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Abstract

W e in tro duce a new parameter whic h ma y replace the fat shattering

dimension. Using this parameter w e are able to pro vide impro v ed com-

plexit y estimates for the agnostic learning problem with resp ect to an y L

p

norm. Moreo v er, w e sho w that if fat

"

( F ) = O ( "

� p

) then F displa ys a clear

phase transition whic h o ccurs at p = 2. The phase transition app ears in

the sample complexit y estimates, co v ering n um b ers estimates and in the

gro wth rate of the Rademac her a v erages asso ciated with the class. As a

part of our discussion w e pro v e the b est kno wn estimates on the co v ering

n um b ers of a class when considered as a subset of L

p

spaces. W e also

estimate the fat shattering dimension of the con v ex h ull of a giv en class.

Both these estimates are giv en in terms of the fat shattering dimension of

the original class.

Key w ords: Uniform Gliv enk o-Can telli, fat-shattering dimension, Rademac her

a v erages.
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1 In tro duction

Glivenko{Cantel li classes, i.e., classes of functions whic h satisfy the la w of large

n um b ers uniformly , ha v e b een thoroughly in v estigated in the last 30 y ears.

F ormally , the question at hand is as follo ws: if F is a class of functions on

some set 
, when is it p ossible to ha v e that for ev ery " > 0,

lim

n !1

sup

�

�

(

sup

m � n

sup

f 2 F

�

�

�

�

�

1

m

m

X

i =1

f ( X

i

) � E

�

f

�

�

�

�

�

� "

)

= 0 ; (1.1)

where the suprem um is tak en with resp ect to all probabilit y measures � , X

i

are

indep enden tly sampled according to � and E

�

is the exp ectation with resp ect

to � .

Clearly , the \larger" F is, the less lik ely it is that it satis�es this uniform

la w of large n um b ers. In particular, w e will alw a ys assume that the set consists

of functions with a uniformly b ounded range.

Besides b eing an in triguing problem from the theoretical p oin t of view, it

has imp ortan t applications in statistics and in learning theory . T o demonstrate

this, note that (1 : 1) ma y b e form ulated in a \quan ti�ed" manner; namely , for

ev ery " > 0 and 0 < � < 1, there exists some in teger n

0

, suc h that for ev ery

probabilit y measure � and ev ery n � n

0

�

(

sup

f 2 F

�

�

�

�

�

1

m

m

X

i =1

f ( X

i

) � E

�

f

�

�

�

�

�

� "

)

� � : (1.2)

F or ev ery " > 0 and 0 � � < 1, the smallest p ossible in teger n suc h that (1.2) is

satis�ed is called the Gliv enk o-Can telli sample complexit y estimate asso ciated

with the pair "; � .

In a le arning pr oblem , one wishes to �nd the b est appro ximation of an un-

kno wn function b y a mem b er of a giv en set of functions. This appro ximation

is carried out with resp ect to an L

p

( � ) norm, where � is an unknown probabil-

it y measure. If one kno ws that the set is a Gliv enk o{Can telli class, then it is

p ossible to reduce the problem to a �nite dimensional appro ximation problem;

indeed, if one uses a \large enough" sample, and if one is able to �nd a mem b er

of the class whic h is \close" to the unkno wn function on the sample p oin ts, then

with high probabilit y it will also b e close to that function in L

p

( � ). Hence, an

\almost minimizer" of the L

p

empirical distances b et w een the unkno wn function

and the mem b ers of the class will b e, with high probabilit y , an \almost mini-

mizer" with resp ect to the L

p

( � ) norm. The terms \close", \high probabilit y"

and \large enough" could b e made precise using the learning parameters " and

� and the sample complexit y n resp ectiv ely .

The metho d normally used to obtain sample complexit y estimates (and pro v-

ing that a set of functions is indeed a Gliv enk o{Can telli class) is to apply co v-

ering n um b ers estimates. It is p ossible to sho w (see section 2 or [7] for further

details) that the rate of deca y of the co v ering n um b ers of the set in certain L

p

spaces c haracterizes whether or not it is a Gliv enk o{Can telli class. Moreo v er,
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it is p ossible to pro vide sample complexit y estimates in terms of the co v ering

n um b ers.

Though it seems a hard task to estimate the co v ering n um b ers of a giv en set

of functions, it is p ossible to do so using com binatorial parameters, suc h as the

V apnik{Cherv onenkis dimension for f 0 ; 1 g -v alued functions or the fat shattering

dimension in the real v alued case. Those parameters ma y b e used to b ound the

co v ering n um b ers of the class in appropriate L

p

spaces, and it is p ossible to

sho w [21 , 2] that they are �nite if and only if the set is a Gliv enk o{Can telli

class.

The goal of this article is to de�ne another parameter whic h ma y replace the

com binatorial parameters, and in fact, using it enables one to obtain signi�can tly

impro v ed complexit y estimates.

This parameter originates from the original pro of of the Gliv enk o{Can telli

theorem, whic h uses the idea of symmetry . Recall (see, e.g., [10 ]) that if � is a

probabilit y measure, and if X

i

are selected indep enden tly according to � , then

�

(

sup

f 2 F

�

�

�

�

�

1

n

n

X

i =1

f ( X

i

) � E

�

f

�

�

�

�

�

� "

)

� 4 �

(

sup

f 2 F

�

�

�

�

�

n

X

i =1

r

i

f ( X

i

)

�

�

�

�

�

�

n"

4

)

;

where ( r

i

) are indep enden t Rademac her random v ariables on some probabilit y

space ( Y ; �

0

; � ), (i.e., ( r

i

) are f 1 ; � 1 g -v alued indep enden t random v ariables suc h

that � f r

i

= 1 g = � f r

i

= � 1 g = 1 = 2), and � is the pro duct measure � � � .

Moreo v er, the Rademac her a v erages con trol the rate of deca y of the exp ected

deviation [9]; indeed, giv en a measure � , it is p ossible to sho w that if F is a

class of functions whic h are all b ounded b y M , then for ev ery in teger n ,

E

�

sup

f 2 F

�

�

�

�

�

1

n

n

X

i =1

f ( X

i

) � E

�

f

�

�

�

�

�

� 2 E

�

sup

f 2 F

�

�

�

�

�

1

n

n

X

i =1

r

i

f ( X

i

)

�

�

�

�

�

� 2 M E

�

sup

f 2 F

�

�

�

�

�

1

n

n

X

i =1

f ( X

i

) � E

�

f

�

�

�

�

�

+ E

�

�

�

�

�

�

1

n

n

X

i =1

r

i

�

�

�

�

�

:

Since w e are dealing with a rev erse submartingale, con v ergence in probabilit y to

0 is equiv alen t to almost sure con v ergence to 0. Th us, w e obtain the follo wing:

Theorem 1.1 [9 ] L et F b e a class of uniformly b ounde d functions. Then, F

satis�es the uniform law of lar ge numb ers with r esp e ct to the me asur e � if and

only if

E

�

E

�

sup

f 2 F

�

�

�

�

�

n

X

i =1

r

i

f ( X

i

)

�

�

�

�

�

= o ( n ) :

Note that for ev ery sample of n p oin ts, w e can de�ne the Rademac her a v erage

asso ciated with that sample. In this article w e examine the b eha viour of the

suprem um of all p ossible a v erages of n elemen ts, as a function of n . W e de�ne

a parameter whic h measures the rate b y whic h those a v erages increase as a

function of n and compare it to the fat shattering dimension.
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The course of action w e tak e is as follo ws: �rst, w e in v estigate the b eha viour

of the co v ering n um b ers when considered as a subset of L

p

( �

n

), where �

n

is the

empirical measure supp orted on a set consisting of n elemen ts. W e b ound the

co v ering n um b ers of the class in terms of its fat shattering dimension. W e are

able to pro vide a sharp er estimate than the kno wn b ounds; the b ound w e estab-

lish is b oth dimension free (indep enden t of n ) and, up to a logarithmic factor,

linear in the fat shattering dimension. F rom this w e deriv e sev eral corollaries,

the most imp ortan t of whic h is an upp er estimate on the Rademac her a v erages

in terms of the fat shattering dimension, at least in cases where the fat shattering

dimension is p olynomial in ( "

� 1

). The results indicate that if fat

"

( F ) = O ( "

� p

),

then the b eha viour of the class c hanges dramatically at p = 2. This phase tran-

sition app ears in the co v ering n um b ers estimates, as w ell as in the gro wth rate

of the Rademac her a v erages.

Next, w e presen t a lo w er b ound on the fat shattering dimension in terms of

the gro wth rate of the Rademac her a v erages. As a result w e obtain a sharp er

c haracterization of Gliv enk o{Can telli classes than that of theorem 1.1. More-

o v er, w e obtain the b est kno wn estimates on the fat shattering dimension of the

con v ex h ull of a set, in terms of the original fat shattering dimension. Another

application of that lo w er b ound enables us to pro vide a new partial solution to

a question in the geometry of Banac h spaces whic h w as p osed b y Elton [8 ].

Finally , w e use one of T alagrand's concen tration inequalities [19 ] and pro v e

complexit y estimates with resp ect to an y L

q

norm, for 1 � q < 1 . The estimate

w e obtain in the p olynomial scale is O ( "

� max f 2 ;p g

), up to a logarithmic factor

in 1 =" and 1 =� . The results w e ha v e are sharp er than the kno wn estimates, and

w e sho w that they are optimal. Here to o, w e indicate a clear phase transition

whic h o ccurs at p = 2.

2 Preliminaries

W e b egin with some de�nitions and notation. Giv en a Banac h space X , the

dual of X , denoted b y X

�

, consists of all the b ounded linear functionals on X ,

endo w ed with the norm k x

�

k

X

�

= sup

k x k

X

=1

j x

�

( x ) j . Let B ( X ) b e the unit ball

of X . If 1 � p < 1 , let `

n

p

b e R

n

with resp ect to the norm k x k

p

=

�

n

X

i =1

j x

i

j

p

�

1

p

,

and set `

n

1

to b e R

n

endo w ed with the sup norm.

If F is a class of functions, denote b y `

1

( F ) the set of all b ounded functions

de�ned on F . Giv en G 2 `

1

( F ), set k G k

`

1

( F )

= sup

f 2 F

jG ( f ) j .

F or an y probabilit y measure � on a measurable space (
 ; �), let E

�

denote

the exp ectation with resp ect to � . L

p

( � ) is the set of functions whic h satisfy

E

�

j f j

p

< 1 and set k f k

L

p

( � )

= ( E j f j

p

)

1 =p

. L

1

(
) is the space of b ounded

functions on 
, with resp ect to the norm k f k

1

= sup

! 2 


j f ( ! ) j . F or ev ery

! 2 
, let �

!

b e the p oin t ev aluation functional, i.e., for ev ery function f on 
,

�

!

( f ) = f ( ! ). W e shall denote b y �

n

an empirical measure supp orted on a set

of n p oin ts, hence, �

n

=

1

n

P

n

i =1

�

!

i

. Giv en a set A , let j A j b e its cardinalit y
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and let �

A

b e its c haracteristic function. W e denote b y A

c

the complemen t of

A . Throughout this pap er, all absolute constan ts are assumed to b e p ositiv e

and are denoted b y C or c . Their v alues ma y c hange from line to line or ev en

within the same line.

Giv en a probabilit y measure � on 
, denote b y P r the in�nite pro duct

measure �

1

. Uniform Gliv enk o{Can telli classes (de�ned b elo w) are classes of

functions on 
, for whic h, with high probabilit y , random empirical measures

appro ximate the measure � uniformly on the elemen ts of the class.

De�nition 2.1 L et (
 ; �) b e a me asur able sp ac e. A family of me asur able func-

tions F on 
 is c al le d a Glivenko{Cantel li class with r esp e ct to a family of

me asur es � if, for every " > 0 ,

lim

n !1

sup

� 2 �

P r

n

sup

m>n

sup

f 2 F

j E

�

f � E

�

m

f j � "

o

= 0 ;

wher e �

m

is the empiric al me asur e supp orte d on the �rst m c o or dinates of the

sample. We say that F is a Uniform Glivenko{Cantel li class if � may b e sele cte d

as the set of al l pr ob ability me asur es on (
 ; �) .

In this pap er w e shall refer to Uniform Gliv enk o{Can telli classes b y the abbre-

viation \GC classes".

T o a v oid measurabilit y problems that migh t b e caused b y the suprem um,

one usually uses an outer measure in the de�nition of GC classes [6 ]. Actually ,

only a rather w eak assumption (called \image admissibilit y Suslin") is needed to

a v oid the measurabilit y problem [7 ]. W e assume henceforth that all the classes

w e encoun ter satisfy this condition.

Giv en t w o functions f ; g and some 1 � q < 1 , let L ( f ; g ; q ) b e the q -loss

function asso ciated with f and g . Th us, L ( f ; g ; q ) = j f � g j

q

. Giv en a class F ,

a function g and some 1 � q < 1 , let the q -loss class asso ciated with F and

g b e L ( F ; g ; q ) = fj f � g j

q

j f 2 F g . F or ev ery function g , " > 0, 0 < � � 1

and 1 � q < 1 , set S

q

( "; � ; g ) to b e the GC sample complexit y of the loss class

L ( F ; g ; q ), i.e., the smallest n

0

suc h that for ev ery n � n

0

sup

�

P r

n

sup

f 2 F

j E

�

( f � g )

q

� E

�

n

( f � g )

q

j � "

o

� � :

One p ossibilit y of c haracterizing GC classes is through the c overing numb ers of

the class in L

p

( �

n

) spaces.

Recall that if ( X ; d ) is a metric space and if F � X , the " -co v ering n um b er

of F , denoted b y N ( "; F ; d ), is the minimal n um b er of op en balls with radius

" > 0 (with resp ect to the metric d ) needed to co v er F . A set A � X is said

to b e an " -co v er of F if the union of op en balls

S

a 2 A

B ( a; " ) con tains F , where

B ( a; " ) is the op en ball of radius " cen tered at a . In cases where the metric d is

clear, w e shall denote the co v ering n um b ers of F b y N ( "; F ).

A set is called " -separated if the distance b et w een an y t w o elemen ts of the

set is larger than " . Set D ( "; F ) to b e the maximal cardinalit y of an " -separated
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set in F . D ( "; F ) are called the pac king n um b ers of F (with resp ect to the �xed

metric d ). It is easy to see that N ( "; F ) � D ( "; F ) � N ( "= 2 ; F ).

There are sev eral results whic h connect the Uniform Gliv enk o{Can telli con-

dition of a giv en class of functions to estimates on the co v ering n um b ers of that

class. All the results are stated for classes of functions whic h are b ounded b y

1. The results remain v alid for classes of functions with a uniformly b ounded

range { up to a constan t whic h dep ends only on that b ound.

The next result is due to Dudley , Gin � e and Zinn [7].

Theorem 2.2 L et F b e a class of functions on 
 which ar e al l b ounde d by 1 .

Then, F is a GC class if and only if for every " > 0 ,

sup

�

n

log N

�

"; F ; L

1

( �

n

)

�

= o ( n ) ;

wher e the supr emum is taken with r esp e ct to al l empiric al me asur es supp orte d

on samples which c onsist of at most n elements.

Similarly, F is a GC class if and only if for every " > 0 and 1 � p < 1 ,

sup

�

n

log N

�

"; F ; L

p

( �

n

)

�

= o ( n ) :

Another imp ortan t parameter used to analyze GC classes is of a com binatorial

nature. Suc h a parameter w as �rst in tro duced b y V apnik and Cherv onenkis for

classes of f 0 ; 1 g -v alued functions [21 ]. Later, this parameter w as generalized

in v arious fashions. The parameter whic h w e fo cus on is the fat shattering

dimension .

De�nition 2.3 F or every " > 0 , a set A = f !

1

; :::; !

n

g � 
 is said to b e

" {shatter e d by F if ther e is some function s : A ! R , such that for every

I � f 1 ; :::; n g ther e is some f

I

2 F for which f

I

( !

i

) � s ( !

i

) + "= 2 if i 2 I , and

f

I

( !

i

) � s ( !

i

) � "= 2 if i 62 I . L et

fat

"

( F ) = sup

n

j A j

�

�

�

A � 
 ; A is " � shattered b y F

o

:

f

I

is c al le d the shattering function of the set I and the set

�

s ( !

i

) j !

i

2 A

	

is

c al le d a witness to the " -shattering.

Note that this de�nition is sligh tly di�eren t than the usual de�nition of fat

shattering. Usually , the condition asso ciated with " -shattering is that f

I

( !

i

) �

s ( !

i

) + " when i 2 I , and f

I

( !

i

) � s ( !

i

) � " when i 2 I

c

.

The connection b et w een GC classes and the com binatorial parameters de-

�ned ab o v e is the follo wing fundamen tal result [2 ]:

Theorem 2.4 L et F b e a class of functions on 
 . If F is a class of uniformly

b ounde d r e al-value d functions, then it is a Uniform Glivenko{Cantel li class if

and only if it has a �nite fat shattering dimension for every " > 0 .

The follo wing result, whic h is also due to Alon, Ben-Da vid, Cesa-Bianc hi and

Haussler [2], enables one to estimate the L

1

( �

n

) co v ering n um b ers of GC classes

in terms of the fat shattering dimension.
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Theorem 2.5 L et F b e a class of functions fr om 
 into [0 ; 1] and set d =

fat

"= 2

( F ) . Then, for every empiric al me asur e �

n

on 
 ,

D

�

"; F ; L

1

( �

n

)

�

� 2

�

4 n

"

2

�

d log

�

en= ( d" )

�

:

In p articular, the same estimate holds in L

2

( �

n

) .

Note that although log D

�

"; F ; L

p

( �

n

)

�

is almost linear in fat

"

( F ), this estimate

is not dimension free.

It seems that the fat shattering dimension go v erns the gro wth rate of the

co v ering n um b ers. Another indication in that direction is the fact that it is

p ossible to pro vide a lo w er b ound on the co v ering n um b ers in empirical L

p

spaces [1]:

Theorem 2.6 L et F b e a class of functions. Then, for any " > 0 ,

sup

�

n

N

�

"; F ; L

1

( �

n

)

�

� e

fat

16 "

( F ) = 8

;

for n � fat

16 "

( F ) .

In the sequel, w e require sev eral de�nitions originating from the theory of Ba-

nac h spaces. F or the basic de�nitions w e refer the reader to [16 ] or [20 ].

Let `

n

2

b e a real n -dimensional inner pro duct space. W e denote the inner

pro duct b y




;

�

. Let K b e a b ounded, con v ex symmetric subset of R

n

whic h

has a nonempt y in terior. One can de�ne a norm on R

n

whose unit ball is K .

This is done using the Mink o wski functional on K , denoted b y k k

K

and giv en

b y

k x k

K

= inf f t > 0 j t

� 1

x 2 K g :

It is p ossible to sho w that if K � `

n

2

is a con v ex, symmetric with a nonempt y

in terior then k k

K

is indeed a norm and K is its unit ball. Set k k

K

�

to b e the

dual norm to k k

K

.

De�nition 2.7 If F is a b ounde d subset of `

n

2

, let

F

o

= f x 2 `

n

2

j sup

f 2 F

�

�




f ; x

�

�

�

� 1 g :

F

o

is c al le d the p olar of F .

It is easy to see that F

o

is the unit ball of the norm k k

K

�

, where K is the

symmetric con v ex h ull of F , denoted b y abscon v( F ). F ormally ,

abscon v ( F ) = f

n

X

i =1

a

i

f

i

j n 2 N ; f

i

2 F ;

n

X

i =1

j a

i

j = 1 g :

Giv en a class F and an empirical measure �

n

, w e endo w R

n

with the Eu-

clidean structure of L

2

( �

n

), whic h is isometric to `

n

2

. Let F =�

n

b e the image of

F in L

2

( �

n

) under the inclusion op erator, i.e.,

F =�

n

=

n

n

X

i =1

f ( !

i

) �

f !

i

g

j f 2 F

o

:

7



Since ( n

1 = 2

�

!

i

)

n

i =1

is an orthonormal basis of L

2

( �

n

), then

F =�

n

=

n

n

�

1

2

n

X

i =1

f ( !

i

) e

i

j f 2 F

o

:

Throughout this pap er, giv en an empirical measure �

n

, w e denote b y ( e

i

)

n

i =1

the orthonormal basis of L

2

( �

n

) giv en b y ( n

1 = 2

�

!

i

)

n

i =1

.

The main to ols w e use are probabilistic a v eraging tec hniques. T o that end,

w e de�ne Gaussian and Rademac her a v erages of a subset of `

n

2

.

De�nition 2.8 F or F � `

n

2

, let

` ( F ) = E
















n

X

i =1

g

i

e

i
















F

o

(2.1)

and

R ( F ) = E
















n

X

i =1

r

i

e

i
















F

o

; (2.2)

wher e ( e

i

)

n

i =1

is an orthonormal b asis of `

n

2

, ( g

i

)

n

i =1

ar e indep endent standar d

Gaussian r andom variables and ( r

i

)

n

i =1

ar e indep endent R ademacher r andom

variables.

It is kno wn that Gaussian and Rademac her a v erages are closely related, ev en

in a m uc h more general con text than the one used here (for further details, see

[20 ] or [13 ]). All w e shall use is the follo wing connection:

Theorem 2.9 Ther e is an absolute c onstant C such that for every inte ger n

and every F � `

n

2

, C R ( F ) � ` ( F )

The follo wing deep result pro vides a connection b et w een the ` -norm of a set and

its co v ering n um b ers in `

n

2

. The upp er b ound w as established b y Dudley in [5]

while the lo w er b ound is due to Sudak o v [17 ]. A pro of of b oth b ounds ma y b e

found in [16 ].

Theorem 2.10 L et F � `

n

2

. Then ther e ar e absolute p ositive c onstants c and

C , such that

c sup

"> 0

" log

1

2

�

N ( "; F ; `

n

2

)

�

� ` ( F ) � C

Z

1

0

log

1

2

�

N ( "; F ; `

n

2

)

�

d":

3 The Co v ering Theorem and its applications

The main result presen ted in this section is an estimate on the co v ering n um b ers

of a GC class when considered as a subset of L

p

( � ), for an arbitrary probabilit y

measure � . The estimate is based on the fat shattering dimension of the class,

and the goal is to pro duce a dimension free estimate whic h is \almost" linear

in fat

"

( F ). Th us far, the only w a y to obtain suc h a result in ev ery L

p

space

8



w as through the L

1

estimates (theorem 2.5). Unfortunately , those estimates

ma y b e applied only in the case where � is an empirical measure supp orted on

a set I , and carry a factor of log

2

j I j . Hence, the estimate one obtains is not

dimension free. There are dimension free results similar to those obtained here,

but only with resp ect to the L

1

norm [3].

The pro of w e presen t here is based on a result whic h is due to P a jor [15 ].

First, w e demonstrate that if �

n

is supp orted on f !

1

; :::; !

n

g and if a set F �

B

�

L

1

(
)

�

is w ell separated in L

2

( �

n

), then there is a \small" subset I �

f !

1

; :::; !

n

g suc h that F is \w ell separated" in L

1

( I ). The next step in the

pro of is to apply the b ound on the pac king n um b ers of F in L

1

( I ) in terms of

the fat shattering dimension of F . Our result is stronger than P a jor's b ecause

w e use a sharp er upp er b ound on the pac king n um b ers.

Lemma 3.1 L et F � B

�

L

1

(
)

�

and supp ose that �

n

is the empiric al me asur e

supp orte d on A = f !

1

; :::; !

n

g . Fix " > 0 and p � 1 , set d

p

= D

�

"; F ; L

p

( �

n

)

�

and assume that d

p

> 1 . Then, ther e is a c onstant c

p

, which dep ends only on

p , and a subset I � A , such that

j I j � c

p

log d

p

"

p

;

and log D

�

"; F ; L

p

( �

n

)

�

� log D

�

"= 2 ; F ; L

1

( I )

�

.

Pro of: Fix an y in teger n and p � 1 and let f f

1

; :::; f

d

p

g � F b e " -separated in

L

p

( �

n

). Hence, for ev ery i 6= j ,

"

p

<

1

n

n

X

k =1

j f

i

( !

k

) � f

j

( !

k

) j

p

:

Let L ( i; j ) b e the set of indices on whic h j f

i

( !

k

) � f

j

( !

k

) j � "= 2. Note that for

ev ery i 6= j ,

n"

p

�

n

X

k =1

j f

i

( !

k

) � f

j

( !

k

) j

p

=

X

k 2 L ( i;j )

j f

i

( !

k

) � f

j

( !

k

) j

p

+

X

k 2 L ( i;j )

c

j f

i

( !

k

) � f

j

( !

k

) j

p

� j L ( i; j ) j

�

"

2

�

p

+ 2

p

( n � j L ( i; j ) j ) :

A straigh tforw ard computation sho ws that

j L ( i; j ) j �

�

1 �

�

2

p

� 1

4

p

�

"

p

�

n:

Let ( X

i

)

1 � i � t

b e t indep enden t random v ariables, uniformly distributed on

f 1 ; :::; n g . Clearly , for ev ery pair i < j , the probabilit y that for ev ery 1 � k � t ,

9



X

k

2 L ( i; j ) is smaller than

�

1 �

�

2

p

� 1

4

p

�

"

p

�

t

. Therefore, the probabilit y that

there is a pair i < j suc h that for ev ery 1 � k � t , X

k

2 L ( i; j ), is smaller than

d

p

( d

p

� 1)

2

�

1 �

�

2

p

� 1

4

p

�

"

p

�

t

=: � :

If � < 1, there is a set I � f !

1

; :::; !

n

g suc h that j I j � t and for ev ery i 6= j ,

k f

i

� f

j

k

L

1

( I )

� "= 2, as claimed. Th us, all it requires is that

t � c

p

log d

p

"

p

where c

p

is a constan t whic h dep ends only on p , and our claim follo ws.

�

Theorem 3.2 If F � B

�

L

1

(
)

�

then for every p � 1 ther e is some c onstant

c

p

, which dep ends only on p , such that for every empiric al me asur e �

n

and every

" > 0 ,

log D

�

"; F ; L

p

( �

n

)

�

� c

p

fat

"

4

( F ) log

2

�

2fat

"

4

( F )

"

�

:

Pro of: Fix " > 0. By lemma 3.1 and theorem 2.5, there is a subset I �

f !

1

; :::; !

n

g suc h that

j I j � c

p

log D

�

"; F ; L

p

( �

n

)

�

"

p

;

and

log D

�

"; F ; L

p

( �

n

)

�

� log D

�

"

2

; F ; L

1

( I )

�

�

� c

p

fat

"

4

( F ) log

2

�

2 log D

�

"; F ; L

p

( �

n

)

�

"

p

�

:

Therefore,

log D

�

"; F ; L

p

( �

n

)

�

� c

p

fat

"

4

( F ) log

2

�

2fat

"

4

( F )

"

�

;

as claimed.

�

3.1 First phase transition: Univ ersal CL T

The �rst application of theorem 3.2 is that if fat

"

( F ) = O ( "

� p

) for some 0 <

p < 2 then F is a universal Donsker class , i.e., satis�es the uniform cen tral limit

theorem for ev ery probabilit y measure. W e shall not presen t all the necessary

de�nitions, but rather, refer the reader to [6] or [9] for the required information.

10



De�nition 3.3 L et F � B

�

L

1

(
)

�

, set P to b e a pr ob ability me asur e on 


and assume G

P

to b e a Gaussian pr o c ess indexe d by F which has me an 0 and

c ovarianc e

E G

P

( f ) G

P

( g ) =

Z

f g dP �

Z

f dP

Z

g dP :

A class F is c al le d a universal Donsker class if for any pr ob ability me asur e P

the law G

P

is tight in `

1

( F ) and �

n

= n

1 = 2

( P

n

� P ) 2 `

1

( F ) c onver ges in law

to G

P

in `

1

( F ) .

It is p ossible to sho w that if F satis�es certain measurabilit y conditions (whic h

w e omit) and if F is a univ ersal Donsk er class than,

sup

f 2 F

�

�

�

n

1

2

( E

�

n

f � E

�

f )

�

�

�

! sup

f 2 F

G

P

( f ) ;

as n ! 1 , where the con v ergence is in distribution. Moreo v er, the univ ersal

Donsk er prop ert y is connected to co v ering n um b er estimates:

Theorem 3.4 [6 ] L et F � B

�

L

1

(
)

�

. If

Z

1

0

sup

n

sup

�

n

log

1

2

N

�

"; F ; L

2

( �

n

)

�

d" < 1 ;

then F is a universal Donsker class. On the other hand, if F is a Donsker class

then ther e is some c onstant C such that for every " > 0 ,

sup

n

sup

�

n

log N

�

"; F ; L

2

( �

n

)

�

�

C

"

2

:

The su�cien t condition in the theorem ab o v e is called Pol lar d's entr opy c ondi-

tion .

Lemma 3.5 L et F � B

�

L

1

(
)

�

such that fat

"

( F ) = O ( "

� p

) for some 0 < p <

2 and 0 < " � 1 . Then,

Z

1

0

sup

n

sup

�

n

log

1 = 2

N

�

"; F ; L

2

( �

n

)

�

d" < 1 : (3.1)

This Lemma follo ws immediately from theorem 3.2.

Corollary 3.6 L et F � B

�

L

1

(
)

�

. If ther e is some c onstant C such that

fat

"

( F ) � C "

� p

for 0 < p < 2 , then F is a universal Donsker class. On the

other hand, if fat

"

( F ) � C "

� p

for p > 2 then F is not a universal Donsker

class.

Pro of: Clearly , w e ma y assume that all the mem b ers of F are b ounded b y

1. The �rst part of our claim follo ws b y lemma 3.5, since F satis�es P ollard's

en trop y condition. F or the second part, recall that b y theorem 2.6,

sup

�

n

log N

�

"; F ; L

2

( �

n

)

�

�

fat

16 "

( F )

8

;

11



pro vided that n � fat

16 "

( F ). Therefore, for an y " > 0,

sup

n

sup

�

n

log N

�

"; F ; L

2

( �

n

)

�

�

c

p

"

p

;

for p > 2. But, if F is a Donsk er class then sup

n

sup

�

n

log N

�

"; F ; L

2

( �

n

)

�

=

O ( "

2

) arriving to a con tradiction.

�

3.2 ` -norm estimates

W e no w establish b ounds on the empirical ` -norms of function classes, based

on their fat shattering dimension. The estimates are established via an indirect

route using the estimate on the L

2

( �

n

) co v ering n um b ers pro v ed in theorem 3.2.

W e b egin with the follo wing lemma, whic h is based on the pro of of the upp er

b ound in theorem 2.10 (see [16 ]). Exactly the same argumen t w as used in [14 ],

so its details are omitted.

Lemma 3.7 L et �

n

b e an empiric al me asur e on 
 , put F � B

�

L

1

(
)

�

and set

( "

k

) to b e a monotone se quenc e de cr e asing to 0 such that "

0

= 1 . Then, ther e

is an absolute c onstant C such that for every inte ger N ,

` ( F =�

n

) � C

N

X

k =1

"

k � 1

log

1

2

N

�

"

k

; F ; L

2

( �

n

)

�

+ 2 "

N

n

1

2

:

In p articular,

` ( F =�

n

) � C

N

X

k =1

"

k � 1

fat

1

2

"

k

4

( F ) log

�

2fat

"

k

4

( F )

"

�

+ 2 "

N

n

1

2

: (3.2)

The later part of lemma 3.7 follo ws from its �rst part and theorem 3.2.

Theorem 3.8 L et F � B

�

L

1

(
)

�

and assume that ther e is some 
 > 1 such

that for any " > 0 , fat

"

( F ) � 
 "

� p

. Then, ther e ar e absolute c onstants C

p

,

which dep end only on p , such that for any empiric al me asur e �

n

` ( F =�

n

) �

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

C

p




1

2

log 
 if 0 < p < 2 ;

C

2

( 


1

2

log 
 ) log

2

n if p = 2 ;

C

p

( 


1

2

log 
 ) n

1

2

�

1

p

if p > 2 :

Pro of: Let �

n

b e an empirical measure on 
. If p < 2, then b y theorem 3.2,

Z

1

0

log

1

2

N

�

"; F ; L

2

( �

n

)

�

d" � C

p




1

2

log 
 ;

and the b ound on the ` -norm follo ws from the upp er b ound in theorem 2.10.
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Assume that p � 2 and let "

k

and N b e as in lemma 3.7. Select "

k

= 2

� k

and N = p

� 1

log n . By (3.2),

` ( F =�

n

) � C

p




1

2

log 


N

X

i =1

"

1 �

p

2

k

log

�

2

"

k

�

+ 2 "

N

n

1

2

� C

p




1

2

log 


N

X

i =1

k 2

k (

p

2

� 1)

+ 2 n

1

2

�

1

p

:

If p = 2, the geometric sum is b ounded b y

C

p

( 


1

2

log 
 ) N

2

� C

p

( 


1

2

log 
 ) log

2

n;

whereas is p > 2 it is b ounded b y

C

p

( 


1

2

log 
 ) n

1

2

�

1

p

;

and our claim follo ws.

�

Remark 3.9 In se ction 4 we shal l show that this b ound is tight for p > 2 , in

the sense that ther e is a c onstant c ( p; 
 ) such that if fat

"

( F ) � 
 "

� p

, then for

every inte ger n ther e is some empiric al me asur e �

n

such

` ( F =�

n

) � c ( p; 
 ) n

1

2

�

1

p

:

This r esult indic ates a se c ond phase tr ansition. If fat

"

( F ) = �( "

� p

) , the gr owth

r ate of ` ( F =�

n

) changes at p = 2 ; if p < 2 then ` ( F =�

n

) ar e uniformly b ounde d

and if p > 2 they incr e ase p olynomial ly.

In the sequel w e will b e in terested in sample complexit y estimates for q -loss

classes. Hence, w e will b e in terested to deriv e a result similar to theorem 3.8

for classes of the form

j F � g j

q

= fj f � g j

q

j f 2 F g 1 � q < 1 ;

for an y g 2 B

�

L

1

(
)

�

. Note that the pro of of theorem 3.8 w as based only on

co v ering n um b er estimates; th us, our �rst order of business is to establish suc h

b ounds on the class j F � g j

q

.

Lemma 3.10 If F � B

�

L

1

(
)

�

, then for every 1 � q < 1 ther e is a c onstant

C

q

, which dep ends only on q , such that for every " > 0 , every g 2 B

�

L

1

(
)

�

and any pr ob ability me asur e �

log N

�

"; j F � g j

q

; L

2

( � )

�

� log N

�

C

q

"; F ; L

2

( � )

�

:

In p articular, if ther e is some 
 > 1 and p such that fat

"

( F ) � 
 "

� p

, then

log N

�

"; j F � g j

q

; L

2

( � )

�

� C ( p; q ; 
 )

�

1

"

p

log

2

2

"

�

:
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The pro of of the �rst part of the lemma is standard and is omitted. The second

one follo ws from theorem 3.2.

Corollary 3.11 Assume that F and g ar e as in lemma 3.10 and G = j F � g j

q

.

Then, ther e ar e c onstants C ( p; q ; 
 ) such that for every empiric al me asur e �

n

,

` ( G=�

n

) �

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

C ( p; q ; 
 ) if 0 < p < 2 ;

C (2 ; q ; 
 ) log

2

n if p = 2 ;

C ( p; q ; 
 ) n

1

2

�

1

p

if p > 2 :

3.3 General Co v ering Estimates

The �nal direct corollary w e deriv e from theorem 3.2 is a general estimate on the

L

p

( � ) co v ering n um b ers of the class F with resp ect to any probabilit y measure

� .

Corollary 3.12 L et F b e a class of functions into [0 ; 1] . Then, for every 1 �

p < 1 ther e is some c onstant C

p

such that for every pr ob ability me asur e � ,

log D

�

"; F ; L

p

( � )

�

� C

p

fat

"

16

( F ) log

2

�

2fat

"

16

( F )

"

�

:

Pro of: By a standard argumen t, if F is a GC class then for ev ery 1 � p < 1 ,

j F � F j

p

is also a GC class. Th us, for ev ery " > 0 there exists some in teger n

and an empirical measure �

n

suc h that

sup

f ;g 2 F

�

�

�

k f � g k

p

L

p

( �

n

)

� k f � g k

p

L

p

( � )

�

�

�

� 2

p

"

p

:

Let m = N

�

"; F ; L

p

( �

n

)

�

. Therefore, there is a set f f

1

; :::; f

m

g � F whic h is

a 2 " co v er of F in L

p

( �

n

). By the selection of n it follo ws that this set is a

(2

p +1

"

p

)

1 =p

co v er of F in L

p

( � ). Hence,

N

�

4 "; F ; L

p

( � )

�

� N

�

"; F ; L

p

( �

n

)

�

:

Our claim follo ws b y theorem 3.2.

�

4 Av eraging T ec hniques

As stated in the in tro duction, our aim is to connect the fat shattering dimension

and the gro wth rate of the Rademac her a v erages asso ciated with the class.

The Rademac her a v erages app ear naturally in the analysis of GC classes.

Usually , the �rst step in estimating the deviation of the empirical means from
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the actual mean is to apply a symmetrization metho d [7 , 21 ]:

P r

(

sup

f 2 F

�

�

1

n

n

X

i =1

f ( X

i

) � E f

�

�

� "

)

� 4 P r

(

sup

f 2 F

�

�

n

X

i =1

r

i

f ( X

i

)

�

�

� "= 4

)

= ( � ) :

The path usually tak en at this p oin t is to estimate ( � ) using the co v ering n um-

b ers of F com bined with Ho e�ding's inequalit y . Instead, w e shall pro vide direct

estimates on the gro wth rate of the Rademac her a v erages and com bine it with

a di�eren t concen tration inequalit y .

W e start with the de�nition of the new learning parameter based on the

gro wth rate of the Rademac her a v erages. Since w e w an t to compare the kno wn

results and those obtained here, w e establish a lo w er b ound on the fat shattering

dimension in terms of Gaussian a v erages. This enables us to estimate the fat

shattering dimension in terms of the gro wth rate of the Rademac her a v erages.

W e presen t sev eral additional applications of this b ound; �rstly , w e impro v e

the b est kno wn estimate on the fat shattering dimension of the con v ex h ull

of a class, at least when fat

"

( F ) = O ( "

� p

) for some 0 < p < 1 . Secondly , w e

pro v e a sharp er c haracterization of GC classes in terms of the empirical ` -norms.

Finally , w e presen t a partial solution to a problem from the geometry of Banac h

spaces.

4.1 Av eraging and fat shattering

W e b egin b y exploring the connections b et w een the fat shattering dimension of

F and the fact that F

o

con tains an `

n

1

space.

De�nition 4.1 L et X b e a Banach sp ac e and let ( x

i

)

n

i =1

� B

X

. We say that

the set ( x

i

)

n

i =1

is " -e quivalent to an `

n

1

b asis, if, for every set ( a

i

)

n

i =1

of sc alars,

"

n

X

i =1

j a

i

j �
















n

X

i =1

a

i

x

i
















�

n

X

i =1

j a

i

j :

Clearly , since the v ectors ( x

i

) b elong to B ( X ), the upp er b ound is alw a ys true.

Also, note that the set ( x

i

)

n

i =1

� B ( X ) is " -equiv alen t to `

n

1

if and only if

the op erator T : `

n

1

! X whic h maps eac h unit v ector v

i

to x

i

satis�es that







T

� 1







� "

� 1

.

Theorem 4.2 L et F � B

�

L

1

(
)

�

. If the set f !

1

; :::; !

n

g is " -shatter e d by F ,

then the set ( n

1 = 2

e

i

)

n

i =1

� ( F =�

n

)

o

is " -e quivalent to `

n

1

.

Pro of: Let ( a

i

)

n

i =1

� R and set A = f i j a

i

� 0 g . Denote b y f

A

the shattering

function of the set A and f

A

c

is the shattering function of its complemen t. By

the triangle inequalit y ,
















n

X

i =1

a

i

n

1

2

e

i
















( F =�

n

)

o

= sup

f 2 F

�

�

�

�

�

n

X

i =1

a

i

f ( !

i

)

�

�

�

�

�

�

1

2

sup

f ;f

0

2 F

�

�

�

�

�

n

X

i =1

a

i

�

f ( !

i

) � f

0

( !

i

)

�

�

�

�

�

�

:
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Selecting f = f

A

and f

0

= f

A

c

it follo ws that

sup

f ;f

0

2 F

1

2

�

�

�

�

�

n

X

i =1

a

i

�

f ( !

i

) � f

0

( !

i

)

�

�

�

�

�

�

�

1

2

�

X

i 2 A

a

i

�

f

A

( !

i

) � f

A

c

( !

i

)

�

+

X

i 2 A

c

a

i

�

f

A

( !

i

) � f

A

c

( !

i

)

�

�

� "

n

X

i =1

j a

i

j :

�

This result has a partial con v erse, namely , that if ( n

1 = 2

e

i

)

n

i =1

is " -equiv alen t

to an `

n

1

basis, then f !

1

; :::; !

n

g is " -shattered b y the symmetric con v ex h ull of

F .

Theorem 4.3 L et F � B

�

L

1

(
)

�

and let �

n

b e an empiric al me asur e. If

( n

1 = 2

e

i

)

n

i =1

� ( F =�

n

)

o

is " -e quivalent to an `

n

1

b asis, then abscon v( F ) " -shatters

f !

1

; :::; !

n

g .

Pro of: Let ( v

i

)

n

i =1

b e the unit v ectors in `

n

1

. By our assumption, the op erator

T : `

n

1

! ( F =�

n

)

o

de�ned b y T ( v

i

) = n

1 = 2

e

i

is suc h that







T

� 1







� "

� 1

. Let

I � f 1 ; :::; n g and let v

�

2 B ( `

n

1

) (whic h is the unit ball of the dual space of

`

n

1

) suc h that v

�

( v

i

) = 1 if i 2 I and v

�

( v

i

) = � 1 otherwise. If ( T

� 1

�

) is the

dual op erator to T

� 1

, and if u = ( T

� 1

)

�

( v

�

) then "u 2 ( F =�

n

)

oo

= abscon v ( F ).

Also, for ev ery i 2 I ,

"u ( !

i

) = "




u; n

1

2

e

i

�

= "




( T

� 1

)

�

v ; n

1

2

e

i

�

= "v

�

( v

i

) = ";

and similarly , if i 2 I

c

then "u ( !

i

) = � " . Since that set I is an arbitrary subset

of f !

1

; :::; !

n

g , the set f !

1

; :::; !

n

g is " -shattered b y abscon v( F ).

�

Using theorem 4.2 w e can sho w that the b ounds obtained for p > 2 in

theorem 3.8 are tigh t.

Corollary 4.4 L et F � B

�

L

1

(
)

�

and supp ose that ther e is some 
 > 1 such

that for every " > 0 , fat

"

( F ) � 
 "

� p

. Then, ther e is an absolute c onstant C

such that for every inte ger n and al l empiric al me asur es �

n

,

` ( F =�

n

) �

�

2

�

�

1

2




1

p

n

1

2

�

1

p

:

Pro of: Since fat

"

( F ) � 
 "

� p

, then for ev ery in teger n there is a set I � 
 suc h

that j I j � n and I is ( 
 =n )

1 =p

shattered b y F . Let �

n

b e the empirical measure

supp orted on the �rst n elemen ts of I . By theorem 4.2, the set ( n

1 = 2

e

i

)

n

i =1

�

( F =�

n

)

o

is ( 
 =n )

1 =p

-equiv alen t to an `

n

1

basis. Therefore,

` ( F =�

n

) = n

�

1

2

E
















n

X

i =1

g

i

n

1

2

e

i
















( F =�

n

)

o

� 


1

p

n

� (

1

2

+

1

p

)

n

X

i =1

E j g

i

j

=

�

E j g

1

j

�




1

p

n

1

2

�

1

p

;

as claimed.

�
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De�nition 4.5 L et � b e a pr ob ability me asur e on 
 . L et R

n

= sup

�

n

R ( F =�

n

)

and

�

R

n;�

= E

�

R ( F =�

n

) . Thus,

�

R

n;�

= E

�

E

�

sup

f 2 F

n

�

1

2

�

�

�

�

�

n

X

i =1

r

i

f ( X

i

)

�

�

�

�

�

;

wher e r

i

ar e indep endent R ademacher r andom variables on ( Y ; � ) and ( X

i

) ar e

indep endent, distribute d ac c or ding to � . Similarly, it is p ossible to de�ne `

n

and

�

`

n;�

using Gaussian aver ages inste ad of the R ademacher aver ages.

The connections b et w een R

n

and

�

R

n;�

are analogous to those b et w een the V C

dimension and the V C en trop y; R

n

is a \w orst case" parameter whereas

^

R

n;�

is

an a v eraged v ersion, whic h tak es in to accoun t the particular measure according

to whic h one is sampling.

The follo wing is a de�nition of a parameter whic h ma y replace the fat shat-

tering dimension:

De�nition 4.6 L et F � B

�

L

1

(
)

�

. F or every " > 0 , let

ra v

"

( F ) = sup

�

n 2 N j R

n

( F ) � "n

1

2

	

:

T o see the connection b et w een fat

"

( F ) and ra v

"

( F ), assume that f !

1

; :::; !

n

g

is " -shattered. Let ( �

1

; :::; �

n

) 2 f� 1 ; 1 g

n

and set I = f !

i

j �

i

= 1 g . F or ev ery

J � f !

1

; :::; !

n

g , let f

J

b e the function shattering J . Then, b y the triangle

inequalit y , and setting f = f

I

, f

0

= f

I

c

, it follo ws that

1

p

n

sup

f 2 F

�

�

�

�

�

n

X

i =1

�

i

f ( !

i

)

�

�

�

�

�

�

1

2

p

n

sup

f ;f

0

2 F

�

�

�

�

�

n

X

i =1

�

i

�

f ( !

i

) � f

0

( !

i

)

�

�

�

�

�

�

�

1

2

p

n

�

�

�

�

�

n

X

i =1

�

i

�

f

I

( !

i

) � f

I

c

( !

i

)

�

�

�

�

�

�

�

p

n":

Th us, if f !

1

; :::; !

n

g is " -shattered, then for ev ery realization of the Rademac her

random v ariables,

n

�

1

2

sup

f 2 F

�

�

�

�

�

n

X

i =1

r

i

( t ) f ( !

i

)

�

�

�

�

�

�

p

n";

while ra v

"

( F ) is determined b y a v eraging suc h realizations. Hence,

ra v

"

( F ) � fat

"

( F ) :

Considerably more di�cult is to �nd an upp er b ound on ra v

"

( F ). The �rst

step in that direction is to estimate the fat shattering dimension of the class in

terms of the empirical ` -norms.

Theorem 4.7 L et F � B

�

L

1

(
)

�

and let �

n

b e an empiric al me asur e. Denote

by ` the ` -norm of F =�

n

. Ther e ar e absolute c onstants C ; c such that � = c`=n

1 = 2

and

fat

�

( F ) � C

�

`

log n

�

2

: (4.1)
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The idea b ehind the pro of of this result is due to P a jor [15 ]. Our con tribution is

the application of the impro v ed b ound on the L

2

co v ering n um b ers of F , whic h

yields a sharp er b ound.

Lemma 4.8 L et F � L

2

( �

n

) . Then, for every " > 0 ,

D

�

"; F ; L

2

( �

n

)

�

�

 

1 +

(2 � )

1 = 2

` ( F )

"n

1

2

!

n

:

Pro of: Let " > 0 and set K = ( F +

"

2

B

n

2

). Note that if A is an " -separated

subset of F in L

2

( �

n

) and if B

n

2

is the unit ball in L

2

( �

n

) then A +

"

2

B

n

2

� K .

By comparing v olumes,

�

"

2

�

n

D

�

"; F ; L

2

( �

n

)

�

�

v ol ( K )

v ol ( B

n

2

)

:

Set c

n

= E (

P

n

i =1

j g

i

j

2

)

1 = 2

and let d� ( t ) b e the Haar measure on S

n � 1

, whic h is

the unit sphere in R

n

. Using Uryson's inequalit y and the standard connections

b et w een the Haar measure on the sphere and the Gaussian measure on R

n

, (see,

e.g., [16 ]),

�

v ol ( K )

v ol ( B

n

2

)

�

1

n

�

Z

S

n � 1

k x k

K

o

d�

n

=

Z

S

n � 1

sup

f 2 F ;s 2 B

n

2




f +

"

2

s; t

�

d� ( t )

�

"

2

+

` ( F )

c

n

Our claim follo ws since for ev ery n , c

n

� (2 =� )

1 = 2

n

1 = 2

.

�

Pro of of theorem 4.7: By the upp er b ound in theorem 2.10,

` � C

0

Z

1

0

log

1

2

N

�

"; F ; L

2

( �

n

)

�

d":

Applying lemma 4.8, it follo ws that for ev ery 0 < x < 1,

Z

x`=n

1 = 2

0

log

1

2

N

�

"; F ; L

2

( �

n

)

�

d" �

Z

x`=n

1 = 2

0

n

1

2

log

1

2

�

1 +

p

2 � ` ( F )

"n

1

2

�

d" = ( � ) :

Changing the in tegration v ariable to u = "n

1 = 2

`

� 1

and b y a straigh tforw ard

estimate of the in tegral, it follo ws that

( � ) = `

Z

x

0

log

1

2

�

1 +

(2 � )

1 = 2

u

�

du � `

�

(2 � )

1

2

x

�

1

2

: (4.2)
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Let � = (32 � )

� 1 = 2

C

� 2

0

and � = �`=n

1 = 2

. It is easy to see that ` �

p

2 =� n

1 = 2

,

implying that � < 1. Since F � B

�

L

1

(
)

�

and b y theorem 3.2 and (4.2),

C

0

Z

1

0

log

1

2

N

�

"; F ; L

2

( �

n

)

�

d" =

C

0

Z

�

0

log

1

2

N

�

"; F ; L

2

( �

n

)

�

d" + C

0

Z

1

�

log

1

2

N

�

"; F ; L

2

( �

n

)

�

d" �

�

`

2

+ C fat

1

2

�

4

( F ) log

�

2

fat �

4

( F )

�

�

:

Th us,

` � C fat

1

2

�

4

( F ) log

�

2fat �

4

( F )

�

�

:

implying that

fat �

4

( F ) � C

�

`

log n

�

2

:

�

Corollary 4.9 L et F � B

�

L

1

(
)

�

. Then, ther e is some absolute c onstant C

such that for every " > 0

ra v

"

( F ) � C

fat

"

( F )

"

2

log

2

fat

"

( F )

"

:

Pro of: Assume that �

n

is an empirical measure suc h that R ( F =�

n

) � "n

1 = 2

.

Using the connections b et w een Gaussian and Rademac her a v erages (theorem

2.9), it follo ws that there is an absolute constan t C suc h that ` ( F =�

n

) � C "n

1 = 2

.

Therefore, b y theorem 4.7,

fat

C "

( F ) � fat

C `n

� 1 = 2

( F ) � C

�

`

log n

�

2

�

� C

"

2

n

log

2

n

:

Th us,

n � C

fat

"

( F )

"

2

log

2

fat

"

( F )

"

;

implying that ra v

"

( F ) satis�es the same inequalit y .

�

It is in teresting to note that if fat

"

( F ) is p olynomial in 1 =" then ra v

"

( F ) and

fat

"

( F ) are equiv alen t for \large" exp onen ts ( p > 2), but b eha v e di�eren tly for

p � 2:
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Theorem 4.10 L et F � B

�

L

1

(
)

�

and assume that fat

"

( F ) � 
 "

� p

for some


 > 1 and every " > 0 . Then

ra v

"

( F ) � C

p

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

( 
 log

2


 ) "

� 2

if 0 < p < 2 ;


 "

� 2

log

4 


"

if p = 2 ;

( 


p

2

log

p


 ) "

� p

if p > 2 :

Pro of: The pro of follo ws from the ` -norm estimates pro v ed in section 3.2. W e

shall presen t a complete pro of only in the case p < 2. By theorem 3.8 it follo ws

that for ev ery empirical measure �

n

,

R ( F =�

n

) � C ` ( F =�

n

) � C

p




1 = 2

log 
 :

Hence, if ra v

"

( F ) � n , there is some empirical measure �

n

suc h that

"n

1

2

� R ( F =�

n

) � C

p




1 = 2

log 
 ;

implying that n � C

p

( 
 log

2


 ) "

� 2

as claimed.

The other pro ofs follo w using a similar argumen t.

�

Using the b ounds on ra v

"

( F ) it is p ossible to b ound fat

"

�

abscon v( F )

�

:

Corollary 4.11 L et F � B

�

L

1

(
)

�

. If fat

"

( F ) = O ( "

� p

) for some p 6= 2 then

fat

"

�

abscon v( F )

�

= O ( "

� max f 2 ;p g

) . F or p = 2 one has an additional lo garithmic

factor. In gener al ther e is an absolute c onstant c such that for every " > 0 ,

fat

"

�

abscon v ( F )

�

� c

fat

"

( F )

"

2

log

2

fat

"

( F )

"

:

Pro of: First, note that ra v

"

( F ) = ra v

"

�

abscon v ( F )

�

. Hence,

ra v

"

( F ) = ra v

"

�

abscon v ( F )

�

� fat

"

�

abscon v( F )

�

: (4.3)

No w, if fat

"

( F ) = O ( "

� p

) for some p 6= 2, then b y theorem 4.10

ra v

"

( F ) = O ( "

� max f 2 ;p g

) :

The case p = 2 follo ws from a similar argumen t, while the general inequalit y

ma y b e deriv ed from corollary 4.9 and (4.3).

�

Remark 4.12 Note that the or em 4.10 and c or ol lary 4.11 indic ate the same

phase tr ansition at p = 2 .

Using theorem 4.7 w e can pro v e the follo wing result:
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Theorem 4.13 L et F � B

�

L

1

(
)

�

. If F is a GC class then

lim

n !1

`

n

=n

1 = 2

= 0 :

Note that in the con v erse direction, a w eak er condition is needed to imply GC.

Indeed, it is p ossible to sho w that sup

�

�

R

n;�

= o ( n

1 = 2

) if and only if F is a GC

class [7]. Hence, theorem 4.7 is a c haracterization of GC classes.

Pro of: If `

n

=n

1 = 2

do es not con v erge to 0, there is a sequence n

k

! 1 and some

" > 0 suc h that for ev ery n

k

, `

n

k

=n

1 = 2

k

� " . By theorem 4.7 it follo ws that there

is some constan t C suc h that for ev ery n

k

,

fat

C "

( F ) � fat

C `

n

k

n

� 1 = 2

k

( F ) � C

�

`

n

k

log n

k

�

2

� C

�

"n

1 = 2

k

log n

k

�

2

:

Th us, fat

C "

( F ) = 1 , and F is not a GC class.

�

4.2 The Elton-P a jor theorem

Theorem 4.7 has an application in the theory of Banac h spaces. The question

at hand is as follo ws: consider a set A = f x

1

; :::; x

n

g of v ectors in some Banac h

space X . Let R = E k

P

n

i =1

r

i

x

i

k

X

and E = E k

P

n

i =1

g

i

x

i

k

X

. If R or E are

large, is there a large subset of A whic h is \almost" equiv alen t to an `

m

1

basis?

This question w as �rst tac kled b y Elton [8 ] who sho w ed that if R � "n , there

is a set I � A , suc h that j I j � c ( " ) n whic h is K ( " ) equiv alen t to an `

j I j

1

basis,

where K ! 1 and c ! 1 = 2 as " ! 1. This result w as impro v ed b y P a jor [15 ]

who sho w ed that it is p ossible to select c ( " ) = C "

2

and K ( " ) = C "

3

for some

absolute constan t C . T alagrand [18 ] w as able to sho w the follo wing:

Theorem 4.14 Ther e is some absolute c onstant K such that for every set A =

f x

1

; :::; x

n

g � X , ther e is a subset I , such that j I j � E

2

=K n which is

�

K n

E

2

j I j

�

�

1

2

�

log

�

K n

E

2

j I j

�

�

� K

e quivalent to an `

j I j

1

b asis.

W e can deriv e a similar result using theorem 4.7:

Theorem 4.15 L et A = f x

1

; :::; x

n

g � X , and set E = E k

P

n

i =1

g

i

x

i

k

X

. Then,

ther e is a subset I � A , such that

j I j � C

E

2

n log

2

n

;

which is C E =n e quivalent to an `

m

1

b asis, wher e C is an absolute c onstant.
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Pro of: Let 
 = f x

1

; :::; x

n

g and set F = B

X

�

, implying that F � B

�

L

1

(
)

�

.

Moreo v er, if I � 
, j I j = m and �

m

is the empirical measure supp orted on I ,

then for ev ery set of scalars ( a

i

)

m

i =1

,
















m

X

i =1

a

i

x

i
















X

= sup

x

�

2 B

X

�

m

X

i =1

a

i

x

�

( x

i

) =

= sup

x

�

2 B

X

�




m

�

1

2

m

X

i =1

x

�

( x

i

) e

i

;

m

X

i =1

a

i

m

1

2

e

i

�
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m

X

i =1

a

i

m

1

2

e
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( F =�

m

)

o

:

Th us, the set ( m

1 = 2

e

i

)

m

i =1

� ( F =�

m

)

o

is " -equiv alen t to an `

m

1

basis, if and only

if I � X is also " -equiv alen t.

If �

n

is the empirical measure supp orted on the set f x

1

; :::; x

n

g , then

` ( F =�

n

) = n

�

1

2

E :

By theorem 4.7

fat

C E =n

( F ) � C

E

2

n log

2

n

;

hence, b y theorem 4.2 there is a subset B � f x

1

; :::; x

n

g suc h that m = j B j �

C

E

2

n log

2

n

, and B is C E =n -equiv alen t shattered b y F . Therefore, if �

m

is the

empirical measure supp orted on B , then f m

1 = 2

e

i

g

m

i =1

� ( F =�

m

)

o

is C E =n equiv-

alen t to an `

m

1

basis, and our claim follo ws.

�

No w, w e can deriv e a similar result to that of P a jor:

Corollary 4.16 L et A = f x

1

; :::; x

n

g � X , and assume that E k

P

n

i =1

r

i

x

i

k

X

�

"n . Then, ther e is a subset I � A , such that

j I j � C

n"

2

log

2

n

;

which is C " -e quivalent to an `

j I j

1

b asis for some absolute c onstant C .

5 Complexit y Estimates

In this section w e pro v e sample complexit y estimates for an agnostic learning

problem with resp ect to an y q -loss function. W e use a concen tration result,

whic h yields an estimate on the deviation of the empirical means from the

actual mean in terms of the Rademac her a v erages. W e then apply the estimates

on those a v erages in terms of the fat shattering dimension obtained is section

3.2 and impro v e the kno wn complexit y estimates. It turns out that ra v

"

( F )

measures precisely the sample complexit y .

W e b egin with the follo wing concen tration result whic h is due to T alagrand

[19 ]:
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Theorem 5.1 Ther e ar e two absolute c onstants K and a � 1 with the fol lowing

pr op erty: c onsider a class of functions F whose r ange is a subset of [0 ; 1] , such

that sup

f 2 F

E ( f � E f )

2

� a . If � is any pr ob ability me asur e on 
 and

n

1

2

� K

�

R

n;�

; M � K

�

R

n;�

then

P r

(

sup

f 2 F

j E

�

n

f � E

�

f j � M n

�

1

2

)

� K exp ( � 11 M ) :

Let G b e a class of functions whose range is a subset of [0 ; 1], let g b e some

function whose range is a subset of [0 ; 1] and �x some q , suc h that 1 � q < 1 .

If F = j G � g j

q

, then F is also a class of function whose range is a subset of

[0 ; 1]. Let a b e as in theorem 5.1 and denote b y F

a

= f

p

af j f 2 F g . Therefore,

sup

f 2 F

a

E ( f � E f )

2

� a .

Lemma 5.2 L et F and F

a

b e as in the ab ove p ar agr aph. If " > 0 and n ar e

such that

n

1

2

� K a

�

1

2

"

� 1

�

R

n;�

; (5.1)

then

P r

(

sup

f 2 F

j E

�

n

f � E

�

f j � "

)

� K exp

�

� 11 an"

2

�

Pro of: Clearly ,

P r

(

sup

f 2 F

j E

�

n

f � E

�

f j � "

)

= P r

(

sup

f 2 F

a

j E

�

n

f � E

�

f j �

p

a"

2

)

:

Let M = a

1 = 2

n

1 = 2

" . Since a; " � 1 then if n satis�es (5.1), b oth conditions of

theorem 5.1 are automatically satis�es. The assertion follo ws directly from that

theorem.

�

W e can apply lemma 5.2 and obtain the desired sample complexit y esti-

mate. W e �rst presen t a general complexit y estimate in terms of the parameter

ra v

"

( F ).

Theorem 5.3 L et F b e a class of functions into [0 ; 1] . Then, ther e is an abso-

lute c onstant C such that for every 0 < "; � < 1 , and every pr ob ability me asur e

� ,

P r

(

sup

f 2 F

j E

�

n

f � E

�

f j � "

)

� � ;

pr ovide d that

n � C max

n

ra v

C "

( F ) ;

1

"

2

log

1

�

o
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Pro of: Let C

1

= 2 K a

� 1

and M as in lemma 5.2. Note that in order to ensure

that n

1 = 2

� 2 K a

� 1

"

� 1

�

R

n;�

, it is enough that R

n

� C "n

1 = 2

. This will hold if

n � ra v

C "

( F ). Th us, b y lemma 5.2,

P r

(

sup

f 2 F

j E

�

n

f � E

�

f j � "

)

� K exp( � 11 M ) < � :

where the last inequalit y is v alid pro vided that n � C "

� 2

log

1

�

.

�

Corollary 5.4 L et G b e a class of functions whose r ange in c ontaine d in [0 ; 1] ,

such that fat

"

( G ) � 
 "

� p

for some p > 0 . Then, for every 1 � q < 1 ther e ar e

c onstants C ( p; q ; 
 ) such that for any g : 
 ! [0 ; 1] ,

S

q

( "; � ; g ) � C ( p; q ; 
 )

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

1

"

2

log

1

�

if 0 < p < 2 ;

1

"

2

�

log

4

1

"

+ log

1

�

�

if p = 2 ;

1

"

p

log

1

�

if p > 2 :

Pro of: W e shall pro v e the claim for p > 2. The assertion in the other t w o cases

follo ws in a similar fashion.

Let F = j G � g j

q

. By Theorem 3.11, there are constan ts C = C ( p; q ; 
 )

suc h that for ev ery in teger n and ev ery empirical measure �

n

, R

n

� C n

1 = 2 � 1 =p

.

Hence, for ev ery " > 0, ra v

"

( F ) � C "

� p

. Our result follo ws from theorem 5.3

�

Remark 5.5 Sinc e the R ademacher aver ages ar e unchange d even if one takes

the c onvex hul l, the estimates obtaine d in c or ol lary 5.4 actual ly hold for the

c onvex hul l of F . This fact shows that if fat

"

( F ) = O ( "

� p

) , one c an solve the

agnostic le arning pr oblem within the c onvex hul l of F without p aying a pric e

c omplexity-wise. This fact is useful sinc e having to solve the minimization pr ob-

lem of the empiric al loss function is e asier if F is c onvex.

Remark 5.6 Using a simple sc aling ar gument, if sup

f 2 F

j f j � M then sample

c omplexity wil l b e b ounde d by

C max

n

ra v

C M "

;

M

2

"

2

log

1

�

o

:

Corollary 5.7 L et F � B

�

L

1

(
)

�

, such that fat

"

( F ) � 
 "

� p

for some p > 0 .

Then, for every 1 � q < 1 and every M > 0 ther e ar e c onstants C ( p; q ; M ; 
 ) ,
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such that for every 0 < "; � < 1 ,

sup

k g k

1

� M

S

q

( "; � ; g ) � C ( p; q ; M ; 
 )

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

1

"

2

log

1

�

if 0 < p < 2 ;

1

"

2

�

log

4

1

"

+ log

1

�

�

if p = 2 ;

1

"

p

log

1

�

if p > 2 :

5.1 GC complexit y vs. learning complexit y

The term \sample complexit y" is often used in a sligh tly di�eren t w a y than

the one w e use here. Normally , when one talks ab out the sample complexit y

of a learning problem, the meaning is the follo wing, more general setup. F or

ev ery 1 � q < 1 , let `

f

q

( x; y ) = j f ( x ) � y j

q

. Let Y b e a b ounded subset of R .

A le arning rule is a mapping whic h assigns to eac h sample of arbitrary length

z

n

= ( x

i

; y

i

)

n

i =1

, some f 2 F . F or ev ery class F and Y � R , let the le arning

sample c omplexity b e the smallest in teger n

0

suc h that for ev ery n � n

0

, the

follo wing holds: there exists a learning rule A suc h that for ev ery probabilit y

measure P on 
 � Y ,

P r

(

E j A

Z

n

� Y j

q

� inf

f 2 F

E `

f

q

( X ; Y ) + "

)

< � ;

where Z

n

are n indep enden t samples of ( X ; Y ), sampled according to P . W e

denote the learning sample complexit y asso ciated with the range Y and the class

F b y C

q

( "; � ; Y ; F ).

It is p ossible to sho w [1] that if Y � [ � M ; M ] then

C

q

( "; � ; Y ; F ) � sup

k g k

1

� M

S

q

( "; � ; g ; F ) :

Note that S

q

is monotone with resp ect to inclusion; if F � G then for ev ery

"; � ; q and g

S

q

( "; � ; g ; F ) � S

q

( "; � ; g ; G ) :

On the other, the same do es not hold for C

q

, since learning rules ma y use

particular geometric features of the class F . F or example, the follo wing result

in due to Lee, Bartlett and Williamson [11 , 12 ].

Theorem 5.8 L et F b e a class of functions into [0 ; 1] .

1. If F c onvex then for every M > 0 ther e is a c onstant c ( M ) , such that for

every 0 < "; � < 1 and every Y � [ � M ; M ] ,

C

2

( "; � ; Y ; F ) �

c ( M )

"

�

log N

�

C "; F ; L

1

( �

n

)

�

+ log

1

�

�

;

wher e C is some absolute c onstant.
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2. If F do es not have a c onvex closur e with r esp e ct to some pr ob ability me asur e,

then ther e is some r ange Y , whose b ound dep ends only on F , such that

C

2

( "; � ; Y ; F ) �

C ( F )

"

2

log

1

�

:

It is w orth while to compare the estimates obtained in corollary 5.4 with previous

GC sample complexit y estimates. Recall the follo wing result, whic h is due to

Bartlett and Long [4].

Theorem 5.9 L et F b e a class of functions into [0 ; 1] . Assume that ther e is

some � > 0 such that for every " > 0 , d = fat

(1 = 4 � � ) "

( F ) is �nite. Then, for

every M > 0 ther e is some c ( M ) such that for every 0 < "; � < 1 ,

sup

k g k

1

� M

S

1

( "; � ; g ; F ) � c ( M )

 

1

"

2

�

d log

2

2

"

+ log

2

�

�

!

:

Th us, if fat

"

( F ) = O ( "

� p

) then the b ound whic h follo ws from corollary 5.4 is

considerably b etter. The general b ound, obtained b y com bining corollary 4.9

and theorem 5.3 is essen tially the same as in theorem 5.9.

In the p olynomial scale, the GC sample complexit y results w e obtain are

tigh t (rate wise), at least with resp ect to the quadratic loss function. Indeed,

assume �rst that fat

"

( F ) = O ( "

� p

) for p < 2. By theorem 5.8, if F is do es not

ha v e a con v ex closure, then there is some range Y (with a b ound whic h dep ends

only on F , suc h that

C

2

( "; � ; Y ; G ) = 


�

log 1 =�

"

2

�

:

Since the learning complexit y is smaller than the GC complexit y , it follo ws that

there is some M > 0 whic h dep ends only on F suc h that

sup

k g k

1

� M

S

2

( "; � ; g ; F ) = �

�

log 1 =�

"

2

�

:

If F is con v ex, tak e an y set G � F whic h do es not ha v e a con v ex closure and

let Y � [ � M ; M ] b e the range guaran teed b y theorem 5.8. It follo ws that for

ev ery "; � ,

sup

k g k

1

� M

S

2

( "; � ; g ; F ) � sup

k g k

1

� M

S

2

( "; � ; g ; G ) � C

2

( "; � ; Y ; G )

= 


�

"

� 2

log (1 =� )

�

;

pro ving that our b ound is tigh t.

T urning to the case p > 2, note that the GC complexit y estimates remain

true ev en if j F � g j

q

is not b ounded b y 1, but rather, b y some other constan t.

Hence, the asymptotics of these estimates hold ev en if g is not in to [0 ; 1]. It is

p ossible to sho w [1] that if the range of g exceeds [0 ; 1] (e.g., ma y b e tak en to

b e [ � 1 ; 2]), then the learning sample complexit y is 
(fat

4 "

( F )). Therefore, the

b ound found in corollary 5.4 is optimal.
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6 Conclusions

The common view is that the fat shattering dimension is the \correct" w a y of

measuring certain prop erties of the giv en class, mainly its co v ering n um b ers in

empirical L

p

spaces. Theorem 3.2 seems to strengthen this opinion. Ho w ev er,

when it comes to complexit y estimates and other geometric prop erties, the fact

that the co v ering n um b ers c hange \smo othly" with the fat shattering dimension

hides a phase transition whic h o ccurs on the p olynomial scale when fat

"

( F ) =

O ( "

� p

) at p = 2. This phase transition is eviden t, for example, when considering

the Rademac her a v erages (resp. ` -norms). Indeed, when p < 2 the a v erages are

uniformly b ounded, and when p > 2 they are p olynomial in n . As for GC

complexit y estimates, the smo oth c hange whic h app ears in theorem 5.9 is due

to a lo ose upp er b ound. The optimal result whic h w e w ere able to obtain rev eals

the phase transition: if p < 2 the estimate is O ( "

� 2

), and for p > 2 it is O ( "

� p

).

These facts seem to indicate that the \correct" parameter whic h measures

the sample complexit y is ra v

"

( F ) and not the fat shattering dimension.

Other adv an tages in using ra v

"

( F ) are the follo wing: �rstly , the Rademac her

and Gaussian a v erages remain unc hanged when passing to the con v ex h ull of the

class. This ma y b e exploited b ecause it implies that in man y cases one ma y solv e

the learning problem within the con v ex h ull of the original class rather than in

the class itself, without ha ving to pa y a price. Secondly , in man y cases one ma y

compute sup

f 2 F

j r

i

f ( !

i

) j for a realization of ( r

i

). Since this random v ariable

is concen trated near its mean, it is p ossible to estimate Rademac her a v erages

b y sampling. Finally , and in our opinion the most imp ortan t, Rademac her and

Gaussian a v erages are closely link ed to the geometric structure of the class.

They can b e used to estimate not only co v ering n um b ers, but appro ximation

n um b ers as w ell (see, e.g., [14 ]), whic h serv es as a go o d indication of the size of

the class and ma y b e used to form ulate alternativ e learning pro cedures.
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