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Abstract

We investigate an extension of ideas of Atiyah-Patodi-Singer (APS) to a noncommutative geometry
setting framed in terms of Kasparov modules. We use a mapping cone construction to relate odd
index pairings to even index pairings with APS boundary conditions in the setting of K K-theory,
generalising the commutative theory. We find that Cuntz-Kreiger systems provide a natural class of
examples for our construction and the index pairings coming from APS boundary conditions yield
complete K-theoretic information about certain graph C*-algebras.
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1. INTRODUCTION

This paper is about a noncommutative analogue of APS index theory. We will focus on one aspect of

generalising the APS theory. Namely we replace classical first order elliptic operators on a manifold

with product metric near the boundary by a ‘cylinder’ of operators on a Kasparov module. We explain

below how the classical theory provides an example of this more general framework. We also show

in the last Section that there are many noncommutative examples as well. Our motivation is not

simply that we are trying to understand noncommutative manifolds with boundary but is derived
1
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from the fact that the construction in this paper can be applied to many index problems in semifinite
noncommutative geometry using [9] (which we plan to address elsewhere).

To explain our point of view let us recast a simple special case, using the language of later Sections,
the connection between spectral flow and APS boundary conditions discussed in [2]. Let X be a
closed Riemannian manifold, of odd dimension, and let D be a (self-adjoint) Dirac type operator on
X. Then D determines an odd K-homology class [D] for the algebra C'(X) and we may pair [D] with
the K-theory class of a unitary u € M (C(X)) to obtain the integer

Index(PyuPy) = sf(Dg, uDyu’™).
Here Pj is the nonnegative spectral projection for Dy := D ® Idcr and the index of the ‘Toeplitz
operator’ PyuPy gives the spectral flow sf(Dy, uDgu*) from Dy to uDyu*.

We may also attach a semi-infinite cylinder to X, and consider the manifold-with-boundary X xR.. If
D acts on sections of some bundle S — X, then D determines a self-adjoint operator on the L?-sections
of S, H = L?(X, S), with respect to an appropriate measure constructed from the Riemannian metric
and bundle inner products. We define

W — LQ(R+,H) P 0 -0+ D
- L2(R+, H)® PoH )’ -\ +D 0 ’

where @ is the projection onto the kernel of D. It is necessary to single out the zero eigenvalue of D
for special attention since it gives rise to ‘extended L2-solutions’ which contribute to the index, [1].
We let D act as zero on ®yH, and regard this subspace as being composed of values at infinity of
extended solutions (more on this in the text).

We give D APS boundary conditions. That is, we take the domain of 9; + D to be
{¢ € L*(Ry. H) : (9 + D)é € L*(R+, H), PE(0) =0}

where again P is the nonnegative spectral projection for D. The domain of —0; +D is defined similarly
using 1 — P in place of P. Then it can be shown, see for instance [1], that D is an unbounded self-
adjoint operator and for any f € C*°(X x Ry) which is of compact support and equal to a constant
on the boundary, the product f(1+ 152)_1/2 is a compact operator on H.

Such functions lie in the mapping cone algebra for the inclusion C < C(X). This is defined as
M(C,C(X))={f:Ry+ = C(X): f(0) e Clyx, f continuous and vanishes at co}.
We have an exact sequence
0 — C(X)® Co((0,00)) — M(C,C(X)) - C —0
from which we get a six term sequence in K-theory. Since K1(C) = 0, this sequence simplifies to
0 Ky (C(X)) = Ko(M(C,C(X)) = Ko(C) — Ko(C(X)) — K1 (M(C,C(X))) — 0.

A careful analysis, which we present in greater generality in this paper, shows that the map Z =
Ko(C) — Ko(C(X)) takes n to the class of the trivial bundle of rank n on X, and so is injective.
Thus we find that

Ki(C(X)) = Ko(M(C,C(X))),
and the mapping cone algebra is providing a suspension of sorts. The relationship between the even

index pairing for D and the odd index pairing for D is then as follows. Let e, be the projection over
M(C,C(X)) determined by the unitary u over C(X), so that [e,] — [1] € Ko(M(C,C(X))). Then

Index(e, (0; + D)ey) — Index(d; + D) = ([en] — [1],[D]) = ([u], [D]) = sf(D,uDu*).
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The purpose of this paper is to present a noncommutative analogue of this picture. Our main result,
Theorem 5.1, shows that the situation described above for the commutative case carries over to a
class of Kasparov modules for noncommutative algebras. We exploit a paper of Putnam [17] on the
K-theory of mapping cone algebras to give an APS type construction for a Kasparov module with
boundary conditions that implies an equality between even and odd indices. Not only will we find a
new version of this index equality, but we will see that it allows us to use APS boundary conditions to
obtain interesting index pairings, and consequences, that were previously unknown. For instance we
show that the complicated K-theory calculations of [14] can be given a simple functorial description.

A description of the organisation and main results of the paper now follows. We begin in the next
Section with some preliminaries on Kasparov modules. In Section 3 we review [17], describing K¢ of
mapping cone algebras, M (F, A) where F' C A are certain C*-algebras (replacing the pair C C C'(X) in
the classical setting above). We make some basic computations related to these groups and associated
exact sequences.

The application of APS boundary conditions for Kasparov modules is done in Section 4. We show
that certain odd Kasparov modules for algebras A, B with F' a subalgebra of A, can be ‘suspended’
to obtain even Kasparov modules for the algebras M (F, A), B, using APS boundary conditions. The
proof is surprisingly complicated as there are substantial technical issues. Even self-adjointness of the
abstract Dirac operator on the suspension with APS boundary conditions is not clear. We solve all
of the difficulties using a careful construction in the noncommutative setting of a parametrix for our
abstract Dirac operators on the even Kasparov module.

The main theorem (Theorem 5.1) shows that two index pairings — one from an odd Kasparov module
and one from its even ‘suspension’ — with values in Ky(B) are equal. Replacing K¢(C) = Z with Ky(B)
gives us an analogue of the classical example above. The proof is quite difficult; solving differential
equations in Hilbert C*-modules is a more complex issue than in Hilbert space.

In Section 6 we explain one class of examples. There we calculate the K-groups of the mapping
cone algebra M (F, A) for the inclusion of the fixed point algebra F' of the gauge action on certain
graph C*-algebras A. For these algebras, the application of Theorem 5.1 yields in Proposition 5.7 an
isomorphism from Ko(M(F, A)) to Ko(F'), which leads to a functorial description of the calculations
of Ko(A), K1(A) in [14].

Readers familiar with [3] may be puzzled by the fact that we do not study the more general question
of boundary conditions parametrised by a Grassmanian. In fact we make, in our main theorem, an
assumption that classicially corresponds to assuming that we can work with a fixed APS boundary
condition for all of the perturbed operators we study. We know that for classical index problems
it is often the case that a more general operator can be homotopied to one that preserves the APS
boundary conditions. In the noncommutative context of this paper we have not studied this homotopy
argument. The examples in Section 6 illustrate that for many cases our restricted analysis suffices and
provides complete information about the K-theory of the relevant algebras.

Acknowledgements. We thank Rsyzard Nest for advice on Section 5, David Pask, Aidan Sims and
Tain Raeburn for enlightening conversations and Ian Putnam for bringing his work to the third author’s
attention. The first and second named authors acknowledge the financial assistance of the Australian
Research Council and the Natural Sciences and Engineering Research Council of Canada while the
third named author thanks Statens Naturvidenskabelige Forskningsrad, Denmark. All authors are
grateful for the support of the Banff International Research Station where some of this research was
undertaken.
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2. KASPAROV MODULES

The Kasparov modules considered in this subsection are for C*-algebras with trivial grading.

Definition 2.1. An odd Kasparov A-B-module consists of a countably generated ungraded right
B-C*-module E, with ¢ : A — Endg(FE) a x-homomorphism, together with P € Endg(FE) such
that a(P — P*), a(P? — P), [P,a] are all compact endomorphisms. Alternatively, for V.= 2P — 1,
a(V—=V*), a(V?—-1), [V,a] are all compact endomorphisms for all a € A. One can modify P to P so
that P is self-adjoint; || P ||< 1; a(P — P) is compact for all a € A and the other conditions for P hold
with P in place of P without changing the module E. If P has a spectral gap about 0 (as happens in
the cases of interest here) then we may and do assume that P is in fact a projection without changing
the module, E. (Note that by 17.6 of [5] we may assume that P is a projection by changing to a new
module in the same class as E. )

By [10], [Lemma 2, Section 7], the pair (¢, P) determines a KK'(A, B) class, and every class has
such a representative. The equivalence relation on pairs (¢, P) that give KK! classes is generated by
unitary equivalence (¢, P) ~ (UpU*,UPU*) and homology: (¢1, P1) ~ (p2, P2) if Pig1(a) — Paga(a)
is a compact endomorphism for all a € A, see also [10, Section 7]. Later we will also require even, or
graded, Kasparov modules.

Definition 2.2. An even Kasparov A-B-module has, in addition to the data of the previous
definition, a grading by a self-adjoint endomorphism I' with T? =1 and ¢(a)T’ = T'¢(a), VI +TV = 0.

The next theorem presents a general result used in [15|[Appendix] about the Kasparov product in the
odd case.

Theorem 2.3. Let (Y,T) be an odd Kasparov module for the C*-algebras A, B. Then (assuming that
T has a spectral gap around 0) the Kasparov product of Ki(A) with the class of (Y,T) is represented
by

([u], (Y, T)]) = [ker PuP] — [cokerPuP] € Ky(B),

where P is the non-negative spectral projection for the self-adjoint operator T.

This pairing was studied in [15], as well as the relation to the semifinite local index formula in non-
commutative geometry. It is also the starting point for this work. More detailed information about
the K K-theory version of this can be found in [9].

In this paper we will employ unbounded representatives of K K-classes. The theory of unbounded
operators on C*-modules that we require is all contained in Lance’s book, [12], [Chapters 9,10]. We
quote the following definitions (adapted to our situation).

Definition 2.4. Let Y be a right C*-B-module. A densely defined unbounded operator D : dom D C
Y — Y is a B-linear operator defined on a dense B-submodule dom D C Y. The operator D is closed
if the graph G(D) = {(xz,Dx) : « € dom D} is a closed submodule of Y &Y.

If D:dom D CY — Y is densely defined and unbounded, we define the domain of the adjoint of D
to be the submodule:

dom D* :={y € Y : 3z € Y such that Vx € dom D, (Dz|y)r = (x|2)r}.

Then for y € dom D* define D*y = z. Given y € dom D*, the element z is unique, so D* : domD* — Y,
D*y = z is well-defined, and moreover is closed.
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Definition 2.5. Let Y be a right C*-B-module. A densely defined unbounded operator D : dom D C
Y — Y is symmetric if for all x,y € dom D

(Dz|y)r = (z|Dy) R-

A symmetric operator D is self-adjoint if dom D = dom D* (so D is closed). A densely defined
operator D is regular if D is closed, D* is densely defined, and (1 + D*D) has dense range.

The extra requirement of regularity is necessary in the C*-module context for the continuous functional
calculus, and is not automatic, [12],[Chapter 9].

Definition 2.6. An odd unbounded Kasparov A-B-module consists of a countably generated
ungraded right B-C*-module E, with ¢ : A — Endg(F) a *-homomorphism, together with an un-
bounded self-adjoint regular operator D : domD C E — E such that [D,a] is bounded for all a in a
dense x-subalgebra of A and a(1 + D2)_1/2 is a compact endomorphism of E for all a € A. An even
unbounded Kasparov A-B-module has, in addition to the previous data, a Zo-grading with A even
and D odd, as in Definition 2.2.

3. K-THEORY OF THE MAPPING CONE ALGEBRA AND PAIRING WITH K K-THEORY

3.1. The mapping cone. Let ' C A be a C*-subalgebra of a C*-algebra A. Recall [17] that the
mapping cone algebra is

M(F,A)={f:[0,1] — A: f is continuous, f(0) =0, f(1) € F'}.
The algebra operations are pointwise addition and multiplication and the norm is the uniform (sup)
norm. There is a natural exact sequence
0— Co(0,1)® A5 M(F,A) S F — 0.
Here ev(f) = f(1) and i(g ® a)(t) — g(t)a. It is well known that when F' is an ideal in the algebra A
we have K (M(F,A)) = K.(A/F).

We will always be considering the situation where K;(F) = 0, as is the case for graph C*-algebras,
though this is not strictly necessary. When K;(F') = 0, the six term sequence in K-theory coming
from this short exact sequence degenerates into

(1) 0 — K1(A) — Ko(M(F, A)) % Ko(F) %5 Ko(A) — Ki(M(F, A)) — 0.
We need to justify the notation j,; namely we need to display the map j which induces j,.

Lemma 3.1. In the above exact sequence the map j. : Ko(F) — Ko(A) is induced by minus the
inclusion map j : F'— A (up to Bott periodicity).

Proof. The map we have denoted by j, is actually a composite:
. 0 =
Jx t Ko(F) = K1(Cp(0,1) @ A) = Ko(A).

The isomorphism here is the inverse of the Bott map Bott : Ko(A) — Ki(Cy(0,1) ® A), where
Bott([p]) = e @ p+1® (1 — p)]. The boundary map 0 is defined as follows, [8, p 113]. For
[p] — [q] € Ko(F'), we choose representatives p,q over F, and then choose self-adjoint lifts x,y over
M(F,A). Then 2™ ¢2™% are unitaries over C(S') ® A which are equal to the identity modulo
C(0,1) ® A. Then

([p] — la]) = [*™] — [*™"] € K1(Co(0,1) ® A).
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Now we choose the particular lifts over M (F, A) given by x(t) = tp and y(t) = tq (in fact these are
t®j(p) and t® j(q)). Both these elements are self-adjoint, vanish at ¢t = 0 and at t = 1 are in F'. Now

[627ri:1:] _ [627riy] _ [€2ﬂit®p} _ [627rit®q] — —Bott([p] _ [q]) c Kl(C’o(O, 1) ® A).
So modulo the isomorphism Bott : Ko(A) — K1(Cp(0,1) ® A), j.([p] — [¢]) = —([F ()] — [7(q)])- O

We now describe Ko(M(F, A)) [17]. Let V,,(F, A) be the set of partial isometries v € M,(A) such
that v*v, vv* € M,,(F). Using the inclusion V;,, < V;,,41 given by v — v @ 0 we can define

V(F, A) = U Vin(F, A).

Our aim, following [17], is to define a map s : V(F,A) — Ko(M(F,A)), and we proceed in steps.
First, let v € V(F, A) and define a self-adjoint unitary v; via:

T 1 — vv* )
1= v* 1—v* )’
1

that is, v? = 1, v; = v}. So, v1 = p; — p_ where p, = %(vl +1) and p_ = 5(1 — vy) are the positive
and negative spectral projections for v;. Then for ¢ € [0, 1] define
va(t) = py + € 'p_

so that we have a continuous path of unitaries from the identity (¢ = 0) to v; (¢ = 1). Observe that
v2(t) is unitary for all ¢t € [0, 1], v2 € C([0,1]) ® Map(A), v2(0) =1 and v2(1) = v;. Now define

eo(t) = va(t)eva(t)*, = ( D ) .

Then e,(t) is a projection over the unitization M (F, A) of M(F, A) given by
M(F,A)={f:[0,1] — A: f is continuous, f(0) € C1, f(1) € F}.
Thus [e,] — [e] defines an element of Ko(M (F, A)). So with x(v) = [e,] — [e] we find:
Lemma 3.2. [17, Lemmas 2.2,2.4,2.5]
1) k(v ®w) = Kk(v) + K(w)
2) If v,w € Vi (F, A) and ||v — w|| < (200)7F then k(v) = K(w)
3) If v € Vi (F, A), wi,ws € Up(F) then wivws € Vi (F, A), k(w1) = k(we) =0, k(wivws) = k(v).
4) For v € My, (F) a partial isometry, k(v) =0, so, for p € M, (F) a projection, k(p) = 0.
5) The map k : V(F,A) — Ko(M(F, A)) is onto.
6) Generate an equivalence relation ~ on V(F, A) by
(i))v~v@p forveV(F,A), pe My(F)
(i) If v(t), t € [0,1] is a continuous path in V(F, A) then v(0) ~ v(1).
Then k : V(F,A)/ ~— Ko(M(F, A)) is a well-defined bijection.
Hence we may realise Ko(M (F, A)) as equivalence classes of partial isometries in M,,(A) whose source
and range projections lie in M,,(F'). Observe that when K;(F) = 0, K1(A) embeds in Ko(M(F,A))

by regarding a unitary (possibly in a unitization of A) as a partial isometry. We add the following
lemmas which we will need later.

Lemma 3.3. Let v,w € V,,(F, A) have the same source projection, so v:v = w*w = p, say. Then
[v & w*] = [v] + [w] = [v] - [w] = [ow].

Remark If v = p we get a proof that —[w] = [w*].
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Proof. The homotopy is given by

Vo = < cos?(0)v + sin(0)p cosg?

sin(0)(w* — v*)
cos(0)sin(f)(p —v) cos > ,  0el0,7/2].

)
O)w* + sin?(9)vw*
U

Lemma 3.4. Suppose v*v = p + q with p,q € F projections, p L. q. Then v = vp + vq, vv* =
vpv* 4+ vgu*, vpu* L vguv* and if we assume that vpv* € F then [v] = [vp ® vq] = [vp] + [vq].

Proof. The first few statements are simple algebraic consequences of the hypothesis. The homotopy
from v ~v @0 to vp B vq is

_{ vp+wvgcos?(0) wvgsin(f) cos(6)
Vo= < vgsin(f) cos(d)  wvgsin®(6) ) ,  0elfo,m/2].
]

We will use the following equivalent definition of the mapping cone algebra, as it is more useful for
our intended applications and agrees with the definition in the classical commutative case. We let

M(F,A) ={f:R; — A: f continuous and vanishes at oo and f(0) € F'}.

This way of defining the mapping cone algebra gives an isomorphic C*-algebra and we will take this
as our definition from now on.

3.2. The pairing in KK for the mapping cone. Using the Kasparov product, Ko(M(F,A))
pairs with KK°(M (F, A), B) for any C*-algebra B. However, Ko(M(F, A)) also pairs with odd A, B
Kasparov modules (Y, V') such that the left action by f € FF C A commutes with V. While all our
constructions work for such A, B Kasparov modules, we will restrict in the sequel to A, F' Kasparov
modules. This will cause no loss of generality to those wishing to extend these results to the general
case, but is the situation which arises naturally in examples.

Standing Assumptions (SA). For the rest of this Section, let v € A be a partial isometry with
v*v,vv* € F (the same will work for matrix algebras over A, F'). Let (Y,V) be an odd Kasparov
module for A, F' such that the left action of f € FF C A commutes with V' = 2P — 1 where P is the
non-negative spectral projection of V.

Remarks. In all the calculations we do here, if v € My (A) then we use Py := P ® 1 in place of P:
we will usually suppress this inflation notation in the interests of avoiding notation inflation.
To define the pairing between the mapping cone and Kasparov modules satisfying SA, we need a

preliminary result.

Lemma 3.5. Let (Y,V) satisfy SA. The two projections vv*P and vPv* differ by a compact endo-
morphism, and consequently PvP : v*vP(Y) — vv*P(Y) is Fredholm.

Proof. 1t is a straightforward calculation that
1
vPv* = vv*P 4+ v[P,v*] = vv* P + iv[V, v

and, as [V, v*] is compact, vv*P and vPv* differ by a compact endomorphism. One easily checks that
Pv*P : vv*P(Y) — v*vP(Y) is a parametrix for PvP and the second statement follows. O
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As PvP commutes with the right action of F', the kernel and cokernel are right F-modules. It follows
from the detailed discussion in [7] that while it may not be the case that the kernel and cokernel are
both finitely generated projective F-modules, the difference

[ker PvP] — [coker PvP)]
makes sense as an element of Ky(F).
Definition 3.6. For [v] € Ko(M(F,A)) and (Y,2P — 1) satisfying SA, define
[v] x (Y, V) = Index(PvP : v*vP(Y) — vv*P(Y)) = [ker PvP] — [cokerPuP] € Ky(F).

We make some general observations.

e If v is unitary over A, we recover the usual Kasparov pairing between K;(A) and KK'(A, F), [9],
[15, Appendix]. Thus the pairing depends only on the class of (Y,2P —1) in KK'(A, F) for v unitary.

e In general the operator PvP does not have closed range. However the operator
. PvP 0\ [ vvP(Y) v*P(Y)
Pol:= < (1- PP 0 > : < v uP(Y) ) - ( v (1= P)(Y)

does have closed range, [7, Lemma 4.10], and the index is easily seen to be

= [( 0] -6 580)]

The index of PvP is in fact defined to be the index of any suitable ‘amplification’ like ]/DZﬁ, [7], and
we see that if the right F-module Pv*(1 — P)(Y") is closed, then the ‘correction’ term (1 — P)v*P(Y)
arising from the amplification process cancels out. Since the K-theory class of the index does not
in fact depend on the choice of amplification, we will ignore this subtlety from here on. That is, we
assume without any loss of generality that the various Fredholm operators we consider satisfy the
stronger condition of being regular in the sense of having a pseudoinverse [7][Definition 4.3]. Since we
will be concerned only with showing that certain indices coincide, this will not affect our conclusions.

e The pairing depends only on the class of v in Ko(M(F,A)) with the module (Y, V) held fixed, in
particular it vanishes if v € F. These statements follow in the same way as the analogous statements
for unitaries, cf [15, Appendix].

e Since addition in the “Putnam picture” of Ko(M(F, A)) is by direct sum as is addition in the usual
picture of Ko(M(F, A)), it is easy to see that the pairing is additive in the Ko(M (F, A)) variable with
the module (Y, V) held fixed. So with (Y, V) held fixed we have a well-defined group homomorphism:

x(Y,2P — 1) : Ko(M(F, A)) — Ko(F).

3.3. Dependence of the pairing on the choice of (Y,2P — 1). The dependence on the Kasparov
module (Y,2P — 1) is not straightforward. For instance, we require that P commute with the left
action of F', and so homotopy invariance is necessarily broken. We now fix v € V,,,(F, A) and show
that we can obtain an even Kasparov module (Y, R,) for (A,, F) := (vv*Avv*, F) so that the two
classes [v] x (Y,2P — 1) and [14,] X [(Ys, Ry)] are equal in Ky(A), with the latter being a Kasparov
product of genuine K K-classes.

The purpose in doing this is to understand the homotopy invariance properties of Index(PvP) by
characterising it as a Kasparov product. In this subsection this is achieved by creating a ‘smaller’
Kasparov module, which depends on v. In our main theorem, Theorem 5.1, we associate to an
odd unbounded Kasparov module (X, D) a ‘larger’ even unbounded Kasparov module (X, D). This
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latter module is independent of v and allows us to characterise, for all [v] € Ko(M(F, A)), the class
Index(PvP) as the Kasparov product [v] x [(X, D)].

Lemma 3.7. With v, (Y,2P — 1) as above, the pair
o vo*(Y) 0 R_ _ e -
(Yy, Ry) = (( v (V) ) , < R, 0 )) where R_ = (PvP — (1 - P)v) and Ry = R*

is an even (vv*Avv*, F') Kasparov module for the representation

. a 0 * *
m(a) = < 0 vtav ) for a € vv™ Avv®.
Proof. First observe that vv*Avv* is always unital, with unit 14, = vv*, and that w(a) leaves Y,
invariant for a € vv*Avv*. Next, R, is clearly self-adjoint and moreover, R_v*v = vv*R_. Taking
adjoints we obtain Ryvv* = v*vR4 so that R, also leaves Y, invariant. Now since v and v* commute
with P up to compacts we see that

(2) R_ = (2P — 1)v (mod compacts) = wv(2P — 1) (mod compacts) and
(3) Ry = (2P — 1)v* (mod compacts) = v*(2P —1) (mod compacts).
Hence,

R2 — ( vg vgv > = ly, (mod compacts).

The compactness of commutators [R,, m(a)] can be reduced by (2) and (3) to the equations:
a(2P —1)v = (2P — 1)vv*av and v*avv* (2P — 1) = v™(2P — 1)a (mod compacts).

This completes the proof using a = vv*a = avv* and [P, a] compact. O

The following corollary is obvious once we note that

vw* 0
m(la,) = < 0 v*v )

Corollary 3.8. We have the equality in Ko(F): [v]x (Y,2P—1) = [14,] x[(Ys, Ry)]. Hence the pairing
[v] x (Y,2P — 1) depends only on [v] € Ko(M(F, A)) and the class [(Yy, R,)] € KK°(vv* Avv*, F).

Remarks. In the Kasparov module (Y, R,) there is a dependence on v. This result also shows that
we can pair with any subprojection of vv* in F' instead of vv* = 1,y*gpe+. The Kasparov module
(Yy, Ry) is formally reminiscent of the module obtained by a cap product of an odd module with a
unitary. The remaining homotopy invariance is for homotopies of operators on Y, or operators on Y
commuting with vv*.

It should be clear by now that the mapping cone algebra provides a partial suspension, but mixes odd
and even in a fascinating way. In the next section we relate the even index pairing for M (F, A) to the
odd index pairing described here.

4. APS BOUNDARY CONDITIONS AND KASPAROV MODULES FOR THE MAPPING CONE

In this Section we begin the substantially new material by constructing an even Kasparov module
for the mapping cone algebra M (F, A) starting from an odd Kasparov F-module (X,D) for A. In
particular we are assuming that D is self-adjoint and regular on X, has discrete spectrum and the
eigenspaces are closed F-submodules of X which sum to X. Our even module X is initially defined
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to be the direct sum of two copies of the C*-module: £ = L?(R,) ®c X which is the completion of
the algebraic tensor product in the tensor product C*-module norm. That is, we take finite sums of
elementary tensors which can naturally be regarded as functions f : Ry — X. The inner product on
such f=>, fi®z;, g= Zj gj ®y; is defined to be

Hla)e =3 [ 700t ().

where we have written (-|-)x for the inner product on X. Clearly the collection of all continuous
compactly supported functions from R4 to X is naturally contained in the completion of this algebraic
tensor product and for such functions f, g the inner product is given by:

(flg)e = /Ooo(f(t)\g(t))xdt.

The corresponding norm is
[1£lle = 11F1 el

Remarks. While many elements in the completion £ can be realised as functions it may not be
true that all of £ consists of X-valued functions. We also note that the Banach space L*(R., X)
of functions f defined by square-integrability of ¢ — ||f(¢)|| is strictly contained in £. However, we
shall show below that the domain of the operator 0; ® 1 on & (free boundary conditions) consists
of X-valued functions which are square-integrable in the C*-module sense above. We will define our
operators using APS boundary conditions on the domains.

4.1. Domains and APS boundary conditions. Let P be the spectral projection for D correspond-
ing to the nonnegative axis and let 74y = +0; ® 1 +1® D (= +0; + D for brevity) with initial domain
determined by Atiyah-Patodi-Singer type boundary conditions, namely

n
dom7Ty ={f: Ry = Xp: f= Z fi ® x;, f is smooth and compactly supported,
i=1

(4) x; € Xp, P(f(0)) =0 (4 case), (1 —P)(f(0)) =0 (— case)}.

By smooth we mean C'*°, using one-sided derivatives at 0 € Ry. Then Ty : dom 7y C £ — &£. These
are both densely defined, and so the operator

(0 T
D_<T+ 0>

is densely defined on £ @ £. An integration by parts (using the boundary conditions) shows that
(T flg)e = (fIT59)e, f € domTy, g € domTy.

Hence the adjoints are also densely defined, and so each of these operators is closable. This shows
that D is likewise closable, and symmetric.

The subtlety noted above, namely that the module £ does not necessarily consist of functions, forces
us to consider some seemingly circuitous arguments. Basically, to prove self-adjointness, we require
knowledge about domains, and we must prove various properties of these domains without the benefit
of a function representation of all elements of £. However, we will prove below a function representation
for elements in the natural domain of 9; ® 1, and therefore in the domains of the closures of T4 because
if {f;} € domT% is a Cauchy sequence in the norm of £ such that {7 f;} is also Cauchy then as 7%
is closable, the limit f of the sequence f; lies in the domain of the closure, and lim T f; = T4 f.
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Lemma 4.1. For f € dom 1%, the initial domain, we have:
(D) T fITf) = (0 ® 1) (0 ® 1) f)e + (1@ D) fI(1 @ D) f)e F (f(0)[D(f(0)))x, and
(2) F(f(0)|D(f(0)))x = 0.

Proof. We do the case Ty ; the proof for T_ is the same. With a little computation it suffices to see:

(O @ D)fI(1@D)fe + (L@ D)fI(0: @ 1) fle = =(f(0)|D(f(0)))x
for f =3, fi ® x; with f; compactly supported and f(0) € ker P. Then, using integration by parts:

@enfaedfe = ¥ [ GEGON: @D

2> {Fois0+ [T R G50} @lvw)s
= —<Z fi(0)zi Z fi(0)Dzj)x — <Z fi © mi] Zatfj ® Dzj)e
— —(OD(O)x  (F1(3,© D) fe.

But, since D is self-adjoint and 1 ® D commutes with 0; ® 1 we have

(F1(0: @ D)f)e = (1@ D)fI(O: @ 1)f)e

and item (1) follows. To see item (2), we have (1 — P)(f(0)) = f(0) where (1 — P) = &X(_0)(D) so
we see that D restricted to the range of (1 — P) is negative and therefore —(f(0)|D(f(0))x > 0 in our
C*-algebra. O

Corollary 4.2. If {f,} C dom (T4) is a Cauchy sequence in the initial domain of Ty and {Tx(fn)}
is also a Cauchy sequence in || - ||¢ norm then both {(0; ® 1)(fn)} and {(1 @ D)(f,»)} are also Cauchy
sequences in the || -||e norm. Therefore, the limit, f of {fn} in € which is in the domain of the closure
of Ty, is also in the domain of the closures of both (0 ® 1) and (1 ® D).

Proof. This follows from the lemma and the fact that if A = B 4+ C are all positive elements in a
C*-algebra, then ||A|| > ||B]| and ||A]| > ||C]|. O

Lemma 4.3. (1) Ifg=>, fi ® x; where the f; are smooth and compactly supported then

((0r @ Dglg)e = —(9(0)]9(0))x — (9](0: @ 1)g)e.
(2) With g as above
1905 < 2[1(0 © Dglle - [|glle-

Proof. Item (1) is an integration by parts similar to the previous computation and item (2) follows
from item (1) by the triangle and Cauchy-Schwarz inequalities. g

4.2. Elements in dom(0; ® 1) are functions.

Definition 4.4. For each t € R, we define two shift operators Sy and T, on L*(Ry) via: Si(€)(s) =
&(s+t) and Ty = Sf. Clearly both have norm 1 and SiTy = 1 and T;S; = 1 — E; where Ey is the
projection, multiplication by Xjg 4. Hence, Sy @1, Ty ® 1, and By ® 1 are in L(£) and E; ® 1 converges
strongly to 1¢ as t — oo.
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Lemma 4.5. Let 0; ® 1 denote the closed operator on £ with free boundary condition at 0. That is,
Oy @ 1 is the closure of &y @ 1 defined on the initial domain dom’(d; ® 1) consisting of finite sums of
elementary tensors f ® x where f is smooth and compactly supported. Then,

(1) Sy leaves dom (0 ® 1) invariant and commutes with 0y ® 1.

(2) If g € dom'(0; ® 1) then for each ty € Ry

llg(to)lI% < 2113 @ Dgllellglle-

(3) If g € dom(9; ® 1) and {gn} is a sequence in dom’ (0 ® 1) with g, — g in € and (0; @ 1)(gn) —
(0y ® 1)(g) in & then there is a continuous function g : Ry — X so that g, — ¢ uniformly on R.
Moreover g € Co(Ry, X) and depends only on g, not on the particular sequence {gn}.

(4) If g € dom(0: ® 1) and g is the function defined in item (3) then for all elements h € € which
are finite sums of elementary tensors of the form f ® x where f is compactly supported and piecewise
continuous we have:

(glh)e = /O " ) h(0) xdt.

(5) If g € dom(9; ® 1) then:
M

@GO3 xdt = /0 " 60)18(e) .

= |
(9l9)e o |

Proof. To see item (1), one easily checks that S; ® 1 leaves dom’(9; ® 1) invariant and commutes with
9y ® 1 on this space. Since d; ® 1 is the closure of its restriction to dom’(d; ® 1) and S; ® 1 is bounded
the conclusion follows by an easy calculation.

To see item (2), we apply item (1) and the previous lemma:

lg(to)l[% = [1(St9)0)I5 < 2118 ® 1)Sk (9)llell St (9)lle
= 2154, (0 @ 1)(9)llel| St (9)]le
< 2[|(8: @ 1)(9)llellglle-

To see item (3), apply item (2) to the sequence {(gn — gm)(to)} to see that the sequence {g,(to)} in
X is uniformly Cauchy for ty € Ry. Since we can intertwine two such sequences converging to g, we
see that ¢ is independent of the particular sequence. That g vanishes at oo follows immediately from
the uniform convergence.

To see item (4), let {gn} be a sequence satisfying the conditions of item (3). Then for h supported on
[0, M| satisfying the conditions of item (4):

e = Jim gal0)e = tim [ {on0h(0)
M M
= [ oh@)xd = [ GO

n—oo 0

- /O @) h(e)) .

To see item (5), fix M > 0 and use item (4):

lEm(a)e = Jim (olEarlgne = tim [ (001 Ew(on) @) xde
M
= dim [ (@Olga(t) xdt

n—oo 0

M
- /0 @GO3 (0) xdt.
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Taking the limit as M — oo completes the proof. O

Corollary 4.6. (1) If g € dom(9;®1)? then (0,®1)(g) is also given by a continuous X -valued function
as above. (2) If g € dom(9; @ 1)" for alln > 1 then (0; ® 1)"(g) is given by a continuous X -valued
function for all n.

Proposition 4.7. (1) If g € dom (Ty) the domain of the closure of Ty on its initial domain then
g € dom (0; ® 1) Ndom (1 ® D). Moreover, g(0) is well-defined and P(g(0)) = 0 in the Ty case while
in the T_ case, (1 — P)(g(0)) = 0. Furthermore

Tig=+(0, @ 1)g+ (1@ D)g.
(2) 1If g € dom (T%) as above, then g(0) € dom (|D|*/?).

Proof. For the first item, by Corollary 4.2, g € dom (9; ® 1) Ndom (1 ® D). Then, by the previous
Lemma g¢(0) is defined. Since P is a bounded operator on X, P(g(0)) = 0 in the T} case and
(1 —P)(g(0)) = 0 in the T_ case. To see item (2), we use part (2) of Lemma 4.1 to see that for
f € dom (T4 ) we have:

F(F0) | D(0)))x = (DIV2(£(0)) | IDIV2(£(0)))x-

If we apply this observation to f = g, — g, where {g,} is a Cauchy sequence in dom (7+) we get the
conclusion of item (2). O

Remark. Note that evaluation at a point is continuous on dom(d; ® 1) in the dom(9; ® 1)-norm, but
not in the module norm.

4.3. Self-adjointness of D away from the kernel. To show that D is self-adjoint we will follow
the basic strategy of [1] and display a parametrix which is (almost) an exact inverse. Note that we
assume that D has discrete spectrum with eigenvalues 7 for k € Z where the spectral projection of
D corresponding to the eigenvalue 7y is denoted by ®;. We suppose that r is increasing with k£ and
if £ > 0 then r; > 0, and conversely, so that the zero eigenvalue, if it exists, corresponds to the index
k = 0. Moreover, the eigenspaces X = ®(X) are F-bimodules which sum to X by hypothesis. We
note that Xy = ®o(X) = kerD.

We observe that if f is any real-valued function defined (at least) on {ry : k € Z}, the spectrum of D,
then f(D) is the self-adjoint operator with domain:

{z = Zxk €eX: Z f(rg)zy converges in X},
k k
and is defined on this domain by f(D)x = ), f(r%)xk. The convergence condition on the domain is

equivalent to >, | f(rk)|*(xx|zk) x converges in F.

We further note that if g : Ry — X is continuous and compactly supported then for each k € Z, the
function gy := ®, 0 g : Ry — X}, is continuous with supp(gx) C supp(g) and g = >, gi converges in
E. Furthermore, if g is smooth then so is each g and 9;(gx) = (9:(g))x and by the previous sentence

9(9) = 0e(>_1 gr) = >4, O(gr)-

As both 9;®1 and 1®D leave the subspaces L?(R. ) ® X}, invariant, in order to construct parametrices
Q4 and Q_ for T} and T_ we can begin by considering homogeneous solutions fi to the equation

Ty kfr = (O + ) fr = gk
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where gj, is a smooth compactly supported function with values in X, for each k > 0. Setting

t ')
Jo(t) = Qualgo) (1) = /0 ) gy (s)ds — /0 H(t — )¢ gy (s)ds,

where H = AR, (the characteristic function of R, ) is the Heaviside function, we get a solution
satisfying the boundary conditions, as the reader will readily confirm.

Observe that for these homogeneous solutions our parametrix is given by a convolution operator

Jr(t) = Qur(gr)(t) = (G * gr)(t) := L, gr(t)-
Here Gi(s) = H(s)e " € LY(R), and ||Gg|l1 = 1/ry. Since the operator norm of L¢, on L*(R) is
bounded by ||G}[|1, we have
1Q+ k]l = I(La, @ k)l Ende < [|Grllt < 1/7%.
For k£ < 0 we set
fe(t) = Q4 k(gr)(t) = —/ e =) gy (s)ds = —/ X(—oo,0)(t — 8)eE 7 gy (5)ds.
t —0o0

The verification that T, fi, = g is again straightforward, and the solution is an L?-function with
values in ®;(X) since it is given by the convolution of an L! function and an L2-function.

Later when we have defined Q1o we will sum all the Q4 ; to obtain the parametrix Q1. At the
moment we note that for a smooth compactly supported g we have:

[Q+(1® (P —20))(g)] [Z Q+k(1® P)(g ] [Z Q+ kgk] Z/ £t=5) gy (s)ds.

k>0 k>0 k>0

If we formally interchange the sum and the integral we get the equation:

(Q+(1® (P~ @) / > ey g)(s)ds = [ PP = o) (g(s)ds.

0 k>0 0

It is not hard to see that this convolution on the right actually converges to the expression on the left
in the norm of our module L?(R;) ® X.

Similarly for the equation T i f = (=0 + 71) f = gr we have the solutions

Q- x(gr)(t) = / e gy (s)ds = / X oyt — )™= g(s)ds, k>0,

t

t o0
Q—r(gr)(t) = —/ erk(t*s)gk(s)ds = —/ H(t— s)erk(t*s)gk(s)ds, k <O.
0 —00

Again this solution is given by a convolution, and in all cases k # 0 we get ||Q+ (1 ® P)|| < 1/|rgl.
We can get a similar operator convolution equation for », Q4 rgk-

Before proceeding we require a general lemma.

Lemma 4.8. Let Y be a C*-F-module and Yo C Y a dense F-submodule. Let T : Yy — Y be closable
as a module mapping on Y, with closure T. Suppose there exists a bounded module mapping S on
Y such that (1) S(Yy) C Yo, and (2) ST = Idy, and TS|y, = Idy,. Then S is one-to-one and
T =S""1:Image(S) —» Y, domT = Image (S), SoT = Id,. .7 and T o S = Idy .
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Proof. This is essentially just a careful check of the definitions of the domains and closures in question.
Let y € dom (T') so there exists a sequence {y,} C Yy converging to y and T'y,, — Ty also. Now, since
S is bounded,

Yn = STyn — S(Ty) and y, — v,
so S(Ty) =y and SoT = Idy,, (7)- This also shows dom(T) C Image (S).
On the other hand, let y = Sy’ € Image (S). Then y = lim z,,, where {2,} C Y, and so y = Sy’ =
lim Sz,. Since S : Yy — Yo, we see that {Sz,} C Yy € dom (T), and so z, = TSz, converges to

y €Y. Hence y € domT and Ty = y'. That is Tmage (S) C dom (T), and so they are equal. Finally,
TSy =Ty =1y, and as ¥/ € Y was arbitrary, T'S = Idy. Hence S is one-to-one, and T = S~!. O

Returning to the operators T+ and Q4 on the module £S5 (1® ®()E, we have the following preliminary

result. The proof is just a check of the hypotheses of the previous lemma.

Corollary 4.9. For k #0, let & = L*(Ry) ® Xy and E;o C & be the algebraic tensor product of
CH(Ry) :={g€ C®Ry): g(0) =0 and supp(g) is compact}

with Xy. That is, Exp = C5(Ry) © Xy Then Ty g, Q+ i map Ex to itself, and are mutual inverses
there. Hence dom (T4 ;) = Image (Q+ 1), Q+ i is one-to-one, and the operators T i, and Q4 are
mutually inverse (on appropriate subspaces).

We extend this result by another application of Lemma 4.8:
Corollary 4.10. Let the algebraic direct sum of the & o with k # 0 be denoted

5alg,0 = Z gk,O - Z C(C])(C))(R'-l-) O Xy = ng(R+) © Z Xk
alg,k#0 alg,k#0 alg,k#0

Define Q+ on Eqg,0 as the algebraic direct sum of the Q4 k., and similarly for Ty.. Then Q+ extends
to an operator on the completion, & where it is bounded and one-to-one. Moreover, Ty = Q;l :
Image(Q+) — & so that Qi o Ty = Iddomﬁ and Ty o Q+ = Idg,. We observe that €& = & @
(L}](Ry) ® Xo) as an internal orthogonal direct sum. That is, & = (L2(Ry) ® Xo).

4.4. The adjoint on L*(R,)® X, and self-adjointness of D. On L?(R) ® X; the operator Ty g
becomes 0; ® Idx, with boundary conditions {(0) = 0 while 7_ o = —0; ® Idx, with free boundary
conditions, and it is well-known that these two operators are mutual adjoints, cf [12, page 116]. The
parametrix Q4 o for T} o is given by

t
Qrolg)(t) = /0 g(t)dt for g € range(Tro),

while the parametrix ()_ o for T_ o is given by

Q-alo)(t) == [ glt)dt for g € range(Tg).
Of course, both Q4 and Q_ o are unbounded operators and on L?*(R.) ® X we have:
TioQsip= Idmnge(m) and Qg T30 = Iddom(m)’
Letting @+ denote the (closure of the) direct sum of all the Q4  we get the parametrix for T.
Proposition 4.11. The adjoint of Ty : dom (Ty) — & is Tx. Moreover,
T:Q+ = Idmnge(ﬁ) and Q+Ty = Iddom(ﬂ)‘
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Proof. In the following we write Ty for the closure of 7. We write Ty = T4 (10 ®g) T4 (1 — (10 Py))
and observe from our last comments that (74 (1 ® ®¢))* = T5(1 ® ®o).

Restricting to (1¢ — (1 ® ®9))E = & we have Q% = Q+. To see this, recall that Q4+ is bounded,
and so it suffices to check on the dense submodule £y 0 of Corollary 4.10. For &, n € €440, there is
0, Mo € Ealg,o such that & = T4 & and n = T (§o = Q+& and similarly for 7). Then

(Q&n)e = (Q+(T80)|Txm0)e = (SoTEmo)e
= (Téolno)e by symmetry
= (£lQ+n)e.
Hence Q% = Q=+ on (1g — (1 ® ®¢))E = &. In order to deduce from this a similar relation for the T4

on & we need the following general considerations.

For a densely defined module map T : & — & we have the relation between graphs
G(T*) = [W(G(D)] = v[G(T)"],

where v : EgDEy — & B &y is the unitary given by v(x,y) = (y, —z), [12, page 95]. Also for one-to-one
module maps Q, G(Q™') = 0(G(Q)) where §(x,y) = (y,z) and v = —vf. So restricting T to & we
calculate:

+ 1
-

=
=

G(T}) = (G(T)F = (G(Q
= (OGQ = [ (GQ))T = —0v(G(Q+))"]

= —0[G(Q})] = —0[G(Q-)] = —[G(QZH)) = —[G(T-)]
= G(T.).

The same proof works for T_, and so 7%} = T% on all of £. (|

The next step is to introduced the notion of extended solutions. In [1], the analogue of our mod-
ule was introduced as a model of a (product) neighbourhood of the boundary for a manifold-with-
boundary. Since the interest there, as here, was in the index of the operator on the whole manifold-
with-boundary, it was necessary to modify the space of solutions considered to account for those
functions on the boundary which extended to interior solutions in a non-trivial way. Such functions
are not L? on this product description of the boundary, but are bounded. Nevertheless they contribute
to the index, and so we make a definition.

Definition 4.12. Let (X, D) be an unbounded odd Kasparov A — F-module. Let & = L?>(Ry) ® X
be the M(F, A) — F-module defined above. As seen in Lemma 4.5, any element in the domain of the
operator Oy @ 1 (free boundary conditions) is given by a uniformly continuous X -valued function g
which vanishes at 0o and the integral (g|g)e = [y~ (9(t)|g(t)) xdt converges in F*. We enlarge € to a
space & consisting of formal sums, f = g+x where g € € and x € Xy. For g € dom(0;®1), the element
f =g+ z is naturally a function on R4 where f(t) = g(t) + = and limy_. f(t) = x € Xo. We call
such an f an extended L?-function and we may regard f as a function f: Ry — X with a limit:
limy— oo f(t) := f(c0) such that f — f(c0) is in L*(R4+)®X and f(oc) € Xo, that is, Df(c0) = 0. Note
we reserve the terms extended L?-function and extended solution to the case where f(oo) # 0.

So, we have a new module £ = {f = g+x | g€ & and z € Xo}. We let F act on the left and right
of this extra copy of Xy by its natural action. The F-valued inner product on & is given by:

(f +alh+y) = (FBIA(E)e + (xly)x.
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The left action of M(F, A) on the extra component X is naturally defined to be zero since M (F.A)
consists of functions which vanish at co. However, when we extend the left action to the unitization
of M(F,A) the added identity will of course act as the identity on the extra copy of Xy. While D
naturally acts as zero on this extra copy of Xy, functions f(D) act as multiplication by f(0) so that
in particular, P acts as the identity operator on this copy of X and the operator, d; naturally extends
here as the zero operator.

We now modify our earlier definition of X to include & only in the second component. Hence, by

definition: .
- (2).

For the first component any solution (i.e. element of the kernel of 7)) necessarily vanishes on the
boundary, and classically cannot contribute to the index and the same situation persists in this non-
commutative setting.

We extend the action of T_ to a map: & — & via T_(f + x) = T_(f). Similarly we extend the action
of Ty to amap: € — & via T (f) = T4 (f) + 0 and we extend the definitions of the actions of @4 and
@Q—. In order to emphasize the extension of T_ we use the somewhat clumsy notation:

B ( T0+ To@())'
The addition of the zero map does not affect the adjointness properties proved above, and so
(T-®0)*=Ty and T;=T_-®0.
Thus D is self-adjoint. We summarise this lengthy discussion.
Proposition 4.13. Let X be a right C*-F-module, and D : domD C X — X be a self-adjoint reqular
operator with discrete spectrum. Then the operator

> — 0 (-9 ©1+1@D)®0 c
D<8t®1+1®1) 0 > defined on (é

satisfying APS boundary conditions, given in Equation (4) and modified for extended solutions as
above, is self-adjoint and reqular on X = (€ ® &)T.

Proof. It remains only to show that D is regular, namely (1 + 752) has dense range. We begin with
D restricted to (€ & E)T. We restrict ourselves further to the invariant subspace (& & &y)7. To this
end let R = @+ Q_. This is a bounded, positive endomorphism on &y which is injective and has dense
range (both @4, Q_ are injective with dense range, and are mutual adjoints by Proposition 4.11).
Hence the (unbounded) densely defined operator R™! = (Q,Q_)"! = Q:lerl =TT, on & is a
one-to-one positive operator which is onto. As the operator R+1 is bounded, positive and (boundedly)
invertible, it is surjective. Thus on dom (7_T% ) consider the operator

(R+1)R'=1+R'=1+T.T,.
This is the composition of two surjective operators and so is surjective (on &). Similar comments
apply to 1+ T T_ (on &). Thus (1+D?) restricted to (its domain in) (€@ &Ey)T maps onto (€@ E)T.
Next, inside &£, we have § = L*(Ry) ® Xo and D on (& @ &)T is just ( g _Oat > @ lx,. As
¢
regularity is automatic on (L?(Ry) @ L?*(Ry))”, we have regularity on all of (£ @ £)T. Now, on
Xo — &, D is defined as zero, so (1 + D?)|x, = lx,, which is surjective. Putting the pieces together,
1 + D? is surjective on X. ([l
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For use in the next proposition, we consider a more explicit discussion of regularity. So we consider
the equation

14+T.T, 0 fi _(1-0}+D? 0 AN_ (&
0 1+T,T- fo )] 0 1-97+D? fo )] \g )

Here we initially suppose each of (g1,¢2)T is in C§§(R4) © >, s Xk With the exception of the extra
kernel term, such pairs are dense in X. We need to find f = (f1, f2)T in the domain of D2 satisfying
this equation. In solving this equation we may therefore assume that all terms are homogeneous,
meaning that the general solution is built from functions that map R to a single eigenspace for D,
corresponding to the eigenvalue r. Thus the equation we must solve, for given (g1, g2)" € X, is

1—07+r} 0 Y _ (&
0 1—8,52-1-7"]% f2 o g2 '

The boundary conditions are

f1(0) =0 72(0) =0
ez {<<—at+m>f2><o>=0’ st {<<28t+m>f1><0>=0

We use the notation 7 := (1 4 r2)!/2 as this term appears so often. The solution for f; is

0 t
fl(t> _ (2@)_1 </ eTk(t_w)gl(W)dw+/ e—rk(t—w)gl<w)dw) _i_Ae—Tkt?
t 0
where for
_1 [ R
r, >0, A= A/ e g1 (w)dw, and for rp <0, A=
27’k 0

Observe that in terms of the Heaviside function H:
1 0 ~
27 —00

. . —Tt
_ w)efiltw) —eaile re20
4 /OO H(t w)e gl(w)dw + { _}_%ﬂ@—rk-’gl(,»e—rkt e < 0 .

TE—Tk

1 ﬁ;—l—rk
27 Th — Tk

/ eV g1 (w)dw.
0

The point of this observation is that it displays the integral as a convolution by an L'-function, plus a
rank one operator, namely a multiple of the projection onto span{e~"#'}. Thus f; is an L?-function.

For f, the situation is analogous. We have

(o) t
fg(t) _ (271\]{)71 </ erk(t*w)gg(w)dw _|_/ e’”k(tw)gg(w)dw> +B€7Tkt7
t 0

where for
L[ —us 1 7 —7rg
<0, B=_= ok dw, and f >0, B=_-—==
L 27 ), e "k go(w)dw, and for ry > o Tt 1

/ eV gy (w)duw.
0

Now we consider elements of X which only have a nonzero component in Xg. For such elements
(0,0 + x)” we have
(1-02+D)zr=(1-0+0)z =z,

so we have surjectivity for such elements. Now write a general g = (g1, 92 + x)7 € X as

_ g1 0
g_<g2+0>+<0+x)'

Then the above solutions show that for any g in a dense subspace of X, we can find f € dom D? with
(1+D?)f = g. Hence, we have a second proof that D is regular which we now exploit.
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In the next result APS boundary conditions mean that D is defined on those £ = (&10&)" in (€ of )
such that D¢ € X, P& (0) =0, (1— P)&(0) = 0. This is all well defined thanks to Lemma 4.5.

Proposition 4.14. Let (X, D) be an ungraded unbounded Kasparov module for C*-algebras A, F with
F C A a subalgebra satisfying A - F = A. Suppose that D also commutes with the left action of F' C A,
and that D has discrete spectrum. Then there is an unbounded graded Kasparov module

o= ((E). (0 - )\ BRI 0 ~0+D
T E)'\Ty O - L2R)®@X |\ %+D 0
(with APS boundary conditions, Equation (4)) for the mapping cone algebra M(F, A).

Proof. The most important observation is that the left action of M (F,A) on X preserves the APS
boundary condition, and therefore the domain of D because for every f € M(F, A), f(0) € F and
hence commutes with the spectral projections defining the boundary conditions. We note that to
see that the action of M(F,A) on X is by bounded module maps requires the strong boundedness
property of all adjointable mappings [12] Proposition 1.2. We let A C A be the x-subalgebra of A
such that for all a € A, [D,a] is bounded (on X) and a(1 + D?)~'/2 is a compact endomorphism of
X. We define the algebra

MEF, A ={f: Ry — A: f(0)e Fand f € CRy) and [D, f] is bounded}.

We observe that the *-algebra of finite sums:

> fi®ai: fi € C®Ry) and £i(0) =0 if a; ¢ F}

is dense in M (F, A) and is a *-subalgebra of M(F, A).

By Proposition 4.13, the operator D is regular and self-adjoint, so we may employ the continuous
functional calculus [12], to prove that f(1 4 D?)~'/2 is a compact endomorphism. It suffices to show
that f(1+4 D?)~! is compact. To see this, observe that f(1+ D?)~1/2 is compact if and only if

FA+D) 7L = F(1 4+ D) V21 + D)~ V/2 g

is compact and this follows if f(1 + 152)_1 is compact. The latter follows by observing that from our
second proof of Proposition 4.13 we have that each diagonal entry of

f1+D*)! ( (1 ®O<I>k) ” (XE)‘I)k) ) = f(1+D*) (1@ Pk) ® o)
can be expressed as a finite sum of terms of the form f(Lg, ® ®1)+ f(R; ®Py) where L, is convolution
by an L'-function and R}, is a rank one operator. We consider a single elementary tensor in the above
subalgebra of M(F,A): f = h® a, where a = a; - b, where b € F and a; € A. For such an elementary
tensor the diagonal entry is (h - Ly, + h - Ri) ® aq - b®y. Since gy is in L', the product h - Lg, is
a compact operator on L*(R,), and of course hR}, is compact. Since b(1 + D?)~'/2 is a compact

endomorphism on X, it is straightforward to check that b®; is a compact endomorphism. So as
End%(L*(Ry) ® X) = End&(L*(R4)) ® End%(X), [18][Corollary 3.38], the endomorphism

Br = f((Ly, + Ri) ® ®) = (1® a1)(h(Lg, + Ri) © b®) = (1© a1)Cy

is compact: indeed each Cj, is compact on L?(R;) ® Xj. The importance of this description is that
fA+D*) ! = (1®a1)(®rCk) is a direct sum of compacts on @y(L*(Ry) ® X) times the bounded
operator (1 ® ay).
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The operator norm of Ly, on L?(R,) is bounded by the L!'-norm of g, and so
IZgillop < llgrlls = (1 +73)7 "2,
The norm of the rank one operator Ry on L?(R.) is given by Cauchy-Schwarz as
1 Rkllop < (2(1 +77)

(This inequality is unaffected by multiplication by (7 + |rx|)/(7k — |7k|), so can be applied to both
rr < 0 and r; > 0). Hence

1Chllop < WIllopl| LglloplIbllop + [1llop | B2k llop 1]l op
< [[Bllopllbllop((L +77) 712 + (21 + 1)) 7).

Since 1+ 77 — 00 as |k| — oo, the sequence of compact endomorphisms {(1®a1) Y Ci} converges
in norm to f(1 + D?)~!, which is therefore compact. Since an arbitrary f € M(F, A) is the norm

limit of finite sums ) f; ® a; we see that f(1 + 152)_1 is compact for general f in the mapping cone
algebra.

We can now show that we do indeed obtain a Kasparov module. First V = D(1 + D?)~'/2 is self-
adjoint. Also f(1—V?2) = f(1+D?)~!is a compact endomorphism for f € M(F, A). Since V clearly
1
0
for all f € M(F,A). For f a sum of elementary tensors (using smooth functions), we may write this
commutator as

anticommutes with the grading operator I' = ( _01 ), we need only show that [V, f] is compact

[V, /1= 1D, fl(1 + D)2+ D[(1 + D)/, ]

Now for an elementary tensor f ® a, we get [D, f ® a] = df ® a+ f ® [D,a] and so the first term in
the above equation is compact. In the proof of Proposition 2.4 of [6] we have the formula:

D[(1+D?)~12, f]
_ i/ A—lm{zﬁ(ufﬂ+A)‘”2{<1+152+A)—1/2[f,15](1+152“)_”Q}ﬁ(”ﬁ?“)_m
0

+ DX(14+D>+ N7, D)1+ D%+ N }dA

where the integral converges in operator norm and we have grouped the terms in the integrand so that
they are clearly compact by the discussion above. It follows that [V, f] is a compact endomorphism
for f a sum of elementary tensors. Since these are norm dense in M (F, A) and V is bounded, [V, f]
is compact for all f € M(F,A). So we have an even Kasparov module for (M(F,A), F) with an
unbounded representative for (M(F,.A), F). g

Remark. It should be noted that in this context, discreteness of the spectrum of D does NOT imply
that (14 Dz)*l/ 2 is a compact endomorphism. We are assuming that we have a Kasparov module, so
that for alla € A a(1 +D2)_1/ 2 is a compact endomorphism, but these two compactness conditions are
not equivalent unless A is unital. Kasparov modules corresponding to infinite graphs provide examples
of this phenomenon, [15].

5. EQUALITY OF THE INDEX PAIRINGS FROM THE KASPAROV MODULES.

We formulate our main theorem in this Section demonstrating how even and odd Kasparov modules
give equal index pairings.
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We recall that given a partial isometry v € A with range and source projections in F' (observe this
. e 1 — vv* . . . .
includes unitaries in A), we defined v; = < vf v 1 —vv*v . This is a self-adjoint unitary in
M;(A), and hence there exists a norm continuous path of self-adjoint unitaries in Ms(A) from v; to

the identity. We choose the path
1

Ul(t) — 5(621'tzm—1(15)(v1 o 12) + (Ul + 12))7

so that v1(0) = v1 and v1(00) = 13. Now define a projection e,(t) over M(F, A) by

ev(t) = vl(t) ( 0 0 ) ’Ul(t) = < Z'1t+t2* 11—H2 > )

1 *
2V e

where we have used some elementary trigonometry to simplify the expressions. It is important to
observe that this is a finite sum of elementary tensors ) | f; ® a; with f; smooth and square integrable

or fj — fj(c0) smooth and square integrable. As such it maps (€ @ €)T to itself and leaves (€ @ &)T

invariant.
o [(38)

lies in Ko(M (F,A)): see Lemma 3.2 and the discussion preceding it, as well as [17]. Let e = ( (1) 8 >,

The difference of classes

a constant function, then the index pairing of [v] € Ko(M (F, A)) with [(X,D)] is
(le] = [e], [(X,D)]) := Index(ey(D @ 13)e,) — Index(e(D @ 13)e) € Ko(F).

Remarks. To explain this notation we review even index theory. On < g ), D= ( 79 1(1]7 >
+

1 0

while the grading operator I' = ( 0 -1

> . That is D is odd while the action of M(F, A) is even,

o E®C? A D 0 r o .

i.e., diagonal. Then, on < é o C2 > we have: DR1y = ( 0 D > and'®1y = ( 0T > while e, =
®1 ®1 4 AT 4 4

( i i ) € My(M(F, A)) acts as < ‘Z@ 1; i@ 12 > Let (€| [ED&))T = (ER€]DIERE])T be

the obvious unitary equivalence. Under this equivalence D® 15 becomes ( T (@)i) 1 T- 89 1y > , while
+ 2

€y = < {L z ) € My(M(F, A)) acts as ( 66’ 60 ) Also, Index(ev(f)®12)ev) really means the index
ey 0 - ey 0\ 0 ep(T- ® 12)ey, .
of the lower corner operator of < 0 e, > (D®1y) < 0 e, ) = < eo(T) @ 15)e, 0 >

T, 0 as 4 mannt £\ £
€y 0 T. ey : mapping e, £ ey é )

That is we must compute both:

ker(e, (T @ 12)ey,) C ey < g ) and ker(e,(T- ® 12)ey) C ey ( ¢ > - ( g > .
Ty
0

&
Similarly, Index(e(D®15)e) means the index of the lower corner operator: e < > e, that is, T’y

0
Ty
as a mapping from £ — é , which we will write as Index(ﬁ). With this reminder, and the convention
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that if T is an operator on the module Y, we write T} for T'® 1; on the module Y ® C*, we now state
our key result.

Theorem 5.1. Let (X,D) be an ungraded unbounded Kasparov module for the (pre-) C*-algebras
A C A, F with F C A a subalgebra satisfying A-F = A. Suppose that D also commutes with the left
action of F C A, and that D has discrete spectrum. Let (X, D) be the unbounded Kasparov M(F, A), F
module of Proposition 4.14. Then for any unitary uw € My(A) such that Py and (®g)r both commute
with uDiu* and u*Dru we have the following equality of index pairings with values in Ko(F'):

(u], (X,D)]) = Index(Pyu*Ps) = Index(e,(Dy, ® 13)ey) — Index(Dy)
= (el |( o o )] (€0 € Kol

Moreover, if v is a partial isometry, v € My(A), with vv*,v*v € Mi(F) and such that Py and ($g)g
both commute with vDiv* and v*Div we have

(eu] — K b )} (X, D)) = —Index(PoP: v*0P(X) — vo* P(X)) € Ko(F)

(5) = Index(Pv*P :vww*P(X) — v*vP(X)) € Ko(F).
Remarks. (1) In the last statement we really are taking a Kasparov product when we consider
Ko(M(F,A)) x KK°(M(F,A),F) — Ko(F).

Hence the index is well-defined, depends only on the class of [e,] — [1] = [v] and the class of the ‘APS
Kasparov module’.

(2) We note that our hypothesis that P and ®y commute with v*Dv is equivalent to P and ®g
commuting with v*dv since P, &g commute with D and with v*v. Thus P, &3 commute with all
functions of v*Dw, and in particular with each spectral projection v*®v. Similarly, the first set of
commutation relations imply that D and all of D’s spectral projections commute with v* Pv and v*®gv.
(3) Whether every class [v] € Ko(M(F, A)) possesses a representative satisfying the hypotheses of the
theorem is unknown to us in general. Just as with the issues of regularity, it may be that one can
always homotopy v and/or (X, D) so that the hypotheses are satisfied. We leave this issue for future
work, noting that for the applications we have in mind the hypotheses are satisfied.

(4) With regards to the regularity of PvP (in the sense of having a pseudoinverse [7, Definition 4.3,]), we
observe that since P commutes with v* Pv, the operator PvP is regular as an operator from v*vP(X) to
vv*P(X), where the pseudoinverse of PvP is provided by Pv*P. That is, (PvP)(Pv*P)(PvP) = PvP
and (Pv*P)(PvP)(Pv*P) = Pv*P. Thus our hypotheses guarantee the regularity of PvP, and the
independence of the index of PvP on which regular ‘amplification” we take gives some evidence that
the hypotheses may be relaxed.

The proof of Theorem 5.1 will occupy the rest of the Section.

5.1. Preliminaries. As is usual for an index calculation such as this, we will assume without loss of
generality (by replacing A by My (A) if necessary) that the partial isometry v lies in 4. To begin the
proof it is helpful to write e, as an orthogonal sum of subprojections in ﬁ(X ® X ) which, of course,
commute with e,:

12 * —it *

——vv o, 1—wvv* 0 ~

(6) €v = 1+z€f * 11+t * + ( 0 0 =ey + 610)'
eV v v
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Note that to prove the Theorem it suffices to demonstrate the equality in Equation (5), and that is
what we shall do. Using the decomposition of e, into orthogonal subprojections in (6) an elementary
calculation now gives:

Lemma 5.2. (1) Let £ = < é; > € < g ) Then £ € e, ( g > if and only if viv€s = & and

vv*€y = —itv€y. In this case by Equation (6) we get an orthogonal decomposition:

&\ _ &\ _ &1 S\ _(m G
o (8)-=(8)-a(8)(8)-(8)+(F)
where 1 = vv*& = —itvée and (1 = (1 —vv*)&y; andboth<§2)and(%>lie mev<§).

(2) The same statement (mutatis mutandis) holds for & = ( g > € < g )

In order to solve the differential equations to find the index in the Theorem we need the commutation
relations recorded in the following lemma.

Lemma 5.3. The operators v*Dv, v*vD and v*dv preserve the subspaces of v*v(X) (intersected with
the appropriate domains where necessary) given by v*QuP(X), v*Qu(l — P)(X), where Q is any of
the projections P, P — ®y3, 1 — P, 1 — P + &g, ®y.

Proof. In the remarks after the statement of Theorem 5.1, we noted that all spectral projections of
v*vD commute with the projections v*Qu with Q. As v*vD also commutes with P and 1 — P, v*vD
preserves these subspaces. Likewise, v*Dv commutes with v*Q'v for any spectral projection Q' of D,
and by the hypotheses on v, v*Dv commutes with P and so 1 — P. Thus v*Duv preserves all these
subspaces. The result for v*dv = v*Dv — v*vD follows immediately. 0

5.2. Simplifying the equations. The main consequence of Lemma 5.2 is that we can consider two
orthogonal subspaces of solutions separately and this greatly reduces the complexity of our task. In
this subsection we will cover the T case: ker(e, (T4 ® 12)ey,).

1—wvv* 0

0 0
with Q4 the parametrix for Ty = J; + D constructed earlier we have

< v’) ) L ® 1) ( ( _0””*) 8 )%((&H—D) ® 12)ev< L _OW* 8 )

We observe that (0; + D) ® 13 commutes with the projection ( ) (which is < e,). Thus

(@
= < (1 —Ovv *) 8 > (Q4 ®12)((8; + D) ® 13) < 1_01}0* 8 )
:<(1—Ovv) 8>(Id®12)<1_0”“* 8>:<1_0“U* 8)

Thus the kernel is {0} on this subspace, and so we need only calculate the kernel on the range of é,.
Using the notation da := [D, a] and recalling that vv* and v*v commute with D, so that v*vdv* = dv*
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and vv*dv = dv we now obtain:
&0+ D)@ 12] >
< (1+t2)2 VUt - 1 tQ w* (0 + D) + (1+t2)2 vdv* (1+t2)2v + tQU(Bt +D)+ (1+t2>2 dv )
(th)gv + H_tgv (0 + D)+ (1+t2)2d1} (1+t2)2v v+ 1+t2v *v(0y + D) + (H;)Qv dv

B 1 t20v* (0 + D)  —itv(0; + D) 1 tov* + todv*  it?v — it3dv
142\ itv* (0 +D)  v*v(0+ D) (1+1¢2)? i +itdv* —tv*o + totd

Using this formula, we obtain

-~ ( @ +D) 0 ) ( & > —itv(8; + D)&z — 1lzvEs — 1Lzdve
° 0 (0 + D) 13 (O +D)éo + o + li%v*dv{g '

Since this vector is also in the range of €, we check that the first coordinate is —itv times the second
coordinate as required by Lemma 5.2. We may rewrite the second coordinate in the preceding equation:

p2(t) = (O + D)&2 + 252 + v*dvéy — 252

1+¢ 1—|—t

using & = v*v(&), and 1 — 1/(1+¢2) = 2/(1 + #2) as:
2 v*
Mt):(F o1+t 40" vD+t dv)fg : (Dy + V)&

(\/17? ovV1l+t2+w vD) and V = 1+t2 ® (v*dv) := Vp®@(v*dv). So in order to compute

the kernel of €,[(0; + D) ® 12]é, acting on the range of €,, it suffices to compute the kernel of D, +V
acting on vectors & € dom(D) satisfying v v(fg) & and t& € L?(Ry) ® X. In the T, case only,
such vectors are precisely those &, in dom(D) which lie in L2(R.y, (1 + #2)dt) ® v*v(X). We make the
important observation that D, is naturally a densely defined closed operator on L*(R.y, (1 + t2)dt) ®
v*v(X) completely analogous to the operator T = d; + D of Section 4 which acts on L?(R;) ® X.

where ZNDv =

Now we consider boundary values. For the equation e,((0; + D) ® 12)e,& = 0 we want to impose the
boundary condition e,(0)(P ® 12)e,(0)£(0) = 0 where P is the non-negative spectral projection for D.

This projection is
P 0 _( @=w*)P 0
ev(0) ( 0 P )eU(O) o < 0 v*oP ) )

Observe that our boundary projection is also the non-negative spectral projection of e, (0)(D®12)e,(0).

As noted above, the only solution which lies in the range of €)(P ® 15)e) = ( (1= SU )P 8 ) is the

zero solution, for which this condition is automatically satisfied. Hence, we need not concern ourselves
any further with this subcase.

5.3. Solutions, integral kernels and parametrices. In the following we make some notational
simplifications. We replace v*vD by D, and similarly for other operators, since everything commutes
with v*v and we will always be working on the subspace v*v(X). In the notation of the previous
subsection we aim to find the solutions of (D, + V)p =0 on L*(R, (1 + t?)dt) ® v*v(X).

We will break our space up into orthogonal pieces preserved by D, + V. We first split our space as the
image of 1 ® P and 1® (1 — P). On the image of 1 ® P we define a two parameter family of bounded
operators which will be the integral kernel of a local left inverse for D, + V on this space. The reason
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for our notation D, + V is that we regard V as a (time dependent) perturbation, and we will define our
integral kernels using a variant of the Dyson expansion for time dependent Hamiltonians, [19, X.12].

So for t > s > 0 define an operator on Pv*v(X) by

o0 t —
U(t7 8) — 6_(t—S)PD + Z( / / 1 / 1 —(t—t3 P'DV( ) —(t1—t2)PD V(tn)e_(t"_s)PDdt,
n=1

where we write: dt,, - - - dtadt; = dt, and where PD really means D restricted to Pv*v(X).

Lemma 5.4. For allt > s > 0 the integrals and the infinite sum defining U(t,s) converge absolutely
in the operator norm on the space Pv*v(X). For allt > s > 0 we have

Ut 8)|| < [le"¢=IPP|| t=9)lv7dvl,

Moreover U(t,s) satisfies the differential equations

%U(t ) = —(D+V(E)U(ts) and %U(t, §) = U(t, s)(D+ V(s)).

Proof. To see the convergence and the norm inequality, we use the crude estimate ||V (¢)| < |[v*dv||
together with the equalities:

t rt1 tn—1
e~ k=t )PP || = ||~ PPt —tet1)  and // / 1dt,---dt, = (t —s)"/nl,
S S S

to obtain the inequality:

*d .
||U(t S)H < He (t—s PDH Z HU U” ||e—(t—S)PD”e(t—5)HU dol|

Differentiating formally yields the two differential equations but to see that the difference quotients
converge in operator norm to the formal derivative takes a little effort. For example, using the mean
value theorem and the functional calculus for unbounded self—adjoint operators, one shows that for any
f € CY(R;) which satisfies 22| f”(z)| < C for all z € Ry we have: & (f((at+b)D)) = aDf'((at+b)D)
when (at + b) > 0 with norm convergence of the dlfference quotient. Applying this to f(z) = e™* for
(t—s) >0 we get %e*(t*‘*)p = —De~(t=5)D and e ~(t=5)D — pe—(t=5)D

As for differentiating the integral terms, formally one uses a product rule which technically is invalid as
one term is unbounded; however, by using the product rule trick of adding in a term and subtracting it
out, one shows the formal calculation works. Since the original series and the series for the derivatives
converge uniformly and absolutely, we are done. O

Using these results we now construct a (local) left inverse for (D, +V)(1® P). We define for any t > 0
and continuous function p € (L?(R.y, (1 + tQ)dt) ® PU*U(X)),

(Qp)(t) := 1+ s2p(s)ds.

V1 t2
Observe that (Qp)(0) = 0, and is differentiable. First we need an elementary operator-theoretic lemma.

Lemma 5.5. Let T be a closed densely defined operator on a Banach space B and let S C dom(T") be
a dense subspace of dom(T) in the domain norm. Let A : dom(T) — B be a bounded operator in the
dom(T') norm, and let Q be a densely defined closable linear operator whose domain contains T'(S)
and such that QT = 15 + A|;. Then, range(T') C dom(Q) and QT = Lgom(r) + A.
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Proof. Let Tx € range(T'), so there exists a sequence {z,} in § with z,, — x and Tz, — Tx. But
then, the fact that lim, Tz, = Tz and lim, Q(Tzy,) = lim, (2, + A(z,)) = x + A(z) implies that
Tz € dom(Q) and Q(Tz) =z + A(x). O
Lemma 5.6. The equation (D, + V)p = 0 has no nonzero solutions in

(L3R, (1 4 t?)dt) ® Pv*v(X)).

Proof. Fix M > 0 and let Ej; be the orthogonal projection of L?(R., (1 + t?)dt) onto the subspace
L2([0, M], (1 + t?)dt). Then Ep; ® 1 is the orthogonal projection of <L2(R+, (1 +t?)dt) ® Pv*v(X))
onto the subspace (L2([0, M], (1 4 t?)dt) @ Pv*v(X)). Now, we see that Q defines a linear operator
on the dense subspace of (L2([0, M], (1 + t?)dt) ® Pv*v(X )) consisting of continuous functions, call

it Qas. This operator has a densely defined adjoint defined on the same subspace, Q]\#/[, given by the
formula:

@)= ——=—; | L+ s%p(s)ds.

Thus, Q)7 is not only densely defined, but also closable on (LQ([O7 M], (1 + t?)dt) ® Pv*o(X)).

The smooth functions p in the domain of (D, + V)(1 ® P) form a domain-dense subspace and
(Ex ® 1)(Dy +V)(p) = (Do + V) (Em © 1)(p) € dom(Qu).

Let pyr = (Epm @ 1)(p), fix t € [0, M] and calculate:

(@u(Dy + V)par)(t) = (@u(Dy + V)p)(t) = (Q(Dy + V)p)(t)

- %HQ (0,(VTH $2p(5)) + VT + 2D+ V(5)os) ) ds
m/@ 1+ s2p(s ))ds—m/ (0sU(t,8))V1+ s?p(s)ds
t2 )V 1+ s2(D+V(s))p(s)ds
—lt) - ﬂthZU(t, 0)p(0) = p(t) — pu(t),

As p(0) = P(p(0)) = 0 the previous lemma implies that (f?ﬁ—V)(EM@P) is injective and (Dy+V)p = 0
has no nonzero local solutions on [0, M] for any M > 0. Hence, (D, + V)p = 0 has no nonzero global
solutions in (L?(R.y, (1 +#?)dt) ® Pv*v(X)). O

Next we split the range of 1 ® (1 — P) into two pieces, namely
1(1-P)=100v" (1 =P+ Pp)v(l —P) & 10" (P — ®)v(l — P).
Lemma 5.7. The equation (D, + V)p =0 has no nonzero solutions in the subspace

LA(R,, (1 +tHdt) @ v* (1 — P + ®g)v(l — P)(X).

Proof. Suppose we did have a solution p € L*(R, (1+t?)dt) @ v*(1 — P+ ®g)v(1 — P)(X). We write
p(t) = ———0o(t), where ¢ is now an (ordinary) L? function with values in v*(1 — P 4 ®¢)v(1 — P)(X).

V1412
A brief calculation shows that
oo 1) x = LT Rlp(lp(t))
1+ 2a NI = AT e A PREVIPAE)IX

= (=(D+V(©)p@®)]p(t))x + ()] = (D +V(£)p(t)) x -
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Since v*Dw is non-positive and D strictly negative on v*(1— P+ ®g)v(1 — P)(X), we have the estimate
D+ V()= 1+t (t**Dv+ D) < —cl/(1 +t?),
where ¢ > 0 and 0 < ¢ < |r_1| where r_; is the first negative eigenvalue of D on this subspace. Thus

1 d 2c
— Lot x >
T g Wle®ix 2 5

{p®)|p(t)) x -

Multiplying by 1 + ¢? and integrating from 0 to s gives (this is an integral of a continuous function
into the positive cone of the C*-algebra F')

/iiwuwwwxﬁ:<d@w@»x—@ﬂmwm»x>25/7mmmﬂhﬁ.
0 0

The right hand side is a nondecreasing function of s, and if p is nonzero, this function is eventually
positive. Hence (o(s)|o(s))x is a continuous non-decreasing function of s in F*, and so can not be
integrable as can be seen by evaluating on a state of F. Hence ¢ is not an element of L? and there are no
nonzero solutions p of (D, +V)(p) = 0 in the space L*(R, (1412)dt) @v*(1— P+ ®¢)v(1—P)(X). O

Finally, we come to the subspace L2(R.y, (1 + t?)dt) ® v*(P — ®)v(1 — P)(X). On this subspace we
will define a parametrix which is a right inverse, but is not a left inverse, instead providing solutions
to our equation. Thus, for ¢ > s > 0 define an operator H(t, s) on the space v*(P — ®p)v(l — P)(X)
by:

e t rh1 tn—1
e (t=s)v"Dv Z/ / . / (L4 (L4 82)) Le TV DU gy ¥ dy e~ =)V Prgg,
n=1 S S S

where v*Dv means v*Duv restricted to the subspace v*(P — ®g)v(1l — P)(X).

Lemma 5.8. For allt > s > 0 the integrals and the infinite sum defining H(t,s) converge absolutely
in norm. Fort > s >0, H(t,s) is an endomorphism of the module v*(P — ®g)v(1 — P)(X) with norm

||H(t, 5)” < He—(t—s)v*DvH etanfl(t)Hv*de < e—(t—s)rletanfl(t)Hv*de’

where 11 is the smallest positive eigenvalue of v*Dv on this subspace. The family of endomorphisms
H(t,s) satisfies the differential equations

%H@Q:4D+WMH@$ %H@Q:H@$@+V@y

Proof. Except for the final estimate the proof of this is similar to the proof of Lemma 5.4. Now, the
norm of H(t,s) (on v*(P — ®p)v(l — P)(X)) can be estimated as follows:

o0 t oty tn—1
1H (8] < e PY) (1 + 3 [lotdo]” /O /0 /0 (1+8)--(1 +ti>>1dt)
n=1

—(t—s)v*Dv - vrdvl|" — n
S <1+Z”n,”<tan o) )
n=1 ’

_ He_(t_S)U*DU|’€tan71(t)HU*dU|| < e—(t—s)m etanfl(t)Hv*de’

where 7 is the smallest positive eigenvalue of v*Dv on the subspace. ]
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We now define a local parametrix on the space L?(R., (1 + t?)dt) @ v*(P — ®)v(1 — P)(X). Let p be
given by a continuous function in L?(R., (1 + t?)dt) ® v*(P — ®¢)v(1 — P)(X) and let ¢ > 0. Define

(Bp)(#) := ﬂiiﬁ /0 H(t, )1 + 82p(s)ds.

As in the proof of Lemma 5.6 R defines a closable linear mapping locally on [0, M] on it’s initial dense
domain of continuous functions. We note that R(p) is differentiable.

Lemma 5.9. For every vector x in the subspace v*(P — ®¢)v(1 — P)(X) there exists a unique element
p € LRy, (1 + t?)dt) @ v*(P — ®0)v(1 — P)(X) with p(0) = z and (D, +V)p = 0. Moreover, these
are the only solutions in the space L*(Ry, (1 + t2)dt) @ v*(P — ®¢)v(1 — P)(X).

Proof. As in the proof of Lemma 5.6 we work locally with ¢ in the interval [0, M], however, we suppress
the local notations pyy, etc. Take p a continuous function in L?(R, (1+#2)dt) @v* (P —®¢)v(1— P)(X)
with values in dom(D) and compute using the differential equations from Lemma 5.8.

1 ~ 1
OV 1+t2(Rp)(t) =
Y (Bp)(t) TR
Thus (D, + V(t))(Rp)(t) = p(t) and R is injective. The injectivity is first proved locally on [0, M] by
using Lemma 5.5 which easily implies global injectivity. On the other hand if p is smooth and lies in
the domain of D, + V then (D, + V)(p) is continuous and so locally we get:

o ( [ s 1+s2p<s>ds) — p(t) — (D + V(1) (Ro) (1),

(BB + Vo)1) = s /OtHa,s) (/15 20(s)) + VI + 2D+ V())ols)) ds
= [ VIE s - == [ @utte.) VITF s
+ o [ HEVTFED + V)l
= plt) = s H (1. 0)p(0),

where we have again used the differential equations from Lemma 5.8. Applying Lemma 5.5 we obtain
this equation for all p € dom(D, + V). By the estimate on ||H(¢,0)| in the previous lemma, the
function ——~— H (t,0)p(0) is in L>(R, (1+t2)dt) @ v*(P — ®)v(1 — P)(X), and so if p is in the kernel

- V1+t?
of D, + V we have locally and hence globally:
(8) p(t) = (L+3) 12 H(t,0)p(0).

Conversely, with z = p(0) € v*(P — ®g)v(1 — P)(X), Eq. (8) defines a solution as R is injective. [J

Putting together Lemmas 5.6, 5.7, 5.9, we have the following preliminary result.

Corollary 5.10. The kernel of D, +V on L*(Ry, (1 + t2)dt) @ v*v(X) is isomorphic to the right
F-module v*(P — ®o)v(l — P)(X). Consequently

ker(e,((9; + D) @ 12)e,) = ker(€,((9; + D) ® 12)&,) = ker(D, + V) = v*(P — &g)v(1 — P)(X).
Thus we have part of the Index of (e,(D ® 13)e,). To complete the calculation, we compute the kernel

of the adjoint operator e,(—0; + D)e,. We follow an essentially similar path, but must take a little
more care with the extended L?-space &.
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5.4. The kernel of the adjoint. As explained above, we must compute the kernel of the operator

~0+D 0 £ £
ey ( 0 94D > ey as a map from e, ( é ) to ey < P ) . Recall that M (F, A) acts as zero

on the constant Xp-valued functions but the added unit element acts as the identity. Thus for a pair

. I 5 I I é é
5 S ~ = . o C .
of constant functions ( . ) € ( é > we have e, < . > < 0 > Hence e, ( é > - < P >

Forﬁeev<

™y O,

> to be in the domain of e,((—9; + D) ® 12)e, we impose the boundary condition:

1—ovw*)(1—-P 0
( ( 0)( : v*u(1 — P) )5(0):0'

~

o ) € ey < g ) to be in the domain this means that x; must satisfy

0
(1 —vv*)(1 — P)(z1) = 0. However, this is automatic as x; € Xy so that (1 — P)(z1) = 0. Thus the
domain of e, ((—0; +D) ® 12)e, extended to the constant Xo-valued functions (Xo@® Xo)7 is (Xo®0)7.
Of course, the extended operator e,((—0; + D) ® 12)e, is identically 0 here. It is important to note
that: dom(e,((—8; + D) ® 12)ey) C en(€E @ E)L.

For the constant function (

As before we use the orthogonal decomposition of e, to enable separate analysis of the two subspaces:

(& (& o & of €
(§)-5(8) me(§)-2(5)

@(g)=a(G)e (e,

As in the case of e, ((0;+D)®13)e, we have e,((—0; +D) @ 13)e, is one-to-one on €)(E®E)T and so the
kernel there is 0. Since e,((—8; + D) ® 13)e, is identically 0 on €2((1 —vv*)(Xg) ®0)T =2 (1 —vv*)(Xy),
we have the following result.

Now,

Proposition 5.11. The kernel of e,((—0; + D) ® 12)e, restricted to eg ( g ) s 1somorphic to the
right F-module (1 — vv*)(Xo).

These solutions are a rather trivial type of extended solution to the adjoint equation. Next:

- < (-8, +D) 0 >€ < & > [ —ito(=0 + D)o + 506 — hpdvgs
v 0 (—at + D) v &2 (—815 + D)fz - #52 + #U*dvfg '

That is, any vector (p1,p2)” in the range of &,[(9; + D) @ 15]é, satisfies p1(t) = —itv(p2)(t) and as
before, after simplifying,

-1 5 . t2v*dv ~

2

where D, = <m6t oV 1+1t2+ v*vD) and V = e ® (vidv) == Vo ® (v dv).

So in order to compute the kernel of é,[(—0; + D) ® 13]é, acting on the range of é,, it suffices to
compute the kernel of D, + V acting on vectors & € & satisfying v*v(§2) = & and —itv(&) € €£.
As opposed to the T, case, such vectors ; need only lie in the larger space L?(R.) ® v*v(X),
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while &1 (t) = —itv(&(t)) may have a nonzero limit at co in Xy subject to the boundary conditions

P(§2(0)) = &(0).

Again we split L?(R4) ® v*v(X) into the range of 1 ® P and 1® (1 — P). On the image of 1® (1 — P)
we define a two parameter family of bounded operators which will be the integral kernel of a local
parametrix for D, + V on this space. Thus with D standing for (1 — P)D and for t > s > 0, define an
operator on (1 — P)v*v(X) by

0 t t1 tn—1
W(t,s) =el=P 4 Z(—l)”/ / > / eEIPY ()= 2DY (1) .. V (¢, )elln 5Pt
n—1 s Js s

Lemma 5.12. For allt > s > 0 the integrals and the infinite sum defining W (t, s) converge absolutely
in norm. For all t > s > 0 we have (in the operator norm for endomorphisms of v*v(X))

[W(t,s)|| < [[elt=9P| elt=llvdvl,

Moreover W (t, s) satisfies the differential equations

d d
ﬁW(t, s)=(D+V(t)W(t,s), £W(t s)=—-W(t,s)(D+V(s)).
Proof. This is very similar to the proof of Lemma 5.4 so we omit the details. 0

Using these results we construct a local parametrix for (D, + V)(1 ® (1 — P)). For p a continuous
function in L?(R4) ® (1 — P)v*v(X) define

(Op)(t) = —(1+t2)—1/2/0 W (t,$)v/1 + 52p(s)ds.

Observe that (Qp)( ) = 0, and is differentiable, and so if p has range in dom(D) then Q(p) is locally
in the domain of D, + V. As in the proof of Lemma 5.6, Q defines a closable linear mapping locally
on [0, M] on its initial dense domain of continuous functions. All our calculations below are local as
in Lemma 5.6.

Lemma 5.13. In the space L*(Ry) ® (1 — P)v*v(X) the equation (D, + V)p = 0 has no nonzero
solutions and therefore it has no nonzero solutions in the subspace L?(R, (1+t2)dt) ® (1 — P)v*v(X).

Proof. Let p be a smooth function in the domain of (ﬁu +V)(1-P):

(QD, +V)p)(t) = / Wi(t,5) (~0s(VT+ 520(5)) + 1+ 52(D + V(s))p(s) ) ds

/6 1+ s2p(s ))dsm/ (OsW (t, )V 1+ s2p(s)ds
t
/ W(t,s)V'1+s2(D+V(s))p(s)ds

1
Vit Jo
= p(t) — (1L +2)72W(£,0)p(0) = p(t),

-1
\/1+t2

\/1+t2

where, as p has values in the range of (1 — P), we have p(0) = 0. Arguing as in the proof of Lemma

5.6 this implies that (D, + V)(1 — P) is injective on its whole domain. Hence, (D, 4+ V)p = 0 has no
nonzero solutions in L2(Ry) ® (1 — P)v*v(X). O
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Next we split the range of 1 ® P into three pieces, namely
1@ P=[1®@0v"(P—®y)vP] ® [1®v"(1 — P)uP] @ [1 ® v*PguP].

Lemma 5.14. In the subspace L2(Ry) ® v*(P — ®o)vPv*v(X) the equation (Dy + V)p = 0 has no
nonzero solutions and therefore has no nonzero solutions in L*(R.y, (1+t2)dt) @ v*(P — ®g)vPv*v(X).

Proof. First, suppose we have a solution p with p(t) € v*(P — ®¢)vPv*v(X) for all ¢ > 0, and
p € L*(Ry) ® v*(P — ®p)vPv*v(X). Then —itv(p(t)) € (P — ®¢)vPv*v(X) and so if this has a limit
at oo in ®g(X), the limit must be 0. That is, —itv(p) € L*(Ry) ® (P — ®¢)vPv*v(X) and so our
solution p actually lies in the smaller space:

LRy, (1 +t%)dt) @ v* (P — ®p)vPv*v(X).

Arguing as in Lemma 5.7 write p(t) = (1+t2)"'/2¢(t), where o is now an (ordinary) L? function with
values in v*(P — ®¢)vPv*v(X):

(1+ t2)71%<0(t)!0(t)>x%\/ L+ 2(p(t)]p(t)x = (D + V(1)p(t)]p(t)) x + (PP + V())p(t)) x -

Since v*Duv is strictly positive and D is non-negative on v*(P — ®¢)vPv*v(X), we have the estimate
D+V(t) = (1+t2) " (t*v*Dv + D) > rit?/(1 + t2),

where r1 is the first positive eigenvalue of v*Dv on this subspace and therefore

r 2
@i(a(t)la(t»x > 12 fﬂ (p(®)|p(t)) x -

Multiplying by 1 4+ ¢? and integrating from 0 to s gives
S d S
| Gt le@) st = @@y ~ (Ol )y = 21 [ Elp(oloto) s

The right hand side is a nondecreasing function of s, and if p is nonzero, this function is eventually

positive. Thus arguing further as in Lemma 5.7 there are no nonzero solutions p of (D, + V)(p) = 0
in L2(R, (1+t%)dt) ® v*(P — ®g)vPv*v(X), and hence none in L?(Ry) ® v*(P — ®g)vPv*v(X). O

Next, we come to the subspace L?(R;) ® v*(1 — P)vPv*v(X). On this subspace we will define a
local parametrix which is a right inverse, but is not a left inverse, instead providing solutions to our
equation. So for ¢ > s > 0 define G(t, s) (on the module v*(1 — P)vPv*v(X)) by

o0 t oty tn—1
eltmoPe Z(—l)”/ / / (L4 8) - (L4 12)) 7 et P ey eltn =0 Prq,
n=1 S S S

Lemma 5.15. For allt > s > 0 the integrals and the infinite sum defining G(t, s) converge absolutely
in norm. Fort > s >0, G(t,s) is a bounded endomorphism of the module v*(1 — P)vPv*v(X) with
norm bounded by
HG(t, S)H < He(t—s)v*DvH e(t—s)Hv*de < e(t—s)rfle(t—s)uv*dv”’
where r_q 1is the largest negative eigenvalue of D. The family of endomorphisms G(t,s) satisfies the
differential equations
d

LGt,5) = (D+VH)E(5), d%G(t, §) = —G(t5)(D + V(s)).

Proof. The proof of this is very similar to the proof of Lemma 5.8. g



32 A. L. CAREY, J. PHILLIPS, AND A. RENNIE

Now define a local parametrix on continuous functions p by

~

(Rp)(t) := (14 t3)~ /2 /t G(t,s)V1+ s2p(s)ds, pe L*(Ry)®@v*(1— P)vPv*u(X).
0

As in the proof of Lemma 5.6 R defines a closable linear mapping locally on [0, M] on the initial dense
domain of continuous functions. We note that R(p) is differentiable.

Lemma 5.16. For every vector x in the space v*(1 — P)vPv*v(X) there erists a unique element
p € LARy) ® v*(1 — P)uPv*v(X) with p(0) = = and (D, + V)p = 0. Moreover, these are the
only solutions in the subspace L?>(Ry) ® v*(1 — P)vPv*v(X). In fact these solutions p clearly lie in
L*(Ry, (1 +t?)dt) @ v*(1 — P)vPv*v(X) and satisfy lim;_.o —itv(p(t)) = 0.

Proof. We work locally as in the proofs of Lemmas 5.6 and 5.9. Take p a continuous function in
L*(Ry) ® v*(1 — P)vPv*v(X) with values in dom(D) and compute

-1
V1+t2

where we have used the computations from Lemma 5.15. Thus (D, + V(¢))(Rp)(t) = p(t) and R is
injective. The injectivity is first proved locally on [0, M] by using Lemma 5.5 which easily implies
global injectivity. On the other hand if p is smooth and lies in the domain of D, + V then (ﬁv +V)(p)
is continuous and so locally we get:

o/ THE(Rp)) = o ( [ ctsviz 32p<s>ds) — p(t) — (D + V() (Bo) 1),

(R(Dy + V)p)(1)

/ G(t,s) 1+5%p(s)) +V1+ %D+ V(s))p(s)) ds
\/7/ (0:G(t,8)) V1+ s2p(s)ds

—m/o G(t,s)V1+ s2(D+V(s))p(s)ds

= p(t) — (1+1%)7/2G(¢,0)p(0),

where we have again used the derivative computations from Lemma 5.15. Applying Lemma 5.5 we
get this formula for all p € dom(D, + V).

\/1+t2

1+ 5%p(s))

m/a

Now if p is in the kernel of ﬁv + V we have locally and hence globally

(9) p(t) = (1+3)712G(t,0)p(0),

and this lies in L?(R4) ® v*(1 — P)vPv*v(X) by the estimate:
1G(2,0)] < et etan™ Ol dv]

where r_1 is the largest negative eigenvalue of D on the subspace. Conversely, given any vector
p(0) € v*(1 — P)vPv*v(X), Equation (9) defines a solution since R is injective. O

Finally we need to consider the subspace L?(R.) ® v*®ouP(X). This subspace gives rise to extended
solutions. That is, the solutions we seck here are the second components & of a solution & = (£1,&)7
in e, (£ ®E)T C (£ E)T to the equation e,(—d; + D)e,& = 0, where & € € satisfies & = —ivtéo.
Hence, a true extended solution (one where & ¢ £) comes from those & which behave like (14 2)~1/2
as t — oo. With this reminder, we have
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Lemma 5.17. For every vector x € v*(®g)vP(X) there exists a unique solution to the equation
(Dy + V)p = 0 in the space L*>(R) ® v*(®o)vP(X) with p(0) = x. Moreover, every solution in this
space is of the form p(t) = (14 t2)~1/2e~(tan" (O)v"dv () g

(1) lim —ito(p(t)) = —ive ™/ ®(p(0)) € By(X) and

(2) t»—>(—z’vtp(t)+ive_(7r/2)”*d”(p(0)) is in L*(Ry) ® v*(Pg)vP(X).

Proof. We define a local parametrix for p a continuous function in L2(R.y) ® v*(®¢)vP(X) by

fa —1 —1 * t —1 *
(Ep)(t) — e—(tan ()v*dv e(tam (s))v*dv 1+ 82p(8)d8.
V1+t2 0

We observe that (Ep) is differentiable and satisfies (Ep)(0) = 0. To show that this a parametrix, first
use v*dv = v*Dv — v*vD to rewrite
1

W’U*d’l}.

~ -1
Dy+V=——no=x=OV1+t2+v"Dv —
! Vitiz !

As v*Dw acts as zero on v*Pgv(X), this reduces on v*®yv(X) to

- 1 1
Dy +V=-oaeeoV/1+t2 — ——v*dv.
Y s RO L oL

Applying \/%8“/ 1+t E (p) and using the product rule gives

-1 ~ 1 1 nerde [ Sy
- /1+t2 E H=—""9 < —(tan=1(t))v dv/ (tan=1(s))v*dv 1+ 2 d >
m t ( p)( ) m t | € 0 € S p(S) §
vidv | ~
=p(t) - W(EP)@)-

Thus (D, 4+ V)(Ep) = p locally for continuous functions As in previous cases E is locally a closable
operator and so by Lemma 5.5 we get that (D, + V)(Ep) = p locally for all p in the domain of E.
Hence, E is globally injective. Integration by parts for smooth p in the domain gives

(E(Dy+ V)p)(t) = plt) — (1 +12) 712 tan = (00 dv (),
Applying Lemma 5.5, we get this equation for all p € dom(ﬁv + V). Hence if p € ker(ﬁv + V') we have
p(t) = (1+ t2)71/267tan_l(t)v*dvp(o).
On the other hand if x € v*(®g)vP(X) and we define p by this equation with p(0) = x then we have

a solution of (D, + V)(p) = 0 in the space p € L2(Ry) ® v*(Pg)vP(X). Since for each t > 0 we have
p(t) € v*®ov(X), we also have —itv(p(t)) € Pov(X) C ®o(X), and therefore:

Jim —ito(p(t)) = —ive /2% (p(0)) € o (X).

It is an exercise to check that ¢ — (—ivtp(t) + ive= (/2% (p(0)) is in L2(R4) @ v*(®o)vP(X). O

Putting together Proposition 5.11 and Lemmas 5.13, 5.14, 5.16, 5.17, we have the following.
Corollary 5.18. The kernel of (D, + V) on L2(Ry) ® v*v(X) is isomorphic to the right F-module
ker(Dy, 4+ V) 2 [v*(1 — P)uP(X)] ® [v* ®ovP(X)],

where the first summand consists of ordinary solutions in L*(Ry, (1+t2)dt) @v*v(X), while the second
summand consists of extended solutions whose second component is in L*(Ry)®v*v(X). Consequently,
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taking into account the (trivial) extended solutions of Proposition 5.11, (1 — vv*)®¢(X) we have the
full kernel

ker(eo (=0 + D) @ 1a)ey) = [v*(1 — PYwP(X)] @ [v*BguP(X)] ® [(1 — vo*)Bo(X)).

5.5. Completing the proof of Theorem 5.1. Consider the pairing of ( (1) 8 ) with 9y + D.

Examining our earlier parametrix computations shows that d; + D with boundary condition P has no
kernel, while —0; + D with boundary condition 1 — P has extended solutions: the constant functions

with value in X(y. The projection onto these extended solutions is ®¢ and Index(d; + D) = —[Xo).
Since the mapping cone algebra is nonunital, we can not just pair with the class of e,, but must pair
10

with [e,] — | >] We have computed the pairing of (X, D) with both these terms, and so we

00
have the following intermediate result:

10

00
Index(ey, (0 + D)ey) — Index(0; + D) = Index (e, (0 + D)ey) + [Xo)

= [P =®0)v(1 - P)(X)] = [v*(1 = P)oP(X)] = [v"@ovP(X)] - [(1 — vv")(Xo)] + [Xo]
[v" Po(l — P)(X)] - [v*‘1>ov(1 = P)(X)] = [v"(1 = PoP(X)] = [v*@guP(X)] + [vv"(X)o]

[v*Po(1 = P)(X)] = [v"(1 = P)oP(X)] = [v"®ouv(X)] + [vv*(Xo)]

[v" Po(1 — P)(X)] = [v"(1 = P)oP(X)].

Proposition 5.19. The pairing of [e,] — [( >] with (X, D) is given by

The last line follows because w = v*®q is a partial isometry with ww* = v*®gv and w*w = Vv* Py,
showing that the modules defined by these projections are isomorphic.

Now we can finalise the proof of the Theorem by computing the index of
PvP :v*vP(X) — vv*P(X),
where P is the non-negative spectral projection for D. The kernel of PvP is given by the set
{€ e v'vP(X) v € vv*(1 - P)(X)=(1-Ph(X)} =Pv*(1 - P(X),
while the cokernel is given by
{{€evw'P(X)=Pv(X):{=wvn, nevv(l—P)(X)}=(1-P)v*Pv(X).
Thus
Index(PvP) = [Pv*(1 — P)v(X)] — [(1 — P)v*Pv(X)] € Ko(F).
Hence
Index(PvP : v*vP(X) — vw*P(X)) = — (Index(e, (9, + D)e,) — Index (0, + D)),
and the proof of Theorem 5.1 is complete.

sokosk sk skofok ok sk ook ok sk sk ko k sk sk ok ok sk sk skokok sk sk kool ok ok ok

Remark When [D, v*dv] = 0, enormous simplifications occur in the preceeding analysis. In this case
one can verify that for the equation D, + V in v*v€, a solution of p = (D, + V)& vanishing at zero is
given by

v*dvtan~1(t) t

e—v*Dv(t—s) /1 + Sge—v*dvtan_l(s)p(s)ds
Vi+ez Jo ’

£(t) =
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and we require p € v*(P — ®()v€. This formula can be obtained by performing the sums and integrals
in the definition of our more general parametrix. Similar comments apply to the other cases.

In the next section we apply Theorem 5.1 to graph algebras and the Kasparov module constructed
from the gauge action in [15]. We will see that in this case we can always assume that v*dv commutes
with D, so that we are in the simplest situation described above.

6. APPLICATIONS TO CERTAIN CUNTZ-KRIEGER SYSTEMS

For a detailed introduction to Cuntz-Krieger systems as graph algebras see [20]. A directed graph
E = (E° E' r,s) consists of countable sets E° of vertices and E' of edges, and maps r,s : E* — E°
identifying the range and source of each edge. We will always assume that the graph is locally-
finite which means that each vertex emits at most finitely many edges and each vertex receives at
most finitely many edges. We write E™ for the set of paths u = pjpz - - - py, of length |u| := n; that is,
sequences of edges p; such that 7(y;) = s(ps41) for 1 <4 < n. The maps r, s extend to E* := |J,,~o E"
in an obvious way. A sink is a vertex v € E? with s7!(v) = (), a source is a vertex w € E? with
r~1(w) = () however we will always assume there are no sources.

A Cuntz-Krieger E-family in a C*-algebra B consists of mutually orthogonal projections {p, : v €
E°} and partial isometries {S, : e € E'} satisfying the Cuntz-Krieger relations

SiSe = Pre) for e € E' and p, = Z Se S whenever v is not a sink.
{e:s(e)=v}
There is a universal C*-algebra C*(FE) generated by a non-zero Cuntz-Krieger E-family {Se,p,} [11,
Theorem 1.2] . A product S, := 5,5, ...S,, is non-zero precisely when p = pips - - - 1, is a path in
E". The Cuntz-Krieger relations imply that words in {S,, S}} collapse to products of the form 5,5
for p, v € E* satisfying r(1) = r(v) and we have

(10) C*(F) =span{S,S, : p,v € E* and r(p) = r(v)}.

There is a canonical gauge action of T on A := C*(E) determined on the generators via: 7, (py) = py
and 7,(Se) = 2Se. Because T is compact, averaging over v with respect to normalised Haar measure
gives a faithful expectation ® from A onto the fixed-point algebra F = A7:

P(a) : ! /’yz(a)dﬁ for a € C*(E), z=¢".
T

As described in [15], right multiplication by F' makes A into a right (pre-Hilbert) F-module with inner
product: (a|b)gr := ®(a*b). Then X denotes the Hilbert F-module completion of A in the norm

lall% = ll(ala)rllF = |®(a"a)l| -

For each k € Z, the projection ®; onto the k-th spectral subspace of the gauge action is defined by

1 .
D (x) / 2Ry (2)d, z=€Y zeX.
T

T or

The generator of the gauge action on X, D = ), _, k®;, is determined on the generators of A = C*(F)
by the formula

D(5a53) = (|l = 181)SaS5-

The following result is proved in [15].
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Proposition 6.1. Let A be the graph C*-algebra of a directed graph with no sources. Then (X, D) is
an odd unbounded Kasparov A-F-module. The operator D has discrete spectrum, and commutes with
left multiplication by F C A. Set V.="D(1 +D?)~'/2. Then (X,V) defines a class in KK'(A, F).

We are going to investigate relations in Ky(M(F, A)). As graph algebras are generated by partial
isometries in A with range and source in F, so Ko(M(F, A)) contains a lot of information about A
and the underlying graph. The main result of Section 5 will give us more information.

Proposition 6.2. Let A be the graph C*-algebra of a locally finite directed graph. Let o = ajag -+ - g
be a path in the graph, and S, the corresponding partial isometry in A. If p is also a path let P, = S,,.5),.
Then in Ko(M(F, A)) we have the relations
o —1
[SQPI-L] = Z [SajSaj+ISaj+2 U SanP#S;n e S;j+2S;j+1] + [SCY|O¢‘P,M]7
j=1

(5453 = [Sa] — [S5]. . 5 paths.

Proof. This proceeds by induction on |af. If [a| = 0 then [S,] = [py(o)] = 0 and if |a| = 1, there is
nothing to prove. So suppose the relation is true for all a with |a| < n. Let a be a path with |a| =n
and write & = aay, where || =n — 1. Then

[SaPu] = [SaSanPul = [SaSanPuSsh, SanPu] = [SaSanPuSy, |+ [Sa,Pu] by Lemma 3.3
|a|—2
= Z [Sar; Setj i Sessn S PuSi, -+ S S ]+ [Saja 1 SanPuSh, ] + [San Pl

Qj+2 7 QG +1
the last line following by induction. The application of Lemma 3.3 requires
(SQSanPMSZn)*(SgsanPuSZln) = SanP#S;" = (Sanpu)(sanpu)*-
The second relation follows from Lemma 3.3 also, since S350 = pr(a) = S593. 0

Lemma 6.3. Let A be the graph C*-algebra of a locally finite directed graph E with no sources. Then
for all edges e € E', the class [Se] € Ko(M(F, A)) is not zero. Similarly if r(e) = s(a) then [SePy] # 0.

Proof. The assumptions on the graph ensure the existence of the Kasparov module (X, D) constructed
from the gauge action. The pairing ([S.P,], [(X,D)]) is given by [ScPaS;i®o| = [ScPaSk] € Ko(F),
where ®( is the kernel projection of D, whose range is the trivial F-module F'. This class is nonzero
since F'is an AF algebra, and so satisfies cancellation. O

Remark. The hypothesis of ‘no sources’ was introduced so that we could use the nonzero index
pairing to infer nonvanishing of the class [S.P,]. This restriction may be loosened provided we use
other ways of deducing the nonvanishing. For instance, if the class [P,] — [SePaSy] = evi([SePal) # 0
in Ko(F), then the class [S.P,| cannot be zero. On the other hand, if [P,] = [SePaS:] in Ko(F'), then
since F' is AF, there exists a partial isometry v € F' such that S.P,S} = vv* and P, = v*v. Then
u = 1—Py+v*S. P, is a unitary, and so defines a class in K;(A). Since the map K;(A) — Ko(M(F, A))
is an injection, and takes [u] to [SeP,], we would know that [S.P,] # 0 if we knew that [u] # 0.

Corollary 6.4. Let A be the graph C*-algebra of a locally finite connected directed graph with no
sources. Two nonzero classes [SeP,], [StPa], with e, f edges in the graph and o an arbitrary path, are
equal if and only if r(e) = r(f). Two nonzero classes [Se|, [S¢], r(e) a sink, are equal, [Se] = [S¢], if
and only if r(e) = r(f).
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Proof. Suppose that r(e) = r(f), and that [S.P,] # 0 (otherwise there is nothing to prove). Then as
SePaS;Z € I’ we have
0 = [SePaS}] = [SePal — [SyPal,

by Lemma 3.3. Conversely, if 7(e) # r(f) at least one of these classes is zero.

For the second statement we observe that if r(e) = r(f) then S.S} is nonzero, and then [S] =
[SeSF] + [S¢] = [Sy] by Lemma 3.3. If r(e) # r(f), we suppose [Se] = [S¢], for a contradiction, and
compute the index pairing with the Kasparov module (X, D) constructed from the gauge action. The
pairing is given by

([Se], (X, D)]) = —[SeSc] = —[9¢S7] = ([S4], [(X, D))).
Hence the class of S¢S in Ko(F) (F is the fixed point algebra) coincides with the class of SyS7.

Since F' is an AF algebra, there exists a partial isometry v € span{S,S; : |u| = |v|} such that
SeS¢ =vSySyv*. Thus

Pr(e) = SevSy Spv*Se = ch@S;‘S#jSﬁj Sy 535,55, S

Vi A €
J

Here the paths ji; start from s(e) and end at some vertex v;, while the corresponding path v; starts
from s(f) and ends at the same vertex v;. Moreover there is at least one path u; with S;S,. # 0 so
Wi = eftj, - - - [, , where |u;| = k. However, r(e) is a sink, so any such path is of the form p; = e. This
forces the length of the corresponding v; to be 1, and v; = f. The only way the product S, Sjj = SES;Z
can now be non-zero is if r(e) = r(f), contradicting our assumption. O

Corollary 6.5. Let A be the graph C*-algebra of a locally finite connected directed graph with no
sources. Then if two partial isometries of the form [S],[Sf] satisfy [Se] = [Sf] € Ko(M(F, A)) then
there ewists a partial isometry p in F' such that pSe = Sy and p*pSe = Se = p*Sy.

Proof. The required partial isometry p is S;S;. The remaining statements are immediate. g

Lemma 6.6. Let E be a row-finite directed graph. Then the group Ko(M(C*(E)Y,C*(E))) is generated
by the classes [ScP,|, where e is an edge and « is a path.

Proof. Let [v] € Ko(M(C*(E)Y,C*(FE))) and consider
ev[v] = [v*v] — [vv*] € Ko(C*(E)7).

Now Ko(C*(E)7) is generated by the classes [p,], p, = 5,5}, where p € E* is a path, [14]. As C*(E)”
is an AF algebra, there are partial isometries W, Z over C*(E)” such that

(11) W*W =v'v, WW*=> p,, ZZ'=w*, Z°Z=> py,,

J k
and [v] = [Z*vW*]. The latter follows because Z, W are partial isometries over F' and so represent
zero, while [Z*vW™*] = [Z*]+[v]+[W*]. In Equation (11) the sums are necessarily orthogonal, and may

be in a matrix algebra over C*(E)?, and some zeroes (place-holders to make the matrix dimensions
equal) may have been omitted from the sums. Observe that ev.[Z*oW?*] = > [py,| — > ;[py;]- By
considering py, Z*vW*p,,; we may suppose without loss of generality that we have only one summand
so that WW* = p,, and Z*Z = p,. Then

evi[ZTvW™S,S)] = [p] — [py] = 0.

Hence [v] = [Z*vW?*] = [S, S]] modulo the image of i., and Lemma 6.2 completes the proof for
[v] & Image(i.). Observe that S, S}, # 0 (and so r(u) = r(v)) is a consequence.
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In the case ev,[v] = 0, so that [v] € Image(i,) we observe that there is a partial isometry X over
C*(E)7Y such that X*X = v*v and X X* = vv* so that 1 — v*v + X*v is unitary. Then, again since all
partial isometries are over F',

[v] = WX oW"] = WX*ZZ*oW*| = WX*ZS,S}]| = i.[1 — p, + WX*ZS, S]]
gives a unitary representative of v. Since i.[1 —p, +WX*ZS, S]] = [S,S}], Lemma 6.2 completes the
proof. ]
The structure of K1 (M (F, A)) is even simpler.
Lemma 6.7. If E is a row-finite directed graph, A = C*(E) and F = C*(E)", then K;1(M(F,A)) = 0.

Proof. The exact sequence 0 — A ® Cy(0,1) —» M(F,A) - F — 0 and K;(F) = 0 yields

(12) 0= K1(4) — Ko(M(F, 4)) 5 Ko(F) — Ko(A) — K\ (M(F, 4)) — 0.
By Lemma 3.1, the map Ky(F) — Ky(A) is induced (up to sign and Bott periodicity) by inclusion
j : F'— A. This map is surjective on Ky by [14][Lemma 4.2.2], and so K;(M(F,A)) = 0. O

In [14], the K-theory of a graph algebra C*(FE), where E has no sources or sinks, was computed as
the kernel (K1) and cokernel (Kj) of the map given by the vertex matrix on ZE" (there are subtleties
when sinks are involved). The proof of this result involves the dual of the gauge action and the
Pimsner-Voiculescu exact sequence for crossed products. In Equation (12), we see the K-theory again
expressed as the kernel and cokernel of a map, but this time it arises with no serious effort. The
difference of course is that the groups Ko(M(F, A)) and K(F') are in general harder to compute.

While the map ev, : Ko(M(F,A)) — Ko(F) is neither one-to-one nor onto in general, we can deduce
that the two groups Ko(M (F, A)) and Ko(F') are in fact isomorphic in a wide range of examples. We
let (X, D) be the APS Kasparov module arising from the Kasparov module (X, D).

Proposition 6.8. Let A be the graph C*-algebra of a locally finite connected directed graph with no

sources and no sinks. Then the map Indexp : Ko(M(F, A)) — Ko(F) given by the Kasparov product
with the Kasparov module of the gauge action is an isomorphism.

Proof. First the index map is a well-defined homomorphism, [10]. We begin by showing that the index
map is one-to-one. So suppose that we have edges e, g and paths «, 3 in our graph (with no range a
sink), and suppose that Indexz([SeP.]) = Index;([SyPs]). A simple computation using Theorem 5.1
yields

Indexp ([SePu]) = [SePaS;] = [SyPpS;] = Indexs([Sy Pgl).-
As F' is an AF algebra, we can find a partial isometry v in F' such that

SePoS; = vSyPgSyv*.
Then setting w = P, S;vSyP3 # 0 we have
P, = ww* = wPgw* and Pz =w'w = w*Pyw.
We will use Lemma 3.3 below and need to check that some partial isometries have the same source
projections. First observe that (S.PywPg)*(SePywP3) = Pg = w*w, so
[SePo] = [Se PawPaw™] = [Se PawPg| 4 [w*] = [Se PawP3| = [SePaS;vSyPgl,

the second last last equality following since w is a partial isometry in F. Now since (S,P3)(SqP3)* =
SgP3S; and (SePoSiv)* (SePuS;v) = SgPsS;, we can apply Lemma 3.3 again to find

[SePa)] = [SePaScvSgPg] = [SePaScv] + [SgPs) = [SgPs).
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Thus Indexy is one-to-one. Now supposing that our graph has no sinks, every class in Ko(F) is a
sum of classes [p,] = [S.S}], where y is a path in the graph of length at least one. For a given
W= 1 ), define @ = pg -+ -y, Then it is straightforward to check that

Indexy ([Su57]) = [pul-
Hence the index map is onto and we are done. ]
Observe that this does not mean that the K-theory of the graph algebra is zero! The evaluation map

and the index map are very different. For the Cuntz algebra O,, n > 2, for example, the fixed point
algebra has K-theory Ko(F') = Z[1/n] and so we have

evu([Su]) = [1] = [SyS3] ~ 1= o = (¥ = 1),
with ker(ev,) = K1(0O,,) = 0 and coker(ev,) = Ky(O,,) = Z,—1. The index map gives us
lpl—1
Index;([Sy]) = Z (S5, ®;].
=0

This equality follows from Theorem 5.1, and to determine the right hand side more explicitly, set
H = fj41- - pyy and define the partial isometry W = 5,55®. Then WW* = 5,5,®; and W*W =
SpS;®o. Thus in Ko(F) we have

|1 lp|—1 |1 |1 , a1\ 1
Indexp([S,]) = Z [S,55®;] = Z [SpSado] = Z [SuSa] ~ Z n—(nl=5) — — |
=0 =0 =0 7=0

The evaluation map and the mapping cone exact sequence gives us Ko(M (O}, 0,)) = (n — 1)Z[1/n]
(those polynomials all of whose coefficients have a factor of n — 1) which is of course isomorphic to
Z[1/n] =2 Ky(F) as an additive group.
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