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Abstract

It has beenknown for almost 50 years[15] that the discrete l1 approxi-
mation problem can be solved by linear programming. However, improved
algorithms involve a step which can be interpreted as a line search, and
which is not part of the standard solution procedures. This is the simplest
example of a class of problems with a structure distinctly more compli-
cated than that of the so-called nondegeneratelinear programs. Our aim
is to uncover this structure for these more general polyhedral functions
and to show that it can be used it to develop what are recognizably algo-
rithms of simplicial type for minimizing them. A key component of this
work is a compact description of polyhedral convex functions described
in some detail in [11], and this can be applied also in the development
of active set type methods in polyhedral function constrained optimiza-
tion problems. Applications include the development of new algorithms
for problems which include problems in statistical estimation and data
mining.

1 In tro duction

A convex function is the supremum of an a�ne family:

f (x) = sup
i 2 �

cT
i x � di : (1)

If the index set � is �nite then f (x) is polyhedral. The problem of minimizing
a polyhedral convex function (PCF) f (x) over a polyhedral set Ax � b can
always be written as a linear program (LP):

min
A x � b

h; h � cT
i x � di ; i 2 � : (2)

Linear programming can be regarded as the simplest example of a PCF mini-
mization problem. Certainly it is the best known asa result of its extensive use
in applications. It has the genericform

min
x 2 X

cT x; X = f x : Ax � bg
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where A : Rp ! Rn ; p < n: Note that it can be written also as

min
x

F (x); F (x) = F1(x) + F2(x):

F1(x) = cT x; type 1 PCF;

F2(x) = � (x : X ); type 2 PCF:

The type 2 PCF is an indicator function which builds vertical walls in Rp+1

above the plan of the constraint set in Rp. The Kuhn-T ucker conditions char-
acterize the optimum:

cT = uT A;

ui � 0; ui (A i � x � bi ) = 0; i = 1; 2; � � � ; n;

where \Matlab like" notation is usedto identify matrix rows and columns.
This linear program supports a simple picture! This is illustrated in the

following �gure which shows a corner of the epigraph of the objective function
sitting above the constraint set in R2.

Here three faces of the epigraph intersect at the indicated extreme point
x 2 R2, and in this picture each simplex step can move along an edge only
to the adjacent extreme point where it hits one of the walls built around the
epigraph by the indicator function of the constraint set. This illustrates the
point that a line search step is not a part of the basic simplex algorithm. The
traditional problem of degeneracycorresponds here to more than three faces
intersecting at an extreme point. Thus a degeneratevertex is in this sense
overdetermined. Problems arise in naive implementations which selecta subset
of the active constraints according to some a priori rule in order to generate
a descent edge as the resulting direction may immediately violate one of the
ignored active constraints.

A rich sourceof problems possessingan inherently more complex structure
arise in discrete estimation. Here we consider algorithms for linear estimation
problems which are characterisedby:

1 The epigraph of the function is genericallydegeneratein the senseof linear
programming - remember that the problem of minimizing any PCF can
always be written as a linear program.

2 There is a well de�ned set of necessaryconditions which describe the
problem optimum and which can be taken hereasde�ning an appropriate
senseof nondegeneracy.

Let the linear model be
r = Ax � b: (3)

It is assumedthat rank(A) = p, and that this su�ces to guarantee a bounded
optimum. Associated with extreme points of the epigraph are appropriate sets
of algebraic conditions specifying the facesthat intersect there. Typically these
involve a subset of the equations specifying the linear model, and we refer to
this subset as the "activ e set" at x � where � is the index set pointing to the
rows f A � ; b � g corresponding to the active components in the linear model.
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aT
2 x = b2

aT
1 x = b1

Ax � b

z = cT x

Table 1: nondegeneratelinear program
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Example 1.1 l1 estimation. This estimation problem has a long history and
has attracted recent attention becauseof its robustnessproperties:

min
x

X
jr i j ; r = Ax � b; A : Rp ! Rn :

This corresponds to a PCF with the de�ning a�ne family speci�e d by

cT
j = � T

j A;

dj = � T
j b;

where � j ; j = 1; 2; � � � ; 2n has the form of one realization from among the
possibilities:

[� 1; � 1; � � � ; � 1]T :

The cause of the nonsmoothnessof the epigraph stems from the ambiguity in
allocating the signs associated with zero residuals. Thus extreme points wil l be
characterized by sets of (at least) p zero residuals. The necessary conditions
characterizing the optimum extremepoint are:

0 =
X

i 2 � C

� i A i � +
X

i 2 �

ui A i � ;

� i = sign(r i ); r i 6= 0;

� = f i ; r i = 0g;

jui j � 1; i 2 � :

In the casep = 2 a typical extremepoint could be characterized by (say)

� r1(x1; x2) = 0;

� r2(x1; x2) = 0:

Here four faces of the epigraph intersect at each extreme point (LP expects 3).
Each face can be picked out by the assignation � 1 ) � i suchthat directions into
the face satisfy

� 1A1� t = � 1 > 0;

� 2A2� t = � 2 > 0:

for convexcombination of edgedirections. Now the ambiguity of signsassociated
with the zero residualsmakesmore sense.This resolution is il lustrated in �gur e
2.

This �gur e showsalso that the l1 problem typically supports a linesearch.
For example, the line r 2 = 0 de�nes two edgesof the epigraph which join at
the extreme point r 1 = r2 = 0 so a search for a minimum in the corresponding
direction is possible. What happens when moving through the extreme point in
this direction is an increasein directional derivative, and this is il lustrated in a
one dimensional examplein the next �gur e. The function in �gur e 3 is

f (x) = jxj + jx � 1j + jx � 2j + jx � 3j + jx � 4j
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r 1 = 0

r 2 = 0

t

r 1 > 0; r 2 > 0

r 1 < 0
r 2 < 0

r 1 < 0
r 2 > 0

r 1 > 0
r 2 < 0

Table 2: four facesof the epigraph intersect at extreme points x � 2 R2

Example 1.2 Rank regression [6], [8]. This is an estimation procedure with
particularly attractive properties, but unfortunately a tractable numerical algo-
rithm had not been one of them until recently. Let nondecreasing scores wi

summing to zero be given. The estimation problem is

min
x

nX

i =1

wi r � ( i )

w1 � w2 � � � � wn ;
nX

i =1

wi = 0; kwk > 0:

Here � is the ranking set pointing to the ordered residuals, and typical scores
are the Wilcoxon scores:

wi =
p

12
�

i
n + 1

�
1
2

�
; i = 1; 2; � � � ; n:

Nonsmoothnessof the epigraph is caused by the possible reassigning of scores
associated with tied residuals as a result of small perturbations about the ex-
treme point. Here the necessary conditions are distinctly more complicated!
The reasonsfor this relate to additional structural complexity and wil l motivate
subsequent developments.
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� 1 0 1 2 3 4 5

6

8

10

12

14

Table 3: Simple l1 example

It turns out that now 6 faces intersect at each extremepoint of the epigraph
over R2 providing a �rst indication of this additional complexity. Consider the
lines characterizing tied residualswith equations

� (r2 � r1) = � (r3 � r2) = � (r1 � r3) = 0:

The �rst point to make is that there is a distinctly more serious redundancy:

r1 � r3 = � r3 + r2 � r2 + r1:

This forces the line given by the third equation to pass through the intersec-
tion of the other two - hence the six faces. Again it makesmore senseto look
at characterizing particular faces by looking at directions into faces as convex
combinations of directions along appropriate edges.

� ik (A i � � Ak � ) t = � ik > 0;

� k j (Ak � � A j � ) t = � k j > 0:

The picture that corresponds here to �gur e 2 is �gur e 4.
Rank regression has an agreeably high statistical e�ciency for a relatively

robust estimator. This is mirr ored in surprising apparent smoothness of the
epigraph. This is il lustrated by two classic examples[6].

1. The �rst picture in �gur e 5 is the classical Hubbledataset giving velocity
of recession against distance. This small dataset presents strong visual
evidence for a linear relation. The second picture gives the graph of the
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r 1 = r 2

r 2 = r 3

r 3 = r 1

t

r 3 > r 1 > r 2 r 3 > r 2 > r 1

r 1 > r 3 > r 2 r 2 > r 3 > r 1

r 1 > r 2 > r 3 r 2 > r 1 > r 3

Table 4: six facesof the epigraph intersect at extreme points x � 2 R2

derivative of the piecewise linear rank regression objective in this case.
This is strictly piecewiseconstant, but note both the apparent smoothness,
and the steep linear section in the centre of the picture. Here the reciprocal
of the slope is linked to the variance reinforcing the quality of the data:

2. The datasetplotted in �gur e 6 is associated with the question if two popu-
lations di�er only by a constant. Here the observationsare on weight gain
in newborn babiescorresponding to a treatment and control. The general
properties of the rank regressionestimate are similar, but the evidence for
a conclusion is not so strong here, and this is re
ected in the smaller slope
of the characteristic linear middle section in the graph of the piecewise
constant derivative:

The useof the a�ne family description of a convex function doesnot leadto a
practical linear programming algorithm for the l1 problem. However, practical
LP algorithms for this problem are well known, and one way of approaching
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Table 5: Hubble data and Hubble rank statistic

Table 6: Weight data and rank statistic

theseis through Fenchel dualit y [11]. Here this gives:

min
u

bT u; AT u = 0; � e � u � e:

The approach works also for rank regression,but while the result looks some-
what familiar, and it is an LP, the inequality constraints have both an unusual
description and an apparent fearful complexity if the scoresare mostly distinct.

min
u

bT u; AT u = 0; u 2 conv f w i g

where w i are all distinct permutations of
w1; w2; � � � ; wn : l1 is actually a limiting caseof rank regressioncorresponding
to sign scores[10].
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2 Iden tifying structure

The approach taken is one of seekinga compact characterization of extreme
points of the epigraph in order to provide local information concerning the
objective. It is a development of ideasoriginally presented in [10].

De�nition 2.1 The set � i (r ) ; i = 1; 2; � � � ; N are structure functionals for

f (r (x)) if each extremepoint
�

x �

f (r (x � ))

�
of epi (f )is determined by a linear

system
� i (r (x � )) = 0; i 2 � � f 1; 2; � � � ; N g:

where � de�nes the associated active set.

The rank regressionexample shows that there can be a natural redundancy
amongthe structure functionals associated with extremepoints of the epigraph.

De�nition 2.2 Redundancy : A structure equation � s = 0 is redundant if

9 � 6= ; ; s =2 � • (� i = 08 i 2 � ) ) � s = 0

identically in r .

Consider the rank regressionexample:

� 12 = r2 � r1; � 23 = r3 � r2; � 31 = r1 � r3:

� 12 = � 23 = 0 ) � 31 = � 23 � � 12 = 0;

� 12 = 0 ) � 21 = 0:

Note that multiplication by -1 is signi�can t!
In this example� 12; � 23 and � 23; � 31provide examplesof nonredundant pairs

and give structure equationscorresponding to independent linear systems(here
each of rank 2) over r 2 Rn . Say that such nonredundant con�gurations are
obtained by \al lowablereductions".

De�nition 2.3 Linear indep endence of structure functionals : Let x be
in the intersection of k structure equations pointed to by the index set � . Then
thesestructure functionals are linearly independent relative to the designmatrix
A provided

rank (V� ) = k = j� j � p:

where

V T
� = � T

� A 2 Rp ! Rk

� � =
h

r r � T
� (1) � � � r r � T

� (k )

i
2 Rk ! Rn :

De�nition 2.4 Non-degeneracy : This requiresfor a givenactive setof struc-
ture functionals that each allowablereduction is linearly independent relative to
the problem design. For example, in R2 the additional condition � 45 = 0 ad-
joined to those above cannot be removed by an allowablereduction and leads to
a degeneracy.
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Non-degeneracyis assumedhere. Considernow a particular allowable reduction
� s Let x = x � + " t ; " > 0 small enough. Then, using the piecewiselinearit y of
the objective and the linearit y of the active structure functionals, this permits
the objective to be written in terms of the local structure as

f (r (x)) = f � s (r (x)) +
j � s jX

i =1

! i (t ) � � s ( i ) (r (x)) ; (4)

In this case:

1. f � s is smooth, ! i (t ) provides the nonsmooth behaviour.

2. Each distinct realization of ! i (t ) ; i = 1; 2; � � � ; j� j characterizesoneof the

facesof epi (f ) meeting at
�

x �

f (r (x � ))

�
.

This representation encapsulatesthe nonsmoothnessin the representation of the
objective function. An alternativ e is to provide an explicit description of the
facesof the tangent coneT and here it is useful to intro duce a further concept
basedon the approach exempli�ed in �gure 2 and �gure 4.

De�nition 2.5 Completeness : Let x � be an extreme point. The structure
functional description is complete if for each face 1 � s � q of the tangent cone
T (epi (f ) ; x � ) 9 � s; j� s j = p such that directions into the face

�
x � + " t

f (x � + " t )

�
=

�
x �

f (x � )

�
+ "

�
t

f 0(x � : t )

�
(5)

satisfy
V T

� s
t = � > 0; (6)

where V� s is nonsingular.

Remark 2.1 Completenessis closely related to redundancy. For all s the sys-
tems

� � s ( i ) (r (x)) = 0; i = 1; 2; � � � ; p

have the same solution x � . Redundancy requires in addition q > p + 1 where
p + 1 corresponds to the generic vertex of linear programming.

Remark 2.2 Extremedirections in T (epi (f ) ; x � ) are given by

t i
� s

= V � T
� s

ei ; i = 1; 2; � � � ; p; s = 1; 2; � � � ; q: (7)

There is an overspecifcation here. Extreme directions (edges) formed by the
intersection of adjacent faces are determined by an equation of this form for
each face (say � s ; � t ) so there must be relations of linear dependence on the set
of active structure functionals. What provesto be common is that a particular
structure functional in the allowablereductions increasesaway from zero.
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Example 2.1 l1 estimation: Here active structure functionals correspond to
zero residuals.

� 2i � 1 = r i ; � 2i = � r i ; N = 2n:

Let an extremepoint x � be determined by

� � ( i ) = r i ; � = f 1; 3; � � � ; 2p � 1g

Let x = x � + "t .Then

f (r (x)) =
X

j r i (x � ) j> 0

jr i j +
pX

i =1

! i (t ) � � ( i ) (r (x))

For each allowablereduction of the active structure functionals ! i (t ) � � ( i ) (r ) =
jr i j ; ! i = � 1: Completenessneeds to characterize faces by explicitly revealing
the associated index sets. For example:

r1 > 0; r2 > 0; r3 > 0 ) � s = f 1; 3; 5g

r1 > 0; r2 < 0; r3 > 0 ) � s = f 1; 4; 5g

There are 2p faces intersecting at x � in the l1 example. However, di�er ences
between the setsof equationsdetermining the extremedirections are pretty trivial
in this case.

Example 2.2 rank regression: Here the structure functionals expressthe con-
dition for ties in the ranking set:

� ij = r j � r i ; 1 � i 6= j � n; N = n (n � 1) : (8)

This examplesupports two types of structure functional redundancy:

� ij = � � j i ; � ik = � j k + � ij :

Examplesof possiblestructure equations when p = 3 are

r1 = r2 = r3 = r4;

r1 = r2; r3 = r4 = r5;

r1 = r2; r3 = r4; r5 = r6:

In the �rst case f � 12; � 13; � 14g form a possible reduced set of structure func-
tionals which specializes the role of r 1. Such a pivotal element is here called an
origin. If the tie involves positions l ; l + 1; � � � ; l + 4 in the sorted list then the
objective function can be written:

f (r ) =
nX

i =5

w� ( i ) r i +

 
l +4X

i = l

wi

!

r1 +
4X

i =2

! i � 1 (t ) � 1i :

However, not all reduced active setsare equal in the sensethat this may not be
a good set for completeness.Let t be into the face r 1 < r2 < r3 < r4. To express
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this condition at nearby points in this direction using thesestructure functionals
gives

r1 < r2 < r3 < r4 ) � 12 > 0; � 13 > � 12; � 14 > � 13:

The required set must satisfy (6). Thus relaxing this set of structure functionals
does not give the right ordering. Here this is � s = f 12; 23; 34g which gives

� 12 > 0; � 23 = � 13 � � 12 > 0; � 34 = � 14 � � 13 > 0:

The aboveequations showthis set is related to the previousset by a linear trans-
formation. This information can be used to changethe current reduced structure
functional basis representation of the non-smooth part of the objective function:

pX

i =1

! i (t ) � � ( i ) (r (x + t )) = t T V� ! (t );

= t T V� TsT � 1
s ! (t );

=
pX

i =1

(! s (t )) i � � s ( i ) (r (x + t ))

where � T
� T = � T

� s

�
� 12 � 13 � 14

�
2

4
1 � 1

1 � 1
1

3

5

=
�

� 12 � 23 � 34
�

Solutions of the systemsV T
� s

t s
i = ei ; i = 1; 2; 3;break ties as follows:

t s
1 : r1 < r2 = r3 = r4;

t s
2 : r1 = r2 < r3 = r4;

t s
3 : r1 = r2 = r3 < r4:

3 Di�eren tial prop erties

Let f (x); x 2 X be convex. The subdi�eren tial @f (x) is the set

f v ; f (t ) � f (x) + v T (t � x); 8t 2 X g:

The elements v 2 @f (x) are called subgradients. They generalisethe idea
of a gradient vector at points of nondi�eren tiabilit y of f (x). For example, the

vectors
�

v
� 1

�
give the normals to the supporting hyperplanesto f (x) at points

of nondi�eren tiabilit y, and the subdi�eren tial is the convex hull of gradient
vectors at nearby di�eren tiable points. The subdi�eren tial is important for
characterizing optima and calculating descent directions in nonsmooth convex
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optimization. In particular, x minimizes f (x) if 0 2 @f (x). The corresponding
de�nition of the directional derivative is:

f 0(x : t ) = inf
�> 0

f (x + � t ) � f (x)
�

; (9)

= max
v 2 @f (x )

vT t : (10)

To compute the subdi�eren tial specialize an allowed reduction � of the ac-
tiv e set and make use of the representation (4). The convex hull form of the
subdi�eren tial now gives

vT 2 @f (r (x)) ! v = fg + V� z; (11)

where
fg = r x f � (r )T (12)

is the gradient of smooth part of the objective, and

(V� )� i = r x � T
� ( i ) =

�
r r � � ( i ) A

	 T
; i = 1; 2; � � � ; j� j ; (13)

z 2 Z � = conv(! s ; s = 1; 2; � � � ; q): (14)

The standard inequality (10) for the directional derivative gives

Z � =
n

z; (fg + V� z)T t � f 0(x � : t )
o

: (15)

It follows that the constraint set is known if the directional derivative can be
computed.

The constraint set Z � is polyhedral and has the important property that the
extreme points are determined by the extreme directions of T (epi (f ) ; x � ). Let
t s be into a face of T as illustrated in the examplessketched in �gures 2 and
4. Then it can be written as a convex combination of the edgedirections. The
key calculation is

f 0(x � : t s) = f T
g t s + max

z2 Z �

zT V T
� t s ; (16)

= f T
g t s + max

z2 Z �

(
pX

i =1

� i zT V T
� t s

i

)

;

� f T
g t s +

pX

i =1

� i max
z2 Z �

zT V T
� t s

i

=
pX

i =1

� i f 0(x � : t s
i ) : (17)

However, equality between the directional derivative and the component di-
rectional derivatives on the edgesfollows from the linearit y of f on the face
containing t s . This shows that bzs which maximizes(16) also maximizeseach of
the terms in (17) and is thus a characteristic of the face.
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To compute Z � it is important to take account of the form of the structure
functionals that remain active on an edgeleading from the extreme point. Con-
sider, for example, the tie r 1 = r2 = r3 = r4 determining an extreme point in a
rank regressionproblem corresponding to p = 3. If r 1 leavesthe group with the
remaining residualsstill tied then this determinesan edgeon which � 12; � 13; � 14

all relax away from zero. On this edge� 23 = � 24 = 0. Thus it is necessaryto
relate � 12; � 13; � 14 and � 12; � 23; � 24. In generalthis will lead to a relation of the
form

�
� j r r � T

j

�
�

Sj

sT
j 1

�
= � � Pj ; (18)

where:

1. � j is the structure functional that increasesfrom zero on the edge(here
� 12);

2. � j is the gradient matrix associated with the structure functionals that
remain active on the edge(here � 23; � 24);

3. the form of the transformation matrix is �xed by the particular mode by
which the number of active structure functionals is reducedin the current
allowable reduction;

4. Pj is a permutation matrix performing the necessaryrearrangements which
include switching r r � T

j to the last column; and

5. the active set condition on the edgeis

� T
j At = 0: (19)

The directional derivative on the edgeis given by

f 0(x � : t ) = f T
g t + max

z2 Z �

zT V T
� t ;

= f T
g t + max

z2 Z �

zT P � T
j

�
ST

j sj

1

� �
� T

j
r r � j

�
At ;

= f T
g t + max

z2 Z �

zT P � T
j

�
sj

1

�
vT

j t ;

= f T
g t +

�
� +

j vT
j t ; vT

j t > 0;
� �

j vT
j t ; vT

j t < 0;

where the edgecondition (19) has beenused. This givesthe inequalities deter-
mining Z � in the form

� �
j �

�
sT

j 1
�

P � 1
j z � � +

j ; (20)

where the bounds are given by

� +
j = max

z2 Z �

zT P � T
j

�
sj

1

�
;

� �
j = min

z2 Z �

zT P � T
j

�
sj

1

�
:
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This hassneaked in the assumptionthat both � j ; and � � j are activeat x � . This
is not always true (double sidedbounds imply redundancy), and the casewhere
this is not true is interesting. Basically it corresponds to the simple \max"
casewhere the de�ning a�ne family supports \non degenerate"extreme points
having the form

cT
� ( i ) x � d� ( i ) = C (x) ; i = 1; 2; � � � p + 1:

Suitable structure equationsare

� i (x) =
�

cT
� ( i ) � cT

� (p+1)

�
x �

�
d� ( i ) � d� (p+1)

�
= 0 i = 1; 2; � � � ; p:

In terms of this set the objective function can be written:

C (x) = cT
� (p+1) x � d� (p+1) +

pX

i =1

! i (t ) � nu ( i ) (x) ;

the weights characterizing the nonsmoothnesssatisfy

! i (t ) =
�

1; t is into face i;
0 otherwise;

and the resulting constraint set is

Z =

(

z; zi � 0; i = 1; 2; � � � ; p;
pX

i =1

zi � 1:

)

This caseincludes discrete maximum norm estimation.

Example 3.1 Rank regression again: In general, at an extreme point there
wil l exist multiple groups of ties and each edge leading from this point is ob-
tained by relaxing a structure functional in one of these groups. This wil l re-
sult in the group splitting into two subgroups one or both of which could be
the trivial group containing a single element. Here the case of a splitting into
two nontrivial subgroups, one of which is tied to the group origin, is consid-
ered, and this has the consequence that a new origin must be found for the
second subgroup thereby releasing one degree of freedom. Let the original sub-
group be V0 =

�
r x � T

1 � � � r x � T
m

�
, the subgroup with the same origin be

V1 =
�

r x � T
1 � � � r x � T

k� 1

�
, with origin residual r m +1 , and the new sub-

group be

V2 =
h

r x (� k+1 � � k )T � � � r x (� m � � k )T
i

:

The relation (18) here has the particular form

� �
V1 V2

�
r x � T

k

�
�

S
sT

k 1

�
= V0P; (21)
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where the above assumptionsimply P = I and

�
S
sT

k 1

�
=

2

4
I 0

I 0
0

�
1 � � � 1

�
1

3

5 : (22)

This givesthe inequalities

� �
k �

mX

j = k

zj � � +
k (23)

for each mode of separation into subgroups (after reordering if necessary).
The procedure used to calculate � for a particular splitting of a group com-

pares two computations of f 0(x � : t ). The �rst usesthe form of the subdi�er-
ential at the extreme point based on the original reduced active set structure to
obtain a lower bound for the directional derivative using (10). In this case the

origin contribution is
� P m +1

i =1 wi

�
A (m +1) � t and the contribution from the group

before splitting is

mX

i =1

zi
�
A i � � A (m +1) �

�
t =

 
kX

i =1

zi

!
�
Ak � � A (m +1) �

�
t

where the calculation requires that allowance be made for terms which vanish
on the edge. The second calculation involves the new subgroups, and here only
the contributions of the origin terms matter as the terms involving the active
structure functionals vanish on the edgeas a consequence of (19). Specializing
to the caseAk � t < A (m +1) � t corresponding to the new subgroup changingmore
slowly on the edgegives the contribution

  
kX

i =1

wi

!

Ak � +

 
m +1X

i = k+1

wi

!

A (m +1) �

!

t :

This result has the interesting feature that it is independent of z so that the
contribution of the split groups to the directional derivative estimate is already
maximised. The general result [4] is

 
m � k+1X

i =1

wi

!

�
mX

i = k

z� ( i ) �

 
m +1X

i = k+1

wi

!

;

where � is any permutation of 1; 2; � � � ; m. This says that the sum of the k
smallest scoresmust be lessthan the sumsof any k multipliers zi and thesesums
must, in turn be lessthan the sum of the k largestscores for k = 1; 2; � � � ; m.

4 Elemen ts of a simplicial algorithm [10], [11]

The basic steps in a simplicial algorithm are:
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1. test at the current extreme point to seeif 0 2 @f . If this test is satis�ed
then the current point is optimal;

2. otherwise use the information from this test to determine an edgeof the
epigraph generating a descent direction;

3. then proceedusinga line search to determine the minimum of the objective
in this direction. This search will terminate at another extreme point.

The current point is optimal provided

9ez 2 Z; 0 = fg + Vez: (24)

If this test is unsuccessfulthen ez =2 Z , and there exists a violated member of
the set of inequalities. Let this be:

� �
k �

�
sT

k 1
�

P � 1
k z � � +

k : (25)

This information can now be used to compute a descent direction. Let the
transformation generating the edgebe:

V !
�

Vk vk
�

�
Sk

sT
k 1

�
P � 1

k : (26)

Then the direction determined by the edgeis found by solving the linear system

t T �
Vk vk

�
= � eT

p ; � = � 1: (27)

Here the choice of � depends on whether the left or right inequality in (25) is
violated. To verify the descent property compute the directional derivative and
usethe de�nition of ez, and the active set condition (19). This gives

sup
z2 Z

t T (fg + V z)

= sup
z2 Z

�
� t T Vez + �

�
sT

k 1
�

P � 1
k z

�
;

= sup
z2 Z

�
�

�
sT

k 1
�

P � 1
k (z � ez)

�
;

=
� �

� +
k �

�
sT

k 1
�

P � 1
k ez

�
;

�
sT

k 1
�

P � 1
k ez > � +

k ;
�

�
� �

k �
�

sT
k 1

�
P � 1

k ez
�

;
�

sT
k 1

�
P � 1

k ez < � �
k ;

< 0:

A linesearch must now be performed in the descent direction. Preferred
methods work with the piecewiseconstant directional derivative of the objec-
tiv e function, and it is assumedthat this can be evaluated economically. It
is necessaryto have a global solution strategy in order to avoid the potential
computational cost of a close inspection of slope changes- for example, there
are O(n2) slope changeson the line generatedby each descent edgein the rank
regressionproblem if the scoresare distinct. In general the minimum is not
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characterized by a zero of the directional derivative. Rather, the desired point
occursat a \crossing point" where the graph of the directional derivative jumps
acrossthe axis from negative to positive in the search direction. This behaviour
does not sit well with standard root �nding algorithms and suitable modi�ca-
tions must be sought.

� Hoare's partitioning algorithm: A linesearch method using this algorithm
(the partitioning step in quicksort) hasprovedpopular in the l1 estimation
problem [2]. Here it is only necessaryto know the distances from the
current point to nonsmooth points in the search direction. The required
point is then identi�ed asa weighted median. Hoare's algorithm has been
suggestedwith the partition bound de�ned by the standard median of
three approach. Interestingly, this provesvery successfulfor problemswith
randomly generatedmodel data, but appearsmuch lesssatisfactory when
the model corresponds to a standard continuous approximation problem.

� Bisection applied to the directional derivative: Here bisection is applied
to re�ne a bracket of the minimum. Also it is necessaryto be able to
recognisewhen the bracket contains just oneactive member. The shifting
strategy required to modify the secant algorithm will do. Bisection has
optimal properties which ensurethat its worst caseperformancewill never
be too bad.

� A secant algorithm: The asymptotic linearit y evident in �gures 5 and 6
suggestsuseof the secant algorithm to �nd the crossingpoint in the rank
regressionproblem. This was�rst implemented in [9]. As noted above the
continuous algorithm needsmodi�cation [5]. Here a secant step identi�es
a new piecewiseconstant piece of the directional derivative and this is
followed by a shifting strategy which identi�es the end of this piececlosest
to the crossing point as in �gure 7. This modi�cation ensuresthat the
algorithm is �nite. It provese�ectiv e in other applications (for example,
l1), but an application of the secant algorithm which includes the shifting
step has beengiven in which the method encounters every constant piece
[11]. This example is extremely badly scaled.

It is important that evaluation of f 0(x : t ) be no worsethan n
 (n) , where
 (n)
is a function of slow growth (
 (n)=n = o(1).

5 Polyhedral constrained problems [11]

The basic problem to be consideredis that of minimizing an objective function
subject to a singlepolyhedral constraint. The polyhedral constraint can provide
a compact representation of relatively complicatedsystemsof linear inequalities,
especially when these serve to represent a global statement of the constraint
structure. The local representations that serve well in the optimization context
are again useful. The basic problem statement is

min
x 2 X

f (x); X = f x; � � g (x)g: (28)
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red: secant step

green: shift step

Table 7: Progressin the secant algorithm

The assumptionsmade here are that f (x) is strictly convex and smooth (t yp-
ically a positive de�nite quadratic form), and that g (x) is polyhedral convex.
The Kuhn-T ucker conditions for (28) are

r f (x) = � � v T ; vT 2 @g(x) ; � � 0; (29)

where � = � (� ) is the constraint multiplier. Here � plays the role of a control
parameter. As it increasesthe strength of the constraint is weakenedso that

� ! 1 ; x � ! arg min
x

f (x) ; � (� ) ! 0:

If x � is the unconstrained minimum of f (x) then it also solves (28) when � �
g(x � ). This gives � (� ) = 0 as the corresponding multiplier value. The limit as
� tends to its lower bound is simplest when bx = arg minx g(x) is an isolated
(global) minimum. The condition for a nonempty feasible region requires � �
g (bx), and in this case

� ! g (bx) ; x � ! bx ; � (� ) ! � (g(bx))
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A closely related problem considersthe Lagrangian associated with (28):

L (x; � ) = f (x) + �g (x) ; � � 0: (30)

Note that L is strictly convex as a function of x and that � is here the control
parameter and it could well be set a priori. The necessaryconditions are iden-
tical with those of the constrained problem (29) when � = � (� ). Also � = 0
when � = 0. However, the Lagrangian is de�ned if � � � (g(bx)). If 0 2 @g(bx)o,
the interior of @g(x), then bx minimizes L (x; � ) for � � � (bx). The argument
usesthat

vT 2 @g(bx) )
�
�

vT 2 @g(bx) ; � > �:

This follows from the convexity of @g because�
� v is on the join of v and 0.

Applications which lead to polyhedral constrained problems either directly
or in Lagrangian form include:

1. The \Lasso" provides a new approach to variable selection [12]. It uses
the structure of the l1 unit ball to force components of the state vector to
zero. This is illustrated in �gure 8. The constrained problem considered
is

min
x

1
2

r T r ; kxk1 � �: (31)

Here � is the control parameter. Small values of � will intro duce bias
into the parameter estimates in data analytic applications in addition to
controlling the number of variables selected.

2. The Lagrangian form of the sameproblem has beenconsideredas \Basis
pursuit denoising" [3] . The problem statement is

min
x

�
1
2

r T r+ � kxk1

�
: (32)

3. A di�eren tly structured problem occursin the literature on machine learn-
ing [14] and data mining. The \Support vector regression" formulation
is

min
x

(
1
2

kxk2
2 + �

nX

i =1

jr i j"

)

; (33)

jr j" =
�

jr j � "; jr j � ";
0; jr j < ":

(34)

Here the value of � controls the trade-o� betweenregularization and bias in the
estimation procedure - small values intro ducing the most bias. The value of "
de�nes the \ " -insensitive region". Data corresponding to residualsthat fall into
the interior of this region is e�ectiv ely ignored.
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(0; � )

(�; 0)

kxk1 = �

f (x) = f (
�

0
�

�
)

Table 8: A mechanism for variable selection

6 An activ e set algorithm

The basic components of an active set algorithm are:

1. A local approximation of the problem (t ypically a quadratic representation
of the objective and a linearization of the constraints) is constructed at
the current point x0. This generatesa linear subproblem which is solved
to give a direction of descent h;

2. This computed direction is used in a linesearch step to generatethe next
iterate.

There are di�erences in detail between the algorithms for the constrained and
Lagrangian form of the problem. Thesehave to do with the choice of local ob-
jective, the constraint set being determined by the active structure functionals
in both cases.Hereattention is restricted to the Lagrangian form which is some-
what more interesting asthere is a constraint contribution to the local objective.
The necessarylocal structure is encapsulatedin the compact representation of
the subdi�eren tial:

vT 2 @g(x0) ) v = g0 + V� z; z 2 Z � : (35)
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Here it should be noted that as curvature in f can be important it is no longer
su�cien t that the solution be sought amongthe extremepoints of g(x) sothat at
the optimum rank(V� ) = k � p. However, the structure function formalism ap-
plies herealso;and the representation of the subdi�eren tial asthe convex hull of
nearby gradients providesan accessibleroute to this. The subdi�eren tial can be
split into components obtained by projecting into the constraint spacespanned
by the structure functional gradients v i and into its orthogonal complement.
The derivation of the constraint set is now carried out in the constraint space
where the preceding discussionapplies. The splitting is particularly simple in
the casescorresponding to the lassoand to support vector regression.

The descent direction is generatedby solving the quadratic program

min
V T

� h =0
G (x0; h) ; (36)

G (x0; h) =
�
r f (x0) + � gT

0

�
h +

1
2

hT r 2f (x0)h: (37)

It is assumedthat the exact Hessiancan be computed readily. This is certainly
true for the examples referencedwhich have quadratic objective functions so
that feasiblepoints for (36) satisfy

L (x0 + h; � ) = L (x0; � ) + G(x0; h): (38)

The immediate region of validit y for this derivation of h corresponds to the
region of validit y of the compact structure functional representation of g(x)
about x0. This will be called the region of lc-feasibility. It is characterized by:

� the referencedindex set � points to the active structure functionals at x 0;

� the constraints in the quadratic program expressthe condition that the
current active structure is preserved in the computed direction; and

� g0 is the gradient of the di�eren tiable part of g in the compact represen-
tation (4) about x0.

Lemma 6.1 Let h minimize G. I� h 6= 0 then h is a descent direction for
minimizing L (x; � ).

Pro of. By assumption hT r 2f (x0)h � 0. As G(x0; 0) = 0 it follows that

h 6= 0 ) min G < 0 )
�
r f (x0) + � gT

0

�
h < 0: (39)

A direct computation now shows that the directional derivative is negative.

L 0(x; � : h) = max
v T 2 @L

vT h;

= max
z2 Z �

n
r f (x0) + � (g0 + V� z)T

o
h;

=
�
r f (x0) + � gT

0

�
h < 0:

The next phaseof the computations is simplest when (38) is satis�ed corre-
sponding to f a quadratic form. There are two possibilities:
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1. either x1 = x0 + h is an lc-feasibleminimum of the quadratic program; or

2. the the step to the minimum in the direction of h requires at least one
new structure functional to changesign or becomeactive. The situation
heredi�ers from the caseof purely polyhedral objectivesin that the search
neednot terminate at a new active structure functional.

If x1 is an lc-feasibleminimum then the necessaryconditions give

0 = r f (x1)T + � (g0 + V� z1) ; (40)

where z1 is the multiplier vector for the quadratic program. If

z1 2 Z � ) 0 2 @L(x1; � )

then x1 is optimal. If not then V� doesnot correspond to the correct active set
at the optimum and must be modi�ed. This follows the samepattern asbefore.
It is necessaryto :

1. relax an active structure functional associated with a violated constraint
(20) on Z � ;

2. rede�ne the local linearization.

If � j is the structure functional deleted from the active set then the index set
becomes�  � � f j g. The corresponding modi�cation of the active set is

�
Vj v j

�
�

S
sT

j 1

�
= V� Pj ;

gj
1 = g0 + � j v j ;

� j =
�

� �
j ;

�
sT

j 1
�

P � 1
j z1 < � �

j ;
� +

j ;
�

sT
j 1

�
P � 1

j z1 > � +
j :

Lemma 6.2 The solution of the revised QP is a descent direction which is lc-
feasible. Let

h j = arg min
V T

j h =0
G (x1; h) :

Then h j is a descent direction, and is lc-feasible in the sensethat the behaviour
of � j is determined by

�
sT

j 1
�

P � 1
j z1 > � +

j ) vT
j h j > 0;

�
sT

j 1
�

P � 1
j z1 < � �

j ) vT
j h j < 0:

Pro of. It is necessaryto verify �rst lc-feasibility. The necessaryconditions give

r 2f h j + r f T + �
�

gj
1 + Vj z1

�
= 0; V T

j h j = 0;

so that
hT

j r 2f h j + hT
j

�
r f T + � g0

�
+ �� j hT

j v j = 0: (41)
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Also, if follows from (40) that

0 = hT
j

�
r f T + � g0 + �V � z1

�
;

= hT
j

�
r f T + � g0

�
+ �

�
sT

j 1
�

P � 1
j z1hT

j v j : (42)

Combining (41) and (42) gives

hT
j r 2f h j + �

�
� j �

�
sT

j 1
�

P � 1
j z1

�
hT

j v j = 0:

The result follows from this using the mode of violation of the constraint in-
equalities (20). The descent property now follows from Lemma 6.1.

If f (x) is not a quadratic form then the optimum is approached iterativ ely
using the solution of the locally de�ned quadratic program asa descent direction
at each stage. Note that a line search in this computed descent direction is then
used to determine the next iterate. Also there is a line search used in the
solution of the current quadratic program. Thus there could be somescope for
balancing the computational load between these two component steps in each
iteration.

The quadratic program line search is complicated by the occurrenceof jump
discontinuities in the directional derivatives so that the minimum may occur
either at a new active structure functional corresponding to a crossingpoint or
at a zero of the directional derivative forced by the curvature of the objective
function. It hasprovedconvenient to work with the directional derivativeand to
�rst isolate the minimum to an interval which contains at most onediscontinuit y.
If there are nonethen the secant algorithm can be applied onceon this interval.
If there is exactly onethen it is straightforward to distinguish betweena crossing
point and a zero. It is necessaryto test �rst for a crossing point, but if this
fails then the zerocan be determined by a single secant step on the appropriate
subinterval.

7 A homotop y algorithm

In [11] an e�ectiv ealgorithm for implementing the lassois described. This makes
useof the result that the optimal solution tra jectory x(� ) is a piecewiselinear
function of the constraint bound � in (31). Here the resulting algorithm has
much of the character of a stepwisevariable selectionprocedurewith the added
advantage that the global optimum is obtained for each value of the selection
parameter � . This contrasts with the classical stepwise regressionprocedure
where the local greedy algorithm employed need not produce a global result.
The existenceof a piecewiselinear optimal homotopy path extends to the case
wherethe objective f (x) is a positive de�nite quadratic form and the constraint
g(x) is polyhedral convex.

The problem is consideredin Lagrangian form and the multiplier � is used
in the role of homotopy control parameter. Let x be optimal for the current
value of � . Then the necessaryconditions are

r f (x)T + � (g� + V� z� ) = 0
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where � is the index set pointing to the current (non redundant) set of active
structure functionals which correspond to equality constraints here. Assume
z� 2 Z o

� . This, plus continuit y of the minimizer x(� ), ensureslocal di�eren tia-
bilit y with respect to � . This gives

r 2f
dx
d�

+ V�
d

d�
(� z� ) + g� = 0; (43)

V T
�

dx
d�

= 0: (44)

Strict convexity plus the nonredundancyassumptionimplies that the augmented
matrix of the quadratic program (36) is nonsingular. Here this gives

�
dx
d�

d
d� (� z� )

�
= �

�
r 2f V�

V T
� 0

� � 1 �
g�

0

�
: (45)

The piecewiselinear nature of the solution tra jectory follows becausethe right
hand side is independent of � . The consistency of the assumptions made is
veri�ed readily. Adding � times (43) to the necessaryconditions gives

r f T + � r 2f
dx
d�

+ (� + � )g� + V�

�
� z + �

d
d�

(� z)
�

= r f (x + �
dx
d�

) + (� + � ) (g� + V� z(� + � ))

= 0

as the Taylor series for � z terminates after the �rst derivative term and Z �

is constant, depending only on the constant derivative information, on any set
on which the active structure functional information is preserved exactly. This
shows that optimalit y is preserved under the current structure provided z(� +
� ) 2 Z � .

To determine the behaviour of L (x(� ); � )) on the homotopy tra jectory con-
sider a displacement � that doesnot involve a slope discontinuit y. Then

� L = L
�

x + �
dx
d�

; � + �
�

� L (x; � )

= f
�

x + �
dx
d�

�
� f (x) + �

�
g

�
x + �

dx
d�

�
� g (x)

�
+ � g

�
x + �

dx
d�

�
:

This gives

lim
� ! 0

� L
�

= L 0
�

x :
dx
d�

; �
�

+ g(x);

where

L 0
�

x :
dx
d�

; �
�

= r f (x)T dx
d�

+ �g 0(x :
dx
d�

):

Also

L 0
�

x :
dx
d�

; �
�

= 0:
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This follows from the necessaryconditions because

r f (x)T dx
d�

= � � gT dx
d�

;

= �
dx
d�

T

r 2f
dx
d�

> 0;

and

g0(x :
dx
d�

) = sup
z2 Z �

f g + V� zgT dx
d�

;

= gT dx
d�

< 0:

A consequenceis that f (x) increasesalong the homotopy path while g(x) de-
creases.For �xed � the minimizer of L also minimizes 1

� f + g so the minimizer
must tend to the minimizer bx of g for large � . It follows that bx is the only limit
point as � ! 1 . Further, it is attained for �nite � . To seethis let the necessary
conditions for the minimum of g be

bg + bVbz = 0; bz 2 bZ o:

Necessarily bV has its full row rank so that it follows that there is � 0 large
enough,and a ball S0(� 0) centred on bx such that

bV + f� bg �
1
�

xg 2 bZ ; 8x 2 S0; 8� > � 0:

Thus bx is the unique minimizer of L (x; � ); � > � 0.
It remains to considerwhat happensat the end of the current linear section

as � increases.Two typesof behavior trigger slope discontinuities:

1 The multiplier vector z� (� ) reachesa boundary point of Z � . In this case
a structure functional (say � j ) is about to becomeinactive. By (20) this
implies an equality �

sT
j 1

�
P � 1

j z� = � �
j :

Updating the necessaryconditions gives

r f T + �
�

g� + � �
j v j + Vj z�

	
= 0: (46)

It follows from (18) and continuit y of x(� ) that the homotopy continues
with the reducedconstraint set de�ned by Vj where

�
Vj v j

�
�

Sj

sj 1

�
= V� Pj : (47)

2 A new nonredundant structure functional � j becomesactive. Here the
revised necessaryconditions give

r f T + �
�

g� � � �
j v j +

�
V� v j

�
�

z�

� �
j

� �
= 0: (48)
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The homotopy continues with the updated set of active structure func-
tionals and continuit y requires that the modi�ed multiplier vector move
o� its bound and into the interior of the updated constraint set.

Example 7.1 The lasso(31), (32). Here:

f (x) =
1
2

krk2; g(x) =
pX

i =1

jx i j;

and the structure functionals are

� 2i � 1 = x i ; � 2i = � x i ; i = 1; 2; � � � ; p:

Let the current point on the homotopytrajectory be characterized by an index set
j� j = k < p pointing to the (appropriately signed) nonzero components of x, so
it also indicates the inactive structure functionals, and let P� be the permutation
matrix such that

P� x =
�

x �

0

�
; P� g =

�
� �

0

�
; P� z =

�
0
z�

�
: (49)

Also de�ne the Choleskyfactorization

P� AT AP T
� =

�
M 11 M 12

M 21 M 22

�
=

�
UT

1
UT

12 UT
2

� �
U1 U12

U2

�
; (50)

and note that

P�
�

V 0
�

PT
� =

�
0 0
0 I

�
:

Then (43), (44) are equivalent to
2

6
6
4

�
M 11 M 12

M 21 M 22

� �
0 0
0 I

�

�
0 0
0 I

�
0

3

7
7
5

2

6
6
4

� dx �
d�
dx c
d�

�

�
d

d� (� zc)
d

d� (� z� )

�

3

7
7
5 +

2

4

�
� �

0

�

0

3

5 = 0:

It follows immediately that the contributions from the �xed state variables x c,
corresponding to the active structure functionals, and multipliers zc, correspond-
ing to inactive structure functionals, are zero. The result of solving for the
remaining quantities is

M 11
dx �

d�
+ � � = 0

M 21
dx �

d�
+

d
d�

(� z� ) = 0:

Making use of the factorization (50) of M leads to the equations

U1
dx �

d�
= � UT

1 � � = � w � ; (51)
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and

UT
12U1

dx �

d�
+

d
d�

(� z� ) = � UT
12w � +

d
d�

(� z� ):

Simplifying gives
d

d�
(� z� ) = UT

12w � : (52)

Equations (51) and (52) are equivalent to the homotopy equations given in [11]
when the relation

d�
d�

= �
1

kw � k2

(equation (6.23) in [11]) is used.

Example 7.2 Support vector regression (33). This example�nds the residual
structure in the constraint while the objective function is a simple function of
the state. We have:

f (x) =
1
2

kxk2; g(x) =
nX

1=1

jr i j" :

The active structure functionals correspond to residual values r i = � " . At the
current point let thesebe referenced by index sets" + and " � respectively, the set
corresponding to values jr i j < " by � 0, and the values r i > " , r i < � " by � + ,
and � � respectively. Then

V� i = AT
" ( i ) � ; " = "+ [ " � ; (53)

g =
X

i 2 � + [ � �

AT
i � � i ; � i = sgn(r i ): (54)

It provesconvenient to compute an orthogonal factorization of V . Let

V =
�

Q1 Q2
�

�
U
0

�
:

Then

dx
d�

= � Q2QT
2 g; (55)

d
d�

(� z) = � U � 1QT
1 g: (56)

This shows that the tra jectory is piecewiselinear. Continuit y of the state vari-
able is usedto patch the piecestogether, and up and downdating to takeaccount
of changesin active structure functionals follows standard practice.
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8 Computational exp erience

The complexity of the simplex algorithm for linear programming has beenan-
alyzed under random and worst casescenarios. However, this work does not
directly apply to polyhedral function minimization when there is the possibil-
it y of a line search step, and this case is less well understood. In the case
of deterministic approximation problems where there is a well de�ned set of
continuously di�eren tiable basis functions then the best results are obtained
for discrete maximum norm approximation in the casethat the Haar condition
(equals nonsingularity of the p � p minors of the design matrix) holds. These
results have beenobtained for a dual simplex algorithm applied to a linear pro-
gramming formulation of the problem and neednot apply to other formulations
[10]. This method can be consideredas a discretization of the classical �rst
algorithm of R�em�esfor which p-step secondorder convergencehas beenproved
[13]. This suggestsstrongly that a complexity estimate will involve O(p) sim-
plex stepsand will be e�ectiv ely independent of the �nenessof the discretization
which heredeterminesn. A formal argument hasbeenpresented in [10] to show
that somethingsimilar in the senseof predicting a complexity estimate depend-
ing on p happens in the discrete l1 approximation problem, and here the line
search is seriously important in an e�ectiv e algorithm. If the l1 problem data
is randomly generated, and this is the case,for example, if a popular way of
generating test problems with known solutions [1] is used,then theseresults do
not apply. However, computational experiencesuggeststhe complexity has a
dominant dependenceon p but with a further factor depending on n which has
slow growth [10]. The two casesneednot lend themselvesto similar line search
strategies [11].

Rank regressionhas been consideredhere as an example with signi�can t
intrinsic complexity. In this casethe empirical evidenceobtained from compu-
tations with simplicial methods involving a line search strategy suggeststhat
the grossindicators such as the total number of descent stepshave a dominant
dependenceon p which is similar to that in the l1 case. However, the work
per step is somewhatgreater and more care is now neededin treating the line
search becauseof the potential O(n2) slope changesin the computed direction.
The secant algorithm is strongly favoured becauseof the asymptotic linearit y
properties of the rank regressionestimator [8]. These o�er more if the model
is exact becausenow there are consistencyresults [7] which show that a good
initial approximation can be obtained by iterating a few least squaresproblems
with a common designmatrix. If advantage is taken of this property then the
computational experience[11] suggestsrelatively few iterations of the simplicial
algorithm are required. Typically it requiresp stepsto establish a �rst extreme
point but then few more are required to complete convergence.

Polyhedral function constrainedproblems fall into two groupings depending
on the complexity of the constraint formulation. In the lasso this is low as it
dependsonly on the state variable x and typically p � n in standard data sets.
For example, for the Iowa wheat data p = 9; n = 33, while for the Boston
housingdata p = 13; n = 506 - both setscan be found readily by standard web
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" � nits n0 ne
10 10 121 471 13

1 113 471 10
.1 92 459 10

1 10 144 135 13
1 130 135 13
.1 201 129 12

.1 10 262 16 13
1 179 14 12
.1 183 12 11

Table 9: Activ e set algorithm: Boston housing data

searches. For both thesedata sets, for the lassostarted at � = 0, the homotopy
algorithm turns out to be clearly the method of choice as it takes exactly p
simplicial stepsof O(np) operations applied to an appropriately organiseddata
set [12] to compute the solutions for the full range of � in each casewith two
more stepsbeing necessaryif an intercept term is included in the housing data.
This is essentially the minimum number possible,the cost is strictly comparable
with the work required to solve the least squaresproblem for the full data set,
and a great deal more information is obtained.

Support vector regressionprovides an example in which the residual vector
in the linear model appears in the polyhedral function constraint. This now
contains a number of terms equal to the number of observations so that it is
distinctly more complex than in the lasso. The active set algorithm proves
reasonablye�cien t on the Boston housing data set and results are summarized
in Table 9. Here the data presented are the number of iterations to convergence
(nits), the number of residuals in the "-insensitive region (n0) and the number
of residualsat the " bound (ne) for a range of valuesof � and " . Each iteration
is an O(np) sweepoperation on a similar tableau data structure to that usedin
the lasso [11]. The total work corresponds very roughly to O(10) solutions of
the least squaresproblem for the corresponding designmatrix. For comparison,
the corresponding values for the Iowa wheat data are given in Table 10. Here
the increasein computing cost for the housingdata examplesuggestsa stronger
dependenceon n than in the lassocomputations. This would seemto re
ect
the additional complexity in the polyhedral constraint.

The homotopy algorithm is relatively lessfavoured in this case.The obvious
starting point in the sensethat the solution x = 0 is known is � = 0. Results for
the two data setsare given in Table 11 and Table 12. The number of iterations
is very much larger than in the lasso,and only snapshot results are presented,
but thesemake clear that the initial progressis very slow with only very small
increments in � being taken and with few structure functionals being active at
any increment point. Note that this is the region where bias can be expected
to be maximized so there well could be a messagethat in this region results are
of little interest. Initially all the residuals are of the same sign and (mostly)
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" � nits n0 ne
10 10 32 17 9

1 32 18 8
.1 33 18 6

1 10 31 3 9
1 26 2 8
.1 16 0 6

.1 10 54 1 9
.1 34 0 8
.1 18 0 5

Table 10: Activ e set algorithm: Iowa wheat data

bigger than j� j in both examples,and passingthrough the "-insensitive region
takesa minimum of two simplicial steps, so that O(n) homotopy steps can be
anticipated. However, the processof settling down is re
ected in the number of
iterations and is more convoluted than one involving just a sequenceof simple
sign changes. Eventually the �nal progressto the large � solution minimizing
the polyhedral objective is reasonably e�cien t. For example, for the housing
data, around the last 1000 steps are taken in moving � up to its �nal value
from values which are order 10� 4 smaller. This corresponds to between5 and
10 applications of the active set algorithm and, by construction, each step along
the homotopy tra jectory is optimal for the current � values.

These results suggestthat homotopy may be most useful in some form of
post-optimalit y strategy. For example, the active set algorithm could be used
to �nd starting valuesfor the homotopy, especially starting valuesavoiding the
small initial valuesof � . The homotopy algorithm could then be usedto provide
more local information for decisionmaking purposes.
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