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Abstra
tThe goal of most learning pro
esses is to bring a ma
hine into a setof \
orre
t" states. In pra
ti
e, however, it may be diÆ
ult to showthat the pro
ess enters this target set. We present a 
ondition whi
hensures that the pro
ess visits the target set in�nitely often almostsurely. This 
ondition is easy to verify and is true for many wellknown learning rules. To demonstrate the utility of this method, weapply it to four types of learning pro
esses: the Per
eptron, learningrules governed by 
ontinuous energy fun
tions, the Kohonen rule, andthe Committee Ma
hine.
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1 Introdu
tionA 
entral issue in the study of learning pro
esses is that of their long termbehavior; namely, if the pro
ess 
onverges, what are its limit points, and ifnot, whi
h sets are visited frequently by the orbits of the pro
ess (whi
h arethe sequen
es of states generated by the appli
ation of the learning rule).The purpose of this paper is to introdu
e a method whi
h 
an be applied toa wide range of well known learning rules, and may redu
e the diÆ
ulties inanswering this question 
onsiderably.Given a learning rule, one may de�ne a \target set" into whi
h the orbitsof the learning pro
ess should enter often. For example, 
onsider the setof 
orre
t states in a supervised learning pro
ess. In the supervised learningsetup, the student is adapted until it agrees with the tea
her on every possibleexample, whi
h means that it enters the set of 
orre
t states. In this 
ase,the target set is absorbing: on
e an orbit enters the set of 
orre
t states,it will never leave it. However, in the 
ase of many unsupervised learningpro
esses, there is no guarantee that the target set is absorbing.A property of the target set, whi
h is weaker than being absorbing, isre
urren
e. The target set is re
urrent if the orbits enter it in�nitely oftenwith probability 1. Re
urren
e of the target set is also weaker than ergod-i
ity: when a pro
ess is ergodi
, every set of states with positive measure isre
urrent. In many learning pro
esses, we would like to eventually limit theset of states whi
h are visited by the orbits of the pro
ess, and thus we wouldlike only spe
i�
 subsets of the state spa
e (those 
ontaining the target set)to be re
urrent.Although proving that the target set is re
urrent does not ensure 
on-1



vergen
e of the pro
ess to this set, su
h a proof is useful. Re
urren
e proof
an serve as part of a 
onvergen
e proof { if the target set is not re
urrent,
onvergen
e 
annot be a
hieved. If the target set is re
urrent, the other pie
eof information whi
h is required in order to prove 
onvergen
e is that on
ethe pro
ess enters this target set, it will not leave it again easily (in the sensethat es
ape probabilities from the target set are small enough). Therefore,the main result of this paper is a method whi
h allows us to determine, undervery general 
onditions, whether a target set is re
urrent or not.The method 
onsists of two parts. First, we need to prove that the learn-ing pro
ess satis�es a (rather weak) 
ontinuity assumption. We show thatif this assumption holds, and if from any initial 
ondition there is a positiveprobability of entering the target set, the orbits will enter the target set in-�nitely often with probability 1. However, there may be initial 
onditionswith a 0 probability to enter the target set. The identi�
ation of this set of\undesirable" initial 
onditions, whi
h we denote by A, is the se
ond partof our method. We demonstrate that with probability 1, the orbits either
onverge to the set A or enter the target set in�nitely often. In parti
ular, ifA is empty, the target set is re
urrent.This approa
h does not deal dire
tly with the issue of how long it takesto rea
h a state in the target set starting from a generi
 initial state. We donot obtain quantitative results, nor do we attempt to estimate the time ittakes to rea
h the target set. Rather, we fo
us on a \soft" approa
h, whi
hmakes it easy to 
he
k whether the target set is re
urrent.We present four examples of learning rules to whi
h our method may beapplied. The �rst is the Per
eptron learning rule (Haykin, 1994). We prove2



that even under 
onditions whi
h are less restri
tive than those required bythe Per
eptron 
onvergen
e theorem, the orbits of the pro
ess 
ome arbitrar-ily 
lose to the tea
her with probability 1, although 
onvergen
e does notne
essarily o

ur. The se
ond example is the Kohonen learning rule (Koho-nen, 1989; Ritter et al., 1992). Again, we show that the 
ontinuity assumptionholds. We de�ne a target set for a small 2{dimensional Kohonen pro
ess, anddemonstrate that with probability 1, the orbits of the pro
ess must enter thetarget set in�nitely often. Then, we investigate the 2{dimensional Kohonenpro
ess with respe
t to a latti
e order. We introdu
e an algorithm whi
hshould allow us to 
onstru
t a sequen
e of inputs whi
h takes a generi
 ini-tial state to the target set; i.e., to a set whi
h has a latti
e order. Thus, withprobability 1, the orbits of the pro
ess be
ome ordered. The third exampleis a general 
onvergen
e proof for pro
esses for whi
h it is possible to builda smooth energy fun
tion, using the theory presented here. Finally, we ex-amine a version of a \bounded 
hange" learning algorithm suggested for theCommittee Ma
hine (Kim and Sompolinsky, 1996). We demonstrate thatalthough the 
ontinuity assumption is ful�lled, if the bound on the step sizeis too tight, there is a non-trivial set of initial 
onditions from whi
h it isimpossible to enter the set of 
orre
t states.2 General TheoryAs stated in the Introdu
tion, in many learning pro
esses there is some setof states to whi
h one hopes that the orbits of the learning pro
ess 
onverge.The minimal requirement is that this set of states is re
urrent, in the sensethat the orbits of pro
ess enter it in�nitely often almost surely. Our goal is3



to formulate an easy to verify 
ondition whi
h ensures that the target set isindeed re
urrent.We start with some notation. For a set A, denote by �A the 
hara
teristi
fun
tion of A, i.e., a fun
tion whi
h is 1 on A and vanishes outside A. Putd(x;A) the distan
e between x and the set A. Finally, Bx(r) is the open ballwith radius r 
entered in x.We view the learning pro
ess T as a dynami
al pro
ess on some 
ompa
tstate spa
e X. During ea
h learning step, the system is exposed to an inputv sele
ted from some set V and it adapts by the learning rule x ! T (x; v).The inputs are sele
ted by an i.i.d law on V whi
h is given by a Borel measure�. Thus, our pro
ess is a time homogeneous Markov pro
ess (Xn; Vn) de�nedby the transition densityP�(X1; V1) = (a; b)j(X0; V0)� = P�T (X0; V0) = a�P�V1 = b�:Hen
e, (Vn) are sele
ted independently while (Xn) are adapted a

ording toT . Equip X with a probability measure �, let P0 be the measure indu
edon the orbits (Xn) and set Px to be the indu
ed measure given that X0 = x.For every k{tuple (v1; :::; vk) 2 V k, set T k(x; v1; :::; vk) to be the state of theinitial 
ondition x after it was exposed to the examples v1; :::; vk.The basis of our dis
ussion is the following theorem:Theorem 2.1. Let (Xn) be a homogeneous Markov pro
ess and set A;O �X. Assume that infx2APx(Xn 2 O for some n) > 0. ThenfXn 2 A in�nitely often g � fXn 2 O in�nitely often g P0�almost surelyRoughly speaking, the assertion of the theorem is that if the transitionprobability from every x 2 A to some set O is stri
tly positive (that is, larger4



than some positive 
onstant), an orbit whi
h visits A in�nitely often will alsovisit O in�nitely often. The proof of Theorem 2.1 is deferred to the appendix.This theorem is useful for proving that a set is re
urrent, but given someO � X, it is usually diÆ
ult to prove the existen
e of a positive lower boundon Px(Xn 2 O for some n). We bypass this diÆ
ulty by showing that thefun
tion hO(x) = Px(Xn 2 O for some n) is lower semi 
ontinuous (de�nedbelow) under mild assumptions on the pro
ess T and on the set O.De�nition 2.2. A real valued fun
tion f is lower semi 
ontinuous if forevery xn ! x, lim infn!1 f(xn) � f(x).An important property of lower semi 
ontinuous fun
tions whi
h is statedin the following lemma, is that like 
ontinuous fun
tions, they attain theirminimum on 
ompa
t sets.Lemma 2.3. Let f be a real valued fun
tion whi
h is lower semi 
ontinuous.Then on every 
ompa
t set, f attains its minimum.The proof of the lemma is easy and we shall omit it.From Lemma 2.3 it follows that in order to prove that a set O is re
urrent,it is suÆ
ient to demonstrate that hO is lower semi 
ontinuous, and that forevery x 2 X, hO(x) > 0. Indeed, sin
e X is 
ompa
t and hO is lower semi
ontinuous, it attains its minimum in X, implying that this minimum ispositive. Hen
e infx2X hO(x) = infx2X Px(Xn 2 O for some n) > 0:By Theorem 2.1, fXn 2 X in�nitely ofteng � fXn 2 O in�nitely oftengalmost surely and our 
laim follows. 5



Unfortunately, may one sometimes en
ounter a pro
ess in whi
h thereis a set A on whi
h hO(x) = 0, and XnA is not 
ompa
t. Thus, the ideawe used above does not apply dire
tly to this 
ase. However, only a smallmodi�
ation is required to prove the following:Theorem 2.4. Assume that hO(x) is lower semi 
ontinuous and that A � Xis a set su
h that for every x 2 XnA, hO(x) > 0. ThenP0�fd(Xn; A)! 0g [ fXn 2 O in�nitely ofteng� = 1:Sket
h of Proof: Fix some integer m and set Rm = fxjd(x;A) � 1=mg. Ifan orbit (Xn) does not 
onverge to A, then it belongs to some Rm in�nitelyoften. Sin
e Rm is 
ompa
t and hO is positive on this set, then there is someÆ > 0 su
h that hO(x) > Æ on Rm, whi
h implies that the orbit enters Oin�nitely often. �Next, we shall formulate a suÆ
ient 
ondition on the dynami
al pro
essT whi
h ensures that for every open set O, hO is lower semi 
ontinuous.Assumption 1. For every x 2 X and every sequen
e (yn) whi
h 
onvergesto x, T (yn;�)! T (x;�) almost surely, i.e., there is some set 
 � V (whi
hmay depend both on x and on (yn)) with �(
) = 1 su
h that for every ! 2 
,T (yn; !)! T (x; !).Note that this assumption is 
onsiderably weaker than a 
ondition of �{almost everywhere 
ontinuity in x sin
e the set 
 may depend on the spe
i�
sequen
e (yn).This weak 
ondition suÆ
es to ensure the stability of the sto
hasti
 pro-
ess in the sense that for every integer k there is a neighborhood of x and6



a \large" set of inputs su
h that for every y in the neighborhood and everysu
h k{tuple of inputs v1; :::; vk, T k(y; v1; :::; vk) is 
lose to T k(x; v1; :::; vk).This stability 
ondition is at the heart of the proof of the next Theorem:Theorem 2.5. Assume that Assumption 1 holds and that O is an open sub-set of X. Then hO(x) = PxfXn 2 O in�nitely ofteng is lower semi 
ontinu-ous.The proof of this theorem is deferred to the appendix. However, the proofpresented there uses a less dire
t approa
h. Therefore, we present a sket
hof a dire
t proof of Theorem 2.5 in whi
h we assume that T is 
ontinuous.Sket
h of Proof: Let Bnx = fv1; :::; vnjT n(x; v1; :::; vn) 2 Og and set Cnx tobe a 
ompa
t subset of Bnx whose measure is \almost" the measure of Bnx .Sin
e T n is 
ontinuous, then T n(x;Cnx ) is a 
ompa
t subset of O, implyingthat there is a positive distan
e between this set andXnO. Therefore, there isa neighborhood U of x su
h that for every y 2 U and every (!1; :::; !n) 2 Cnx ,T n(y;!1; :::; !n) is \
lose" to T n(x; Cnx ), hen
e T n(y;!1; :::; !n) belongs to O.By this argument, it follows that for every " > 0 there is a neighborhoodUx su
h that for every y 2 Ux,�n� n[i=1Biy� � �n� n[i=1Bix�� ":Hen
e, for every y 2 Ux,PyfXn 2 O for some i � ng � PxfXn 2 O for some i � ng � ": (1)De�ne a stopping time � to be the time in whi
h the pro
ess �rst enters O,and set fn(x) = Pxf� � ng. Thus, by (1), fn is an in
reasing sequen
e oflower semi 
ontinuous fun
tions whi
h 
onverges pointwise to hO. Therefore,hO is lower semi 
ontinuous. 7



�Corollary 2.6. If Assumption 1 holds, O is open and A is a set su
h thatfor every x 62 A, hO(x) > 0 thenP0�fd(Xn; A)! 0g [ fXn 2 O in�nitely ofteng� = 1: (2)3 ExamplesIn this se
tion, we give some examples of learning pro
esses to whi
h ourmethod 
an be applied. We 
hose on purpose well{known learning pro
esses,in order to 
ompare the theory presented here with previous treatments ofthe same pro
esses. Ea
h example has two parts: �rst, it is required to showthat Assumption 1 holds. Se
ond, given a target open set O, it is ne
essaryto study the fun
tion hO(x), giving the probability of entering O starting atany state x. The se
ond step is the more 
ompli
ated one, requiring usuallyad-ho
 arguments adapted for ea
h 
ase individually.3.1 The Per
eptronThe Per
eptron is a 
lassi
al supervised learning model. Here, both thetea
her T and the student X are positive sides of given maximal subspa
es.Let sign(x) = 8<:1 x � 00 x < 0 ; (3)then for any Per
eptron X �X(v) = sign(
x; v�). Thus, �X(v) is the de
isionfun
tion of the Per
eptron X. Let T be the tea
her Per
eptron and put X to8



be the Per
eptron we are training. Note that X and T agree on an examplev if and only if �T (v) = �X(v). Hen
e, IRd is divided into two sets: on the�rst one �T and �X agree and on the other set �T and �X disagree (Fig. 1).We 
an identify ea
h maximal subspa
e X with its normal unit ve
torx. With this identi�
ation, X = fyj
x; y� � 0g and the boundary is �X =fyj
x; y� = 0g. �X is 
alled the de
ision boundary of X. Furthermore, as faras the Per
eptron is 
on
erned, an example y is 
lassi�ed in the same way asany example 
y for 
 > 0. Thus, we 
an assume that the input spa
e is the setof unit ve
tors, whi
h is the d-dimensional unit sphere, Sd�1 = fxj kxk = 1g.Next, we have to sele
t the probability distribution � with whi
h theexamples for the training pro
ess are 
hosen. Assume that the measure is\smooth" in the sense that it does not assign positive probability to setswhose area is 0. In parti
ular, it assigns zero probability to any spe
i�
input. Formally, we require that � is absolutely 
ontinuous with respe
t tothe Haar measure, whi
h is the natural extension to the sphere of the notionof ar
 length on the 
ir
le.Given a student X and a tea
her T , set the fun
tion fT;X(v) : Sd�1 ! IRby fT;X = �T � �X . Thus, fT;X(v) = 0 if and only if T and X agree onthe input v. A Per
eptron X is 
orre
t if it 
lassi�es essentially all inputs
orre
tly; that is, if the set on whi
h X and T disagree has probability 0.Hen
e, we say that the Per
eptron X is 
orre
t if ��fv 2 V jfT;X(v) 6= 0g� =0. The standard Per
eptron training algorithm 
an now be formulated in thefollowing way: de�ne a fun
tion Tp and a dynami
al pro
ess xn+1 = Tp(xn; vn)whi
h takes the 
urrent Per
eptron Xn represented by the unit ve
tor xn, an9



input example vn drawn independently by the probability distribution �,whi
h produ
es as an output a new Per
eptron xn+1. The fun
tion Tp is
omputed in two steps: �rst, the dire
tion of the new Per
eptron is 
hosenby the standard Per
eptron update rule, and then it is normalized to a unitlength: ~xn+1 = xn + "fT;Xn(vn)vn; xn+1 = Tp(xn; vn) = ~xn+1k~xn+1k : (4)The standard Per
eptron 
onvergen
e theorem states that for a �nitetraining set and for any sequen
e of examples taken from this set su
h thatall the members of the training set appear an in�nite number of times, thealgorithm 
onverges to a Per
eptron whi
h agrees with the tea
her on thetraining set. A 
ru
ial part of the proof is that the smallest angle between atraining example and the tea
her is always greater than zero. This theorem
an be generalized to an in�nite set of training examples and a more generaldistribution on that set, but then the assumption that the angle betweenthe training examples and the tea
her is bounded from below by a positivenumber must be made expli
itly. Here, we extend the Per
eptron 
onvergen
etheorem even further. Assume that the measure � by whi
h the examples aresele
ted is absolutely 
ontinuous with respe
t to the Haar measure. We showthat with probability 1, running the Per
eptron training algorithm brings usarbitrarily 
lose to the tea
her in�nitely often. The pri
e paid for the weakerassumption is that although the orbits approa
h the tea
her in�nitely often,they may not 
onverge and the student may os
illate around the position ofthe tea
her.To prove re
urren
e, �rst we have to show that the fun
tion Tp satis�esAssumption 1. Indeed, for every x 2 Sd�1, the set on whi
h Tp(x;�) is not10




ontinuous is (�X [ �T ) \ Sd�1 and 
onsists of the points of dis
ontinuityof fX;T . Fix x 2 Sd�1, a sequen
e yn ! x and set 
 = V n�X [ �T 1[n=1 �Yn.Then, �(
) = 1 and for every ! 2 
, Tp(yn; !) ! Tp(x; !). Therefore, the
onditions of Assumption 1 hold.Next, we have to de�ne the 
andidate re
urrent set O and to study thefun
tion hO(x). We sele
t Bt(r), the open ball with radium r around thetea
her, as the set O of Theorem 2.6. Thus, We show that with probability1, the orbits enter Bt(r) in�nitely often.Corollary 3.1. Denote by (xn) the orbits of the Per
eptron Learning ruleTp. Then for every r > 0, P0nxn 2 Bt(r) i:o:o = 1.Proof: The idea behind the proof is to use the 
lassi
al Per
eptron 
on-vergen
e theorem to show that hO(x) > 0 for O = Bt(r). Let V 0 =Sd�1nfd(T; x) � rg. Note that the set of 
orre
t states for the pro
ess (4)with V 0 as its input set and T as the tea
hing halfspa
e is Bt(r), and thatd(�T; V 0) > 0. Therefore, by the standard Per
eptron 
onvergen
e theorem,the orbits of the pro
ess (4) using V 0 and T as the input set and the tea
h-er respe
tively, enter Bt(r) in a �nite number of steps almost surely. Thisimplies that if V = Sd�1 then for every x 2 Sd�1, hBt(r)(x) > 0. By thedis
ussion above hBt(r) is lower semi 
ontinuous, therefore, by Theorem 2.4applied to A = � it follows that P0nxn 2 Bt(r) i:o:o = 1 as 
laimed. �We wish to emphasize that the fa
t that the orbits are arbitrarily 
lose tothe tea
her in�nitely often does not imply that they 
onverge to the tea
her.Remark 1. Let T = fx 2 IRdjxd � 0g and assume that � is the Haarmeasure restri
ted to Sd�1 \ T . Then, by 
orollary 3.1, (xn) enters Br(t)11



in�nitely often almost surely. However, it 
an be shown (Mendelson, 1998)that P0nxn ! to = 0. In other words, although Xn are arbitrarily 
loseto T almost surely, the pro
ess (4) does not 
onverge to the tea
her withP0{probability 1.3.2 The multi-dimensional Kohonen pro
essThe Kohonen adaptive pro
ess is de�ned using two sets: one is the (�nite) setwe wish to adapt and the other one is the set of possible inputs. We assumethat both these sets are 
ontained in some �nite dimensional normed spa
e,and that the set of inputs is 
ompa
t (that is, it is 
losed and bounded).Again, denote the input set by V and the adapting set in the n-stageby xn. Note that xn is a set, 
onsisting of the 
urrent 
on�guration of theadapted set. Given v 2 V , let Pxn(v) be the set of the nearest points to vin xn = fx1n; :::; xmn g and put i(y) the index of y in the set x. Our learningpro
ess Tk generates the next state xn+1 by moving some of the points in xn inthe dire
tion of the 
urrent input. The points to be moved are determined bya fun
tion f whi
h depends on the index of the nearest point to v, i(Pxn(v)),and on the index of the point being 
onsidered, j.xjn+1 = [Tk(xn; vn)℄j = xjn + "f(i(Pxn(v)); j)(vn � xjn); (5)where xjn 2 xn, " > 0 and f : IN� IN! [0; 1℄.Thus, the fun
tion f impli
itly de�nes a neighborhood relationships on theindi
es. Pairs for whi
h f(i; j) is large are \
lose" whereas pairs of points forwhi
h f(i; j) is small or zero are \far". At ea
h step of the pro
ess, pointswhi
h are 
lose to Pxn(v) in this sense take a large step in the dire
tion ofthe 
urrent input v, and in parti
ular approa
h ea
h other. Points whi
h12



are farther away take a relatively smaller step or do not move at all. Thegoal of the pro
ess is to 
ause points whi
h are 
lose in terms of indi
es (asdetermined by the fun
tion f) to be 
lose in the sense of the metri
 distan
e.Ea
h step of the Kohonen pro
ess improves this 
orresponden
e to someextent, but only for the nearest point i(Pxn(v)) and its neighbors { be
ausethey move 
loser to ea
h other. In so doing, however, the same step mayworsen the situation for other points.The main experimental observation about the Kohonen pro
ess is thatin spite of the lo
al 
hara
ter of ea
h learning step, it is possible to gener-ate global order. However, a proof of this fa
t is available only in the onedimensional 
ase with the neighborhood fun
tionf(i; j) = 8<:1 ji� jj � 10 otherwise :Usually, it is assumed that the step size " de
reases to 0 in some way,but not too fast. This ensures that at the later stages of the pro
ess, themodi�
ation of the state at ea
h moment be
omes very small. However, if "depends on the stage of the learning pro
ess (that is, " is time dependent),the theory presented in this paper is not appli
able. Thus, we analyze a\homogeneous" Kohonen pro
ess in whi
h the step size " is 
onstant. Oneway to justify the analysis of this 
ase is that in pra
ti
al implementationsof the Kohonen pro
ess, it is very often ne
essary to keep " relatively largefor a long time in order to rea
h approximate order, and only then " isde
reased in order to \freeze" this order. The analysis presented here is thenrelevant to the �rst stage of su
h implementations, and as we demonstratebelow, the homogeneous 
ase already ensures the emergen
e of order in themulti{dimensional Kohonen pro
ess, although only transiently (in the sense13



that the set of ordered states is not absorbing). The homogenous Kohonenpro
ess was also analyzed by others (e.g. Fort and Pages, 1995).To apply the theory presented here it is �rst ne
essary to 
he
k thatthe pro
ess has the required 
ontinuity property. Clearly, for every x =fx1; :::; xmg the set in whi
h Tk(x;�) is not 
ontinuous is a subset of[i6=jfd(xi; v) = d(xj; v)g:Thus, by the same method as in 3.1, one 
an show that the 
onditions ofAssumption 1 hold, given that the measure � assigns 0 probability to hyper-planes.In the multi-dimensional 
ase, there is no known natural de�nition oforder for whi
h the set of ordered states is absorbing (see also Fort and Pages,1996), nor do we supply one here. Instead, we use the theory developed hereto �nd re
urrent sets of states that 
apture some intuitive features of order.Thus, although we 
annot demonstrate that the Kohonen pro
ess 
onvergesto an ordered state, we do demonstrate that order emerges as a result of theappli
ation of the Kohonen pro
ess even in the multi-dimentional 
ase in thesense that the pro
ess visits su
h ordered states in�nitely often.To illustrate the essential features of this appli
ation in a toy example,
onsider the two dimensional setup, where the states of the Kohonen pro-
ess are 
omposed of �ve points denoted by f1 2 3 4 5g with the naturalneighborhood relationships as presented in Figure 2A. The relative weightsfor moving the points are 
hosen so that ea
h time an input v is present-ed, the point x 
losest to v moves the largest distan
e. The neighbors of xmove in the dire
tion of v a distan
e whi
h is proportional to their intera
-tion with x { determined by the fun
tion f . For example, in the notation14



above, we take f(3,3)=1, f(3,j)=0.5 for other values of j, f(1,1)=1, f(1,3)=0.5,f(1,2)=f(1,5)=0.25 and f(1,4)=0.To emphasize the fa
t that it is the fun
tion f whi
h impli
itly de�nesthe order, we 
an de�ne an ordered state as a state in whi
h the distan
ebetween the points is 
ompatible with the neighborhood stru
ture as imposedby the fun
tion f . Thus, a state is ordered if the distan
e between a point xand its neighbors (as imposed by f) is smaller than the distan
e between xand points whi
h are not its neighbors. In addition, its distan
e to a 
loserneighbor (with a larger value of f) should be smaller than the distan
e to afarther neighbor (with a smaller value of f). The state in Fig. 2B is ordereda

ording to this de�nition. Denote the set of all ordered states a

ording tothis de�nition by O.Some of the problems in the de�nition of order in the multi-dimensionalKohonen pro
ess are apparent even in this toy problem. First, the de�nitionof order is not unique: for example, the state in Fig. 2C is not in O, althoughit still 
aptures some aspe
ts of the ordering of the �ve points. Furthermore,the set O is not absorbing: even if the pro
ess enters O, it is easy to see thatthere is always a positive probability of leaving it in a �nite number of steps.We tested a hierar
hy of su
h de�nitions of order, all of whi
h su�ered fromthe same two problems. We 
hose to work with the set O as de�ned above,sin
e the 
onstraints it imposes are less stringent than the requirement ofkeeping an exa
t square arrangement of the points. On the other hand, itstill imposes some metri
 
onditions on the target set. Su
h metri
 
onditionsare absent from a more \topologi
al" de�nitions of order, whi
h would havein
luded the state in Fig. 2C. 15



To demonstrate that the set O is visited in�nitely often, we present analgorithm whi
h takes any non-degenerate initial state 
ontaining �ve pointsto a state in O by generating a �nite, deterministi
 sequen
e of input exam-ples, none of whi
h is on a dis
ontinuity line of the pro
ess. This algorithmis des
ribed in the appendix. On
e su
h a deterministi
 sequen
e is gen-erated, we 
an (using 
ontinuity) repla
e ea
h point in this sequen
e by asmall neighborhood, and any sequen
e of points sele
ted from the neighbor-hoods still takes the initial 
ondition into O. If the measure on the set ofinputs is equivalent to the Lebesgue measure, the probability of this set ofsequen
es is greater than 0. This argument proves that hO(x) > 0 for everynon-degenerate state. Applying Corollary 2.6 we 
on
lude that with proba-bility 1, an orbit either visits O in�nitely often or it 
onverges to a degeneratestate.As mentioned above, O is not absorbing, so the pro
ess also leaves O withprobability 1. In fa
t, there are open sets in the 
omplement of O whi
h havethe same property, i.e., the orbits enter them with positive probability fromany initial 
ondition. Thus, the pro
ess does not 
onverge to the set O. Toillustrate this, de�ne a fun
tion e(xn) on the set of states, whi
h measureshow many points are lo
ally unordered, in the sense that their distan
es fromthe other points are not 
ompatible with the neighborhood stru
ture imposedby f . Thus, x 2 O if and only if e(x) = 0. Fig. 2D shows e(xn) for a typi
alrun of the Kohonen pro
ess. Initially, e 
u
tuates between 2 and 4, but itde
reases to smaller values rather rapidly. Eventually it rea
hes 0, meaningthat the orbit entered O, but from time to time it in
reases again, showingthe pro
ess left O. This is the typi
al behavior des
ribed by Corollary 2.6:16



although the orbits may leave the set of ordered states, they will eventuallyenter this set again.Next, we turn to the example of the two{dimensional latti
e. Here, ea
hstate 
onsists of n� n points in [0; n℄. Ea
h point is indexed by a pair (i; j),su
h that 0 � i; j � n. The neighbors of a point (i; j) are all the points (i0; j 0)su
h that ji� i0j+ jj � j 0j � 1. De�ne f�(i; j); (i0; j 0)� = 0:5 if the two pointsare neighbors, and 0 otherwise. A state (xi;j) is said to be ordered if thepoints (1; j); :::; (n; j) are linearly ordered along the x axis for ea
h j (eitherin
reasing for all j or de
reasing for all j), while the points (j; 1); :::; (j; n)are linearly ordered along the y axis for every j (again, either in
reasing forall j or de
reasing for all j), or if the reverse situation o

urs, that is, points(1; j)::(n; j) are linearly ordered along the y axis whereas points (j; 1):::(j; n)are linearly ordered along the x axis.We would like to show that this set is re
urrent, whi
h implies that theo-reti
ally, the Kohonen pro
ess 
an be used to order the 2-dimensional latti
e.In pra
ti
e, the waiting time may be very long. In fa
t, in simulations, thepro
ess often seems to be trapped in a set of states in whi
h there are severaldomains, ea
h of whi
h is ordered, but the domains are in
ompatible. Fig.3A shows an initial 
ondition in whi
h ea
h of the upper and lower halves ofa 20 � 20 is ordered , but the two halves are reversed with respe
t to ea
hother. After 800,000 iterations, the initial mismat
h between the upper andthe lower part remains (Fig. 3B).In spite of this negative experimental result, we 
onje
ture that with prob-ability 1 the mismat
h will eventually be resolved. As usual, the diÆ
ultylies in the attempt to show that the set of ordered states 
an be rea
hed17



with positive probability from any non-degenerate initial state. We presentan algorithm whi
h should ensure this.Begin the pro
ess by �nding the quarter of the square in whi
h the point(1; 1) lies. Then, pull all other points to a small square near the opposite
orner. This 
an be done (with positive probability), be
ause it requires
hoosing examples in the small square, making sure that the points (1; 1),(1; 2), (2; 1) and (2; 2) are never the 
losest points to the 
hosen example.Within a �nite number of steps, all points (ex
ept (1; 1)) are pulled to that
orner.Next, 
hoose points whi
h are in the quarter square in whi
h (1; 1) lies.At �rst, point (1; 1) is the 
losest to any example we 
hoose, hen
e, it pullsits nearest neighbors. As its neighbors are pulled towards (1; 1), they enterthe area from whi
h examples are 
hosen. Therefore they be
ome the nearestpoint to some of the examples, and they pull their own neighbors in. Sin
ethe points are pulled into the quarter square in the right order, we 
onje
turethat they will always end up in the 
orre
t latti
e order.Simulations show that the suggested algorithm is useful for ordering nontrivial states. Unfortunately, we were not able to formally prove this 
onje
-ture. If the 
onje
ture is true, then hO(x) > 0 for any non-degenerate stateand it follows from 2.6 that with probability 1, topologi
ally ordered stateswill be visited in�nitely often.In Fig. 3C we show the state of the orbit the �rst time we dete
ted entryinto the set of ordered states. All the points are 
on
entrated in one 
orner,but they are ordered a

ording to our de�nition. Fig. 3D shows a plotof the number of disordered rows and 
olumns during the operation of the18



algorithm. Sin
e the initial state of the algorithm is almost ordered, at �rstthe amount of disorder a
tually in
reases. All points ex
ept (1; 1) arrived totheir 
orner after 29510 steps, marked by the left arrow in the plot. Next, thepoints are pulled to the opposite 
orner. At �rst, this in
reases the disorder,but eventually an ordered state is rea
hed, as indi
ated by the right arrowin Fig. 3D. The simulation was 
ontinued afterwards, allowing examples tobe 
hosen from the full 20� 20 square without limitations. Sin
e the pointsare already in a nearly 
orre
t order, ordered states are often hit.Note that the number of steps required for the sequen
e in the simulationto take the initial 
ondition to O is very large (approximately 105 steps).This indi
ates why the Kohonen pro
ess was not able order the initial statein �gure 3 in 800; 000 steps. If the simulation is indeed a \typi
al" example,then the probability to enter O in approximately 105 steps is (1=9)(105) (sin
ethe area of the small squares we used in the appli
ation of the algorithmhad 1/9 the area of the full square). Thus the expe
ted value of the timeneeded to enter O is approximately 105� 9(105) whi
h is huge 
ompared with800; 000. Although this estimate is an upper bound on the time to enter O,it may be safe to say that it will be greater than 800; 000. Thus, althoughthe Kohonen rule may be used to order a latti
e, it may not be very usefulfor this purpose.3.3 Pro
esses with energy fun
tionals3.3.1 General 
onsiderationsIn the 
ontext of dynami
al systems, a Lyapunov fun
tional is an \energyfun
tion" whi
h de
reases along the orbits of the pro
ess. For the non-19



deterministi
 systems studied here, the requirement that for every given inputand every state the energy of T (x; v) will be smaller than the energy of x maybe too restri
tive. A less stri
t rquirement is that instead of de
reasing alongthe orbit, the energy may in
rease from time to time, but that averagedon all examples, the energy de
reases. Even this de�nition is too stri
t.Roughly speaking, near minima of the energy fun
tion, the sto
hasti
 noise isexpe
ted to in
rease, rather than de
rease, the energy on average. Therefore,we �rst treat a general 
ase in whi
h the fun
tional is allowed to both in
reaseand de
rease, and later we show that under additional assumptions on thestru
ture of the pro
ess, neignborhoods of the 
riti
al points are re
urrent.Let F be a 
ontinuous fun
tional for T on the spa
e X. Set G(x) =IE�F �T (x; v)�� F (x). Sin
e X is 
ompa
t and F is 
ontinuous, then F andG must be bounded. For every Æ > 0 let OÆ = fxjG(x) > �Æg; OÆ is the setof states on whi
h the average \energy" either in
reases, or de
reases by lessthan Æ.Theorem 3.2. Let T be a pro
ess whi
h has a 
ontinuous fun
tional andsatis�es Assumption 1. Then, for every Æ > 0,P0�Xn 2 OÆ in�nitely often � = 1:Proof: Intuitively, sin
e the energy fun
tion is bounded, it 
annot de
reaseby more than Æ an in�nite number of times. Formally, we shall show thatthe 
onditions of Corollary 2.6 hold. Using the notation of Corollary 2.6 letA be an empty set. To use the Corollary, we have to show that OÆ is openand that for every x 2 X, hOÆ(x) > 0.First, note that G is a 
ontinuous fun
tion. Indeed, let (xn) � X be asequen
e whi
h 
onverges to x. By Assumption 1, there is a set 
 � V , su
h20



that �(
) = 1 and for every v 2 
, T (xn; v) 
onverges to T (x; v). Sin
e Fis 
ontinuous then F �T (xn; v)��F (xn) tends almost surely to F �T (x; v)��F (x). Be
ause F is bounded, then by the bounded 
onvergen
e theorem,G(xn) ! G(x). Thus, OÆ is open as an inverse image of an open set by a
ontinuous fun
tion.Next, �x some x 2 X and re
all thathOÆ(x) = Px�Xn 2 OÆ for some n�:If hO(x) = 0, then for every integer n the 
onditional expe
tationIE�F (Xn+1)� F (Xn)jXn�� �Æ:Therefore, for every integer n,IE�F (Xn+1)� F (X1)� = nXi=1 IE�F (Xi+1)� IEF (Xi)� == nXi=1 IE�IE�F (Xi+1)� F (Xi)jXi��� �nÆ;whi
h is impossible be
ause F is bounded on X. �In the spe
ial 
ase when there is a 
ontinuous and bounded energy fun
-tion F whi
h de
reases along orbits, the sets OÆ are neighborhoods of theminima of F , and Theorem 3.2 demonstrates that the pro
ess visits su
hneighborhoods in�nitely often. However, as mentioned above, there are sit-uations in whi
h a natural de�nition for energy fun
tion exists, but the en-ergy does not ne
essarily de
rease along orbits. Even in these 
ases, it willbe shown now that with some additional assumptions, neighborhoods of the
riti
al points of the energy fun
tion are re
urrent.21



3.3.2 Sto
hasti
 GradientTo apply these results in a more 
on
rete setup, let H : X � V ! IR be atwi
e di�erentiable fun
tion. SetT (x; v) = x� "DxH(x; v); (6)where DxH(x; v) is the derivative of H with respe
t to the �rst variable and" is some positive parameter. If F (x) = IE�H(x; v) then one 
an show thatfor every x 2 X, the derivative of F at x is DFx = IE�DxH(x; v). PutG(x) = IE�F �T (x; v)� � F (x). Note that sin
e T (x; v) is 
ontinuous withrespe
t to both variables then G is 
ontinuous. Next, we show that the setOÆ, whi
h is the 
andidate re
urrent set by Theorem 3.2, 
onsists of statesfor whi
h the expe
ted value of the gradient of H is small.Lemma 3.3. There is a 
onstant C su
h that for every "; Æ > 0OÆ � nkDFxk2 � Æ" + C"o:Proof: For every v 2 V , apply Taylor's expansion for F . Sin
e F has abounded se
ond derivative, thenF �T (x; v)�� F (x) = 
DFx; T (x; v)� x� +O(kT (x; v)� xk2):By the de�nition of T , it follows that there is a 
onstant C su
h thatkT (x; v)� xk = " kDxH(x; v)k � C". Hen
e, if G(x) = IE�F �T (x; v)� �F (x) � �Æ, then (for another 
onstant C),�Æ � IE�F �T (x; v)�� F (x) � �"IE�
DFx; DxH(x; v)�+ C"2 == �" kDFxk2 + C"2:Therefore, kDFxk2 � Æ" + C", as 
laimed. �22



Corollary 3.4. There is some 
onstant C su
h that for every 0 < " < 1the orbits Xn of the pro
ess 6 enter the set fkDFxk2 � C"g in�nitely oftenalmost surely.Proof: Clearly, T satis�es Assumption 1. If Æ = O("3), then by Lemma 3.3,OÆ � nkDFxk2 � C"o:Hen
e, by Theorem 3.2 our 
laim follows. �Roughly speaking, when the pro
ess is at a state x in whi
h kDFxk2 = 0,the 
hange in the state of the pro
ess 6 is 0 on average. Therefore, thesestates are the 
andidate states for 
onvergen
e of the pro
ess. Thus, the
orollary implies that the pro
ess will visit neighborhoods of these 
riti
alstates in�nitely often, as is expe
ted intuitively.3.4 The Committee Ma
hine with Bounded ChangeThe Committee Ma
hine is an extension of the Per
eptron. It 
onsists of anodd number of Per
eptrons and the de
ision is taken by a majority vote: if anexample belongs to the majority of the 
losed halfspa
es determined by thePer
eptrons, the Committee Ma
hine assigns the value 1 to that example,otherwise, the result will be 0.We analyze below two variants of a learning algorithm for the 
ommitteema
hine. In both 
ases, there is a non-trivial set A from whi
h the targetset of states is not a

essible. Thus, the learning algorithm may never rea
ha \good" target state. We prove that A is large, in the sense that it has anon{empty interior. 23



Formally, let sgn(x) = 8<: 1 x � 0�1 x < 0 ; (7)and put X i to be a Per
eptron in IRd. For every X = fX1; :::; Xng andv 2 Sd�1 let the de
ision fun
tion of the Committee Ma
hine X be gX(v) =sgn� nXi=1 sgn
xi; v��. Just like in the previous 
ase, we de�ne the error fun
-tion whi
h enables us to determine whether two states agree or disagree on agiven input. For every Committee Ma
hine X, let the on{line error fun
tionbe fX;T = 8<:0 gX(v) = gT (v)1 otherwise ;where T = fT 1; :::; T ng is the tea
hing Committee Ma
hine.There are several possible ways to de�ne a learning pro
ess for CommitteeMa
hines and we shall fo
us on two of them. Both learning rules are basedon the same idea: given an example in whi
h the student disagrees with thetea
her, we wish to move several Per
eptrons from the (wrong) majority voteto the 
orre
t minority one.In the �rst learning rule, given su
h an example, we �nd the Per
eptronwhose de
ision boundary is nearest to the example and then 
hange it sothat it agrees with the tea
hing Committee Ma
hine. The problem withthis learning rule is that even now, the student may be wrong { be
ause thewrong opinion may still be in the majority. Thus, the se
ond learning ruleis to take a large enough set of Per
eptrons and 
hange their vote, just aswe did with the single Per
eptron. We shall take the smallest set possibleand the Per
eptrons sele
ted are those with de
ision boundaries 
losest tothe example. 24



We de�ne the learning pro
ess T
 in the following way: if fX;T (v) =1, let W = W (x; v) be the set of Per
eptrons (X i i = 1; :::; n) su
h thatthe response of the Per
eptron X i does not agree with that of the tea
hingCommittee Ma
hine T . From W sele
t Xj su
h that �Xj is the nearestto v. If v and �Xj are \
lose enough" in the sense that d(�Xj; v) � Æn,then Xj is adapted so that it agrees with the tea
her on v with a minimal
hange in its lo
ation, where Æn may be �xed, or even a sequen
e de
reasingto 0. Otherwise, if the boundary of Xj is too far away from v, the studentremains stationary. The Assumption that no learning takes pla
e on \far"examples, is 
alled bounded 
hange. This assumption is made to help in
ases where the tea
her itself may randomly make mistakes (for example,Kim and Sompolinsky, 1996).Note that when both the tea
her and the student are single Per
eptrons(n = 1), then this learning pro
ess guarantees that the d(xn; t) ! 0 almostsurely (Mendelson, 1998).Now we apply the theory of this paper to the 
ommittee ma
hine. Using asimilar method to the one presented in 3.1, it is easy to see that the 
onditionsof Corollary 2.6 are ful�lled in this 
ase. However, as the following exampleshows, the set A of states from whi
h the target set is ina

essible may belarge and (Xn) may remain far away from the set of the system's 
orre
tstates, even when n = 3 (see Fig. 4).Example 3.5. The only set in whi
h the student and the tea
her do notagree is the domain bounded by (1) and (3). For every input sele
ted fromthat set, we assume that the only �X i whi
h is near enough to allow theadaptation pro
ess is (2). Hen
e, (2) 
onverges to (3) P0{almost surely and25



the limit state is an absorbing state of the pro
ess whi
h is not a 
orre
t state.Using this idea, one 
an demonstrate that for every odd n the CommitteeMa
hine 
ontaining n Per
eptrons 
an behave in the same manner as in theexample above. It is possible to 
onstru
t su
h examples in whi
h both thetea
her and the student 
an not be realized by a single Per
eptron.Clearly, only a slight modi�
ation in the examples above is needed toshow that the set A has a non{empty interior. Indeed, a small perturbationof the student in �gure 4 yields a state whi
h, by the same argument asabove, 
onverges to the same limit state as the student in �gure 4.These examples indi
ate that one should be 
areful when sele
ting thebounded 
hange parameter Æ. A wise 
hoi
e of Æ is ne
essary, otherwise, onemay stumble on su
h \bad" states. Of 
ourse, when the geometry of theproblem is not known, it may be diÆ
ult to make this sele
tion. Also, evenif the bounded 
hange parameter works for the initial state, there may be apositive probability to move to a state for whi
h Æ is too small.Modifying the learning algorithm to move sets of Per
eptrons instead asingle Per
eptron does not solve this problem, and in fa
t the same exampleis a 
ounter-example to su
h learning algorithms as well.4 Con
luding RemarksWe presented a theory whi
h makes it possible to 
he
k if a target set of alearning algorithm is re
urrent. The main disadvantage of this method is thatit does not yield a quantitative estimate on the time required to enter thetarget set. However, it should be noted that the �rst step in obtaining anysu
h estimate is to study the properties of hO. Our method takes at least26



a step in this dire
tion, in that it gives 
onditions under whi
h a positivelower bound exists. The advantage of this method is its simpli
ity, and aswe showed in the examples, it applies in many standard settings, simplifying,unifying and extending existing results.
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5 Figure LegendsFig. 1: The geometry of Per
eptron learning. In two dimensions, hyper-planes are lines dividing the plane into a positive and a negative halves,denoted here by the + and � signs. The tea
hing hyperplane T is in this
ase a verti
al line, and its positive half plane is to its right. The studenthyperplane X gives identi
al answers to the tea
her in the regions markedCorre
t, but in the other two regions, the student gives opposite answers tothose of the tea
her. As long as there is a positive probability for training ex-amples to be 
hosen from those regions, the student Per
eptron will 
ontinueto adapt. x and t are the unit ve
tors orthogonal to X and T, respe
tively.Fig. 2: A. The 
anoni
al ordered set. B. An example of a state in whi
h thedistan
es between the points is in a

ordan
e with the neighborhood fun
tionf . This state belongs to O. C. An example of a state whi
h preserves some ofthe features of the order in A, but does not belong to O. For example, point4 is 
loser to point 2 than to point 1, although f(4,2)=0 whereas f(4,1)=0.25.D. The number of unordered points during a typi
al run of the learningpro
ess.Fig. 3: Ordering the latti
e with the Kohonen pro
ess. A. The initial stateof the simulations. To improve visibility, only one out of every four pointsis shown. B. The state of the pro
ess after 800; 000 iterations. There areroughly three domains. The top half of the square keeps roughly its initialorder; the bottom half is divided into two domains, rotated by 900 relative toea
h other. In this simulation run, the three domains were already apparentafter 200; 000 iterations (" = 1). C. The state of the pro
ess at the end of the2nd stage of our algorithm, when an ordered state is formed at the bottom29



left part of the set of examples. Note the 
hange in s
ale of the x and y axes.D. The number of disordered rows and 
olumns during the operation of thealgorithm. Sin
e the simulations were run on a 20� 20 latti
e, the maximalnumber of disordered rows and 
olumns is 40. The arrows show transitionsbetween states of the algorithm (further details are in the text).Fig. 4: The tea
hing 
ommittee ma
hine is shown in A, while the studentappears in B. The "+" signs near ea
h hyperplane represent the positiveside of the hyperplane on whi
h the Per
eptron votes "+". The numbersrepresent the �nal vote of the Committee Ma
hine on examples sele
ted fromthat area. For example, +1 means that the example is on the positive sideof two Per
eptrons and on the negative side of the third. In C we see thetea
her and student together. The area bounded by Per
eptrons 1 and 3 isthe only area in whi
h the tea
her and the student disagree. If the bounded
hange parameter is too small, then 2 is the only Per
eptron that 
an adapt,and it will 
onverge to 3, to form an absorbing state whi
h is not 
orre
t.
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A AppendixA.1 Proofs of the Theorems from se
tion 2The appendix is devoted to the proofs of the main theorems in se
tion 2.We begin with the proof of the well known re
urren
e result, whi
h may befound, for example, in Orey (1971). We present the proof for the sake of
ompleteness.Proof of Theorem 2.1: The �rst part of the proof is a version of a 0-1 lawwhi
h is due to P. L�evy (Lo�eve, 1963): Let Y1; Y2; :::; be a sequen
e of randomvariables and let Y be a random variable de�ned on Y1; Y2; ::: su
h thatIEjY j <1. Note that Zn = IE(Y jY1; :::; Yn) forms a martingale, thus, by themartingale 
onvergen
e theorem (Lo�eve, 1963, p. 393), Zn 
onverges almostsurely to Y . In parti
ular, if we set Ui = fXi 2 Og, U = fXn 2 O i:o:g,Yn = Xn and Y = �U , then P0(U jY1; :::; Yn) = IE(Y jY1; :::; Yn) 
onverges a.s.to �U and P0([1k UijY1; :::; Yn) tends to �[1k Ui for every �xed k.On the other hand, for every k � n, note thatP0([1k UijY1; :::; Yn) � P0([1n UijY1; :::; Yn) � P0(U jY1; :::Yn):Thus, by taking n!1,�[1k Ui � lim supn!1 P0([1n UijY1; :::; Yn) � lim infn!1 P0([1n UijY1; :::; Yn) � �U :Again, taking k ! 1, the left side 
onverges almost surely to �U , hen
eP0([1n UijY1; :::; Yn) tends to �U .Denote by Ln(Xn; O) = P0([1n UijX1; :::; Xn) then by the 0-1 law Ln(Xn; O)tends to the 
hara
teristi
 fun
tion of the set fXn 2 O i:o:g. Sin
e Ln(Xn; O)is the probability of an orbit to visit O for some m > n given its history31



X1; :::; Xn, then by our assumption Ln(�; O) is stri
tly positive on the setfXn 2 A i:o: g implying that Ln(�; O) ! 1 on that set. Hen
e, fXn 2O i:o: g � fXn 2 A i:o: g P0{almost surely. �Next we shall prove that under Assumption 1, hO is lower semi 
ontinuous.We begin the proof with the following lemma:Lemma A.1. If Assumption 1 holds, then for every x 2 X, every sequen
eyn ! x and every integer k, there is a set 
 � V k, for whi
h �k(
) = 1, andfor every k{tuple (!1; :::; !k) 2 
, T k(yn;!1; :::; !k)! T k(x;!1; :::; !k)Proof: We will prove our 
laim for k = 2. The general 
ase follows byindu
tion. Fix x 2 X, and a sequen
e (yn) su
h that yn ! x. Set zn(v) =T (yn; v) and z(v) = T (x; v). Hen
e, by Assumption 1, zn ! z �{almostsurely. Again by Assumption 1, for every su
h v, T (zn(v); !) ! T (z(v); !)�{almost surely. Note that T 2(yn; v; !) = T (zn(v);!) and that T 2(x; v; !) =T (z(v);!). Thus our 
laim follows from Fubini's theorem. �Proof of Theorem 2.5: De�ne stopping times �x by the �rst time in whi
hXn enters O given that X0 = x. If the orbit does not enter O we set �x =1. Let fk(x) = Pxf�x � kg. Clearly, fk in an in
reasing sequen
e whi
h
onverges to hO. Thus, to show that hO is lower semi 
ontinuous, it is enoughto show that ea
h fk is lower semi 
ontinuous.Fix x 2 X and a sequen
e (yn) 
onverging to x. By Lemma A.1, forevery integer k there is a set 
 � V k su
h that �k(
) = 1, and T k(yn;�)!T k(x;�) on 
. Note that if O is open and if T k(x;!1; :::; !k) 2 O then for n32



large enough so is T k(yn;!1; :::; !k). Thus�f�x�kg � lim infn!1 �f�yn�kg: (8)Taking the expe
tation and by Fatou's lemma it follows thatIE�f�x�kg � IElim infn!1 f�yn � kg � lim infn!1 IE�f�yn�kg; (9)hen
e, fk(x) � lim infn!1 fk(yn). �A.2 Algorithm for the simple 2-d Kohonen pro
ess1. Given the random initial state, denote by d the minimum distan
e betweenpoint 3 and any of the four 
orners of the unit square. Assume that d � 3".Otherwise, it is ne
essary to \pull" point 3 away from the border so that this
ondition is ful�lled. Alternatively one may de
rease the size of the step ofthe pro
ess " to be less than d=3.2. Choose point 3. All other four points will approa
h point 3, so that themaximum distan
e between point 3 and any of the other four points de
reases(by 1� "=2). Repeat this step until the maximum distan
e between point 3and the other points is small enough (e.g., smaller than "=106).At this point, we do the following res
aling. Sin
e point 3 did not move,it is still at a distan
e of 3" from the border. Build a square around point3 with sides of length 2". The whole square will be inside the borders ofthe original region. To simplify notations, res
ale the 
oordinates so that1 
orresponds to ". With this res
aling, the small square now has 
orners[�1;�1℄ and the new " is equal 0.5. For the rest of the dis
ussion, all the33




oordinates refer to this new 
oordinate system. The 
oordinates of all 5points are [0; 0℄ (up to perturbations of size 10�6).3. At least one 
orner of the unit square is 
loser to one of points 1; 2; 4; 5than to point 3. Choose one su
h 
orner (up to a perturbation of size 10�6)as the next example. We assume without loss of generality that it is 
orner[1; 1℄ and that it is 
losest to point 1. The 
oordinates after this step aregiven in the table below, up to perturbations of size 2� 10�6.4. Consider the point [�0:874; 1℄. This point is (up to the small per-turbations) 
lose to points 2 and 4, and farther away from all other points.Clearly, we may assume that it is a
tually 
losest to point 2. Also, it 
anbe slightly perturbed so that it does not have two nearest neighbors. The
oordinates are as given in the table up to perturbations of size 3� 10�6.5. The next example is point [�1; 1℄ whi
h is 
losest to point 4. It is easyto 
he
k that all points whose distan
e from [�1; 1℄ is smaller than 10�6 willalso be 
losest to point 4. The 
oordinates are as given in the table up toperturbations of size 4� 10�6.6. The last example is point [-1,-1℄, whi
h is 
losest to point 5 (togetherwith a neighborhood of size 10�6). The 
oordinates are as given in the tableup to perturbations of size 5� 10�6.At this point, the relative distan
es between the points are 
onsistentwith the fun
tion f . For example, the distan
e between point 1 and theother points is 0:7481; 0:5542; 0:7677; 1:5712. It is thus 
losest to point 3,farther from points 2 and 4, and farthest from point 5, as required.
34



After: step 3 step 4 step 5 step 6point x y x y x y x y1 0.5000 0.5000 0.3282 0.5625 0.4122 0.3672 0.4122 0.36722 0.1250 0.1250 -0.3745 0.5625 -0.3745 0.5625 -0.4527 0.36723 0.2500 0.2500 -0.0310 0.4375 0.2268 0.0781 -0.0799 -0.19144 0.1250 0.1250 0.1250 0.1250 0.5625 -0.4375 0.3672 -0.50785 0 0 -0.1092 0.1250 0.0294 -0.0156 -0.4853 -0.5078
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