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Abstract

We provide a proof of Connes’ formula for a representative of the Hochschild class of the
Chern character for (p, co)-summable spectral triples. Our proof is valid for all semifinite von
Neumann algebras, and all integral p > 1. We employ the minimum possible hypotheses on the
spectral triples.
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1. Introduction

A key result in the quantised calculus of Connes ([10, IV.2.y]) is the formula for
the Hochschild class of the Chern character of a (p, oo)-summable spectral triple
(these notions are explained below).
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Our aim is to generalise this formula to encompass the situation in which
one uses, instead of the bounded operators on Hilbert space and its various
ideals of compact operators, a general semifinite von Neumann algebra and the
analogous ideals as described for example in [19,26]. Moreover, we aim to prove
the formula in the greatest possible generality with only the absolutely essential
side conditions. This is a delicate matter as regards the amount of smoothness or
regularity necessary. The result has been stated, [21, Theorem 10.32], with the
hypothesis that the algebra be ‘twice quantum differentiable’ (see below), but
the proof appearing in [21, pp. 470-479] does not quite hold with this hypothesis.
We employ the hypothesis of ‘max{2,p —2} quantum differentiability’, and
while this is sufficient, the necessity of this condition is unknown to us.
Indeed, we only require this stronger hypothesis at one (crucial) point,
Proposition 23, but we isolate the particular statement which uses this hypothesis
in Lemma 2.

A rationale for the extension of Connes’ spectral geometry to the case of general
semifinite von Neumann algebras is presented in [1]. Examples where this notion
arises naturally are non-smooth foliations [1,25], the L?-index theorem (see [24] and
references therein) and L? spectral flow [3,4].

In order to describe our results some preliminary machinery is needed (all of this is
contained in [10,11] in the type I case). We deal with this in Section 2. We first
describe spectral triples for semifinite von Neumann algebras, including definitions
of smoothness and summability. We then briefly recall the Hochschild and cyclic
cohomology theories, and explain what the Hochschild class of the Chern character
is, and what kind of information it contains.

The last preliminary subsection describes results from [6], where a proof of the
connection between the trace of the heat kernel and the Dixmier trace is presented.
The idea has previously appeared, [10, p. 563], but this is the first proof
simultaneously valid for the case p = 1 and the general semifinite case. It is a key
tool in our proof.

Section 3 begins with a statement of the main result and its main corollaries. The
expert reader can skip straight to Sections 3.1 and 3.2 for our result, its corollaries,
and how it relates to the significant body of previous work on this general topic. We
then set out the proof as clearly as possible, and in the greatest possible generality.
The proof is considerably simplified by the assumption of invertibility of the ‘Dirac’
operator &, but a standard construction in K-homology and computations
contained in the appendix show that the result remains true even when this is not
the case.

2. Background material and preliminary results
2.1. Spectral triples

We begin with some semifinite versions of standard definitions and results.



A.L. Carey et al. | Journal of Functional Analysis 213 (2004) 111-153 113

Definition 1. A semifinite spectral triple (o7, #, &) is given by a Hilbert space #, a
x-algebra .o = /" where /" is a semifinite von Neumann algebra acting on 2, and a
densely defined unbounded self-adjoint operator & affiliated to .4 such that

(1) [2,4d] is densely defined and extends to a bounded operator in A" for all ae.o/
2 (21— 2) " ex () for all 1¢R.

Here 24 (A") is the ideal of T-compact operators in .4 (this is explained in the next
section). We say that (o7, #, 9) is even if in addition there is a Z,-grading such that
</ is even and & is odd. That is an operator I' such that I' = I'*, I'> = 1, I'a = aI for
all ae o/ and 9T + I'Y = 0. Otherwise, we say that (<, #, Z) is odd.

Remark. We will write I' in all our formulae, with the understanding that if
(o, #,2)is odd, I' = | and of course, we drop the assumption that ZI' + I'Z = 0.
Alas, we will also employ the gamma function in this paper, but the meaning of the
symbol ‘I’ should be clear from context. Henceforth, we omit the term semifinite as
it is implied by the use of a faithful normal semifinite trace T on /" in all of the
subsequent text.

Definition 2. A spectral triple (.7, #, %) is QC* for k=1 (Q for quantum) if for all
ae o/ the operators a and [Z, a] are in the domain of 6* where §(T) = [|2|, T] is the
(partially defined) derivation on /" defined by |Z|. We say that (o7, #, 2) is smooth
if it 1s QCk for all k>1.

Remark. The notation is meant to be analogous to the classical case, but we
introduce the Q so that there is no confusion between quantum differentiability of
ae .o/ and classical differentiability of functions. We may also speak about a QC°
spectral triple, where only « and [Z, a] are assumed bounded. We also note that if
Te./', one can show that [|Z|, T] is bounded if and only if [(1+ 2% T is
bounded, by using the functional calculus to show that |Z|— (1+ 2%)'* is a
bounded operator and lies in .A".

2.1.1. Summability
Recall from [19] that if Se. V" the t-th generalized singular value of S for each real
t>0 is given by

u,(S) = inf{||SE||| E is a projection in 4" with (1 — E)<t}.
We write T7 < < T, to mean that fO' w(Th) ds< fot u,(T») ds for all 1> 0.

Definition 3. If .7 is a x-ideal in ./ which is complete in a norm || - ||, then we will
call .# a symmetric operator ideal if

(1) |18, =1|S]| for all Se.#,
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@) [IS*ll, = [IS]], for all Se.7,
(3) 14SBI[, <|| Al [IS]|,/||B]| for all Se.7, 4, Be.A'.

Since .# is an ideal in a von Neumann algebra, it follows from 1.1.6, Proposition 10
of [13] that if 0SS<T and Te.#, then Se.# and ||S||,<||T|,.

Such ideals are special cases of symmetric operator spaces (see [26] and references
therein). The main examples of such ideals that we consider in this paper are the
spaces

1 t
PN = TeN | |T|| gon = —/ T)d
) ={ e Tl n =sup s [ Dy ds<o

and with p>1,
{t for 0<r<1,

1
t » for 1<,

1 t
20 () = L Te ||T]] yor ::sup—/ w(T) ds< o b
i t>0 p(t) 0

For p>1 there is also the equivalent definition (see for example [26, Section 5])

t
POy =L Te N | sup ——
) { o

u,(T)< o0 }
It is well-known (see e.g. [26]) that for Tye A", Tre LP*)(N), pe[l, ), the
condition T} < < T, implies that T} eg@’m)(ﬂf). We denote the norm on Z%%)
by || - ||(p,oo)'

As we will not change ./ throughout the paper we will suppress the (/") to lighten
the notation. The reader should note that ¥ ) is often taken to mean an ideal in

the algebra N of t-measurable operators affiliated to .4". Our notation is however
consistent with that of [10] in the special case /" = #(#). With this convention the

ideal of t-compact operators, ' (A"), consists of those Te.4" (as opposed to N )
such that

fo (T) = lim p,(T)=0.

t—> w0

Definition 4. A spectral triple (of,#,9) is called (p, o0)-summable if
(1+2%) ey
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We will also require the ideals #”(.4") and £V (A7), for p>1. An operator
Te N isin LP(N) if
171l =TI < 0.

In the Type I setting these are the usual Schatten ideals. Again we will simply write
2P for these ideals in order to simplify the notation, and denote the norm on .#” by

|| -||,- An operator T'e /" is in LPY( Y if [26],

Hﬂ@w=0mlﬂwwaww0<w

For p =1 the ideal #®) coincides with #'. We denote the norm on Z?! by
|- [lp1)- I I<p<co and j+, = 1, then the Kéthe dual of P is #@*)[16]. For

p = 1 the Ko6the dual of #! is just .

We use the following results repeatedly. They tell us the summability of various
operators associated to a (p, oo )-summable spectral triple. The results are established
in [7, Propositions 1.1 and 1.2], namely that for any t-measurable operators 77 and
T» we have

w(T T2) < <u(T1)p(T2),

where u(7T) denotes the function s— u (7). Moreover, for any self-adjoint t-
measurable operators 7 and S with 7 >0,

—T<S<T implies S<<T.
Lemma 1 (Gracia-Bondia et al. [21] and A. Carey et al. [S]). Let (o, H#,9D) be a

(p, o0 )-summable QC* spectral triple, k=0, with p=1 and & invertible. Then for all
aed

[F,d], [F,5(a)],...,[F,0"(a)] e £®®),
where F = 9|9|™".

Proof. We start with the formula

|9‘71:l/%(i+@2)*1ﬁ
T Jo

Vi

This is used to rewrite [F,a] in the following way:
[F.d =[2|2]"d = [2,d|2|"" + 2[19]",d

d
Vi

:1/w([@,a](z + )+ 20+ 27, 4)
0

T
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:—/x (2,a 0+ %) = 2*0+ 2*) [ 2,d(h+ %)
0

di
Vi
:1/%(2(“92)‘1[@,6:](1+@2)“ ~ 20+ 22,420+ 7))
T Jo

~ 90+ 2% 2,424+ 2*)7")

di
7

The second last equality comes from [3, Lemma 2.3], whose proof requires only
0C°, as opposed to the usual resolvent calculation which requires QC'. The final
equality comes from 2°(J.+ 2%)"' =1 — (A4 2*)~'. We now suppose that a* =
—a so that [Z,d]" = [Z,a] and similarly for [F,a]. Then we may employ the
inequality

—N2,d|T"T<T"(2,dT<|[[Z,d][|T"T
for all Te./". Applying this inequality under the above integral yields

di.

2.4l [~ 2\
[F,a}ST/O i+ o)
= 2.4l 12|,

and similarly [F,a]> — ||[2,d]|||2|”". Thus [F,d|< <|[%,d]|||2|”", in particular
[F,ae #P) and by linearity this is true for all «€.«Z. However, for not necessarily
self-adjoint ae.«Z, the precise inequality is

[F,a]< < ([[[2, Re(a)ll| + [[[Z, Im(a))|})|Z|". (1)

From the comments in Definition 3, this shows that [F, a]e #"*). The remainder of
the result is proved using the same argument by replacing a by 6'(a), fori =1, ..., k,
and using the boundedness of [, (a)] = §'([Z,q]). O

The following lemma is a consequence of the previous result. This is the point at
which more smoothness than QC? is required. The analogous statement in [21,
Lemma 10.27], is a little lax about the degree of smoothness necessary to perform the
iterated commutators with |%] in the proof.

Lemma 2. Let p>1 and k=max{l,p—2}. Suppose that (4, #,2) is a
QC* (p, w0 )-summable spectral triple with & invertible. For all ay, o, ap_1 €4, and
T e AN ndom(J), the operators

D12 ag[F,a))-[F,ay 1\ |FT|Z| and |D|Tao[F,a1)-[F,a, \|F|Z|">

are densely defined and bounded (or, more accurately, extend to bounded operators).
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Proof. The proof is essentially the same as that in [21]. First, the triple is at least

QC',so [F,a)|Z| = [2,a] — F§(a) is bounded for all a€.«7. This allows one to check
the cases p = 1,2. For p>2 we have

D" ao|F, @]+ [F,a, \|FT|Z|

p—2

- (p . 2>5j(a0)|9|”_2_j[F,a1] = [Fyap 1 JF(|12]T = o(T))

A

and similarly for the other operator. Now [F,a,_1|(|Z|T — 6(T)) is bounded and in
A, since the triple is QC' and T edom(d). Similarly j = p — 1,p — 2, |2]P*7[F, ]
is bounded and in ./, and of course 6/(ap) is bounded for 0<;j<p — 2 since the
triple is QCP~2. Hence, we may consider only those terms with 0<;j<p — 3.

One now continues to take commutators, observing that we obtain a sum of
bounded operators in .4" plus the term

wlZ|[F, a)|2|[F, @) -+ |F|[F, a,][F, ay1 )| 7| FT

which is bounded and in /" since the triple is QC!. Similar comments apply to the
second operator. [

2.2. Hochschild and cyclic cohomology

For a locally convex unital algebra .o/, we denote by C"(.</) the linear space of
continuous 7 + l-multilinear functionals on .«#"*!. The Hochschild coboundary of
e C"(o/) is the functional b e C"*!(o/) defined by

(bp)(ao, ..., an1) = P(aoar, az, ..., any1)

n
+ Z (71)l¢(a03 - aidig, ”'7an+l)

i=1
+ (_1)n+ld)(an+la07aly --'7a11)7 ag, ..y Aptl €.

One can easily check that A*> =0. The Hochschild cohomology, denoted
HH*(</, /%), is then the cohomology of the complex (C*(.</),b). The notation is
explained in [23]. We denote the space of Hochschild k-cocycles by Z(.<7).

Let C(</) be the subspace of C"(.«/) consisting of functionals ¢ such that

¢(Cl(), "'7an) = (_1)n¢(anaa07 '~’7an—1)7 do, ~~-aanE¢Q/~

The Hochschild coboundary maps C(.7) to C™'(.+/), so we can define the cyclic
cohomology of ./, denoted HC*(o/), to be the cohomology of the complex
(C; (o), b). The space of cyclic cocycles is denoted Z; (7).
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Connes shows that there is a long exact sequence, [10, II1.1.y],

A HCP(%)i Hcp+2(&/)i> Hp+2(&/,&{*)g HCp-H(&/)i_”7

where I is the map induced on cohomology by the inclusion of complexes
C!(o/) < C"(/). The operator B will not concern us in this paper, see [23, 10,
I11.1.y], however the periodicity operator S is important for three reasons. The first
reason is that cyclic cohomology groups are filtered by powers of S, so in general
HC*(.o7) consists of (classes of) sums

b+ Sty o+ Sy 4+ - + SEA i)

where ¢; is cyclic, bp; =0, j = k —2[k/2], ..., k. As Image S = ker I, we have

Iy + -+ S*y sy m) = 1(¢y).

Consequently, pairing a cyclic cocycle ¢ with a Hochschild cycle yields the same
result as pairing the Hochschild class of the cyclic cocycle ¢ with a Hochschild cycle.
Equivalently, any cocycle in the image of S has zero Hochschild class.

Secondly, because S : HC"(.o/) — HC"?(.</) for all n, we may define even periodic
cyclic cohomology as the inductive limit H¢(.</) = lim_ (HC?(/),S), and
similarly the odd periodic cyclic cohomology as H°(.«7) == lim_, (HC***!(.«7), S).

Thirdly, we use constructions closely related to the periodicity operator in the
appendix to complete the proof of our main result for the case where our spectral
triple (., #, Z) has & noninvertible.

The (dual) homology theories require more care regarding the completeness of .o/
and the appropriate tensor product. We only need Hochschild cycles (not their
classes), so we may ignore these difficulties in this paper. We only require the
definition of the Hochschild boundary. If ¢ = "7 | af ®d} ® --- @aj, then

bc:b<z aé@a’i®~~-®a2> Z dd ®d,® - Rd,

i=1
+ Z Z @® - ®ad, @ ®d,
+ (=Y dad® - ®d_,.

We say that ¢ is a Hochschild cycle if bc = 0. When the Hochschild homology is well
defined we denote it by HH, (/).

An important point is that if ¢ is a k — l-multilinear functional, and ¢ is a
Hochschild k-cycle, (bp)(c) = ¢(bc) = 0, so the pairing of a Hochschild coboundary
with a Hochschild cycle vanishes. This follows immediately from the definitions.
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Our only result in this section consists of a mild generalisation of a standard result
for the behaviour of Hochschild (co)homology with respect to derivations. This
result will simplify many later computations.

Lemma 3. Let N be a semifinite von Neumann algebra acting on a separable Hilbert
space K. Let of < N be a x-subalgebra, and M < N an of -bimodule. Suppose that
01y ..ry Op 2 o > N are derivations such that the products 61(ay) -5 (ax) T € M for all
ay, ...,axef, where Te N is fixed. If ¢ : M — C is a linear functional and we define
deCk(A) via:

¢(ao, ..., ak) = ¢p(aodi(ar) ok (ax) T),

then the Hochschild coboundary of ¢ is

(bP) (a0, ..., axn1) = (=1 p(aodi (1) S (ax)ax1 T — as1a00: (ar) - (ar) T).

Proof. We prove this by induction. For k = 1 we have
(bd)(ay, ar,ar) = Pp(apard(az) T — ayd(ayax) T + azaod(ay)T)
= — ¢(apd(a1)ax T — ayapd(a))T).

The derivation property shows that the first of these terms is still in .#, so the k = 1
case is true. So we now suppose the result is true for all n<k. Then

(bd) (o, ..., ax41) = Pp(apaid1(az) - S (ars1)T)

k
+ Z d(agdi(ar) - 0:(aiaizr) - Oi(ar1)T)

+ :1)"+ " (ar1a0d1(ar) -+ Oi(ax) T)
= (b)(ao, ..., ax) — (1) $laxaodi (@) 51 (ax—1)Sk(ax1)T)
+ (=1 ¢(aodi(ar) -1 (ax_1)ox(arar ) T
+ (=) p(ars1a00 (ay) - O (ar) T).
Here
Plao, ., ax-1) = plagdi (ar) 01 (ax—1) (S (ars1) T))-

Note that by hypothesis, the product of di(a)---0r—1(ak—1) and Ox(ars1)T
isin /.
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By induction we have

P

(bh)(ao, ..., ar) = (—1)" p(aody (1) 01 (ar—1)arde(ar+1)T)

— (=1 p(araod (ar) - p1 (ax—1)dx (ax1) T).

Thus we have

(b(Z)(ao, ...,akﬂ) = (—l)kd>(ao(31(a1)---(5k(ak)a/(+1T — ak+1a051(a1)--~5k(ak)T). O

Thus the derivations need not all be the same to obtain the usual result linking
Hochschild homology and derivations, [23, p. 84]. We will mostly be interested in the
case where the bimodule .# is the ideal #**), but we also use .# = £

Our next aim is to define the Chern character of a finitely summable Fredholm
module. First we need a definition.

Definition 5. A pre-Fredholm module for a unital Banach x-algebra .o/ is a pair
(#,F) where ./ is (continuously) represented in 4" (a semifinite von Neumann
algebra acting on #) and F is a self-adjoint Breuer—Fredholm operator in A~
satisfying:

1.1—F?*ex 4, and
2. |F,ale Xy for ae.o.

If 1 — F? =0 we drop the prefix “pre-".
If, in addition, our module satisfies:

l'. 1 = F2e gW/2,0)
2" [F,ale #"%) for a dense set of ae.o/. We say (A, F) is (p, o0 )-summable.

We say that (#, F) is even if there is an operator I' such that I'* =T, I? =1,
[['ya] =0 for all ae.o/ and {I', 2} = 0; otherwise (A, F) is odd.

Remark. Here and throughout the rest of the paper, if p <2 we interpret 7'e £?/>*)
as indicating that 77/2e #("*) which implies that Te #".

Let (#,F) be a p+ l-summable Fredholm module for ./ with F? =1, [10,
IV.1.a], that is, we have [F,ale 7' (A") for all ae.«/. In particular if (#,F) is
(p, o0)-summable then it is (p + 1)-summable.

The Chern character of (), F) is the class in periodic cyclic cohomology of the
cocycles

i (Fao|F,ar)-+[F,ay)), ao,...,an€s/, n=p, n—p even.
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Here /, are constants ensuring that this collection of cocycles yields a well-defined
periodic class, and they are given by

(_1);1(;1—1)/2p(g+ 1)’ n even,

An = n
@(—1)"<n71)/2r(§+ 1), n odd.

The ‘conditional trace’ (or, super-trace) t’ is defined by
, 1
(T) = 57:(F(FT+ TF)),

provided FT + TFe %'(/) (as it is in our case, see [10, p. 293]). Note that if
Te %' (N) we have (using the trace property and F? = 1)

o(T) =«(T). (2)
This class is represented by the cyclic cocycle Chye C% (/)
Chp(ag, ...,a,) = 2pv'(Fag|F,a1]---[F,a,)]), ao,...,a,eL.

If we only have a pre-Fredholm module (#,F), there is a canonical procedure
described in [10, p. 310] (and [1] in the general semifinite context) associating to
(A, F) a Fredholm module (o, F’). The Chern character of (#, F) is then defined
to be the Chern character of (#”, F'). The Fredholm module (#”, F') has the same
summability as (', F). We will not require the explicit form of this procedure, as we
will now show that we have a more amenable procedure at our disposal.

Our next task is to show that if our spectral triple (.7, #, 2) is such that & is not
invertible, we can replace it by a new spectral triple in the same K-homology class in
which the unbounded operator is invertible. This is not a precise statement in the
general semifinite case, as our spectral triples will not define K-homology classes in
the usual sense. When we say that two spectral triples are in the same K-homology
class, we shall take this to mean that the associated pre-Fredholm modules are
operator homotopic up to the addition of degenerate Fredholm modules (see [22] for
these notions, which make sense in our context).

Definition 6. Let (o7, #,2) be a spectral triple. For any meR\{0}, define the
‘double’ of (o7, #, %) to be the spectral triple (o, #7, Z,,) with #° = # @ #, and
the action of .« and &,, given by

92 m a 0
Dy = , a— Vae.of.
m -9 0 0
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Remark. Whether & is invertible or not, &2,, always is invertible, and F;,, = Qm|@m|71
has square 1. This is the chief reason for introducing this construction. We need to
ensure that by doing so we do not alter the (co)homological data.

Lemma 4. The K-homology classes of (<f, #,%) and (oA, #*,F,,) are the same.
A representative of this class is (A7, Fy) with Fyy = | D).

Proof. The K-homology class of (<7, #,2) is represented by the pre-Fredholm
module (#, Fy) with F;, = D(1 + 2%)""/? while [(#, #°, Z,,)] is represented by the
pre-Fredholm module (#2, Fy,) with Fy = (1 +£Z,2n)71/2 (we describe (pre)-
Fredholm modules in Section 2.2). The one parameter family (#, Fg,)o< < 1S @

continuous operator homotopy, [3,22], from (#?, F,,) to the direct sum of two pre-
Fredholm modules

(H,Fo)® (A, —F3)

and in the odd case, the second pre-Fredholm module is operator homotopic to
(o, 1) by the straight line path, since .o is represented by zero on this module. In the
even case we find the second pre-Fredholm module is homotopic to

(- (i o))

the matrix decomposition being with respect to the Z,-grading of 5. Thus in both
the even and odd cases the second module is degenerate, i.e. F> =1, F = F* and
[F,a) =0 for all ae«/, and so the K-homology class of (#? F,), written
[(#7,Fy,)], is the K-homology class of (#, F). In addition, the Fredholm module
(A2, Fy) with Fy, = @,y|Z,n| " is operator homotopic to (A2, Fy, ) via

1> Du(t+22)""? 0<i<1.
This provides the desired representative. [

The most basic consequence of Lemma 4, and the reason for proving it, comes
from the following (see [10, IV.1.y, 9] for the proof).

Proposition 5. The periodic cyclic cohomology class of the Chern character of a finitely
summable Fredholm module depends only on its K-homology class.

In the general semifinite case this should be interpreted as saying that two pre-
Fredholm modules which are operator homotopic up to the addition of degenerate
Fredholm modules have the same Chern character. In particular, therefore, the
Chern characters of (<7, #,%) and (o, #*,%,,) have the same class in periodic

cyclic cohomology, and this can be computed using the Fredholm module (#72, F,,).
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Using Connes’ exact sequence, [10, T11.1.y],

~BHC () S HO (o) L HHP (o %) B HOP (o) S o

we see that the Hochschild class of Chip is the image of the cyclic cohomology class of
Chyp under the map [ induced by the inclusion of the cyclic complex in the
Hochschild complex. This class is the noncommutative analogue of the integral
representing the fundamental class. To see this, recall that for the Dirac operator &
on a closed spin manifold X we have

Ch(@)(-)const/X-/\/iconst(/X-/\lJr/X~/\(214p1)+~->.

Here A is the A-roof genus, p; are the Pontryagin classes, and regarding Ch(2) as an
element of de Rham homology, this formula tells us how to evaluate Ch(Z) on
elements of the exterior algebra of the manifold. In particular, restricting to
differential forms of top degree (volume forms) we have

Ch(2)(fodfi A -+ Adfgim x) = const/Xﬁ) dfi A -+ Adfdim x-

Hence the Hochschild class of the Chern character yields the usual integration of a
(dim X')-form. This gives not only justification for the identification and study of this
Hochschild class, but also a heuristic for understanding the measurability described
in Corollary 11 (see Section 3.1).

Before leaving Chern characters, we note that the hypothesis of (p, «0)-
summability may be supplemented by Connes—Moscovici’s discrete and finite
dimension spectrum hypothesis [12]. With this extra hypothesis one obtains a new
representative of the Chern character expressed in terms of the operator &. Using
this representative, it is straightforward to identify the Hochschild class, and this
agrees with the result stated in [10, IV.2.y] and described here. However, the results
concerning measurability (described later), arguably the most important conse-
quence of Theorem 10, are rendered trivial, as the dimension spectrum hypothesis
includes an assumption of measurability.

2.3. The Dixmier trace and the heat kernel

Normally a Dixmier trace on the t-compact operators means a positive linear
functional which is constructed in the following way. One composes a positive
element o of the dual of L* (R".) with the map which takes compact operators to the
Cesaro mean (described below) of their singular values (where the latter is thought of
as an element of L* (R".). The positive functional w is also required to agree with the
ordinary limit on functions which have a limit at infinity.

The composition of any such w from L., (R%)" which is vanishing on Co(R? ) with
the Cesaro mean operator produces a functional which is (almost) dilation invariant
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and with which it is possible to define a non-normal trace (see [8]). We shall call such
functionals Dixmier functionals and such non-normal traces Dixmier traces (see
below).

A key technical lemma we will exploit uses the asymptotics of the trace of the heat
operator for & to construct the singular or Dixmier trace that appears in Theorem 10
when we have a particular kind of Dixmier functional w.

Definition 7. The Cesaro mean on L* (R’ ), where R’ is the multiplicative group of
the positive reals, is given by

1 t
:logt |

M(g)(1) g(s)% for ge L™ (RY), t>0.

Definition 8. We define the following maps on L* (R, ). Let D, denote dilation by
acR’ and let P* denote exponentiation by aeR’ . That is,

D,(f)(x) =f(ax) for feL”(R), and
PUS)(x) =S (x") for feL™(RY).

we define G to be the set R’ x R’ with multiplication:

(s, 1) (x,p) = (sx', 1y).

One of the main observations of [1,6] is that in addition to dilation and
Cesaro invariance, invariance under the operators P (aeR’) is critical in one
key step of the proof of the zeta function representation of a Dixmier trace.
We denote by Cy(R’) the continuous functions on R’ vanishing at infinity.

We will need the existence of a G-invariant, M invariant Dixmier functional on
L*(RY).

Theorem 6 (Carey et al. [6]). There exists a state Q on L*(R’) satisfying the
following conditions:

() Q(G(R})) =0.
(2) If f is real-valued in L™ (R",) then

ess lim-inf,, o, f(¢) <Q(f)<esslim-sup,_, ., £ (7).

(3) If the essential support of f is compact then Q(f) = 0.
(4) For all ceR’,, Q(D.f) = Q(f) for all fe L™ (R?).

(5) For all aeR’, and all fe L™ (RY) Q(P'f) = Q(f).

(6) For all feL”(RY), QMf) =Q(f).
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The approach of [6] as described in Theorem 6 is to construct what might be more
appropriately be termed a ‘maximally invariant Dixmier functional’. This maximal
invariance is what is required to establish the zeta function representation of a
Dixmier trace (and hence the heat kernel formula for #("*)) in full generality.
Weaker conditions suffice for the case of #?*), p>1, essentially because the map
T - TP taking Z?»*) to £ is not surjective and in fact the image is a smaller
ideal consisting of compact operators T° whose singular values satisfy, for some
C>0, the inequality p (7)< C/s for s sufficiently large; see [6] for further discussion.

A notation we will often use is to write, for a given function feL* (R’ ) and
Dixmier functional w, w(f) = w-lim;_, o f(4). In particular, we will be interested in
applying such functionals to the function

1 t
R / u(T) ds,

where Te 2" is positive. This is the Dixmier trace associated to the semifinite
L) by linearity. The
Dixmier trace t,, is defined on the ideal #("*), and vanishes on the ideal of trace
class operators. This latter fact is used repeatedly throughout the paper without

further comment.

normal trace 7, denoted 7., and we extend it to all of 7!

Let 7>0 and define e~ 7~ as the operator that is zero on ker T and on ker T+ is
defined in the usual way by the functional calculus. We remark that if 7>0,

Te2?*) for some p>1 then e'T7 is trace class for all 7>0. Then we have
Theorem 7 (Carey et al. [6]). If Ae N, T>=0, Te L") then,

Q-lim A 't(Ae™ T = [(p/2 + 1)10(AT?)

A— 0
for Qe L* (RY)" satisfying the conditions of Theorem 6.

Remark. The reason for the citation of [6] for this result is that we require the case
p = 1, and this is the only place where this is established. For p> 1, however, see [10,
p. 563, 21].

To use this result in this paper we will apply it to the case where T = (1 4+ 92)_]/2
or T =|2|"" if 2 has bounded inverse. Then a simple but useful corollary of this
theorem is that for p>1 and |9\71 e #»*) the function on R’ given by

t—>1(Ae ")

is bounded. This follows from setting A~'=# and T =|2|"'. Or in other
words
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Lemma 8. If p>1 and (o, #,9) is a (p, o0)-summable spectral triple with
invertible, then there exists a constant C,>0 such that

(e 7)< Ct ™ for 1>0.
A fact that we will frequently require is the following.

Proposition 9 (Carey et al. [6], Cipriani et al. [8], Fack [18]). The Dixmier trace t,,
associated to a Dixmier functional o defines a trace on the algebra of a QC' (p, 0)-
summable spectral triple via

a—1,(a(l + 2*) 7).

3. The Hochschild class of the Chern character
3.1. Statement of the main result

Our main result is the general semifinite version of a Type I result in [10, IV.2.y]
which identifies the Hochschild class of the Chern character of a (p, oo )-summable

spectral triple. With the preliminary definitions out of the way, we can now state our
main result:

Theorem 10. Let (o/, #, %) be a QC* (p, oo)-summable spectral triple with p>1
integral and k = max{2,p —2}. Then

(1) A Hochschild cocycle on <f is defined by

d)w(a()a ---aap) = /lpT(U(Fao[@,al]~.~[@’ap](l + @2)71’/2)’

(2) For all Hochschild p-cycles ce C,(<7) (i.e., be = 0),
<¢wac> = <IChF«/7C>7

where Chg, is the Chern character in cyclic cohomology of the pre-Fredholm
module over < with Fy = (1 + 2%)~"2.

Remark. Here 7, is the Dixmier trace associated to any Dixmier functional w. The
two most important corollaries of Theorem 10 are the following.
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Corollary 11. Let (o/, #, D) be as in Theorem 10. If ¢ =) ,d,®@d| ® -+ ®a; is a
Hochschild p-cycle, then

ry° d2,d)-(2,d)(1+ )"

is measurable in the sense of Connes.

Remark. An operator Te.#"*) is measurable (in the sense of Connes) if the
w-limit

1

t
-lim ——— (T
Fiiviy log(1 +t)/0 w(T) ds

is independent of the choice of w. We will include a proof of Corollary 11 (an
important result) as part of the proof of Theorem 10.

Corollary 12. With (of,#,%) as in Theorem 10, and supposing that Chr, pairs
nontrivially with HH,(</), then

T(u((l + 92)7p/2) #0.

Remark. The hypothesis of the Corollary is that there exists some Hochschild p-
cycle such that {/Chp,,c) #0. Computing this pairing using Theorem 10 above, we

see that (1 +2%)7 /2 cannot have zero Dixmier trace for any choice of Dixmier
functional w. For if (14 %*)7/* did have vanishing Dixmier trace, and ¢ =
>, dy® -+~ ®dj, is any Hochschild cycle

[<IChr,,cy| = > to(Td)[2,d)) -+ [2,d)(1 + 2*) ")

1
< 3 [T (2, d}]-+[2,d)]| (1 + 2%) ") = 0.
i

Hence if the pairing is nontrivial, the Dixmier trace cannot vanish on (1 + @2)7’7/2.

During the course of the proof we will always suppose that we have a spectral triple
(o, A, D) with @ invertible, by replacing (o/, #, %) by (o, #*,Z,,) if necessary.
Despite knowing that the cyclic classes of the Chern characters of these two triples
coincide, by Lemma 4 and Proposition 5, and so their Hochschild classes also
coincide, we have not yet shown this is true for the specific representative displayed
in Theorem 10. A proof that this is indeed the case can be found in the appendix.

Before discussing the proof any further, we show that the functional ¢, is indeed a
Hochschild cocycle.
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Lemma 13. Let p>1 and suppose that (</, #,9) is a QC' (p, o )-summable spectral
triple. Then the multilinear functional

b (a0, . ap) = Ipto(Tag| D, ar] - [Z, a))(1 + %) ")
is a Hochschild cocycle.
Proof. By Lemma 3 and the trace property of the Dixmier trace, we have
(bdo,) (@0, - ap) = (1) Wyto(Ta|Z, 1) (D, ay-1]ay(1 + 2*)717)
— (=1 Wpto(Tao|Z, ar) -+ (2, ay 1)(1 + Z%) 7 ay).

As (o, H,D)is QC',

p—1
[(1+ 272 a)) == > (1+ ) P IP[(14+ 977 q,) (1 + 22072,
k=0

and this is trace class. So a,(1+ 2?) = (1+ 9% ”/zap modulo trace class
operators, and so the two terms above cancel. [

Thus to show that ¢, is a Hochschild cocycle is relatively simple, and does not
require the full smoothness assumptions of Theorem 10. Of course the important
aspects of Theorem 10 are that ¢, is a representative of the Hochschild class of the
Chern character, and the measurability of ‘p-forms’.

3.2. What was previously known

This theorem, for 4" = Z(#) and 1 <p< oo (p integral) was proved in lectures by
Alain Connes at the College de France in 1990. A version of this argument appeared
in [21]. The extension of this argument to general semi-finite von Neumann algebras,
with the additional hypothesis that & have bounded inverse, is presented in the
preprint of Benameur—Fack [1] and we thank the authors for bringing it to our
attention. It provided an impetus to our work. Some supplementary details in the
proof were given to us by Fack, and we thank him for his notes [18]. In addition, a
simpler strategy using the pseudodifferential calculus of Connes—Moscovici [12], was
communicated to us by Higson. In conjunction with the results in [6], Higson’s
argument appears to generalise to the semifinite case as well as giving an alternate
proof of Theorem 10, however we will not describe the details here.

The extension of these earlier results which our Theorem 10 implies are:

(1) For the first time we provide a proof for the case p = | (the proof in this case
overcomes some serious technical obstacles).

(2) We dispense with the hypothesis in the type II.,, case that £ has bounded
inverse. This is crucial due to the ‘zero-in-the-spectrum’ phenomenon for &
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(that is, for type II .4, zero is generically in the point and/or continuous
spectrum [20]) and is not just the simple problem posed by non-trivial ker .

(3) Importantly, our strategy of proof is the same for all p>1, is independent of the
type of the von Neumann algebra ./ and is simpler than previously published
arguments.

We now come to the proof of Theorem 10. The general form of the technical
estimates, and so the basic structure of the analytic parts of the proof, are based on a
synthesis of our understanding of the arguments in [1,21]. These in turn have their
origin in the original arguments of Connes. The latter parts of the argument where
we need to construct various cohomologies in the Hochschild theory to arrive at the
functional in the statement of the theorem, closely follow the argument in [21].

Our method of proof is in some ways more direct than these other approaches. In
particular we do not need to prove our technical estimates for general functions of &,
only the particular functions that allow us to employ the heat kernel approach to the
Dixmier trace. The chief novelty (and difficulty) of this direct approach is that we
can deal with the case p = 1. For this approach the assumption of [21] that the
functions of & involved are compactly supported is of no use and various technical
estimates in [1,10,21] are not available.

3.3. Functional calculus preliminaries

In this subsection, we establish some trace and commutator estimates for certain
functions of |2|. We will work exclusively with one function, however the definition
of this function depends on the value of p. Moreover there are substantial differences
between the even and odd cases, and for technical reasons we also require estimates
involving square roots of functions.

For p>1 an integer, and x>0 define

erf,(x) = F(’;—i—l)/oi rP e dr. (3)

Using

2 p

/wrpflefrzdr:['(p/z) F(%+l)
0

we have erf,(o0) =1 and erf,(0) = 0. Now define

oy [ T=erfy(x), x=0,
Spx) = { 1 — (=Derfy(—x), x<0. 4)
Then we have f,(0) =1, f,(c0) = 0 and
KO = gy (5)

2
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For p even and all xeR or p odd and x>0 we can write
Jp(x) =1 —erfp(|x])

14 ” 1, —s*x2
= XPsP~ e ™Y ds
I'(p/2+ 1)/1

:c(p)/‘ X s, (6)
1

We will see shortly that f, is Schwartz class for p even. However for p odd, while
Jp(x) >0 rapidly as x— + 00, as x> — 0, f,(x) = 2. The reason we have defined the
function in this way is to obtain smoothness at x = 0, and the important part of the
definition is for x>0 anyway. For instance, we have our first estimate.

Lemma 14. Let p>1 and suppose that (o/, #,%) is a QC° (p, o )-summable spectral
triple with & invertible. If h is either of the functions f, or \/f, then for t>0

(2D < Cur ™.

Proof. Let d¢, = dt(E;) be the scalar spectral measure for |2|, and consider the
function \/E. We have by Lemma 8.2 of [4]

1/2 w 1/2
_ P —1 p 29
t(\/f,(112])) = (—) T </ S9N e ds)
vh g+ 1
12 o w L. A\ 12
/ < P P4 ds) de,
0 1

vp N\ el [T 1 e i
< et (/ Pl s ds) do,
(F(% + 1)) /0 1

]/2 o0 242 o 2,242 1/2
/ }vp/Zeft /4 (/ Plp=s 172°)2 dS> dﬁb,h
0 0

1/2
= r(zfpi b TR (/2 P dg,
5 0
p [ 252
:24/ —t*)7 /4 d¢
0

where the last line follows from the heat kernel estimate Lemma 8. The same method
applies to yield the result for i = f, also. [
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The above lemma required knowledge of f, for positive arguments, so for p odd,
we are free to alter the definition in any reasonable way for negative values.
So for p>=1 odd, and for some k>0, define

1 —erf,(x), x=0,
Jo(x) =< L+erfy(—x), —k<x<0,
9(x), x< —k

Here we take g(x) = Q(x)e’xz7 where Q is a polynomial. We may choose to make f,,
a C! function at —k, and this will require taking O to be of order /.

Lemma 15. For p even

p—2/2] .
-2 L
o=y O g

i=0
When p is odd and p=3, and x=0 we have
—2/2] .
c(p—20) , 5 9 _2
fx) =Y 5T+ fil).

i=0

Proof. Integration by parts using the formulae in Eq. (6), and the observation that
for all integers p=3

cp) pP=2)
clp—2) 2 =1L =

Observe that the lemma shows that for p even, the function f, is Schwartz class.

Indeed, fpl/ ? is Schwartz class. This follows because fr(x) = P(x)e™™ where P is an
even polynomial with a nonzero constant term. Thus

dfy, (P'(x) — 2xP(x))e ¥/ o
dx P(x)l/z ’

from which it is easy to see that fp' /2 has derivatives of all orders, and they are all of
rapid decrease.

For p odd we will have a rapidly decaying function also, but only C’ at —k, where
we may choose / as large as we like. To see this for large positive x we require the
following result [17].
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Lemma 16. There is an asymptotic expansion of

Si(x) :%/we_szds

as x— + oo of the form

e 2! 41 6!
A~ ll T 20t 3w ] '

Proof. The function f] is precisely the complementary error function ( for positive x),
and there is a standard asymptotic expansion for x large and positive

e 21 41 6!
erfe(x) = fi(x)~ nxll AR ] -

At this point we know enough to proceed when p is even, but for the estimates we
wish to prove next, we require more information for p odd.

For p odd, our definition of f, ensures that x’”fpl/ s integrable for all m>=0, so the
Fourier transform off,',l/2 is smooth, and of course lies in Cy(R). If we define f), so

that it is C’, then the first / derivatives of fl,l/ * will also have smooth Fourier
transform, contained in Cy(R), using Lemma 15 and an argument similar to that in

Eq. (7). So for =i+ 2, the Fourier transform of 8‘];,”2 is in L'(R). This follows
because

(@247)(&) >0 as | oo,

SO

2@ 7)(2)| >0 as €] o,

which tells us that

@) = 0(1E] ) as |~ oo

Choosing />4 then tells us that in both the even and odd cases
[lenPolae<e, =12 (®)
R

We use this to formulate two commutator estimates.
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Lemma 17. If (o/, #,9) is a QC' (p, c0)-summable spectral triple then

IL/p(t121), alll; < Cagpt 7+

Proof. Writing 7 = fpl/ 2, we have the straightforward calculation
L (t|21), allly = A1 Z2])[h(1|Z]), a] + [h(2|21), alh(d| 2 )],
< 2[|[A(1|21), alll . 1A (|2 DI,

~

< 2G[[|12], dll| ., [[R(E)<l 7

— —p+1
= Caf,pl :

The last inequality comes from Lemma 14 and

[h(t12]), a] :\/%/Rf;(s)[eil‘mﬂ] ds

1 ~ L (1P slG
=—— [ h()is [ €19, ale V) dr ds.
V2n /R /0

The finiteness of (8) for i = 1 completes the proof. [
Lemma 18. If (o/, H#, %) is a QC? (p, o0 )-summable spectral triple then
X 1 _

It 21), a] = 5{5(112]); d| ], al} ], < Capyt e,
where {T,S} =TS + ST.
Proof. Again we write i = ﬁ / 2, and again this is just a computation.

1
I 21), a] = 5{5'(112]), d| 2. al} ]I,
= |[h(1|2))h(t|2|), d] + [n(2|2]), alh(1|Z])

— h(U 2K (t|2))t]| 2], d] — 1|2, alh(t| 2K (1| 2])]],

<||lh(1|2]), a] — th' (1|2))[|2|,d]

h(d 2Dl

o0

+ [[[A(1121), a] = | 2], all (| 2| [1A(2] 2]

<z—1’+2c,,/R |h(E)E| dé.

133
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The final inequality follows from Lemma 14 and writing [1]
A(1) = [h(1|21),a] — W (1|2))[1|12], d],

we have

9] _ eiut|§/\[l’ut|b@|’a]) ds du

1
A(r) = / h(u) / ("N iut| 7|, a)e™ )
R 0

l .
— /h(u)/ eiuts|@|[[l-ut|@|,aLeiut(lfs)\@\] ds du
R 0

1 1
_//,;(u)/ eiuts\fi\/ eiut(l—s)r@\[iul(l_S)|@|’[iul|@|’a]]eiut(l—s)(l—r)\%
R 0 0
X ds dr du.
A similar result holds for B(r) = [h(t|2]),a] — [t|2]|,a]l/ (t|2]|). In both cases

||A(2)]|, and ||B()||,, are O(£?) as t—0. The finiteness of (8) for i =2 completes
the proof. [

oo

Estimates like those presented in the last two lemmas may be regarded as
approximate extensions of familiar rules of calculus to the ‘quantum’ setting. Both
the previous lemmas extend to a large class of functions, but as we only require these
very particular results, we do not pursue these matters here.

3.4. From the Chern character to a Hochschild cocycle
Now that we know something about f,, we can begin the proof. The first step is to
bring |Z| into the picture, and to do so in a way that will allow us, eventually, to

make use of its summability.

Lemma 19 (Benameur and Fack [1], Gracia-Bondia et al. [21]). Let p=1 be integral
and suppose that (<f, #,2) is a QC° (p, w0 )-summable spectral triple with &
invertible. Let ¢ =, ah® -+ ®a; be a Hochschild p-cycle. Then

ICH (F), ¢y = f}illé Ap t(Fa)y[F,d\]--[F, a;;fl]F[f,,(t|@|),a1"]]),

where F = 9|9

Proof. Ignore i momentarily, and set 4 = I'ag[F,a;]---[F,a,]. As t—0 we have
J»(t|2]) =1 (strong operator topology), so

CICH (F), ey = lim 2(f,(117])A).
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Here we have used Ff,(¢|2|) = f,(¢t|2|)F to see that the right-hand side is equal to
©(f,(t{|2|)F(FA + AF)).

As F(FA + AF) is trace class, [14, 1.6.1, p. 93] shows that the above equality holds.
For >0, the operator f,(#|Z]) is trace class by Lemma 14, so we may replace 7’
by 7, using Eq. (2). Making this change and expanding the last factor of 4 gives

(12D A) =1(TaolF, a\]-[F, ap-1|Fayfy(1|2]))
— (Tao[F, ) [F.ay1ap (1] 7).
Using the fact that a—[F,a] is a derivation, we can use Lemma 3 and

Z b(af)@a’i@ -~~®a;,) =0,

to see that
t(TaolF, ] [F, aplapfy (1|1 2])) — 1(Tapag[F, ar] - [F, ap1[Ff, (1| 2])) = 0,

as this is a Hochschild coboundary paired with a Hochschild cycle. This proves the
Lemma. O

Note this only works when we pair with a Hochschild cycle. For an arbitrary chain
we cannot swap a, around to the front. Nevertheless, for any ay, ...,a, €2/ we can
define a one-parameter family of multilinear functionals

Vi(ao, ..., ap) = =Apt(lao[F, ] [F, ap 1|F[ /(1| 2]), ap))

and we have already shown that the pairing of the Chern character with Hochschild
cycles is given by pairing the Hochschild cycle with i, and taking the limit as #— 0.
However, we have not yet defined a multilinear functional which represents IChp. If
we knew that for all ao, ...,a,e o/

$(ao, ..., ay) = }1_r)r(1) v, (ao, ..., ap)

existed, and we could show that b¢ = 0, then we would have
[¢] = [IChple HH" (o , /™).

In general we cannot assert the existence of the above limit, and this is why we do not
yet have a representative of the Hochschild class of the Chern character.

The strategy is to show that |y, (ao,...,a,)| is bounded as t—0 for any
aop, ...,a,€/, so that we may define a functional by taking the w-limit. We will
then rewrite this result in terms of the associated Dixmier trace. Once achieved, we
will have a well-defined multilinear functional on .o/ which depends on the choice of
. However, the pairing of this functional with Hochschild cycles will return the true
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limit, no matter what choice of w is employed. This is the origin of Corollary 11, but
the precise form must wait until we have identified ¢, as a representative of the
Hochschild class.

So to begin, let us obtain the estimate which will allow us to show that y, is
bounded.

Lemma 20. Let p>1 and suppose that (o/, #, %) is a QC" (p, o0 )-summable spectral
triple with & invertible. Then

I[fp(1121),alll,1) is bounded as 1—0.

Proof. We have the estimate, Lemma 17, for all p>1
1A 2 D) alll; < Gt [ 21, alll. -
So for p = 1 we are done. For p>1 we have the interpolation inequality
1 _
171Gy SGITIVITIE ', Ted'.
In Lemma 17 we also estimated the norm, obtaining

[/ (2121) 4]

which allows us to finish the proof since

= 0(0)

LA(121),dlll ) <Cpp (PO =4, O

Remark. The use of the interpolation inequality in the previous proof is standard in
the type I setting, [10, IV, Appendix B]. For the type Il case we note that it is
sufficient to obtain the result for the commutative von Neumann algebra L® (0, c0)
and apply the results of [15].

Lemma 21. Let p>1 and suppose that (</, #,2) is a QC' (p, c0)-summable spectral
triple with & invertible. Then for all ay, ...,a,€ o/ the function

t—y (ao, ..., ap)
is bounded as t— 0.
Proof. By Lemma 1, [F,a,']ef/@”), i=1,...,p.So

Tay[F,a\]-[F,a, ||Fe 2%,
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where ¢ = p/(p — 1) (for p =1 replace the (g, c0) norm with the operator norm).
The Kothe dual of 2PV is #@°) 50 as -0

Wi(ao, ..., ap)|< |[TaolF,a1] - [F,ap1]F ||, o)

L (1121), @l 1)

S CpplllaolFrar]--[F,apa]Fl] g o),
by Lemma 20. [J

As , is bounded as t—0, we are justified in taking the w-limit of the function
1/t—y,(ao, ...,a,), for ¢ sufficiently small.

Definition 9. For p>1 and (<, #,%) a QC' (p, o0)-summable spectral triple,
set

Cp(a07 "'7ap) = ‘1(/2;2122 lpt(a()? "'aap)

for any (fixed) functional Q satisfying the conditions of Theorem 6.

Remark. From what we have shown already, {, is a representative of the Hochschild
class of the Chern character of (7, #, %), and when {, is evaluated on a Hochschild
cycle, the Q limit is a true limit. Thus the value of {, on Hochschild cycles is
independent of the choice of Dixmier functional w, whether w satisfies the extra
invariance conditions of Theorem 6 or not.

We need a preliminary result before we can obtain our first formula for {, in terms
of the Dixmier trace associated to the functional Q.

Lemma 22. Let (o/, #,%) be a QC? (p, oo)-summable spectral triple, with p>1 and
9 invertible. Then

I, (121), ] —%{ﬁ/(llgl), (1|21, dl}](p1) =0 as 10,
where {T,S} =TS + ST.
Proof. By Lemma 18, we can estimate the trace norm by
1U121). )~ 504 (121), (121, al} ]l < Cr

This completes the proof for p = 1, and for p>1 we will employ interpolation as in
Lemma 20. In Lemma 18 we also estimated the operator norm of this difference,
obtaining

1), - 3{ /1), [17,a} .. = O,
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Applying the interpolation inequality
1Tl < CITINVNTI Y,
yields

1 _ _
11 21), a] = 5{5" (2D [l 21s al}] 1) < Erplt PRIET =G p10. O

With these tools in hand, we can now obtain our first Dixmier trace formula for {,.
This result is where we use the invariance properties of the Dixmier functional Q, as
this is a necessary condition for Theorem 7 to hold, at least when p = 1.

Proposition 23. If p>1, k=max{2,p -2} and (4, #,%) is a QCF (p, 0)-
summable spectral triple with & invertible, then for all ay, ...,a,€ o/

Eplao, oy ap) = plpto(TaglF, an] -+ [F, ap71]9_1“=@|7ap])~

Proof. We begin by noting that we can write ,(ao, ...,a,) as
e (FanlF. ] F.ap 1P (50 (17D, 10000} + L1910
-5 W7D, 0a)}) ).
This addition of zero inside the trace is justified as f,’(¢|Z|) is trace class and 6(a,) is

bounded. Thus the Q-limit Q-lim;/,_, ., ¥,(ao, ...,a,), is given by the sum of two
terms,

—J, Q-lim 1 (Fao[F,al] [F, ap,l]F%{ £, 2)), té(ap)}> 9)

1/t—

iy @etim < FanlF. ] (Fap- 17 (L0121 0] = 505 A7) 3@ ) ). (10)

1/t—>

The second term, (10), is zero. To see this, we use the same estimates as in Lemma 21,
1
<(ralF,anl--1Fap (117D, - 55 012D). 06} ) )

SliFaolFs - [F, ap 1 F || o) 111 (1 21), @) — %{ﬁ’(f|@|)7f5(ap)}ll(p,1)

<(€_f-p,pt||Fa0[F,a|]--~[F, ap_l]F||(q7w)—>O as t—0,
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the last inequality following from Lemma 22. Here we again replace the (¢, oo ) norm
by the operator norm when p = 1. Hence the (ordinary) limit of the second
term exists and is zero. This means that the first term (9), is bounded as r—0, by
Lemma 21, so we have

(plao, ... ap) = — 2p Q-lim t(Tag[F,a]---[F,a, 1]F[f,(1|2]), a,)])

l/t—>oo

—Jy Qlim <(ao[F,ar] - [F,ap 1F 30 (017]), [17], ap)}),

l/l—>oo

the second line following from Lemma 22 and the above argument. Using

. V4 _ 1 —pg?
5 (M2]) = —ml’) NapP~te ",
2

we have

Ap . =1 PP
G ost) =5y lim e(TalFoan] Py P2 e (9], )

p; -1 _2g?
Sy G TalFal (. F7] a7 e ),

+
For p =1,2, we use Lemma 2 and Theorem 7 to obtain

Cyla, ) = ol anl i)+ F, ap 1121 (9], )

2. _
+ Breg(ralF ai]- [F.ap ) F[19],a,)|2] ).

3(ap)|2|™ = 12|76 @)|2|7" + 1217 6(ay),

we may commute the |Z| ' past d(a,) in the second term, only picking up a term
which vanishes under the Dixmier trace. Hence

{plao, ..., ap) = plpto(Tag[F, ay]---[F, ap,1]9_1[|@|,ap]).

For p>2, we use the fact that |@|‘”7Ze”292 and |@|e”2°@2 are trace class, to rewrite
{ylao, ..., ap) as

% Q-lim (e || 7], @p)laolF, ] [Fap )| 2 F)
3t 1= o0
Py PP |
tar@yy Glim (0P| (@l F.ap-)F12].4)|2).
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Now Lemma 2 (and the fact that |2| commutes with I') tells us that both of these

terms are the trace of a bounded operator times et So, by Theorem 7, see also
[6], we have

1 . _
{plao, .., ap) ZEPApTQ(IQZlH@l,ap]FGO[F’ a]-[F,ay1|F|%|7?)

1 _
+ 5Ph1e(2| TalF, ) [F,ay1]F[| 9], 4,]| 7).

Since [F,a;], [F,0(a;)] and |2|™" are in £»*) commuting || through these
expressions gives, modulo terms of trace class which are killed by the Dixmier trace,

1 _
Cp(a07 cey p) :EP’IPTQ(H@Lap]FGO[F»al]"'[Fvapfl]F‘@| ])

1 _
+ 5 p2al|2] TaolF, ] [F,ay 1 (19, ap).

In the first term we may cycle d(a,) around to the end using the trace property of the
Dixmier trace (since d(a,) is bounded while the product of the remaining terms is in

#1©)) while in the second we may commute the |@|_l through the product,
picking up trace class terms from each commutator and these vanish. So

. 1, _
Qp(a(), .,.7(11,) :ip/“PTQ(FaO[Faal]'”[Fa a]?*l]g 1[|@|7a17])

1
+ 5 phypto(lTalF, ] [F,ay1177[|2],a)))

=plpra(TaolF,al]-[F,a, 1177 '|2], a)). O (11)

Lemma 24. Let p>1, k=max{2,p -2} and let (oA, #,%) be a QC* (p, ©)-
summable spectral triple with & invertible. If ® is any Dixmier functional then the
multilinear functional fp defined by

Cp(QOa -~~aap) :p/lp'Cw(FaO[Faal]"'[Fvap71]9_1[|@|7ap])

represents the Hochschild class of the Chern character.

Proof. Let Q be a Dixmier functional satisfying the additional requirements of
Theorem 6. Then by Proposition 23, the Hochschild class of the Chern character is
represented by

(plao, ..., ap) ::piptg(Fao[F,al}--~[F,ap_1]@*1[|@|,ap]).
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Let >, ai®@d, ® -+ ®a; be a Hochschild cycle, and write the operator

pip 3 TaslFoa) -~ [F,a, )77 |7, a,]

asasum T — Ty, +iT5; — iT4y where T;>0,i=1,...,4 and Tie £1%) Then

Z zp aO, ceny p —TQ(Tl) — ‘EQ(TQ) + iTQ(T}) — l"L'Q(T4)

1 t
= Q-llm ——— T))dt— -
tﬁli;n log( +t)/(; lu't( 1)

1 t
lg’?—’h;nm/o 1,(Ty) dt

1 t
= lim — ) dt — ---
Pt log(1 +t)/ w(Th) dt

1
—ili T.
fhm log(l +t)/ (Ta) d
= o-lim —— / w,(Ty) dt —
i~ log(1 0
lim (Ty)
lctl)_mlf log /0'“[ 4)

:ZCPCZO?' ’p

The equality between the Q-limit and the true limit follows from Lemma 19 and
Proposition 23, since

> Gy, .. ay) = Q-lim Zw ap, ....d))

1/t—
= lim E a, ....a
(=0 - lpz 0 9 p

Since this is a true limit, any Dixmier functional will also return the same value. Note
that we are not asserting that Proposition 23 is true for an arbitrary Dixmier
functional w, nor are we asserting that {, and 5,, are equal as multilinear functionals.
What we are asserting is that it makes sense to apply either of t,, or 1o to any finite
sum of operators of the form

Dy Zfao F,ap 112 ’1[\9|,a;,], aje&f

and moreover, that if c = >, d) ®@ad| ® -+ ®a1", is a Hochschild cycle, then 7., and 7o

yield the same result. The end result of this is that t,, — 7o vanishes on all Hochschild
cycles. Hence 1,, is cohomologous to tg, and so 1, €[IChr]. O
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Corollary 25. Let p>1, k = max{2,p — 2} and let (o4, #,%) be a QC* (p, x0)-
summable  spectral triple with % invertible. For any Hochschild cycle
Yiah®d® - ®a1"), the operator
Plp Y Ta[F,di]--[F,d,_|]77"(|2|,d)]
i

is measurable.

3.5. Hdentification of [¢,,] as the Hochschild class

We now come to the cohomological part of the argument where we relate , to the

functional ¢, appearing in the statement of Theorem 10. As mentioned, this part of
the proof closely follows [21, pp. 477-478].
For any choice of Dixmier functional w, define cochains {;, | <k<p, by

lelao, ..., ap) :p)vpr(u(Fao[F,al]~~§Z’1[|§Z|,ak]m[F,a],}).

These are well defined as the argument of the Dixmier trace in each case is an element
of #:*) as is readily checked using Lemma 1. Note that here we are replacing the
definition of {, given in Definition 9, where we required a Dixmier functional
satisfying the conditions of Theorem 6, by the above definition using a general
Dixmier functional. The two definitions yield cohomologous Hochschild cocycles by
Lemma 24.

Lemma 26. Let p>1 be integral and suppose that (o4, #,%) is a QC? (p, ©)-
summable spectral triple with & invertible. The cochains (i, ...,(, are Hochschild
cocycles which are mutually cohomologous.

Proof. We first show that the {, are Hochschild cocycles. First we need to rewrite ;.
We wish to rewrite 27 '6(a;) as 0(a;)Z '+ something in #?/>%)_ First,

2™, 7= ~12|"" 12|, T)|2| ", (12)
where T = [|Z],4d],a,[2,a] or [F,a]. So
77'0(ar) = Fo(a)| 2| = F12] "0 ()| 2]
and the latter term is in #%/>*)_ Using Lemma 1, we see that

Fé(an)|2|™" = (a2 + [F,6(a)]|2| ™"
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is equal to d(ax) 2" modulo #/>*), Since each [F,a;|e #¥*) if Te £"/>*) then
we have

[F,a)-[F,ak\)T[F, 1) [F,a,) € L' (13)
Hence

ék(a(), --‘7a]7) :P}va(U(FCl()[F,al]"'[|9|,ak]971[}77 akJrl]"'[FaapD'

To move 2! all the way to the right, we note that because F? = 1, F[F,T) =
—[F, T|F for all Te./", we have

Gilao, .. ap) = (1) Fplyto(TaolF, i)+ (|2, a)| 2|7 [F, @] - [F, ay)F).
Now

|27 [Foa) = [Fa)|2|”" + |2, [F.d] = [F.d|2]”" — |2]"'[F.é@)|2|”"

and so the operators |Z|'[F,d] and [F,a]|%|™" differ by an element of #®/3*)
(where for p<3 we mean the trace class).
Thus we can move Z~' to the right to obtain

Lelao, -y ay) = (=1 Fpayto(Tag[Frar]-- (| 2], ai] - [F,a)) 27 ).

Applying Lemma 3 and using the trace property of 7, we find that the Hochschild
coboundary of {; is given by

(B 0y ey api1) = (1) Pyt (Pao[F,ar] -+ [| 2], a] - [F,ap)[ 27", ).

Repeating the argument of Eqgs. (12) and (13) shows that this is zero.
The second statement requires that we produce p Hochschild (p — 1)-cocycles
e, k=1, ...,p, such that

by (ao, ~--,ap) = — (et
The difference on the right-hand side is given by
(=1 phpta(TaolF, ]+ [F, axo)([F, ax110(ax) + S(ar—1)[F, ax])
x [F,ag1]+[F,a,)27").
Set Ry -1 = [F, ax_1]0(ax) + 6(ax_1)[F, ar]. Then we have

[F, 5(ak_1ak)] = Rkﬁk—l + aj—q [F, (S(Clk)] + [F, 5(ak_1)]ak. (14)
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So the linear map a— [F,(a)] is ‘almost’ a derivation. Defining
M@0, <eertp1) = (=1 plyto(Tao]Frar)--[F,5(@)] - [FLap1]77)
it is straightforward to show that bn;, = {; — {;_; using Eq. (14) and Lemma 3. [

Proposition 27. Let p>1 be integral and suppose that (<, #,9) is a QC?* (p, o0)-
summable spectral triple with & invertible. The cochain ¢, —;({1 +--4+{) isa

Hochschild coboundary.
Proof. We first show that
bo(0, ..., ay) = plpto(l'ac|Z,a1] -2, a))|2|™")
is equal to the cochain ¢, given by
Polav, ... ay) = pryto(Tao 2, a)| 2|2, a)| 2|7 (2, 4,)|Z| 7).
To do this, we use the argument of Eq. (12) in the last lemma to write
P (@0, - ay) = pyto(Tao|Z,ar)-+(Z,ap1 (12| (2, 4| 2]
+ 1217512, 4,)|2| ™).
The second term is trace class, and so

bolav, ... ay) = piyto(Tar] 2, (7,0, 1| 7| [, a)|7| 7).

Repeating this process of moving one factor of |2 |7l to the left at a time (which only

requires the triple to be QC') we see that ¢, = b
Next write

2, a]|2|”" = [F.a] + 6(a))7" + [F,é(a)]| 2|,
and observe that by Lemma 1 [F, («;)]|2 |~'e #?/2) This allows us to replace
[2,4]|2|”" by [F,aj] + 8(a)) 7"
in the formula for ¢, = ¢,,, using an observation similar to that in Eq. (13) in the
previous lemma. Making this substitution will produce 27 functionals, and we will

deal with them in order of how many terms of the form 3(a;)Z " they contain. First,
we deal with the single functional containing no 5(@)@’1 terms, which is given by
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Aptw(Lao[F,a1]---[F,ap]). Now ag = F[F,ag] + FaoF, and F[F,ao|[F,a\]---[F,ap) is
trace class. So
Ipto(Lag[F,ar)-+[F,ap)) = (—1) Ayt (IFag[F,a1]---[F,a,)F)

= (=1 (=)'t (FTa[F,a]--[F,a,)F)

= — to(lao[F,a1]---[F,ay)).
Hence this functional is zero. The functionals containing precisely one 5(@)9’1 term
add up to p~1({y + - + ().

So now we come to the functionals containing two or more terms §(a;)Z . So in

the following suppose that 4(a) = [F,d] or d(a), and consider a functional with a
total of / terms of the form 6(a)Z ', 2</<p. We begin by considering functionals

with two consecutive d(¢)Z ! terms. So, modulo an overall sign arising from moving
all powers of 27! to the right, we need to show that

Vi(ao, ..., ay) = 2pto(TaoA(ar) - A(aj-1)(a;)d (a1 ) A(aja) -+ Alay) 27"
is a coboundary. Now
S (ajajr) = 20(a)8(aj1) + ;0% (ap1) + 6% (47)aj 1,

so 6> is almost a derivation, and is well defined on .o/ since we suppose that
(o, H, ) is QC?. Setting

(—1)*iiprw(l"a04|(a1)--~52(a/-)--~A(ap,1)°@_l),

NS

2o, .. ap1) =

we have, by Lemma 3,
(by;)(@o, ..., ap) = Y;(ao, ..., ap).

So now we are left with functionals in which we do not have two consecutive
3(a;))2™" terms. We will show that such functionals are cohomologous to functionals

-1

with consecutive d(q;)Z~" terms, and so are coboundaries by the previous

argument. Again suppose that we have a total of [, 2<I<p, 5(@)9’1 terms.
Consider first

& j42(ao, -, ap) = —Apto(FagA(ar) - A(aj1)8(a) A(azi1)5(aj42) -+ A(ap) 2 7"),
where again A(a) = [F,a] or 6(a). Let
&i(ao, ... ap) = Ayto(TagA(ar) - A(aj1)8(a))5(aj1) Aaj2) -+ Aay) Z7),

which is the same as ¢; ;;, except we have swapped the derivations on the
j+1 and j+2 terms, and introduced an overall minus sign. The difference
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(&, j+2 — &i)(ao, ..., ap) is given by
Ipto(TaoA(ar) -+ A(ap)3(@)(A(ap)3(aps2) + 8(ay1)Alay2)) -+ Alay)27")
and this is a coboundary. This is because 4 and ¢ are commuting derivations so that
A(8(aj1442)) = ajs14((aj12)) + A(0(aj11))aj42 + A(aj1)6(d42) + 6(aj41) A(aj12).
Consequently, setting
2o, cocrtp1) = (~1) dyro(TaoA(a) - A(B(ajin)) -+ Aap )77,

Lemma 3 along with the argument following Eq. (14) shows that

o

(bX)(CZOa ...,Clp) = 5j,j+2 - gj'

1

Thus any of the functionals containing two or more J(q;)2 " terms are

cohomologous to zero. This completes the proof. [

This proves Theorem 10 for the case where £ has bounded inverse. That this is the
case is due to the fact that we can now express the pairing of the Chern character
with Hochschild homology in terms of any of the functionals {;, which is the same as
employing p~'({; + -+ + {,), and the last proposition says this is the same as
employing ¢,,. Theorem 10 is also true for the case where & does not have bounded
inverse; the remaining details are in Appendix A.

We can also complete the proof of Corollary 11. Let w and Q be any two Dixmier
functionals, and ), 4, ® 4} ® --- ®a), a Hochschild cycle. Then

S0 (@) = S piyrolTad|, ]9, 9]7)
= 3" phyrolTdIF.dl]-F.d, )97 |9, a,)
=Y phyra(lay[F.d\] - [F.a, ,177"|7],q)))
=Y phrala)2,q]-(2,4]|2|7)
= Z pirdolal, ,a},)
The first equality is the definition of ¢,, the second follows from Lemma 26 and

Proposition 27, the third follows from the measurability obtained in Lemma 24 and
Corollary 25, and the final two equalities follow from Lemma 26 and Proposition 27
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and the definition. Hence the operator

> raj2,d))-(2,d)|2|7
i

is measurable, and Corollary 11 is proved.

Appendix A

Our chief remaining task is to determine the effects on our representative
¢,, of the Hochschild class of the Chern character of replacing (o7, #, %) by
(A, A, D).

In [10, III.1.B, Proposition 15], Connes shows that if ¢eZ’(/) is a cyclic
cocycle, then S¢ = ¢#o0 is a Hochschild coboundary. Here # is the cup product,
[10, pp. 191-193], and o defined by ¢(1,1,1) =1 is the cyclic cocycle generating
the cyclic cohomology of C. It is important to realise that ¢ is a Hochschild
coboundary.

To define the periodicity operator on arbitrary cyclic cochains, one must introduce
antisymmetrisation and some normalisation constants. This is not an appropriate
procedure for Hochschild cochains, and it is in fact simply the cup product by the
cyclic cocycle (Hochschild coboundary) o which is important for us. Consequently,
for any Hochschild cycle ¢, we shall denote by S¢ the Hochschild cocycle ¢#a.
Note that this is not the usual definition of the periodicity operator S, but our
definition coincides with the usual definition on cyclic cocycles. The important
point is that if ¢ is a Hochschild cocycle, then ¢#0c is a Hochschild coboundary,
[10, p. 194].

Our strategy is to show that the representative of the Hochschild class of the
Chern character we obtain in Theorem 10 when we use the operator

(%)
m -9
differs from our stated result by Hochschild coboundaries.
Definition A.1. Let p>1 be integral and suppose that (<7, #, %) is a QC* (p, ©)-
summable spectral triple. Let (<7, #72, Z,,) be the ‘double’ of (o7, #,%), and
define

by (a0, ..., ay) =iyt (Tag|2,a1] - (2, ay)(m* + %)%

= Jpto(Tao[Z,a1) - (2, a,)(1 + Z*) /%),

(t)wm(a()’ ""ap) = ;“Pr(li(rao[‘@m7a1]"'[@mvaPH‘@mrp)'
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For k<p we define

Ok (ao, ..., ar) = 2yto(Tag| 2, ar) - [Z, ] (m® + 2*) /%)

= Jpto(Tao[Z,a1) - (2, ar)(1 + %) 2).
The equalities in the definition follow from
2+ )" — 2+ G = (1 — D)+ P+ 5,
which, by the BKS inequality [2], implies that

(m* + @2)7”2 —(n + 92)71]/2631.

Hence 1,(A(m? + 2%)7"?) = t,(A(n* + 2*)"/*) for all bounded Ae./" and
n,m>0.

It is straightforward to show using Lemma 3 and/or Lemma 13 that all of the
functionals in Definition A.1 are Hochschild cocycles. The explicit formula for ¢p#a
where ¢ is any of the above (n-)cocycles, is [10, p. 193],

(p#0)(ao, ..., an12) = Pp(avarardas ---da" > T)
+ ¢(a0da1(a2a3)da4~~-da,,+2T) =+ ..
+ ¢(aoday ---da; 1 (aia;,1)dai 2 - day 2 T) + -+
+ ¢(a0da1 "'dan(an+lan+2)T)v
where da denotes [2,a] and we have written T generically for (1 + 2)7/* or

| D7, ete.
We can now state the main result of the appendix.

Proposition A.2. Let p>1 be integral and suppose that (o, #,%) is a QC? (p, ©)-

summable spectral triple. Let (<t , #*,F,,) be the ‘double’ of (<t , #, D). Then for all
ag, ...,ap€ ol

/2]
ol i
Dom(@0, .0p) = (a0, oo ay) + Y (=1 S(SF ) an, ... ap).

i=1

Proof. We begin by defining a collection of operators S', i>1, which we will use to
work with elements of Q7,(.«/), the graded algebra generated by o7 and [2, 7], rather
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than with the cocycles. We define S : .7 ®"*! —»Qfﬁj_z(&i), for any n by

A

S(a()) = ‘§(a05a1) = Oa

n—1

S(ag, ..., an) = Z apd(ar)---d(ai—1)aai d(aiy)---d(ay).

i=1

Here and below we write d(a) = [Z,a]. To define ‘powers’ of S, we employ the
inductive definition

A

n—1
Sk(am ) =5t (Z aOd(al)'”d(ai—l)aiai+ld(ai+2)"'d(an)>

i=1

n—1
=52 ( S(ao, ..., ai-1)ajai1d(ai2) "'d(an)>

i=1

n—1
+ 57 (Z agd(ay)---d(ai-1)S(a;iais1, a2, ---van))

k—1 k — 1 ,..
= ( )ZS ag, ..., dj— I)Skj (alalJrlau an)
" ] i—1

It is tedious but not difficult to check that
(S'P)(ao, ...,an) = ¢(S(ao, ..., an)) (A1)

for any of the Hochschild cocycles defined in Definition A.1 (regarded as functionals
on Q7,()).
We claim that for any n>0 the product ay[Z,,, a1+ [Dm, a,] is given by

maod(ay)--d(ap-1)an
(n—=1)/2] il il

n/2 1 i 2iGi +Z (71) i
D S S o, . ) N )

xS’(ao, ey A1)y

0 0

Indeed, this is easy to verify for n = 1,2. So if we suppose it to be true for all k<n
then using

(D] = (d(“”) ’”"”>,

—ma, 0
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we find that ao[Zy, a1]+[Zm, ay) is given by (writing ¢; = 1 (=1)'m?)

apd(ay)---d(ay,—1) mapd(ay) - d(ay—2)an—
+Z (D g, S S (o, ..., an-1) +m Z,[-(:nfz)/z] Cigi(ao, R P (D, )
0 0

aod(al) d(a,,)
+z[<n4>/ﬂ ¢S (av, ..., an_1) d(ay)

m? Z n=2)/2] . S’(ao, ey @p2)Ap—1Gy

maod(ay)---d(an—1)ay
—I—ZES;IW] ¢S\ (ag, ..., ap-1)ay

0 0
In order to simplify this expression we note that
S(ag, ...,an_1)d(ay) = S(ao, ..., a,) — apd(ay) -+ d(ay_2)an_1a, (A3)
and for i>1
§i(ao, vy ayy)d(ay) = S’(am ey y) — i§i_](a0, ey Uy Gy Gy

To see this, one first verifies the statement for i = 2 (which is straightforward using
Eq. (A.3) and a calculation similar to that below), and then we use induction. The
computation is as follows.

. k kN =L oy
SkJrl(aOa "'aan) = Z < > Sj(a07 "'7ai—l)Sk7](aiai+la "'7an)
=0 \J/ =
k—1 k n—1
o i
= Z ( > SJ(aOv ---7ai71)S j(aiai+l7 ~--aan71)d(an)
=0 \J /3
k—1 k n—1 - o
+ ( .>(k ) S/(a, ..., ai-1)S*7 Naiaisy, .., ap-2)an-1ay
=0 \J i1
n—2

+ Sk((lm ~--7ai71)aiai+1d(ai+2)"'d(an)

1
Ak(ao, ey Ay p_ 10y (A4)
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k k n—=2 . o
=> ( ) S/ (ao, .. ai1) S (@i, . an1)d (@)
] -

j=0 i=1
k—1 k—1 n—1 o o
+ k ( j > Z S/(ag, ...,a; 1)S* 7 Wiy, ..., an2)
7=0 J i=1
X Ap_1d, + S'k(ao, ey Ay Ay 10y (A.5)

= SN ay, ..., ap1)d(ay) + (k+ 1)S*(ao, ..., an_2)au_1a,. (A.6)

The first line here follows from the definition. In (A.4) we apply the inductive
hypothesis to the second term in each product, for j#k, and for j = k we split the
sum into the first n — 2 terms, and the (n — 1)-st. For j#k we notice that the (n — 1)-
st term of the sum is zero, by the definition of S, so in (A.5) we collect all these sums
of n — 2 terms. We also use the combinatorial identity

o))

Finally, applying the definition of S we obtain the result (A.6).
Thus we have

((n=1)/2} [(n=2)/2)
Z ¢S (ag, ..., an—1) d(a,) — m? z ¢S (agy ..., ap—2)an—1ay
i=1 i=0

ZE"Z/f] (¢S (ao, ..., an_1) d(ay) + ic;S™ap, ..., dn_2)an_1a,) n odd

= Z[.("I_IW] (cigi(ag, ey ap_1)d(ay) + iciSi’l(ag, ey Ap2) 0y 10y

=

1 n
n/2 'S["/Z]’l(ao, ooy Oy 2y 1y n even

([2/2] = 1)

Zl[":/f] ¢iS'(ao, ..., ay) n odd

(1)

= Z[("]_I)/Z] cigi(ao, ey Q)

n/2 " 1
=1

+m"(—1) SN ay, ..., ap_2)an_1a, n even

In the odd case we have used [(n — 1)/2] = [n/2], and we are left with the even case.
For this we note that

kS*Y(ap, ..., ax_2)ay_1ax = S(ao, ..., axn),
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since S*(ay, ..., ay_1) =0, so

1 n
m”(—l)”/2 'S[”/z]*l(ao, vers )y 1 Gy

([7/2] = 1)

T TN JC

[n/2]!

S (ay, ... ay).

This completes the inductive step and proves the claim 16. Putting 16 together with
(A.1) now completes the proof. [

Thus the Hochschild class of the Chern character can be represented by the
cocycle

bol0, ..., ay) = dpto(Tag|Z,a1]-- 12, a,)(1 + Z*) /%),

the other contributions appearing in Proposition 28 all being coboundaries with no
effect on the Hochschild class.

References

[1] M.-T. Benameur, T. Fack, On von Neumann Spectral Triples, arxiv posting: math.KT/0012233.
[2] M.S. Birman, L.S. Koplienko, M.Z. Solomyak, Estimates for the spectrum of the difference between
fractional powers of two selfadjoint operators, Soviet Math. 19 (3) (1975) 1-6.
[3] A.L. Carey, J. Phillips, Unbounded Fredholm modules and spectral flow, Canad. J. Math. 50 (4)
(1998) 673-718.
[4] A.L. Carey, J. Phillips, Theta summable Fredholm modules, eta invariants and the JLO cocycle,
K-Theory 30 (2) (2004) 135-194.
[5]1 A.L. Carey, J. Phillips, F.A. Sukochev, On unbounded p-summable Fredholm modules, Adv. Math.
151 (2000) 140-163.
[6] A.L. Carey, J. Phillips, F.A. Sukochev, Spectral flow and dixmier traces, Adv. Math. 173 (2003)
68-113.
[7] V.I. Chilin, F.A. Sukochev, Weak convergence in operator spaces, J. Oper. Theory 31 (1991) 35-65.
[8] F. Cipriani, D. Guido, S. Scarlatti, A remark on trace properties of K-cycles, J. Oper. Theory 35
(1996) 179-189.
[9] A. Connes, Noncommutative differential geometry, Publ. Math. IHES 39 (1985) 257-360.
[10] A. Connes, Noncommutative Geometry, Academic Press, New York, 1994.
[11] A. Connes, Geometry from the spectral point of view, Lett. Math. Phys. 34 (1995) 203-238.
[12] A. Connes, H. Moscovici, The local index formula in noncommutative geometry, GAFA 5 (1995)
174-243.
[13] J. Dixmier, Existence de traces non-normales, C.R. Acad. Sci. Paris A-B 262 (1966) A1107-A1108.
[14] J. Dixmier, Von Neumann Algebras, Vol. 27, North-Holland Mathematical Library, Amsterdam,
1981 [translation of: Les algebres d’opératurs dans I’espace hilbertien (algébres de Von Neumann),
1969].
[15] P.G. Dodds, T.K. Dodds, B. de Pagter, Fully symmetric operator spaces, Integral Equations
Operator Theory 15 (6) (1992) 942-972.
[16] P.G. Dodds, T.K. Dodds, B. de Pagter, Noncommutative K6the duality, Trans. Amer. Math. Soc.
339 (2) (1993) 717-750.



A.L. Carey et al. | Journal of Functional Analysis 213 (2004) 111-153 153

[17] H.B. Dwight, Tables of Integrals and Other Mathematical Data, 4th Edition, Macmillan, New York,
1961.

[18] T. Fack, private communication.

[19] T. Fack, H. Kosaki, Generalised s-numbers of t-measurable operators, Pacific J. Math. 123 (1986)
269-300.

[20] M. Farber, S. Weinberger, On the zero in the spectrum conjecture, Annals of Math. 154 (2001)
139-154;
M. Gromov, Large Riemannian manifolds, in: K. Shiohama, T. Sakai, T. Sunada (Eds.),
Curvature and Topology of Riemannian Manifolds, Lecture Notes in Mathematics, Vol. 1201,
1986, pp. 108-121;
J. Lott, The zero-in-the-spectrum question, L’Enseignment Mathematique 42 (1996) 341-376.

[21] J.M. Gracia-Bondia, J.C. Varilly, H. Figueroa, Elements of Noncommutative Geometry, Birkhauser,
Boston, 2001.

[22] G.G. Kasparov, The operator K-functor and extensions of C*-algebras, Izv. Akad. Nauk. SSSR Ser.
Mat. 44 (1980) 571-636.

[23] J.-L. Loday, Cyclic Homology, 2nd Edition, Springer, Berlin, 1998.

[24] V. Mathai, Spectral flow, eta invariants and von Neumann algebras, J. Funct. Anal. 109 (1992)
442-456.

[25] R. Prinzis, Traces Residuelles et Asymptotique du Spectre des Opérateurs Pseudo-Differentiels These,
Université de Lyon, unpublished.

[26] F.A. Sukochev, Operator estimates for Fredholm modules, Canad. J. Math. 52 (4) (2000) 849-896.



	The Hochschild class of the Chern character for semifinite spectral triples
	Introduction
	Background material and preliminary results
	Spectral triples
	Summability

	Hochschild and cyclic cohomology
	The Dixmier trace and the heat kernel

	The Hochschild class of the Chern character
	Statement of the main result
	What was previously known
	Functional calculus preliminaries
	From the Chern character to a Hochschild cocycle
	Identification of [phiomega] as the Hochschild class

	References


