arXiv:math.OA/0701326v1l 11 Jan 2007

KK-THEORY AND SPECTRAL FLOW IN VON NEUMANN ALGEBRAS

J. KAAD, R. NEST, A. RENNIE

Institute for Mathematical Sciences, University of Copenhagen
Universitetsparken 5, DK-2100 Copenhagen, Denmark
Abstract

We present a definition of spectral flow for any norm closed ideal J in any von Neumann algebra
N. Given a path of selfadjoint operators in N which are invertible in N/J, the spectral flow
produces a class in Koy(J).

Given a semifinite spectral triple (A, H,D) relative to (N,7), we construct a class [D] €
KK'Y(A,K(N)). For a unitary u € A, the von Neumann spectral flow between D and u*Du is
equal to the Kasparov product [u]©4[D], and is simply related to the numerical spectral flow,
and a refined C*-spectral flow.
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1. INTRODUCTION

The theory of analytic spectral flow has received a great deal of attention in recent years, with
significant progress being made by many authors, 2, 4] [, 9] 10], 22| 23] 24, 27]. The article [27]
contains a much more detailed review of other aspects of spectral flow.

Here we take a slightly different tack, replacing numerical measures of spectral flow by K-theory
valued measures, as in [I8, 27]. The advantages of this approach are the great generality in
which it can be defined, and its compatibility with the various numerical notions.

This compatability yields constraints on the possible values of spectral flow, which, for example,
in the semifinite setting of |22, 23], is a priori any real number. Our description of spectral
flow allows one to factor through a K-theory group, and so constrain the possible values of the
spectral flow. The more refined we can be about the target K-theory group, the more refined
our information.

We define von Neumann spectral flow for any norm closed ideal J in any von Neumann algebra
N. Given a path of selfadjoint operators in N which are invertible in N/.J, we obtain a class in
Ky(J). In order to be able to work in such a general context, we need to develop a Ky(.J)-valued
index theory for any such pair NV, J. Such an index theory is developed in Section [2, and then
in Section [3] we define and study the von Neumann spectral flow. We then follow the approach
of [22] 23], defining spectral flow in terms of relative indices of projections.

A closely related idea which we introduce is a von Neumann spectral triple, modelled on the
definition of semifinite spectral triples, but valid for any von Neumann algebra N and ideal J.
We show that such a triple defines a Kasparov class, and relate the spectral flow to Kasparov
products.

In particular, every semifinite spectral triple represents a K K-class, just as ordinary spectral
triples represent K-homology classes. This extends the observed relation in [18| [19].

In Section 5 we discuss the consequences of refining our target K-theory group to Ky(B), where
B C J is a o-unital subalgebra. We show that this can always be done for a von Neumann
spectral triple, and so we can define a C*-spectral flow. We relate this spectral flow to our
previously defined von Neumann spectral flow.

Section 6 relates both von Neumann and C* spectral flow for a semifinite spectral triple to the
numerical spectral flow obtained from a trace.

The Appendix summarises some results from K K-theory that we require, and proves an explicit
formula for certain odd pairings in K K-theory, which plays a key role throughout the paper.

Acknowledgements It is a pleasure to thank Alan Carey and John Phillips for many helpful
conversations about spectral flow.

2. K-THEORY-VALUED VON NEUMANN INDEX THEORY

Throughout this section, we let N be a von-Neumann algebra acting on a Hilbert space H and
let J be a norm closed ideal in N. Let 7 : N — N/J be the quotient map.
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In all the following, we will distinguish between the kernel of an operator S : H — H called
ker(S) and the projection onto the kernel called N(S) € L(H). Likewise we have the image of
S, Im(S) and the projection onto the norm closure of Im(.S), denoted R(S) € L(H). If S is in
N then N(S) and R(S) are in N also.

For any two projections p, ¢ € L(H) we denote the projection onto Im(p)NIm(q) by pNg € L(H).
If pg € N and S € N’, then Sp = pS and Sq = ¢S thus SpNqg =pnNgS. It follows easily that
pNqgée N"=N.

We recall some facts about the polar decomposition of an operator. Let S € N. The partial
isometry u € N from the polar decomposition of S is called the phase of S. The phase of S
has the following properties
ulS| =S S* = u*|S*|
uu* = R(u) = R(5) u*u = R(u*) = R(S*)
1 —wu*= N(u*) = N(S*) 1—u*u= N(u)=N(5)
See [12, Appendice III| for more details. Since K-theory is well-defined for non-separable C*-

algebras, we can ask what the generalised index map in K-theory gives us for an invertible in
the ‘Calkin algebra’ N/J.

Lemma 2.1. Let [7(S)] € K1(N/J) be a class in K1(N/J) represented by the unitary w(S5),
where S € M, (N) for some n € N. Then
O[m(9)] = [N(S)] = [N(57)] € Ko(J),

where 0 : K1(N/J) — Ko(J) is the boundary map in K-theory. See for instance |3, Definition
8.3.1].

Proof. The algebra M, (N) = M, (C)® N is a von-Neumann algebra acting on the Hilbert space
" H so S can be polar decomposed in M, (N). Let u € M,(N) be the phase of S. Now, u is
a lift of w(S) since
m(S) = w(ulS|) = m(u)m(5*8)"? = 7 (u)
And we conclude from the definition of the boundary map, 3|, 14}, 26], that
O[m(9)] = [1 = w'u] = [ —wu’] = [N(5)] = [N(57)]

as claimed. O

The generic situation where the index of an operator S is relevant for applications is when
S : Hy — H,. Even to define ‘odd’ index pairings one requires such operators. Thus one must
consider operators not in a von Neumann algebra /N, but in a skew-corner ¢Np where p,q € N
are projections. This situation was first considered in [11] for semifinite von Neumann algebras.
The following definition generalises the semifinite notion of Fredholm.

Definition 2.2. Let p,q be projections in N. Then S € qNp is a (g-p)-Fredholm operator if
there exists a T, R € pNq such that

m(TS)=n(p) and w(SR)=m(q)

Since 7(T) = m(T'SR) = n(R), we can choose R = T. The operator T is called a parametrix
for S.



4 english]. KAAD, R. NEST, A. RENNIE

Remark 2.3. Suppose we have an operator S € gNp. Then
N(IS)Np=N(S)p and N(S*)Ng= N(S")q
This follows immediately since
(1 =p)N(S) = (1 =p) = N(S)(1 —p) = pN(S) = N(S)p
so N(S)Np= N(S)p. Similar comments apply to the projections N(S*) and q.

Lemma 2.4. Let S € ¢qNp and let w € N be the phase of S. Then u € ¢Np and we have the
identities

p—uu=N(S)—(1-p)=N(S)Np

qg—uu* =N(S")—(1—¢q)=N(S")Ng.
Furthermore if S € qNp is a (q-p)-Fredholm operator then w(u*u) = w(p) and 7(uu*) = 7(q).
In particular u is (q-p)-Fredholm and N(S)Np, N(S*)Nqg e J

Proof. First, u is in ¢Np since (1 — p)H C Ker(S) = Ker(u) and Im(u) = Im(S) C ¢H. Next,
(1 =p)N(S) = (1 —=p) so N(S) = (1 —p) = N(5) = N(S)(1 = p) = N(S)p = N(5) Np by
Remark 23] The statement concerning N(S*) and ¢ is proved in the same way.

Now, suppose that S € gNp is a (¢g-p)-Fredholm operator with parametrix 7 € pNg. Then
S*S € pNpis a (p-p)-Fredholm operator with parametrix 77* € pNp. This means that 7(S*S)
is invertible in the C*-algebra w(p)N/J7(p). Similarly 7(SS*) is invertible in the C*-algebra
7(q)N/Jr(q) Clearly, then the phase u € qNp of S € ¢Np is a lift of 7(S)7(S*S)~1/2 €
m(q)N/Jm(p). This allows us to deduce the identities

m(u*u) = m(8*S) V2w (S*S)w(S*S)~ Y2 = 7(p) and
m(uu*) = 7(S)w(S*S)"Ir(S*) = 7(q)
as desired. U

The result allows us to make the following definition.

Definition 2.5. Let S € ¢Np be a (q-p)-Fredholm operator. We define the (¢-p)-index of S as
the class
Ind(gp)(S) = [N(S) Np] = [N(57) Ng]

Let S € g¢Np be a (g-p)-Fredholm operator and let v € gNp be the phase of S. The triple
(p,q,u) is a relative K-cycle and thus defines the class [S] := [p, ¢, u] € Ko(N, N/J) in relative

K-theory. The relative K-theory Ko(N, N/J) is related to the K-theory of the ideal Ky(J)
through the excision map

Exc: Ko(J) — Ko(N,N/J)

as defined in [I4, Definition 4.3.7|. The excision map is an isomorphism, [14, Theorem 4.3.8|.
In the next theorem we will see that the (¢g-p)-index of S is simply the inverse of the excision
map applied to the class [S] € Ko(N, N/J). Many properties of the (g-p)-index will thus follow
immediately, and we will state the ones we need as corollaries.
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Theorem 2.6. Let S € ¢Np be a (q-p)-Fredholm operator and let u € ¢Np be the phase of S.
Then the identity

Exc™'[S] = Ind,.,(S)
is valid in Ko(J)
Proof. We can express the class [S] € Ko(N, N/J) as a sum of classes
[S] = [p,q,u] = [p — u'u,q — uu*, 0] + [u*u, uu*, u
The relative K-cycle (u*u, uu*, u) is degenerate so actually
[S] = [p — u*u,q — uu*, 0]

The projections p — u*u = N(S) Np and g — uu* = N(S*) Nq are in J by Lemma 2.4] so

Exc™'[S] = [p — u*u] — [¢ — vu*] = Ind,,(S)
as desired. m

Corollary 2.7. Let Sy € ¢Np and S; € ¢Np be (q-p)-Fredholm operators. Suppose that there
is a norm-continuous path of (q-p)-Fredholm operators connecting Sy and Sy. Then

Ind(q_p) (So) = Ind(q_p) (51)

Proof. Let t — S, € ¢Np be the norm-continuous path connecting Sy and S;. The norm-
continuous path ¢ +— 7(S,)7(S;S,)"Y? € w(q)N/J7x(p), where the inverse is in w(p)N/Jx(p),
lifts to a path ¢ — v, € ¢N/Jp such that (p,q,v;) are relative K-cycles for all ¢ € [0, 1], [14]
Lemma 4.3.13]. If uy € ¢Np and u; € ¢Np are the phases of Sy and S; respectively, then
m(ug) = m(vg) and m(uy) = w(v1) so we have the identity
[SO] = [p7Q>u0] = [p>qavO] = [p>qavl] = [p7Q>u1] = [Sl]
in Ko(N,N/J). It thus follows immediately by Theorem 2.6 that
Ind 4 (So) = Exc™'[Sp] = Exc™'[S1] = Ind ) (S1)
as desired. m

Corollary 2.8. Let S € ¢Np be a (q-p)-Fredholm operator and let T € rNq be an (r-q)-
Fredholm operator. Then T'S is an (r-p)-Fredholm operator and

Ind(T_q) (T) + Ind(q_p)(S) = Ind(r_p)(TS)

Proof. Let v € rNq, u € ¢Np and w € rNp be the phases of T, S and T'S respectively. From
the calculation

(TS (S*T*TS)~1/?
W(T)W(SS*T*T)—1/27T(S)
(T)W(T*T)_1/271'(5)7'((5*5)_1/2
(

vu)

m(w)

I
S

we deduce the identity [p, r,vu] = [p,r,w] in Ko(N, N/J).
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Summing the classes [T] and [S] in Ko(N, N/J) we get
[T+ 5] = lg,r, vl + [p, ¢, u] = [p,r,vu] = [p, r,w] = [T'S]
where the second equality follows from the relations in Ko(N, N/.J).
This allows us to conclude that
Ind()(T) + Ind(g) (S) = Exc ™' [T] + Exc ' [S] = Exc ' [T'S] = Ind(, (T'S)
as desired. 0

Let N be a semifinite von Neumann algebra equipped with a fixed normal, semifinite, faithful
trace 7. Let Ky be the 7-compact operators as defined in Definition All projections in
ICn have finite trace by Theorem Applying the homomorphism 7, : Ko(Ky) — R from
Theorem to the main theorems of this section we obtain some of the important results from
Breuer-Fredholm theory, [2, 5 [6], 8 @, 10, 11], 22] 23] 24].

3. VON NEUMANN SPECTRAL FLow

3.1. Basic Definitions and Properties. Having set up the appropriate index theory for Fred-
holm operators in skew-corners pNg, [11], we now analyse spectral flow. This is associated with
odd index pairings, and so self-adjoint operators. Specialising our definition of p-¢-Fredholm to
the case p = ¢ = 1 we have the following.

Definition 3.1. An operator T' € N is said to be J-Fredholm if m(T) is invertible in N/J. The
space of J-Fredholm operators is denoted by F. The space of selfadjoint J-Fredholm operators
1 denoted by Fs,

Let x : R — R be the indicator function for the interval [0, 00) defined by

1 t €[0,00)
x() :{ 0 te ([—oo,())

The following lemma was first proved in |2, Lemma 4.3] in the semifinite context. In fact it
makes sense and is true in the more general context considered here. We quote the statement
and proof for completeness.

Lemma 3.2. Let T € F,, then 7(x(T)) = x(«(T)).

Proof. Note that x (7 (7)) makes sense since 0 ¢ Sp(w(T)) thus we can find an € > 0 such that
the interval [—¢, €] is included in the resolvent set of m(7"). Now define the continuous functions
fi:R—=R

0 t € (—o0,—¢]
fAt)=<et+1 t € [—¢,0]
1 t €]0,00)
and f, : R — R by
0 t € (—o0,0]
fot)y=<e t €0,¢]

1 t € le,00)
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So fi = x = fo on Sp(xw(T)) while f; > x > fo on Sp(T'). Thus
X(W(T)) =h (W(T)) = W(fl(T)) > W(X(T)) > W(fz(T)) = /2 (W(T)) = X(W(T))
yielding x (m(T)) = w(x(T)) as desired. O

Lemma 3.3. Let t — B; be a norm continuous path in Fs,. Then t — X(T{'(Bt)) s a4 norm
continuous path in the C*-algebra N/J.

To prove this lemma we need a general result from the theory of C*-algebras. The result is
probably well-known to the experts, but as we could not find a reference, we include a proof.

Lemma 3.4. Let A be a C*-algebra and let U be an open subset of R. Denote by A,, the real
subspace of selfadjoint elements with the induced topology from A. Then the set

{a € Asa|Sp(a) C U}

is open in Ag,

Proof. Let a € Ay, with Sp(a) C U. The function dist(-,U¢) : C — [0, 0o defined by
dist(\, U®) = inf{|A — p| | p € U}
for all A € C is continuous. It attains thus its minimum on the compact set Sp(a). Furthermore

for A € Sp(a) we have dist(\, U¢) > 0 because A ¢ U¢ = U¢, so the minimum is strictly positive.

Set
o dist(Sp(a), U¢)  inf{|]A — u|| A € Sp(a), p € U} -0
B 2 B 2
Now take b € Ay, with ||b—al| < 5 and suppose for contradiction that there exists a A € Sp(b)

with

B:(A\) NSp(a) =0
Here B.()) denotes the ball of radius € > 0 and center A\. Let p € B./4()\). Then p ¢ Sp(a)
and

(s~ @)~ = sup{li— o] | € Sp(a)} " = dist (1. Sp(a)) > >
Furthermore

3 € 1=
A=) =(n=a)| <P —pl+la=bll <3 +5<lp-a "

So A — b is actually invertible which is a contradiction, see [I7, Proposition 17.3]. Hence for
A € Sp(b) we cannot have

B:(\) N Sp(a) =0
Because of the way the € was chosen we conclude that Sp(b) C U. Thus Sp(b) C U for any
be As, with ||b—all <eg/2 O

Proof. of Lemmal3.3. Let to € [0, 1]. Choose an € > 0 such that the interval [—¢, ] is included
in the resolvent set of 7(By,). Now

Sp(7(By)) C (—00, —€) U (£, 00)
By Lemma B.4] and the continuity of ¢ — 7(B;) there is a § > 0 such that
Sp(ﬂ-(Bt)) - (—OO, _8) U (87 OO)
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for all t € (to — 0,t0 +0) N[0, 1]. So for all t € (ty — d,to + ) N[0, 1] we have the identity
X(W(Bt)) = f(W(Bt))

where f is some fixed continuous function (for instance the function f; from the proof of Lemma
B.2). But the function

t— f(ﬂ'(Bt))

is clearly continuous and the lemma is thereby proved. 0

With these tools at hand we can now define spectral flow as a class in Ko(J).

Definition 3.5 (Spectral flow). Let t — B; be a norm continuous path in Fs,. By Lemma
the path
t—m(x(By) = x(7(B))

1s norm continuous. Find a partition 0 =ty <t; < ... <t, =1 such that

||7T(X(Bt)) — W(X(Bs))H <1/2 forall t,s€ [t 1,t]
Set p; = x(By,). We now define the spectral flow of the path {B;} to be

n

st{ B} = Z (1= p;) Npica] = [(1 = pim1) Npi] € Ko(J)

i=1
This definition raises several questions which we will answer in the following lemmas.

(1) Are the elements p;p;—1 € p;Np;—1 (pi-pi—1)-Fredholm operators for all ¢ € {1,...,n} ?

(2) Is the spectral flow independent of the partition chosen ?

(3) Is the spectral flow invariant under homotopies of the path {B;} 7

(4) Is the spectral flow of {B;} equal to the spectral flow of {C;} if B, — C; € J for all
tel0,1] 7

Lemma 3.6. Suppose that p,q € N are two projections such that ||7(p) — 7(q)|| < 1. Then
qp € qNp is a (g-p)-Fredholm operator. Thus, by Lemma we have (1 —q)Np € J and
(1-p)NgqeJ.

Proof. The inequality

[m(pgp) — m(p)|| < |l7(p) — m(g)|| <1

shows that m(pgp) is invertible in 7(pNp), so there is an operator T € pNp such that 7 (T'pgp) =
7(p). Likewise the inequality

|7 (gpq) — m(@)|| < [I7(q) —m(g)|| <1

shows that m(gpq) is invertible in 7(q/N¢q), so there is an operator R € ¢Ng such that 7(gpgR) =
7(q). It follows that gp is a (¢-p)-Fredholm operator. O

Corollary 3.7. For a path {B;} in Fs, and a partition 0 =ty < t; < ... <t, =1 such that
||7T(X(Bt)) — ﬂ(x(Bs))H <1/2 for allt,s € [t;_1,t;]
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for alli € {1,...,n} we can express the spectral flow of the path as the sum of (p;-pi—1)-indices

st{B;} = Z Ind(pi‘Pi—l)(pipi—l)
=1

where p; = x(By,) for all i € {0,...,n}. Thus by Theorem[2.8 we actually have

st{B:} = Ind(p,-po) (P - - - P0) = [N(Pn - - - p0) N o] — [N (o - - - Pn) N Py
Lemma 3.8. Suppose that p,q,r are three projections in N with
l7(p) —m(@)l <1/2 , |lx(q) —=(r)| <1/2 and [[7(r) —=(p)| < 1/2
then
Ind;q) (rq) + Ind(g.p) (gp) = Ind ) (rp)

Thus the spectral flow is independent of the partition chosen -it doesn’t change if a finer one is
chosen.

Proof. We want to prove that
Ind,.¢)(rq) + Ind(4p)(gp) — Indgpy(rp) = 0
By Theorem 2.8 this amounts to show that
Ind .,y (rgpr) =0
Verify the inequality
| (rqpr) — =(r)|| < llw(gp) — =(r)|
< |Im(ap) — w(@)|| + |7 (q) — = (r)]]

< |l7(p) = 7@l + [Im(q) = 7 (r)]]
<1

— T
— T

Let t € [0,1], then
7 (L = t)rapr +tr) — x(r)|| = (1 = )l|w(rgpr) — = (r)| < (1 —1)

thus 7((1 — t)rgpr + tr) is invertible in w(rNr) for all ¢ € [0,1]. This means that the path
t — (1 — t)rgpr + tr consists entirely of (r-r)-Fredholm operators and it connects rqpr with r.
To finish the proof we simply refer to Theorem 2.7 which gives

0 = Ind.)(r) = Ind ) (rqpr)
as desired. =

Lemma 3.9. |2, 23] Let {B;} and {C:} be two paths of selfadjoint J-Fredholm operators. Let
H :[0,1] x [0,1] — Fsq be a homotopy connecting {B;} and {C;} leaving the endpoints fized.
That is H is norm-continuous with H(t,0) = By, H(t,1) = C; for allt € [0,1] and H(0, s) = By,
H(1l,s) = By for all s € [0,1]. In particular By = Cy and By = Cy. Then st{B;} = st{C,}.
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Proof. The map ¢ : [0, 1] x [0,1] — N/J defined by
((t5) =7 (x(H(t,5)))

is continuous and thus uniformly continuous, so we can choose a grid
O=ty<ty...<t, =1 , O0=s9<581...<s,=1

of [0,1] x [0, 1] such that for any (¢, s), (u,v) € [ti—1, ;] X [s;-1, 5;] we have [|((¢,s) —((u,v)|| < 1
where 7,7 € {1,...,n} are fixed.

Now look at the spectral flow along the borders of the squares. That is, for 4,7 € {1,...,n}
there are eight paths of selfadjoint J-Fredholm operators. For instance we have

U H((l — u)ti_1 + ut;, sj_l)
as one of them. The spectral flow of this path will be denoted by
st ((ti1, 85-1), (i, 55-1))

Likewise for the spectral flow of the other paths. Applying Lemma [B.8 and the definition of
spectral flow gives

SfH((ti—la sj-1), (ti, Sj—l)) + SfH((tiu sj-1), (L, Sj))
+ sty ((ti, 57), (ti—1, 85)) + sfu ((ti=1, 85), (ti-1, 85-1)) =0
Furthermore
SfH((ti—bsj—l)a (tz’>5j—1)) = —sfu ((tz’, Si-1), (tz’—1>5j—1))
And an easy combinatorial argument yields the result. U
Remark 3.10. Suppose that p,q € N are two projections with ||p — q|| < 1, then
Ker(p) NIm(q) = 0 = Ker(q) N Im(p)
so the J-index of the projections
Indpq)(pq) = (1 —p) Ngl = [1 —¢)Np] =0
To see this we start by deducing that 1 — p + pgp is invertible in N from the inequality
lp —papll < [lp—qll <1

If now x is in Ker(q) N Im(p) we immediately have
(1—p+pgp)z =0
but 1 — p + pgp was invertible so x = 0. Therefore Ker(q) N Im(p) = 0. To prove that
Ker(p) NIm(q) = 0 simply interchange p and q.
Lemma 3.11. Let {B;} and {C;} be two paths of self adjoint J-Fredholm operators with By —
Cy e J forallt €10,1] and
Ind pg-q0) (Pogo) = Ind(g,py) (q1p1) = 0

where pg = X(By), p1 = x(B1), @ = x(Co) and ¢ = x(Cy). Then st{B,;} = st{C;}. The
condition B.IT)) is true if for instance

[X(Bo) = x(Co)l| <1 and |[|x(C1) —x(B)|l <1
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by Remark [310.

Proof. Choose a partition 0 =ty < t; < ... <t, = 1 such that

Im (x(B2) — 7 (x(B)I| < §

and
1

I (x(C) =7 (X(C)Il < §
forall t,s € [ti_1,t], 1 € {1,...,n}.

Now join the elements B;, and C;, by a straight line for each i € {0,...,n} denoted by (BC);.
The straight line from C}, to By, is denoted by (CB);.

Notice that the lines are paths of selfadjoint J-Fredholm operators because
T((1 —¢)By, +tCy,) = m(By,)

forallt € [0,1] and i € {1,...,n}.

Now, almost by definition, the spectral flow along the square

Ctifl — Cti

(CB)iflj/ (Bc)i/[

By, —— By

is zero. Since too the spectral flow along the lines (BC')y and (BC); is zero by assumption we
can use the same combinatorial argument as in the proof of Lemma to reach the desired
conclusion, namely sf{B;} = sf{C}}. O

3.2. Von Neumann Spectral Triples and Spectral Flow.

Definition 3.12. A von Neumann spectral triple (A, H, D) relative to (N,J) consists of a
representation of the x-algebra A in the von Neumann algebra N acting on the Hilbert space
H, together with a norm closed ideal J and a self-adjoint operator D affiliated to N such that

(1) [D,a] is defined on Dom(D) and extends to a bounded operator on H for all a € A.
(2) aA=D) ' e J forall\ ¢ R and a € A.

The J-spectral triple is said to be unital if the unit of N is in A.

If (A, H,D) is a unital J-spectral triple, we use the spectral theorem to define the bounded
operator in N
Fp :=D(1+ D%~ 2
Let t — A; be a path of selfadjoint operators in N. We claim the path
t — Dt = D ‘l— At
is a continuous path of unbounded selfadjoint J-Fredholm operators in the sense that the path

t > Fp, = Dy(1+D?)2
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is a norm continuous path of self-adjoint J-Fredholm operators. The self-adjointness and bound-
edness follows for all ¢ € [0, 1] from the spectral theorem applied to the function
x — x(14 2?7V
So we need to prove the claims of continuity and J-Fredholmness.
For continuity, let ¢,s € [0, 1], and apply [8, Appendix A, Theorem 8| to find
| Fp, — Fo,|| = ID(1+D}) 72 = D,(1+D2) 72 < [| 4 — Al
proving continuity.

To prove the J-Fredholmness, let ¢ € [0, 1]. Then [8, Lemma 2.7| says that for 0 < e < 1/4 we
have

Fp, — Fp, = B.(1+D3)~ /279
where B, € N and ||B.|| < C(e)||A; — Agl|. For e =1/4 we get

Fp, — Fp, = Bys(1+D3)~ "
By [8, Appendix, Lemma 6], and defining f(z) =1+ % + g\/m, we have

(1+D5)~" < f(l A1 +D*) " € J,
and as f(||Aol|) is scalar,
(1+ D)™ < J(IApl) (L + D) e
Since Bjj4 is in N we conclude
7(Fp,) = n(Fp,).
At last for each t € [0, 1],
m(Fp,)m(Fp,) =n(D;(1+D;)™") =a((L+D}))(1+D})~") ==(1)

so (Fp,) is invertible for all ¢ € [0, 1].

These considerations allow us to define spectral flow for such paths of unbounded Fredholm
operators.

Definition 3.13 (Unbounded Spectral Flow). Let {A;}iej0,1) be a norm continuous path of self-
adjoint operators in N, and (A, H,D) a von Neumann spectral triple relative to (N, J). The

spectral flow of the "continuous” path of unbounded selfadjoint J-Fredholm operators t — D+ A,
15 defined to be

st{D;} := st{Fp,}
Theorem 3.14. Let {A;}icpo1) be a norm continuous path of self-adjoint operators in N, and
(A, H,D) a von Neumann spectral triple relative to (N, J). Let
p1=xX(Fpia,) and po = X(Fpya,)-

The spectral flow of the path t — D + A, only depends on the end points D + Ag and D + Ay
and 15 the class

st{D;} = sf{Fp,} = [(1 — p1) N po] — [(1 = po) N p1]
= Ind,,_p) (P1P0) € Ko(J).
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Proof. Notice that
7 (x(Fp,)) — 7 (x(Fp,))|l = Ix(7(Fp,)) = x(7(Fp,))|| = 0
for all s,t € [0,1] so by definition
sft{D,} = sf{Fp,} = [(1 —p1) Npo] — [(1 = po) N 1]

From this formula it is obvious that the spectral flow only depends on the end points. O

4. KASPAROV MODULES FROM SPECTRAL TRIPLES

In this section we show that from any von Neumann spectral triple (A, H, D) relative to (N, J),

with J o-unital, we can construct a Kasparov module (Mg, Fp) € E(A,J), where M4 :

A — L(J) is left multiplication by elements in A. Defining pr = @ we get the class

(M, pr]' € KK'(A, J). We will then show that for any unitary u € A, the unbounded spectral
flow from D to u*Du is given by the Kasparov product [u]&[M, pr]'. For an explanation of
the terminology we refer to the appendix.

4.1. Construction of a Kasparov Module. Let (A, H,D) be a von Neumann spectral triple
relative to (N, J). Suppose that the norm-closed ideal J is o-unital.

The ideal J is a countably generated right Hilbert J-module when equipped with the inner
product (x,y) = x*y and the action of J from the right given by multiplication. Since A, the
norm closure of A, is represented in N, and Fp € N, we see that Fp € £(J) and that there is
a *-homomorphism M, : A — L£(J) given by left multiplication.

Theorem 4.1. For all a € A the operators [Fp,a), a(l — F3) and a(Fp — F}) are in the norm
closed ideal J. Thus, the pair (Mg, Fp) is a Kasparov A-J-module.

Proof. We have already noticed that Fp = F}. Let a € A. Calculating modulo J
aFf =a(D’(1+ D)) ~a(D*(14+D*) ' +(1+D*) ") =a
So a(F3 —1) € J for all a € A.
Let a,b € A. We have
[Fp,alb=D[(1+ D*) %, a]b+ [D,a](1+D*) /2
As [D,a] € N, see [10l, p.456|, we have
[D,a)(1+D*) Y2 eJ
Thus we only need to show that

D[1+D*) "2 albe J
Now, we employ integral formula, [20] p.§],

(1+D*7 12 = l/ ATV2(1 D24 N)7d
0

™
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Denote the resolvent (1 + D? + A)~! by R(\). The provided
1 o0
- / AYED[R(N), a]bd)
0

™

is convergent in operator norm, it is equal to
D[(1+D*)~'/2, a]b.
Applying some basic commutator identities yields
D [R()\), a} b=DR(\)[a, D*|R(\)b
= DR(N)[a, D]DR(\)b + DR(A\)D|a, D|R(\)b.

To establish the required norm estimates we require some inequalities. The following inequalities
can be proved using the spectral theorem for unbounded operators, see [8, Appendix A],

) [IRM)I =111+ D>+ )7 < 5

1+
(2) PRV =D +D?*+ M) < 575
3) ID*RN)| = D*1+D*+ N7 <1
for all A € [0,00). Thus
l/OO AYEID[R(N), alb]| dX < l||b||||[a D]|| /OO AT12 ! + L )< oo
7 Jo ’ -7 ’ 0 41+N) 1+ '

That is

1

D[(1+D*) 2 alb= = /OO AY2DR(N), a]bd)

™
where the integral is convergent in operator norm. At last

D[R()),alb=DR(N)ab— [D,a]R(A\)b — aDR(A)b
= DR(N)Y?R(M\)Y2ab — [D, a]R(\)b — aDR(N)2R(\)V?b € J
for all A € [0, 00) since all the terms are in J. Thus we conclude that
D[1+D*) 2 albe J
and thus that [Fp, alb € J for all a,b € A. By taking norm limits [Fp, a]b € J for alla,b € A =
A. O

The argument used in the preceding proof is almost identical with the argument of S. Baaj and
P. Julg used in [I] to build a bounded Kasparov module out of an unbounded one.

4.2. The Pairing with K;(A) and Spectral Flow. There is a certain case of unbounded
spectral flow which is particularly interesting. Suppose that (A, H, D) is a unital von Neumann
spectral triple relative to (N, J). Let u € A be unitary and consider the path

t+— Dy :=(1—1t)D+tu"Du =D +tju*,Du

The function ¢ — t[u*, D]u is a continuous path of selfadjoint elements in N, so we can calculate
the spectral flow of the path D, via the transformation D; — Fp,.



english K K-THEORY AND SPECTRAL FLOW IN VON NEUMANN ALGEBRAS 15

Lemma 4.2. Let (A, H,D) be a unital von Neumann spectral triple relative to (N, J). Setting
p = x(Fp) and letting u € A be unitary, we have up — pu € J.
Proof. Polar decomposition of Fp gives
Fp = (2p —1)|Fp].
So the image of Fp in the Calkin algebra is
w(Fp) = n(2p — V)m(|Fp|) = 7(2p — Vm(Fp)"* = 7(2p - 1).

It follows that
2[”,]9] - [uv FD] = [U, (2p - 1) - FD] €J
By Theorem 1] we have [u, Fp| € J so [u,p] € J as claimed. O

Theorem 4.3. Suppose that (A, H, D) is a unital von Neumann spectral triple relative to (N, J),
and u € A is a unitary. For the path t — D, from above we have

st{D;} = st{Fp,} = 0w (pup) + 7(1 — p)]
= Indpp) (pup)
where p = x(Fp). From now on the spectral flow from D to w*Du will be denoted by sf(D, u*Du).
Proof. From Theorem [3.14]
st{Fp,} = [(1 — u'pu) ﬂp} - [(1 —p)N u*pu]

since
X(Fu*Du) = X(U*FDU> = U*X(FD)U = U*pu
Now
z € Ker(u*pu) NIm(p) < (pr =z and puz =0) < = € Ker(pup) N Im(p)
and

z € Ker(p) NIm(u*pu) < (pxr =0 and uz = pux)
& (pu'puz =0 and uz = pux) < uz € Ker(pu*p) NIm(p).
Thus
(1 —w"pu) Np = N(pup) Np
and
u((1 = p) Nu'pu)u* = N(pu*p) Np
Since N(pup+1—p) = N(pup) Np and N(pu*p+1—p) = N(pu*p) Np we conclude by Lemma
2.1 that
st{Fp,} = [N(pup) N p] — [N(pu'p) Np] = d[x(pup) + n(1 — p)]
Remark that 7(pup) + m(1 — p) is unitary in N/.J since pu —up € J. O

__ Fp+1
- 2

sf(D,u*Du) = O[r(prupr + 1 — pr)]

Corollary 4.4. Setting pr we actually have

Proof. In the proof of Lemma we saw that 7(2p — 1) = w(Fp) so 7(p) = w(pr) and the
corollary follows easily. 0
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The last theorem of this section, which is the main theorem of the paper, expresses spectral flow
from D to u*Du in terms of a Kasparov product. We will need to use three different boundary
maps namely

0:Ki(N/J)— Ko(J)
Ojek Kl(C(J® ]C)) — Ko(J@IC) and
8] : Kl(C(J)) — Ko(J)
Note that for any C*-algebra B, C(B) denotes the Calkin algebra £(B)/B. Likewise we have
the quotient maps
7:N—=N/J 7o LJRK)—=C(J®K) and w;: L(J) — C(J)

Theorem 4.5. Suppose that the norm closed ideal J is o-unital and that the C*-algebra A = A
is separable. Denote by [D] = [Ma,pr|* the class in KK'(A,J) of the Kasparov module
(Ma, Fp) € E(A, J) constructed in Theorem[{.1, Recall that pp = £2L.

Let u € A be unitary and denote by [u] its class in K1(A). Then we have the identity
st(D, u*Du) = Al (prupr + 1 — pr)] = [u]©a[D]

Proof. We start by stabilizing using the isomorphisms K;(A) & K;(A® K) and KK'(A, J) =
KK'(A®K,J®K). In this way we obtain the classes

[u®en +e] and [Magk,pr ® 1]

in K](A®K) and KK'(A® K, J® K) respectively, where e, is a minimal projection in K and
e=1—1®eq;. See [21 Corollary 7.1.9] and [3, Corollary 17.8.8]. Thus, by Theorem [.§ the
product is given by

[u]®a[D] = Ojex [Tiox(pr @ Lu®@ e + e)pr @ 1+1—pp@1)]
= Oyox [Tex ((PFupr) ® e11 +pr @ 1 —pp @ e + 1 —pp @ 1)]
= Dserc|Tion (Prupr + 1 — pr) ® €11 + ¢€) ]
in Ko(J ® K). Recall that 7;(p% — pr) = 0 since [Ma, pr|' € KK'(A,J) and A is unital.

But this is precisely the element 0;[m;(ppupr + 1 — pp)] € Ko(J) under the isomorphism of
Ko(J) with Ko(J ® K) [14] Lemma 4.2.4]. Therefore the proof is finished if we can prove the
identity
Oylms(prupr + 1 — pr)| = Olm(prupr +1 — pr)]

To do so, let z € N be a norm-one lift of 7(prupr + 1 — pr) € N/J. Then, as N acts on J
by multiplication we have N C L£(J), so z € L(J) is too a norm-one lift of 7;(prupr + 1 —
pr) € C(J). Recalling the description of the boundary map using norm-one lifts given in [14]
Proposition 4.8.10], the desired identity follows. U

5. C*-SPECTRAL FLow

A problem with the construction of the Kasparov module in the last section is that it only
works for o-unital ideals J. For an arbitrary ideal in a von Neumann this may very well not
be the case. Furthermore, if the ideal is o-unital its K-theory is often simply R. When we can
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replace J by a o-unital C*-algebra B, we not only ensure the existence of the K K-class, but
can obtain stronger constraints on the values of the spectral flow.

5.1. Basic Definitions. Let (A, H,D) be a unital von Neumann spectral triple relative to
(N,J), and let A = A be the norm closure of A. We assume that A is a separable C*-algebra.

Suppose that B C J is a o-unital C*-algebra such that (M4, Fp) € E(A, B), where M4 : A —
L(B), thus in particular A is supposed to act on B by left-multiplication.

Note that B is a countably generated right Hilbert B-module when equipped with the inner
product (x,y) = z*y for all z,y € B and the action of B from the right given by multiplication.
The class [Ma,pr]' € KK'(A, B) is denoted by [Dp] where pp = 2.

Let 0p : K1(C(B)) — Ko(B) be the boundary map, where C(B) is the Calkin algebra £(B)/B.
Let mp : L(B) — C(B) denote the quotient map.

Definition 5.1. Let (A, H,D) and B C J C N be as above. We define the C*-spectral flow as
the quantity

stp(D,w*Du) = Op[rp(prupr + 1 — pr)] € Ko(B)

The reason for supposing the existence of the Kasparov module class [Dg] is that we want to
describe the C*-spectral flow using a Kasparov product. In fact we have

Theorem 5.2. Let (A, H, D) be a von Neumann spectral triple relative to (N, J). Suppose that
B C J is a o-unital C*-algebra such that (Ma, Fp) € E(A, B) where My : A — L(B). Let
u € A be unitary. The C*-spectral flow from D to u*Du is equal to the product of [Dg] €
KK (A, B) and the class of the unitary [u] € K1(A). That is

[W]©a[Dp] = Op[rs(prupr + 1 — pr)] = stp(D, u Du)
Proof. The proof is similar to the one given in Theorem O

To justify the definition of C*-spectral flow, we must show that there exists a o-unital C*-
algebra B such that (M4, Fp) is a Kasparov A-B-module.

Theorem 5.3. Let (A, H, D) be a von Neumann spectral triple relative to (N, J). Let B be the
smallest C*-algebra in L(H) containing the elements

FD[FD,CL] b[FD,a]

F’Db[F'Dv a] (IQD(D)
for all a,b € A and ¢ € Cy(R). Then B is separable, contained in J and the pair (M, Fp) is
a Kasparov A-B-module. In particular B is o-unital.

Proof. Recall that A is supposed to be unital. The C*-algebra Cy(R) is generated by the
resolvent function z — (i +x)~! and the operator (i + D)~! is in J so ap(D) is in J for all
v € Cy(R). By Theorem [l [Fp,a] € J so all of the generators of B are in J and thus B C J.
Observe that B is separable, and so o-unital.

Now, clearly A acts on B by multiplication from the left. Furthermore Fp is in £(B) since
1—-F2=(1+D*)'eB and Fpp(D)eB
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for any ¢ € Cp(R).
Proving that (M, Fp) is a Kasparov A-B-module is now straightforward. O

5.2. The Relationship Between (*-Spectral Flow and von Neumann Spectral Flow.
In this section we want to compare the C*-spectral flow with the von Neumann spectral flow.
Let (A, H,D) be a unital von Neumann spectral triple relative to (NN, J) and let u € A be
unitary. In Corollary [4.4] we found the expression

sf(D,w"Du) = d[m(prupr + 1 — pr)] € Ko(J)
for the von Neumann spectral flow.

Let B be a o-unital C*-algebra contained in J such that (M, Fp) is a Kasparov A-B-module.
By definition we have the following expression

sfp(D,u*Du) = Op[rp(prupr + 1 — pr)] € Ko(B)
for the C*-spectral flow.

These two notions should coincide in Ky(.J) when we apply the map
induced by the inclusion ¢ : B — J.

Lemma 5.4. Let (A, H,D) be a unital von Neumann spectral triple relative to (N, J), and let B
be a o-unital C*-algebra contained in J such that (Mg, Fp) € E(A, B) where M4 : A — L(B) is

left-multiplication. The inclusion of B in L(H) can be extended to an injective x-homomorphism
i:L(B)— L(H)

such that i(T)(bx) = (Tb)x for all T € L(B), b € B and x € H. The image of the extension i
is contained in the double commutant of B C L(H). In particular L(B) can be realized inside
N.

Proof. Since (M, Fp) is a Kasparov A-B-module and A is unital, we must have 1 — F3 =
(1+D?*~! € B. The image of (1+D?)~! € L(H) is the domain of D? which is dense in H. The
representation of B on H by i is thus seen to be non-degenerate. Therefore, by [16, Proposition
2.1], the inclusion extends to £(B) giving an injective *-homomorphism

i:L(B)— L(H)
such that ¢(7)(bz) = (Tb)x for all T € L(B), b € B and x € H.

Let S € B and let T' € L(B). Suppose that x € H is of the form x = by for some b € B and
y € H. Now

i(T)Sby = i(T)bSy = (Tb)Sy = S(Tb)y = Si(T)by
so ¢(T)S = Si(T') on a dense subspace of H and we conclude that i(T) € B"C N"=N. O

Theorem 5.5. Let (A, H, D) be a unital von Neumann spectral triple relative to (N, J), and
let B be a o-unital C*-algebra contained in J such that (Mg, Fp) is a Kasparov A-B-module.
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The von Neumann spectral flow coincides with the C*-spectral flow under the homomorphism
i.: Ko(B) — Ko(J). More precisely for uw € A unitary

sf(D, u*Du) = i, (sfp(D, u*Du))
Proof. By Lemma [5.4] there are isometric maps
i:B—J and i:L(B)— N
which allow us to also define the map (not necessarily injective)
i:C(B)— N/J

Now, let © € £(B) be a norm-one lift of the unitary 7g(prupr+1—pr) € C(B), then i(x) € N
is a norm-one lift of the unitary m(prpupr +1—pr) € N/J. By [14], Proposition 4.8.10] we have

i [03 (75(prupr +1 — pF))}

~ic ([ e ) -[550])
[ ¢<x>*(1ifsiz;ﬁizx>*)l/z e (11__253*?(2;9;))1/2 ] - [ (1) 8 ]

= O[r(prupr + 1 — pr)]
Which is the desired identity. U

Corollary 5.6. Let (A, H, D) be a unital von Neumann spectral triple relative to (N, J), and
let B be a o-unital C*-algebra contained in J such that (Ma, Fp) is a Kasparov A-B-module.
For u € A unitary, the von Neumann spectral flow from D to u*Du can be expressed in terms
of the Kasparov product of [Dp] € KK'(A, B) and the class [u] € K1(A) of the unitary u € A.
More precisely

sf(D, u*Du) = i, ([u)®4[D5])

Proof. This follows immediately by Theorem and Theorem 5.2 O

6. NUMERICAL SPECTRAL FLOW

Our aim in this section is to relate the von Neumann spectral flow to the numerical spectral
flow in semifinite von Neumann algebras studied in |10} 22] 23].

In this section we let N denote a semifinite von Neumann algebra equipped with a fixed semifi-
nite, faithful, normal trace 7. Furthermore, for any *-algebra 7 C N we let F denote the
x-algebra generated in N by F and the unit in N. When F is non-unital, we write the elements
of F* as pairs x + Al d, where x € F and \ € C.

Definition 6.1. Let Fy be the x-algebra in N generated by the projections p with finite trace,
T(p) < oco. By [13], Section 1.8, Fy is an ideal in N. The T-compact operators, Ky, is the
norm-closure of Fy.
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Let (A, H,D) be a semifinite spectral triple relative to (N,7) as defined in [10, Definition
2.1]. Notice that (A, H,D) is a von Neumann spectral triple relative to (IV,Cy) in an obvious
way. For semifinite spectral triples, spectral flow is defined as a real number, whereas our
methods produce a class in Ky(Ky). The problem is solved by establishing a homomorphism
7. 1 Ko(Ky) — R by means of the trace 7. The existence and nature of such a homomorphism
is of course well known, but as the link to the semifinite case is very important we will carry
out the details.

Lemma 6.2. Let n € N. For each finite set of elements {x1,...,x,} C M,(Fn) there is a
projection p € M, (Fn) with px; = z; for alli € {1,...,m}. The projection p is called a local
unit for {z1,...,xmn}.

Proof. For any finite set of projections {pi,...,pm} in Fy, the inequality sup{pi,...,pm} <
p1+ ...+ pm holds so sup{pi,...,pm} € Fy. Furthermore, for each ¢ € {1,...,m} we have
pi < sup{p1,...,pm} yielding sup{pi,...,pm}pi = pi, so sup{pi,...,pm} is a local unit for
{p1,...,pm}- To obtain the desired property for Fy, note that each element in Fy is a complex
polynomial of finite degree, where the variables are projections with finite trace.

Now, let n € N and fix a finite set of matrices {z1,...,2,} C M, (Fy). Choose a projection
p € Fn, such that pr¥! = 2% for all i € {1,...,m} and k,I € {1,...n}, where 2 is the
matrix entry corresponding to row k and column [. Then obviously diag(p, ...p)z; = z; for all
ie{l,...,m} as desired. O

Lemma 6.3. For each n € N the x-algebra Fy s stable under the holomorphic functional
calculus. That is, for v € M,(Fn) and for f a holomorphic function in a neighborhood of
the spectrum of x in M,(Ky) with f(0) = 0 we have f(x) € M,(Fy). In other words, Fy
equipped with the C*-norm from KCn becomes a pre-C*-algebra. In particular it has a well-
defined K -theory and, by [T, Proposition 3|, the inclusion i : Fy — Ky induces an isomorphism
’i* : Ko(f]v) — K(](’CN)

Proof. We employ the technique of [25, Proposition 4]. First, notice that f(z) € M,(Ky)
because M, (Ky) is a C*-algebra. Now, for a closed curve v winding once around the spectrum
of x in M,,(Kx) not touching 0, the identity

fo) = o / SOV — )N

is valid. Let p be a local unit for x, let A be in the resolvent of  and check that

(1=p)=1=p)z=N(@-A)""==21-p)lz—A)"

Thus for A\ # 0 we have

(1-p)e =" =—5(1-p)
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This enables us to calculate

(1= p)f@) = 5 [ FOL= DO =)
/0

_ )

- 2mi 5 A (1= p)dA

=1 -p)f(0)=0
It follows that pf(x) = f(z). As M, (Fx) is an ideal in M,,(Ky) and p € M, (Fy) we conclude
that f(x) € M,(Fy) as desired. O

Theorem 6.4. There is a homomorphism 7, : Ko(Ky) — R given by
7 ([z + Md] — [y + pld)) = 7(z) — 7(y)

for each pair of projections v + N\ d, y+ pld € M,(Fy) with [\ = [u] in Ko(C). Remark that
Tp, = T ® Tr on the algebraic tensor product Fy & M, (C) = M, (Fy) where Tr is the canonical
trace on M, (C).

Proof. Define 7 : Fyy — R by 7(x + Ad) = 7(z) then 7 satisfies the relation 7(u*zu) = 7(z)
for all unitaries u € Fy. Indeed, write u = v + ald, where v € Fy and o € C, then
aa=1 and vv+viatova=0=vv"+v'a+va
Now, we simply calculate
(v* +ald)(z+ Md)(v+ ald) = (v'zv +v'za + v v + v Aa + azv + x + @ + Ald)
= (Vv + v'ra+axv + x + Ad)
thus applying our extended 7 yields
F((v* +ald)(z + Md)(v+ ald)) = 7(v'zv + v'za + @z + z) = 7(2)

Now, clearly, there is a well-defined homomorphism 7, : Ko(Fy) — R given by 7([z + A[d] —
[y + uld]) = 7,(x) — 7, (y) for each pair of projections (z + N d), (y + pld) € M, (Fy). Since
Ko(Fy) is the kernel of the homomorphism 7, : Ko(Fy,) — Ko(C) induced by the projection
7 : Fi — C we get the desired map by restriction and a reference to Lemma [6.3] 0

Theorem 6.5. Let p be a projection in M, (Ky), then actually p € M, (Fn).

Proof. Since M, (Fy) is dense in M, (Ky), there is a positive element e € M, (Fy) such that
le — p|| < 5;. In particular ||| < 2. The estimate

1
le* —ell < lle(e =)l + lI(e = ppll + I — el < §

shows that e is almost a projection. It follows that 1/2 ¢ Sp(e), creating a gap in the spectrum
of e. There is thus an € > 0 such that

Sp(e) € [0,1/2 — ] U172+ &,5/4]
and the function f : R/{1} — R given by

0 t <
f(t):{l t >

N[0 [ =
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is holomorphic on a neighborhood of Sp(e) with f(0) = 0. By Lemma [6.3] the projection f(e)
is in M, (Fy). Moreover,

sup{[f(t) — [ |t € Sp(e)} < sup{1/2 —¢,1/4}
so ||f(e) — ]| < 3. This gives us the inequality

lp = fell < llp—ell+lle = fle)] <1
but then p and f(e) must be equivalent, i.e. there exist a unitary u in M, (K}) such that

u*f(e)u = p by [14] Proposition 4.1.7]. The proof is finished by recalling that M, (Fy) is an
ideal in M,,(N). O

Definition 6.6. |22, 23| Let {B;} be a path of selfadjoint operators in N such that w(B;) €
N/Ky is invertible for all t. Let 0 =ty <t; < ... <t, =1 be a partition of [0, 1] such that for
each i € {1...,n} we have

lw(x(By)) — 7 (x(B)) Il < 1/2

for all t,s € [t;_1,t;]. Recalling that all projections in K have finite trace by Theorem[6.3, we
define the semifinite spectral flow of the path {B:} as the real number

n

st{B:} = Z <T(N(pi) Npi1) = 7(N(pi1) ﬁpi))

i=1

where p; = x(Bt,).-

Theorem 6.7. The semifinite spectral flow of the path {B;} from above can be expressed as
st{B;} =7(N(pn--.po) Npo) —7(N(po-..pn) N Pn)

Moreover it is independent of the partition chosen and s invariant under homotopies of the
path {B;} keeping the endpoints fized.

Proof. This follows immediately by applying our homomorphism 7, : K(Kx) — R from Theo-
rem [6.4] to the results in Corollary B.7] Lemma[3.8land LemmaB.9 recalling that each projection
p € Ky has finite trace by Theorem O

Definition 6.8. |8, O, 22, 23| Let (A, H,D) be a unital semifinite spectral triple relative to
(N, 7). Suppose that the norm closure A = A of A, is a separable C*-algebra. For each path of
selfadjoint operators { A} in N, we define the semifinite spectral flow of the path t — D+ Ay =
D, as the real number sf{D;} := sf{Fp,}.

We can now state our main theorem relating the three different notions of spectral flow we have
discussed.

Theorem 6.9. Let (A, H, D) be a unital semifinite spectral triple relative to (N, 7). Suppose
that the norm closure A = A of A, is a separable C*-algebra. Let v € A be unitary. Set
Di = (1 —t)D + tu*Du = D + tu*[D, u|, then the unbounded semifinite spectral flow of the path
t — Dy is given by

st{Dy} = 7(O[w(pup + 1 —p)]) = 7(N(pup+ 1 —p)) — 7(N(pu'p+ 1 —p))
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where T, : Ko(Kn) — R is the homomorphism from Theorem [6.4] and p = x(Fp). In addition
there exists a separable C*-algebra B C Ky and a class [Dg] € KK'(A, B) such that

st{Di} = 7. (i, ([ul@4[D5]))
where i : B — Ky is the inclusion and [u] € K1(A) is the class of the unitary.

Proof. This follows immediately by applying our 7, : Ko(Ky) — R from Theorem to both
sides of the equalities in Theorem [4.3]and in Corollary 5.6, keeping in mind that each projection
in Oy has finite trace by Theorem U

Theorem shows that semifinite spectral triples represent K K-classes in a precise sense.
While this is really proved here only for odd spectral triples, the discussion in [19] and some
simple adaptations of these proofs show that such a representation theorem is also true in the
even case.

7. APPENDIX ON KASPAROV PRODUCTS

In this appendix we give explicit forms for odd pairings in K K-theory. In order to do this, we
need to recall some basic definitions and results.

Definition 7.1. Let A and B be Zo-graded C*-algebras. A Kasparov A-B-module is a pair
(1, V') consisting of a graded x-homomorphism v : A — L(E), with E a countably generated,
graded right Hilbert B-module, together with an odd operator V € L(FE) such that

(1) ¥(a)(V* - 1) € K(E)
(2) P(a)(V = V") € K(E)
(3) V,¢(a)] € K(E)

for all a € A. The set of Kasparov A-B-module is denoted by E(A, B). An element (¢, V) €
E(A, B) is called degenerate when a(V? —1) = a(V — V*) = [V,a] = 0.

The set E(A, B) becomes the even K K-theory group KK (A, B) when equipped with direct
sum and the equivalence relation ~,, generated by operator homotopy, unitary equivalence and

addition of degenerate elements. Unitary equivalence is denoted by ~,. The class represented
by the pair (¢, V) € E(A, B) is denoted by [¢, V] € KK(A, B). [3, Proposition 17.3.3].

To define the odd K K-theory group we introduce the Clifford algebra C;, that is the C*-algebra
Ca@C equipped with the standard odd grading, and we set K K'(A, B) = KK (A, B&C,) where
® denotes the graded tensor product as defined in [3, Chapter 14.4].

For ungraded C*-algebras A and B there is a description of the odd K K-theory using extensions
of C*-algebras. More precisely

Theorem 7.2. [3, Proposition 17.6.5| There is an isomorphism
Ext (A, BeK)=2 KK'(A,B®K)

An invertible extension given by the x-homomorphism ¢ : A — L(B ® K) and the element p €
L(B®K) that is with Busby-invariant 7 : a — 7 (pip(a)p) € C(BRK) is mapped to the Kasparov
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A-(B ® K)-module (&1, (2p — 1)®e) € E(A, (B® K)®Cy) with y®1: A — L((B ® K)®C;)
ande = (1,-1) € C4

With this in mind we will employ the notation [, p]' for the class [®1,(2p — 1)®e] €
KKYA,B®K) = KK(A, (B ® K)&C,) where ¢ : A — L(B®K) and p € L(B ® K)
have the properties

(1) Y(a)(p*—p) e BO&K
(2) Y(a)(p—p )€B®7C
(3) [p,¥(a)] € B®

for all @ € A.

Let A, B and D be graded C*-algebras. Suppose that A and D are separable and that B
is o-unital. A fundamental property of K K-theory is the existence of a bilinear associative
product

®4: KK (D,A) x KK'(A,B) — KK'""(D, B)
The aim of this appendix is to give a concrete description of a certain instance of this product
namely the one between K;(A) = KK'(C, A) and KK'(A, B), [3, Chapter 18].

We will need to quote a couple of results. First of all, since the aim is to form products with
K-theory we will use the isomorphism of K-theory with K K-theory.

Lemma 7.3. Let A be an ungraded C*-algebra. The groups KK'(C,A® K) and K (A ® K)
are isomorphic. The isomorphism is given by

[(Me,p]' — O[n(p)]

where Mc : C — L(A® K) is left multiplication by the complex numbers, 7 : LA ® K) —
C(A® K) is the quotient map and 0 : Ko(C(A® K)) — Ki(A® K) is the boundary map, [3)
Proposition 17.5.7].
>From the definition of 0 it follows that, for each class [u] € K1(ARK), there exists a selfadjoint
q € LIA®K) with ||q|| <1 such that [u] = [exp(2miq)], |26, Proposition 12.2.2].
Likewise the groups KK(C,A® K) and Ko(A® K) are isomorphic. The isomorphism is given
by

(M, V] = 9[x(T))]
where Mc : C— L(A®K)® (A®K)), the element V € L(A®K) ® (A®K)) is the matriz

0 7~
(1)
and 9 : K1(C(A®K)) — Ko(A®K) is the boundary map. Note that the grading on (A® K) @

(A® K) is given by v = ( (1) (1] ), [3, Proposition 17.5.5].
Let A, B and D be graded C*-algebras, with A and D separable and B o-unital. The Kasparov

product can be constructed using the notion of connections. Let (¢1,V;) € E(D,A) with
1 D — L(Ey) and let (¢, Va) € E(A, B) with ¢y : A — L(E;). We can form the graded
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interior tensor product F = E;®,, Fy in the sense of [3, Chapter 14.4]. For each z € E; there
is a map T}, € L(F,, E) such that T,(y) = &y for all y € E,, [16], Proposition 4.6].

Definition 7.4. An odd operator F' € L(F) is called a Vs-connection for Ey if, for any homo-
geneous r € Fy, we have
T,Vy — (~1)*FT, € K(E,, E)

where Ox denotes the degree of x in Fy.

Now we are ready to state the most important background result. It gives a concrete description
of the product under an assumption on commutators. Later on the C*-algebra D is going to
be the complex numbers so the assumption will be trivially satisfied.

Theorem 7.5. 3|, Proposition 18.10.1] Let © = (¢1, V1) € E(D, A) with V, = V* and ||V || < 1.
Let y = (9, V) € E(A, B). Let F be a Va-connection for Ey. Set E = Ey®y, By, ¥ = 1 ®1 :
A — L(E) and

V=Vol+ ((1-V)V2e1)F
If Vi®1,v(a)] € K(E) for all a € A, then z = (¢, V) € E(D, B) is operator homotopic to the
Kasparov product of x and y, i.e. [z]®4ly] = [2] in KK (D, B).

To form the product in K K' we need to be able to move the Clifford algebra from the second
coordinate to the first. This is accomplished by the following lemma.

Lemma 7.6. Let A and B be ungraded C*-algebras. There is a group isomorphism
¢: KK'(A,B®K)=KK(A,(B®K)&C,) - KK(A®C;, B® K)

0 2p —1
where the graded *-homomorphism o : AQCy — L((B® K) ® (B® K)) is given by

o(a,—a) = (idﬁ(za) _“/é(a)>

o(a,a) = (wga) ¢?a))

The grading on (B ® K) ® (B ® K) is given by the grading operator v = <O 1) , [15].

such that

and

10

7.1. Product between K, and KK'. The starting point is a translation of Theorem
suited to handle the odd case.

Theorem 7.7. Let A, B and D be ungraded C*-algebras, with A and D separable and B
o-unital. Let [z] be a class in KK'(D,A® K). By Theorem [7.2 we can assume that [x] is
represented by the Kasparov module

= (1®1,(2¢ - 1)®e) € E(D, (A® K)QCy)
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where @1 : D — L(E)), with By = (A® K)&C,. By |3, Proposition 17.4.3] we may assume
that ¢ = ¢* and that ||q|| < 1.

Let [y] be a class in KK((A ® IC)®(C1,B) ~ KKY(A®K,B). See Lemmal[7.8. Suppose that
[y] is represented by the module

y = (v2,V2) € E((A® K)®Cy, B)

Set E = Ey®y,Ey and ¢ = (p,®1)®1. Let F € L(E) be a Va-connection for Ey. Define
V = —(cos(mq)®e)®1 + <(sin(7rq)®1)®1>F € L(E)
Suppose that
[(cos(ﬁq)®€)®1,w(d)} e K(E)

for all d € D. Then (¢,V) is a Kasparov D-B-module which is operator homotopic to the
Kasparov product of x and y. That is [, V] = [2]@ aex[y].
Proof. Let d € D. Remark that ¢(d)(¢*> — q) € A® K, thus modulo A ® K we have

(7'(' )Qk

a(d) cos(ma) = va(d) D (=1 s + ()

7T2k

~ ) Y () G+ ()

= wl(d)(cos(ﬁ)q —q+ 1)
= —1(d)(2g — 1)
for all d € D. It follows that = is a compact pertubation of
(11 ®1, — cos(mq)&e) € E(D, (A® K)QC;)
so they determine the same class in KK (D, (A ® K)®Cy).

By assumption the last module fulfils the conditions of Theorem so the theorem is proved
if

~ 2\ 1/2 R
(1 — (cos(mq)®e) ) = sin(mq)®1
but this is clear since we supposed that ||¢|| < 1 and ¢ = ¢* so Sp(q) C [—1, 1], a fact which
yields the positivity of sin(rq)®1. O

Theorem 7.8. Suppose that A and B are ungraded C*-algebras, with A separable and B o-
unital. Let [u] € Ki(A®K). The isomorphism from Lemma[7.3 sends [u] to a class [Mc,q]' €
KKYC,A® K) where ¢ = ¢* and ||q|| < 1. In particular [u] = [exp(27iq)] so without loss
of generality we can assume that u = exp(2miq). Let y = [v,p]' € KK'(A® K,B ® K) and
assume that ¢ : A® K — L(B ® K) is non-degenerate. Then the product [u]®agxy is equal to

O|r(pu(wp+ (1-p))| € Ko(B& K)
where ¥ is extended to (A® K)™ and 9 : K, (C(B® K)) — Ko(B® K) is the boundary map.
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Proof. Applying the isomorphism
¢: KK'(A®K,B®K) - KK((A® K)®C;, B®K)

from Lemma [T.6] to y we get

ey = v, pl' = [0, V2]

0 2p —1
2p—1 0

=y 50 i = ()

which thus canonically represents y in KK((A ® K)®C1, B® IC).

Recall that [Mc,q]' € KK'(C,A ® K) is notation for the class [z] € KK (C, (4 ® K)&C;)
represented by the module

with V5 = ( ) and 0 : (A® K)&C; — L((B®K) @ (B®K)) given by

z = (Me, (29 — 1)&e) € E(C, (A® K)&C,)

We are now in position to form the product z = [u]®@aexy = [2]@aekpy. Set E; = (AQK)®C,,
Ey, = (BRK)®(B®K) and E = E;®,FE,. Recall that the grading on (B®K)® (BoK) = E,
0

10

also non-degenerate and there is an even unitary isomorphism

is given by the grading operator v = ( ) Since v is assumed to be non-degenerate, o is

w: B1&,E = (A® K)®C)&,((B®K) & (B®K))
— (BeK)® (BeK) = E,

given by

U)(H?1®0372) = 0'(1’1)372 T, € B , Lo € Ey
Let z € E; be homogeneous. Clearly wT, = o(z) so
wT,Va — (=1)*VawT, = [0(x), V2] € K(E)

Thus w*Vow € E is a Va-connection for Fy. By Theorem [L.7] we can represent the product z
by the module (Mc, V') where

V = —(cos(mq)®e)®1 + <(sin(7rq)®1)®1>w*V2w € L(E)
But (Mc, V) ~, (Mg, wVw*) so actually

z = [Mc,wVw*] € KK(C,B®K)
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where
wVw* = —o(cos(mq)®e) + o sin(mq)&1) Vs
_ 0 —itp(cos(mq)) ¥ (sin(rq)) 0
N (i@/}(cos(ﬁq)) 0 ) + < 0 @Z)(Sin(ﬂq))) V2

_ ( 0 i) (cos(mq)) + ¢ (sin(mq)) (2p — 1))
—itp(cos(mq)) + ¥ (sin(mq))(2p — 1) 0
e L(B®K)® (BeK))

Here 0 : L((A® K)&C1) — L(B®K) and ¢ : L(A® K) — L(B @ K) denotes the extensions
as in [16, Proposition 2.1].

Applying the isomorphism KK (C,B ® K) = Ky(B ® K) from Lemma [[.3] we get that the
product is nothing but the element

8[7?( — ip(cos(mq)) + v (sin(mq))(2p — 1))} € Ko(B®K)

Set v = iexp(imq) = icos(mq) — sin(mg). The element v is a unitary in £(A ® K) and thus
homotopic to 1 so

0| (— ith(cos(rq)) + v (sin(rq)) 2p — 1))] =
0| (— it (vcos(mq)) + ¢ (vsin(rq)) (2p - 1)) |
Furthermore, with the same argument as in the proof of Theorem [[7, we have
7 (cos(mq) cos(mq)) = m((1 - 2¢)(1 - 2¢)) = 7(1)

so cos?(mq) —1 € A® K. Moreover sin(rq) > 0 since ¢ = ¢* and ||¢|| < 1, so sin(rq) = (1 —

cosz(ﬂq))1/2 € A®K. We thus have v cos(mq) € (A®K)T. By assumption ¢(a)p—pi(a) € BRK
foralla € (A® K)T so

7r< — ith(veos(mq)) + ¥ (vsin(mq)) (2p — 1))
— 7~ ipt(veos(rq))p ~ i(1 — p)ur(veos(ng)) (1 — p)
+ po(vsin(rq))p — (1= ) (vsin(rq)) (1 - p))
— 7 (p(—v2)p + (1 = p)ib (v]—i cos(mq) — sin(rq)]) (1 - p)

= 7 (pp(u)p + (1 - p))
That is

z = 8[%( — ip(cos(mq)) + ¥ (sin(mq))(2p — 1))] = 8[W(p@/)(u)p +(1- p))}
as desired. U
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