUyj 0 = UijUrs x + Viu(f) = VEu(f), (3.15)

bundle of B, (0) with respect to go. Assume the auxiliary function z on T', z(z,e,) =

p*V2i(ep, e,), attains its maximum at x¢ and in direction e; = (1,0,---,0), where
2

plx)=(1- |mr—|2)+ In an orthonormal frame at zy, we may assume by a rotation of axes

that {U;;} is diagonal at zg. Then at zo, F/ is diagonal and

2p; Ui

0=(logz)i = —+ —=, 3.16
(log 2) > T (3.16)
2pii 6,02 U114
0> (logz); = - )+ —=—. 3.17
(log 2) ( P p? U1 ( )
By (3.16), the gradient estimate, and the Ricci identities,
uy 14+u u? 14+u
Uiji1 = uiji1 — %5@' + O( 11) = U11i5 — %5@' + O( 11). (3.18)

Hence we obtain

ii ¢ ii U113

2
U1,

C 1,
> - .
> p2]-“-|- i ﬂuv’““(f>

Since u(t) = t'/*, we have F > C' > 0. Hence (3.14) holds. [J
The second order derivative estimate (3.14) was established in [GW1]. As the proof

is straightforward, we included it here for completeness. The estimate is also similar to
that in [GW4] for the equation

2
|v2:i| I+ g[) = f(z,u,Vu) in QCS" (3.19)
16
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which arises in the design of a reflector antenna, where I is the unit matrix. See also
[W2] for n = 2.

By Lemma 3.2, equation (3.1) becomes a uniformly elliptic equation. By the Evans-

Krylov estimates and linear theory [GT], we have the following interior estimates.

Theorem 3.1. Let u € C*! be a positive solution of (3.1) in a geodesic ball B,.(0) C M.
Suppose f > 0,€ CY1. Then for any o € (0,1),

Hu||C’3v‘l(BT/2(O)) <C, (3.20)
where C' depends only on n, k,r, inf »q u, and gg.

Theorem 3.1 also holds for equation (3.3) with f = ku™? for a constant p > 0 and a
smooth, positive function k.

3.2. The parabolic equation. It is more convenient to study the parabolic equation
for the function w = logu. In this section we will extend the a priori estimates in §3.1
to the parabolic equation

Flw] —wy = p(f), (3.21)
where Flw] = ulog(A(W))], and

1
W = V2w + Vuw® Vw — §|Vw|290 + Ay,
When f = e~ 2k% a stationary solution of (3.21) satisfies the equation
oR(A(W)) = e,

which is equivalent to (3.1).
We choose a monotone increasing function p such that F is concave in D?w and
k> 10,
uit) = { logt te (0,1—10),

and furthermore

(t = ) (u(t) = uls)) = colt = 5)(¢"/* = s'/) (3.22)
for some constant ¢y > 0 independent of ¢. Condition (3.22) will be used in the next
section.

We say w is k-admissible if for any fixed ¢, w is k-admissible as a function of z. Denote
Qr = B-(0) x (0,72]. In the following lemmas we establish interior (in both time and

spatial variables) a priori estimates for w,
17



Lemma 3.3. Let w be a k-admissible solution of (3.21) on Q.. Then we have the

estimates
[V.w(0,7%)] < C, (3.23)

where C' is independent of supw, if f = k(x)e™P" for some constant p > 0 and smooth,

positive function k.

Proof. The proof is similar to that of Lemma 3.1. We outline the proof here. Let u = e".

Then u satisfies the equation
Ut

Flu) = — = u(f), (3.24)

where
[Vul?
2u

Flu] = u[gak (MV?u — go +udy,))].

Let z = (%)2 p? be the auxiliary function as in the proof of Lemma 3.1. Here we choose

t 2% 4
P(ﬂf;t):r—g( —7) :

Suppose z attains its maximum at (xg,tp). Then ¢ty > 0. By a rotation of axes we assume
|Vu| = uy. Then at (z¢,t0), zi =0, {2;;} <0, and z; > 0. Hence we have (3.4), (3.5)
and

Ut U Uy

Pt
— >0. 2
Tt 20 (3.25)

Differentiating equation (3.24) we obtain (3.6) with F% and A replaced by

_ 3, 1 "0
() = 5 nl g = 5 o0,
A= [% B “;gt] ]Zzzlﬁ ok(A) + [Vip(f) = FIV1(aiu)]

= _% + Vau(f) — F9V 1 (aiu).

By Lemma 2.3 and our choice of p, F= > F% has a positive lower bound,

7 2 UG =0y

=1 Q

for some C' > 0 depending only on n, k. Hence similarly as the proof of Lemma 3.1 we
have (3.7). From (3.8), we obtain estimate (3.23). O

Since the constant C' in (3.23) is independent of sup w, hence we have a similar Harnack

type inequality as Corollary 3.2.
18



Lemma 3.4. Let w be a k-admissible solution of (3.21) on Q.. Then we have the
estimate
IV2w(0,7%)] < C, (3.26)

where C' depends only on n,k, r,pu, inf w, supw, and ||Ag,||c2.

Proof. Differentiating equation (3.21) twice, we get

F9Wii ke = w + Vieu(f), (3.27)

FIW,ja0 = —F9" Wi ;Woes ke + wirk + Vap(f) > wir + Veu(f).
(3.28)

where F' = %, Wijk = ViWij, and FJrs = W- Denote w;; = w;; + a;j,
a;; = (Agy)ij- Let T' denote the unit tangent bundle of M with respect to go. Consider
the auxiliary function z defined on T' x [0, r?], given by z = p?(V2w + (Vw)?)(ep, €p),
where p is the cut-off function in the proof of Lemma 3.3. Assume that z attains its
maximum at (zg,%o) and in direction e; = (1,0,---,0). We choose an orthonormal
frame at (zo,%o), such that after a rotation of axes, {W;;} is diagonal. Then F% is

diagonal and at (xq, to),

2pi | Wi+ 2wiwy

0= (logz); = P + in Tl (3.29)
0 < (logz); = % + wlgiiﬁ%””, (3.30)
0> (logz)y = (2% - 6/%2) + Dt +w2:fl+wzlzj% : Qw%i' (3.31)
We have, by (3.29) and the Ricci identities,
Wil = wiji1 + winw; + winw; + 2w wjp — wl%léij + O(%(wll + w?))
= wi1ij + 2w w;1 — Wiy dij + O(%(ﬂ}u + w?)).
Hence we obtain
0> F'(logz)i; — (log 2);
- _P_C;j: " mFu(@ll,ii + 2wy w1 + 2w ) — wlg;li_ili;;lt - %
- _P_Czj: " mF“[(Wm,ll +wiy) + 2wiway) — w%IiUI};;’“ - %
> —%f-i- m(F”Wmll —wi1g) + w1 F + #_:w%(}?iiwiil — W) — 264
> —%J—" pT— iw% Viu(f) +wnF + rfsz%vm(f) A (3.32)

19



By our choice of i, F > C for some C depending only on n, k. We obtain w;1p? < C at
(x0,t0). Whence 2(0,72) < z(xg,t9) < C. O

Remark 3.1. The a priori estimates (3.23) and (3.26) also hold for the equation

1 1

—p(a e (A(W)) = wy = —p(a"f), (3.33)
where @ > 0 is a constant. We claim that the constants C' in (3.23) and (3.26) are
independent of @ > 1.

First we note that this is obvious for (3.23) as the gradient estimate is independent of
the choice of u.

For the estimate (3.26), we have, by Lemma 2.3,

F= Zaw l (a ak(A(W))}

= (n—k+1)a" lop (A(W))p/
>Cak 1 (k 1)/k ,(CL Uk)

By our choice of j, inf;~qt*=D/ky/(t) > C > 0. Hence F > C > 0.
Therefore by (3.32) it suffices to show that

[Vigl+|Vigl < C

for some C' > 0 independent of a > 1, where g = ( *f). By our choice of p,
:{u(f) if a*f > 10
Lkloga+logf) ifad"f< 4,

Hence sup(|V1g| + |Vig|) is independent of a > 1 if a*f > 10 or a*f < {;. When
akf e (10, 10), we can choose u properly such that sup|V3g| is independent of a > 1.

Alternatively one can compute directly

IVig| = a" =t fEDE L (6F £)] RV f1F]

§C|V1f1/k|a
- e v 2 k 1" k
V3] = |a* 1 (a* F) V2] + [0 1 0 ) }f) ”aﬂa%ﬁ‘
- |V2f||+0|:1f|2

where C' depends on sup,- t'~1/%1/(¢) and sup,- " ((’;) < 00. Hence the estimate (3.26)
is independent of a > 1.

Remark 3.1 will be used in the next section. The choice of function p in the parabolic

equation (3.21) is critical.
20



Lemma 3.5. Let w be a k-admissible solution of (3.21) on Q.. Then we have the
estimates
we(0,7%)] < C, (3.34)

where C' depends only on n,k, r, u, inf w, supw, and ||Ag, | c=2.

Proof. From the equation (3.21) and by the estimate (3.26) we have an upper bound
for w;. It suffices to show that w; is bounded from below. Let z = W p where
M =2supg, |w|, p is the cut-off function as above. Suppose ming, z attains its minimum
at (xo,%0), to > 0. Then at the point we have z; <0, z; = 0 and the matrix {z;;} > 0,

namely

Wit Wy Pt

t = >0, 3.35
wt+aM—w+ﬂp - ( )
Wi Wi Pi :
— — = =1, 3.36
wt+aM—w+ﬂp 0 1=l (3-36)

_ j Wij Wiw; @_ Pipi
wy w? +aM—w+a(M—w)2 ﬂp

iy <o, (3.37)

where we have changed the direction of the inequalities as we assume that w; < 0.
Differentiating equation (3.21) gives

0

FI9Wije — wy = gy

n(f)- (3.38)

Hence by (3.35),

Wy Wyt Pt

M —w Wy P

Vv

— W, — _ gkt
wy gt + Wy 6t/“L(f> P
By (3.36), the matrix in (3.37) is equal to
Wijt QW;j a(l — a)wsw;  20fw;p; Pij Pipi
— — [(1 < 0.
Vo Vi—w T w2z w0 TS
We have
—1 i —L i
U)_tF Wzgt = EF (wljt + Wit W; + WitW; — wkwkt5m>
oW a(l— Oz)wiw‘ 2aﬁwzp Pii PipPi
> [ J J J _«7 — 1
g WiW PiW; |Vw| Wi Pk
FY(2 J 2 J Oii — Ois
o y
Z M — U)F J(wij + 2wiwj - \Vw|2<5w)
e (1= a)ww; w;ip; C
FZJ J 9 JN
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where the constant C' depends on the gradient estimate (3.23) and the second derivative

estimate (3.26). Choose o = % By the Holder inequality,

P gty C

2(M —w) p p

By the k-admissibility, F*W,; > 0. Hence we obtain

w—tFJWijt Z _wF](Wij—i—wiwj—§|Vw\26ij—aij)—? Z—?
It follows that o w
Wy Pt
> —— 4+ —— — O0—.
“M_—w*= p? + wy 8tu(f) p

Now we choose (3 = 2. Then we obtain

Wy

2
Wﬂ (wo,t0) > —C.

Z(QZ(), to) =

It follows that 2(0,7r2) > 2(xzg,tg) > —C. Hence w; is bounded from below. [J

Theorem 3.2. For any wy € @y, there is a smooth k-admissible solution w € C32(M x
[0,7)) of (3.21) with w(-,0) = wg on a mazimal time interval [0,T). If T < oo, we have
infpqw(-,t) = —ccast S T.

Proof. First we point out that a k-admissible solution of (3.21) is locally bounded.

Indeed, at the minimum point of w, by equation (3.21) we have

w = Flw] = u(f) > p(or(MAg,))) = p(f)-

Hence locally in time the solution is bounded from below. By the interior gradient
estimate (3.23), the solution is also bounded from above. Therefore by Lemmas 3.3-3.5,
equation (3.21) is uniformly parabolic. By Krylov’s regularity theory, we obtain the €32
a priori estimate for (3.21), and so the local existence follows. Let [0,T") be the maximal

time interval for the solution. If T' < oo, we must have infy w(-,t) - —cc ast /~T. O

Remark 3.2. The a priori estimates in §3.1 and §3.2 can be extended to the quotient

equation
2 |Vu|2 I =
ot (AN(Vu — 5, J0 +ud)) =u (1<l<k<n) (3.39)
u
and its parabolic counterpart, where oy (A) = Z5(A). Indeed, let 1 be a monotone

increasing function such that uloy ;(A)] is concave. Write equation (3.39) in the form

Flu] = u(f) as (3.3). Then the proof for the second derivative estimates (3.14) and (3.26)
22



can be extended to the quotient equation without change. For the gradient estimates
(3.2) and (3.23), denote ox_1,;(\) = %ak()\). By Newton’s inequality [LT],

Jdoy 1 O10k—1;i — OkO1—1;
El )\ — ) )
OLi0k—1;i — Ok;i01—1;i _ Wk —1) 01501,
= — ’ ’ = > ’ =, 3.40
o? “k(n=1) of (340)
As before we arrange the eigenvalues in the descending order A\; > --- > \,. Then by
Lemma 2.3(v), 07,;(A) > Co;(A) when ¢ > [+ 1. Hence 80’“ () = C’ZZ 85;\“ L(A), namely

FF* > CF. Hence the proof of (3.2) and (3.23) can also be extended to the quotient
equation. But we need to replace (3.11) in Case 2 by

1 adkl - 1 n(k—1) opk—10k—1;k—-1 -
A> aj, > ' ’ i
. 2# TG > S =T e U1 k-1
. Cal,k—10k—1,k:—1 A2 > CM)\%—l > Cb2F,

0'l2 (o]

and (3.12) in Case 3 by

1 1 n ’I’l n
A2 S PG > s P3G 2 C L2 > O, =20 > Ob*F,
o) o)

where we have used F'' > Coy_1,/0; by (3.40).

For the corresponding parabolic equation (3.21), where F[w] = p(oy,(A(W))), choose
a monotone increasing function p such that F' is concave in A, and pu(t) = t1/ (=) when
t > 10, pu(t) = logt for ¢ > 0 small. Then we can prove Theorem 3.2 for the quotient

equation in the same way as before.

We remark that the a priori estimates for (3.39), and for its parabolic counterpart on

locally conformally flat manifolds, were obtained in [GW3].

We also note that the a priori estimates in §3.1 can be extended to the more general

equation

k—1
Sk = Zﬁlsl, (3.41)
=0

where 3; are nonnegative constants, Y, 3 > 0, and s = u*o, (AN (VZu — Wu' + uA)) is

the k-curvature.

3.3. Counterexamples. Theorem 3.1 applies to solutions of (3.1) with eigenvalues

in the positive cone I'y. The a priori estimate (3.14) relies critically on the negative sign
23



|Vul?
2u

another elliptic branch, namely when the eigenvalues A lie in the negative cone —I"x. An

of the term , which yields the dominating term u3, in (3.18). Equation (3.1) has
open problem is whether the a priori estimate (3.14) holds for solutions with eigenvalues
in the negative cone —I'y. This is also an open problem for equations from optimal
transportation [MTW], in particular the reflector antenna design problem (3.19). Here
we give a counter example to the regularity. Our example is a modification of the Heinz-

Levy counterexample in [Sc].

We will consider the two dimensional case. By making the change u — —u, we consider
equation
det(uij + |VU|2I + aij) =f (3.42)

with positive sign before the term |Vu|?, where f is a C'! positive function to be
determined. We want to show that equation (3.42) has no interior a priori estimates for

solutions with eigenvalues in the positive cone.

Set )
u(z) = oo + o), (3.43)

where b is constant, ¢ is an even function. Let
a] = —bzxg, a2 =0, ag =—b— bzaz%. (3.44)
Then equation (3.42) becomes
(¢ +¢")p" = f. (3.45)

Let 1) = (¢')3. Then 1 satisfies the equation

1
U+ i3 = f. (3.46)
Let 9
Y(r1) =21 — ?xz/g. (3.47)
Then ) 9
f(@) = 5 =21 + (@1 = za]P)V° (3.48)

is a positive C? function, but the solution u ¢ C?.

If instead of (3.44), we choose
ajl = Cy — b2l‘%, a12 = 0, a9 = &€ — b— b2l‘%, (349)
where cq, € are constants, € > 0 small. Then we have the equation

@+ +e)e+¢7) = f. (3.50)
24



Let f =1 and denote g = ¢’. Then ¢(0) = 0 and g satisfies

B 1
e+ g2

/

g — g% — cp. (3.51)

This equation has a unique solution g.. Obviously the gradient of g. is not uniformly
bounded. Hence there is no interior C! a priori estimate for equation (3.43). Note that
the matrix A = (a;;) can either be in the positive cone or in negative cone by choosing

proper constants b, cg.

Write equation (3.1) in the form
1
o (MV*w — Vuw @ Vuw + §|Vw|21 +A))="f. (3.52)

Then similarly as above we can construct a sequence of functions satisfying equation

(3.52) with f =1 whose second derivatives are not uniformly bounded.

Remark 3.3. In many situations [MTW, W2]| there arise equations of the form
ox(MD?*u + A(x,u, Du)) = f, (3.53)

where A is a matrix. From the discussions in this section, we see that the interior a priori
estimates hold in general when A is negative definite with respect to Du, and do not
hold if A is positive definite. When A = 0, there is no interior regularity in general, but
if the solution vanishes on the boundary, interior a priori estimates have been established

in [CW2].
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4. Proof of Lemma 2.1

4.1. Existence of solutions in the sub-critical growth case. In this subsection
we first study the existence of k-admissible solutions, for 2 < k < %, to equation (2.5)

n—|—2

in the subcritical growth case 1 < p < We then extend the ex1stence result to the

n+

critical case p = n—_2 in §4.2 by the blovv up argument. In §4.3 we consider the case
k=2
2

Theorem 4.1. Suppose2 < k < 5. Then for any given 1 < p < nt2 there is a solution

n—2’

vp of (2.5) with Jp(vp) = ¢, > 0, where Jp, ¢, are defined respectively in (2.6) and (2.8).

Moreover, the set of solutions of (2.5) is compact.

A solution of (2.5) is a critical point of the functional J = J,. To study the critical
points of the functional J, we will employ the parabolic equation (3.21), which can also

be written in terms of v as (ignoring a coefficient —= before v;)
(%
Flo + % = p((0), (4.1)

where f(v) = pRea e Fv] = p(og(AMX))), p is the function in (3.21), and

n—+2
= — . 4.2
5 P (4.2)
Write functional (2.6) in the form
n — 2 2n—4k V 1 2n—4k _4k
J(v) = / v =2 op(AM—)) - —— v -2 pn-2_°, (4.3)
2n — 4k J (M, go) v P+l g

Equation (4.1) is a descent gradient flow of the functional J,

d 2n—dk _q Vv ak__ .
dtJ( v) = /( ’go)fu [O‘k()\(;)) — ]vt

- _/( )Uzz—gk [w(A(%)) — oz [u(gk(x(%))) — p(vi= )] g(().

Given an initial k-admissible function vy, by Theorem 3.2, the flow (4.1) has a unique

smooth positive solution v on a maximal time interval [0,T), where T' < co.

Lemma 4.1. Suppose J(v(-,t)) is bounded from below for all t € (0,T). If v(-,t) is
uniformly bounded, then either v(-,t) — 0 or there is a sequence t; — oo such that

v(-,t;) converges to a solution of (2.5).
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Proof. By the assumption that v(-,¢) is uniformly bounded, we have T" = oo. At the

maximum point of v(-,t), by equation (4.1) we have

ve S w[p(f(v) = plor(A(Agy)))]- (4.5)

Hence if sup v(+, t) is sufficiently small at some tg, by the assumptions gy € 'y, and v > 0,
we have v(+,t) — 0 uniformly. Therefore if v does not converges to zero uniformly, by the
gradient estimate (3.23), we have v > ¢ for some constant ¢ > 0. In the latter case, by

Theorem 3.2 and the assumption that v is uniformly bounded, we have |[v(-,t)||cspm) < C

for any t > 0.
Choose a sequence t; — oo such that
d

By the above C? a priori estimate, we may abstract a subsequence, still denoted as tj,
such that v(-,¢;) converges in C%®. By (4.4) we concludes that v(z,t;) converges as

j — oo to a solution of (2.5). O

Lemma 4.2. Suppose J(v(-,t)) is bounded from below for all t € (0,T). Then T = oo

and v(-,t) is uniformly bounded.

Proof. Suppose to the contrary that there exists a sequence t; ' T such that m; =
supv(-,t;) — 0o. Assume the maximum is attained at z; € M. By choosing a normal
coordinate centered at z;, we may identify a neighbourhood of z; in M with the unit
ball in R™ such that z; becomes the origin. We make the local transformation

vi(y,s) = mj_lv(as,t), (4.7)

2 __ e
_ n—2 2k
Yy = mj Z,

s = mj’f%_%(t —t;).
For the transformation x — gy, more precisely it should be understood as a dilation of
M, regarded as a submanifold in RY for some N > n with induced metric. Denote
M; ={Y = m;%_ﬁX | X € M c RV}, with induced metric from R¥. Then we have
0 < w;(y,0) < mj_lv((),tj) = 1, v; is defined for y € M; and s < s, where by (4.5),
5o > 0 is a positive constant independent of j. Moreover v; satisfies the equation
—ahatE Rt Vi —e

j u[mﬁ‘aak<A<v—j>>]+<ﬁjfs:m;ﬁ%(mﬁ fo). @8)

By direct computation,

| o a0y =m0 [ S () (4.9)
M; Vj M v

2n___ 1—-= 2n
/ v; -2 Cdy = m;( 2k) / vn—2"%dx
M M
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Hence

n—2 2n—4k V} 1 2n_ _
Ty My) = 5o /Mj o ¥ o0~ oy [ ey
—m T g0, M) < C (4.10)

We may choose s; € (0, 350) such that

d

%J(Uj(~,8j)) — 0. (4.11)

By (4.4), (4.11) is equivalent to
/ szz3k{0k(k(ﬁ))—vj’fk2_s}'
M, vj
—wtstE =—iatd Vi 7tz —e itz —e
m; ,u(mj Uk(A(f))) — ,u(mj v; )| ¢ — 0.
By (3.22), we obtain

/M Uj%{o—ku(ﬁ)) _ vjf—_’z—s} . {(gku(&)))”k - (vf’“z‘s)”’“} 0. (412)

j Uj Uj

By the gradient estimate (3.23), v; + % (at s = s;) is locally uniformly bounded. Hence

. Ak _
ak(A(E)) —v/77 " 50 in LHED/E, (4.13)

Note that by Remark 3.1, v; are locally uniformly bounded in C*! and the convergence

in (4.13) is locally uniform.

By extracting a subsequence we can assume that vj(-,sj) converges to a function
vo € CH1(R™) with v9(0) = 1. We claim that vy is a smooth solution of the equation

Fo[v] == o/ " (A(V)) = oP (4.14)

in R™. On the other hand, by the Liouville Theorem in [LL2], there is no entire positive

solution to (4.14) when ¢ > 0. This is a contradiction. Hence Lemma 4.2 holds.

To prove that vy is a smooth solution of (4.14), we note that since vy € C1(R"™), vg
is twice differentiable almost everywhere. Suppose now that Fy[vg] > vf at some point
xo where v is twice differentiable. Without loss of generality we assume that x = 0. Let
1
o(z) = vo(0) + Dvg(0)x + 3
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where €, § are positive constants. By choosing ¢ sufficiently small we have
p>v9 on 0B.(0) and ¢(0) < vy(0).
Since v; — vo uniformly, we have ¢ > v; on 0B,(0) and ¢(0) < v;(0) when j is sufficiently

large. Since vy is locally uniformly bounded in C1!, by the inequality Fylvo] > v we
have A\(V,,, —el) € T'y, and

Vu,; x Vu; 1 |Vu,|? n—2
Filp] i= 0}/ [N (~V? LA R4 SN ; Al > of
J[(:O] Oy [ ( v+ n—29 v; n—2 v; go + 2 Uy go] Z Uy

when ¢ > 0 is sufficiently small, where V,,, is the matrix relative to vy, given in (2.2).

Hence by the concavity of J,i/ k,
F[v;]Dap (0 — ) < F(v;) —vf — 0 (4.15)
in LP(Q) for any p < oo, where F®[v;] = 87‘?b0;/k()\(7“)) at r =V, (a,b=1,---,n),

which satisfy detF*® > C > 0 for some C > 0 depending only on n,k. Applying
the Aleksandrov-Bakelman maximum principle [GT] to (4.15) in {¢ < v;} and sending
J — 00, we conclude that ¢ > vy near 0, which is a contradiction so that Fy[vg] < vf at
Zo. By a similar argument we obtain the reverse inequality and hence we conclude (4.14)
for vy. Since the limit equation (4.14) is locally uniformly elliptic with respect to vy, we
then conclude further regularity by the Evans-Krylov estimates and linear theory [GT].

In particular we obtain vy € C*°. [

A more general approach to the approximation argument to obtain (4.14) can be
obtained by extending the theory of Hessian measures in [TW1, TW3] to the operators
of the type Fjy.

Lemma 4.3. There exists a function vy € @y, such that the solution v of (4.1) satisfies
J(v(-,t)) > —C and supv(-,t) > co >0 for all t > 0.

Proof. Let P be the set of paths introduced in §2.2. For v € P, let vs (s € [0, 1]) be the
solution of (4.1) with initial condition vs(-,0) = v(s). Then by (4.5) and the comparison
principle, there is an sy > 0 such that vs(-,t) — 0 uniformly for s < so. Denote by
I, the set of s € [0,1] such that J(vg(-,t)) > 0 for all ¢ > 0. Then (0,s9) C I,. Let
s* =sup{s | s € I,}.

Obviously s* € I,. For if there exists ¢ such that J(vs-(,t)) <0, then J(vs(-, %)) <0
for s < s* sufficiently close to s*, which implies s* # sup{s | s € I, }. It is also easy to see
that vs«(+,t) does not converges to zero uniformly, for otherwise vs(,t) — 0 uniformly
for s > s* and near s*. Finally by our definition of the set P, we have 1 ¢ I, namely

s* < 1. Hence vy = ~y(s*) satisfies Lemma 4.3. [J

;From the above three Lemmas, one sees that there is a sequence t; — oo such that

vs+ (-, 1) converges to a solution of (2.5) for 1 < p < 2£2. Next we prove
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Lemma 4.4. For any given 1 < p < Z—J_“g, the set of solutions of (2.5) is compact.

Proof. By the a priori estimates it suffices to show that the set of solutions is uniformly
bounded. If on the contrary that there is a sequence of solutions v; € ®; such that
supv; — oo, denote m; = supv; and assume that the sup is attained at z;. Similar
to (4.7) we make a translation and a dilation of coordinates and a scaling for solution,

namely

~ —1
9i(y) = m; 'v;(x),
zz_ﬁ

y=Rjx R;= me
Then 0 < 9; < 1, and v; satisfies
or(A(V)) = oFi=z <.

By the a priori estimates in §3.1, © is locally uniformly bounded in C*. Hence @; converges

by a subsequence to a positive solution v of
EntZ o . n
op(A(V)) =v"»=27° in R". (4.16)

By the Liouville Theorem [LL2], there is no nonzero solution to the above equation. We

reach a contradiction. [

Let v be a k-admissible solution of (2.5). Then we have

/ . Uk()\(K)) _/ VT Rt e ),
(M790) v (M790)

Hence

J(v) = igg J(tv).

By (4.3) we have

n—2 1 2n—4k _4k
J(v) = - v 2 pn-2°
(v) <2n—4k: p—i—l)/(M’gO)
>C>0 (4.17)
By the compactness in Lemma 4.4, the constant C' is bounded away from zero.

Lemma 4.5. There exists a solution v, of (2.5) such that J(v,) = cp.

Proof. For any given constant § > 0, choose a path v € P such that sup,¢ (g 1) J(7(s)) <

¢p + 0. By the proof of Lemma 4.3, there exists s* € (0, 1) such that the solution of (4.1)
30



with initial condition v(-,t) = 7.+ converges to a solution vj of (2.5). Since (4.1) is a
descent gradient flow, we have J(vy) < ¢, + 0. Letting § — 0, by the compactness in
Lemma 4.4, vj converges along a subsequence to a solution v of (2.5) with J(v) < ¢,.
Note that J(v) = sup,~qJ(sv) > ¢,. Hence J(v) = ¢p. O

iFrom (4.17) we also have
¢y > C > 0. (4.18)

We have thus proved Theorem 4.1.

4.2. Proof of Lemma 2.1 (for 2 < k < §). Let v, be a solution of (2.5) with
Jp(vp) = cp. If there is a sequence p; Z—i’% such that sup v, is uniformly bounded, by
the a priori estimate in §3.1, vy, sub-converges to a solution of (2.1) and Lemma 2.1 is
proved.

If supv, - o0 asp Z—‘fg, noting that ¢, < sup,.yJ(svp) for any given vy € @5, we

see that ¢, is uniformly bounded from above for p € [1, Z—J_Fg] By (4.17),

/(M )vg“ <C, (4.19)
»9o

where C' is independent of p < Z—*_’% Denote m, = supv, and assume that the sup is
attained at z, = 0. As before we make a dilation of coordinates and a scaling for solution,

namely

ﬁp(?/) = m;lfup(x),

y=Ryx R,=my

Then 0 < 9, <1, and v, satisfies

~ n+4+2

or(A(V)) = 35

in B.g, for some constant ¢ > 0 independent of p. Note that in the present case,

n+2
n—2

C3. Hence 7, converges by a subsequence to a positive solution v of

€= — p — 0. By the a priori estimates in §3.1, ¥ is locally uniformly bounded in

k n+2

opr(A(V) =v"»=2 in R".
By the Liouville Theorem [LL1],
o) =e(+ ), (4.20)
where ¢ = [n(n — 2)](*=2)/4. Moreover

sup Jp+ (s0; R™) = ¢p« [S"], (4.21)
s>0
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with p* = 22 where ¢, was defined in (2.9).

4

The above argument implies that the metric g = vy~ gg is a bubble near the maximum
point z,. By (4.20), v, has the asymptotical behavior

2
5 _n72+ﬁ

_ n—2
For a sufficiently small § > 0, let Q, = {z € M | v,(x) > Om,}, and let

R {vp(a:) re M-,

W@ =\ g, seq,

Note that by assumption (1.7),

sup J (svp) = ¢p < ¢p=[S"] (4.23)
s>0

when p < Z—i’g and is close to 22

n—2"
Combining (4.21), (4.22) and (4.23), we see that

/ rtt>C >0
(Mvgo)

for some C independent of 6, provided 6 is sufficiently small and m,, is sufficiently large,

and

sup J(s0p) < sup J(svp).

s>0 s>0
Namely sup,~q J(s0p) < ¢p, which is in contradiction of our definition of ¢,. Note that
¥p is not smooth, but can be approximated by smooth, k-admissible functions. This

completes the proof of Lemma 2.1. [J

4.3. The case k = 5. In this case, the proof of Lemma 4.3 does not apply, due to
that J(v) — —oo as v — 0, and also we don’t know if &, /5(v) is bounded from below for

any admissible function v with VolM,, = 1, where

1 2T'IL2
p + 1 (Mvgo)

—&

J(v) = Epya(v) —

is the corresponding functional and &,/ is given in (2.32). However when k = 3, we

have the following

Lemma 4.6. Assume that equation (2.1) is variational. Then F, />(v) is a constant.
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Proof. When k = %, we write the equation (2.1) and the functional 7, /5 in the form
On2(AW)) =e ",

Fruja(w) = /( oY) (4.24)

To prove that F,, /5 is equal to a constant, we have

Frj2(w) — Fpya(wo) :/(M )/0 %Un/z()\(wt))

1
- [ [ Luw
0 (M,g())

where wy = tw, wg = 0, Ly, is the linearized operator of o, /5(A(W)) at w;. By the

assumption that equation (2.1) is variational, we have (see §2.4)

/ Ly, (w) = / wkl,, (1) =0.
(M, g0) (M,go)

This completes the proof of Lemma 4.6. [J

By assumption (1.7), we have
Fry2(v) = co <Yy, /2(S™) (4.25)
for some constant ¢y depending on (M, gg). Lemma 4.6 enables us to prove the following

Lemma 4.7. For1<p< Z—i’%, the set of solutions of (2.5) is compact.

Proof. When 1 < p < Z—J_Fg, the proof is the same as that of Lemma 4.4.

When p = Z—i’%, we use the same argument of Lemma 4.4. Instead of (4.16), we have

the equation
n+2

Onjp(MV))=vZa=2 in R™ (4.26)

By the Liouville theorem [LL1], v must be the function given in (4.20). Hence we have

/Rn on2(A(V)) = Y2 /2(S").
By (4.9), we obtain that

lim; |, Fr/o(vy) > Yy 2(S™).
This is in contradiction with (4.25). O

By Lemma 4.7, we can prove the existence of solutions of (2.1) by a degree argument,
see [CGY2, LL1]. We omit the details here.

4.4. A Sobolev type inequality. As a consequence of our argument above, we

have the following Sobolev type inequality.
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Corollary 4.1. Let 2 < k < 5. Then there erists a constant C > 0 such that the
mequality

[Vol(M,y)]= < 0[/M oe(MAy))dvoly] 75 (4.27)

holds for any conformal metric g = vﬁgo with v € Py

Proof. Note that (4.27) is equivalent to

n n—2 n— V n
[/ UnZ—z} 2n S C[/ U2n73k O-k()\(_)ﬂ 2n—4k’ (428)
(M790) (M,g()) v

which is equivalent to (4.18). O

Remark 4.1. The Sobolev type inequality (4.27) is similar to (2.17) of { = 0, k£ > 1, and
was proved in [GW?2] for locally conformally flat manifolds. If M is locally conformally
flat and f = p(e2k*), the flow (3.21) has a remarkable property. That is by the
moving plane argument of Ye [Ye] and the conformal invariance of the equation, one
obtains the gradient estimate (3.23) at all time ¢, with the upper bound C' depending
only on the initial function w(-,0), for any monotone increasing p satisfying (2.13).
Therefore by the second derivative estimate (3.26), the solution of (3.21) converges to a
solution of the k-Yamabe equation (2.1), and accordingly one also obtains the Sobolav
type inequality (4.27). Theorem 4.2 shows that the Sobolev type inequality also holds

on general manifolds provided equation (1.1) is variational.
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5. Proof of Lemma 2.2

We let v, be the function given by

ve() = (T)_ (5.1)

where r = |z|, x € R", and € > 0 is a small constant. Let V. be the matrix relative to

Ve, see (2.2). Then we have

= =(n—2)vs 21
Ve (n Jve
Hence v, is k-admissible on R™ and
V. _ak_
ox(AM—) = Cp v 7,

Ve

where C,, , = % It follows that

2n—4k V 2n
/ v =2 Uk()\(;)) :C’mk/ vn-2,

2n—4k v

Yo(S™) Jra v ok(MF)) _ nk[/ U%rk/n_ (5.2)

[ Jrn v " ] (/e

So we have

In particular we have

Yi(S™) = m(f%’;w[msmk. (5.3)

In the above v = v. and the integrations are independent of .

To verify (1.7), it would be natural to use the function (5.1) as a test function, as
in the case k = 1 [Aul, S1]. However on a general manifold, the function v., where r
denotes the geodesic distance from a given point, is k-admissible only when r < Cel/2.

It seems impossible to find an explicit test function.

Instead we shall deduce (1.7) directly from (1.6). First note that by assumption, there
exists a function v > 0 such that § = v¥/("=2)g € T'}.. Hence o1(\(Az)) > 0. That is the
scalar curvature of (M, g) is positive. Hence the comparison principle for the operator
o1(A(4yg)) holds on M.

Let v1 be a solution of the Yamabe problem (with k£ = 1) such that Q1 (v1) < Y1(S™),

where

[ vo1(A(V))
Q1(v) = in s;n/(;—z)](n—z)/n'
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Let vi be the solution of
font2
or(AV))=Cp v, "% in M. (5.4)

By Lemma 2.3(vi), we have

—A —_—
T
Since v satisfies
n—2 =
_A'U + mRU TL(TL — 2)'1]1 y
by the comparison principle,
Vg > U1 (5.5)
Now writing
2n__ p.n+2
Qr(v) = Jurm2 o (AV)
[ 027/ dvol, |27
(5.6)

we claim that
Qr(vk) < Yi(S™),

20 — k242 < 0. Hence by (5.5),

namely (1.7) holds. Indeed, when k > 2, we have ="

2n__ 7. n+t2 2n_ __J. n+2
/U]TL72 n—2 Z /UI;L72 n72'
Hence
2n__ pnt2 2n__ pont2 pont2
/ vt "o (A (Vi) dvoly SC’mk/ v Tt " " dwvol
M B,
_2n_
< C’mk/ vy "% dvol,
B,
and
2n_ 2n_
/ v, ~? dvol, 2/ vy dvoly.
M B,
Therefore we obtain
2n
n—2 2k‘/’l’L
Qr(vg) < C’n,k[/ vy dvoly] , (5.7)
M

so that (5.6) follows from (5.3).
We remark that a similar argument can be used to prove the inequality Y;(M) <

Y1 (S™) for some manifolds.
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6. Some remarks

6.1. Compactness of the solution set. For the Yamabe problem (k£ = 1), Schoen
[S2] has shown furthermore that the set of solutions is compact if the manifold is locally
conformally flat and not conformally equivalent to the sphere. Schoen’s result was ex-
tended to general compact manifolds for which the positive mass theorem holds, such as
in low dimensions 3 <n <7 [LZ, M].

When k > %, the compactness of solutions has also been established in [GV2], for the

more general equation

ar(M(Ag,)) = fvi=2, (6.1)

where f is any positive, smooth function f. Their proof relies crucially on the fact
that the Ricci curvature Ric,, > Cg, if g, = vﬁgo is a solution to (6.1). For the
convenience of the reader we indicate the idea of their proof here. From the positivity of
the Ricci curvature, the volume of (M, g,) is uniformly bounded. Hence if there exists
a sequence of solutions {vi} with supvr — oo, there are at most finitely many blow-
up points P =: {pg,p1, - ,ps}. By the interior first and second derivative estimates
(3.23) and (3.26), vi,/ inf v, converges locally uniformly on M — P to a C'*! function v
with o (A(Ay,)) = 0. By a technical analysis one has v(z) = C(1 4 o(1))r*~" near the

singularity set P. Since Ricy, > 0, the ratio h(r) =: W

is non-increasing, where
| B, (po)| denotes the volume of the geodesic ball on (M, g,). On the other hand, since
v(z) = C(1+ o(1))r>=™, we have lim,_, h(r) = (s + 1)w,, where w,, is the volume of
the Euclidean unit ball. Hence s = 0 and (M, g,) is isometric to the Euclidean space
R", and so M is conformal to the unit sphere. Note that when 2 < k£ < 7, the Ricci

curvature of (M, g,) may not be positive anymore.

6.2. Conditions (C1) and (C2). As indicated earlier, we impose condition (C1)
so that equation (1.1) is elliptic. If a fully nonlinear partial differential equation is not
elliptic, little is known about the existence and regularity of solutions. For example it is
unknown whether there is a local solution to the Monge-Ampere equation detD?u = f
when the right hand side f changes sign, even in dimension two. But possibly condition
(C1) may be replaced by the positivity of the Yamabe constant Yj (M), as in the case
k=2 n=4[CGYL, GV1].

As for the condition (C2), the variational approach to the k-Yamabe problem is nat-
ural, as in the case k = 1. Indeed this approach has already been employed in [CGY]1,
CGY2, GW2, GW3], and Theorem 2.1 was proved in [CGY1, CGY2] whenn =4, k = 2,
and in [GW2, GW3| when M is locally conformally flat. At the moment we are not
aware of any other possible ways to remove the variational structure condition (C2) for

the case 2 < k < 3, even in low dimensional cases.
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6.3. The full k-Yamabe problem [K, La]. We bring to the attention of the readers
the full k-Yamabe problem. On a Riemannian manifold (M™, g), one can define a series

of scalar curvatures
s = sp(Riem) = sy (W + A ® g), (6.2)

for k =1,2,---,[5], where Riem, W, A are introduced at the beginning in the introduc-

tion. The k-scalar curvature can also be expressed simply as

1
k= 2K)]

** Riem”, (6.3)

where ¢ is the standard contraction operator, and Riem* = Riem o --- o Riem is the

product introduced in [K].

When k = 1, s1 is the usual scalar curvature. When n is even, s,,/5 is the Lipschitz-
Killing curvature. Furthermore if M is a hypersurface, the k-scalar curvature sj is the
2k'" mean curvature Hay, which is equal to the 2k elementary symmetric polynomial
of the principal curvatures of the hypersurface, which is intrinsic quantity [Sp]. When
M is locally conformally flat, then the Weyl curvature in (6.2) vanishes, and sj turns

out to be the k-curvature given in (1.1).

The full £-Yamabe problem concerns the existence of a conformal metric such that the
k-scalar curvature is a constant. This problem coincides with the k-Yamabe problem for
locally conformally flat manifolds. The corresponding equation of the k-Yamabe problem
is always variational, as in the case k = 1 [La]. However the equation is of mixed type

in general.
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