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Abstract

We study sample-basedestimatesof the expectation of the function
produced by the empirical minimization algorithm. We investigate
the extent to which one can estimate the rate of convergenceof the
empirical minimizer in a data dependent manner. We establish three
main results. First, we provide an algorithm that upper bounds the
expectation of the empirical minimizer in a completely data-dependent
manner. This bound is basedon a structural result in [3], which relates
expectationsto sampleaverages.Second,weshow that thesestructural
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upper bounds can be loose,comparedto other bounds given in [3]. In
particular, we demonstrate a class for which the expectation of the
empirical minimizer decreasesas O(1=n) for sample size n, although
the upper bound basedon structural properties is 
(1). Third, weshow
that this loosenessof the bound is inevitable: we present an example
that shows that a sharp bound cannot be universally recovered from
empirical data.

1 In tro duction

The empirical minimization algorithm is a statistical procedurethat, out of
a �xed class of functions, choosesa function that minimizes an empirical
loss functional on this class. Known as an M-estimator in the statistical
literature, it has been studied extensively [27, 25, 9]. Here, we investigate
the limitations of estimatesof the expectation of the function produced by
the empirical minimization algorithm.

To be more exact, let F be a classof real-valued functions de�ned on
a probabilit y space (
 ; � ) and set X 1; :::; X n to be independent random
variables distributed according to � . For f 2 F de�ne En f = 1

n

P n
i=1 f (X i )

and let Ef be the expectation of f with respect to � . The goal is to �nd
a function that minimizes Ef over F , where the only information available
about the unknown distribution � is through the �nite sample X 1; :::; X n .
The empirical minimization algorithm producesthe function f̂ 2 F that has
the smallest empirical mean, that is, f̂ satis�es

En f̂ = min f En f : f 2 F g :

Throughout this paper, we assumethat such a minimum exists (the modi-
�cations required if this is not the caseare obvious), that F satis�es some
minor measurability conditions, which we omit (see [6] for more details),
and that for every f 2 F , Ef � 0, which, as we explain later, is a natural
assumption in the casesthat interest us.

In statistical learning theory, this problem arises when one minimizes
the empirical risk, or sampleaverageof a loss incurred on a �nite training
sample. There, the aim is to ensurethat the risk, or expected loss, is small.
Thus, f (X i ) represents the loss incurred on X i . Performance guarantees
are typically obtained through high probabilit y bounds on the conditional
expectation

Ef̂ = E(f̂ (X )jX 1; : : : ; X n ): (1.1)
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In particular, one is interested in obtaining fast and accurate estimates of
the rates of convergenceof this expectation to 0 as a function of the sample
sizen.

Classical estimates of this expectation rely on the uniform convergence
over F of sample averagesto expectations (see, for example, [27]). These
estimatesareessentially basedon the analysisof the supremum of the empir-
ical process supf 2 F (Ef � En f ) indexed by the whole classF . As opposed
to these global estimates, it is possible to study local subsetsof functions
of F , which are balls of a given radius with respect to a chosen metric.
The supremum of the empirical processindexed by these local subsetsas
a function of the radius of the balls is called the modulus of continuity .
Sharper localized estimates for the rate of convergenceof the expectation
can be obtained in terms of the �xed point of the modulus of continuit y of
the class[24, 15, 10, 13, 1].

Recent results [3] show that one can further signi�cantly improve the
high-probabilit y estimates for the convergencerates for empirical minimiz-
ers. These results are based on a new localized notion of complexity of
subsetsof F containing functions with identical expectations and are there-
fore dependent on the underlying unknown distribution. In this article,
we investigate the extent to which one can estimate thesehigh-probabilit y
convergencerates in a data-dependent manner, an important aspect if one
wants to make theseestimatespractically useful.

The results in [3] establish upper and lower bounds for the expectation
Ef̂ using two di�eren t arguments. The �rst is a structural result relating
the empirical (random) structure endowed on the classby the selection of
the coordinates (X 1; :::; X n ), and the real structure, given by the measure� .
The secondis a direct analysis, which yields seeminglysharper bounds. In
both cases(and under somemild structural assumptionson the classF ), the
boundsare given using a function that measuresthe \lo calizedcomplexity"
of subsetsof F consisting of functions with a �xed expectation r , denoted
here by Fr = f f 2 F : Ef = r g: For every integer n and probabilit y
measure� on 
, consider the following two sequencesof functions, which
are measuresfor the complexity of the setsFr :

� n;F ;� (r ) = E supf jEf � En f j : f 2 Fr g;

� 0
n;F ;� (r ) = E supf Ef � En f : f 2 Fr g:

In the following, in caseswhere the underlying probabilit y measure� and
the class F are clear, we will refer to these functions as � n and � 0

n . It
turns out that these two functions control the generalization abilit y in F r
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whenever one has a strong degreeof concentration for the empirical process
suprema supf 2 Fr

jEf � En f j and supf 2 Fr
(Ef � En f ) around their expecta-

tion. Thus, � n and � 0
n canbeusedto deriveboundson the performanceof the

empirical minimization algorithm as long as these suprema are su�cien tly
concentrated. Therefore, the main tool required in the proofs of the results
in [3] that provide bounds using the � 0

n and � n is Talagrand's concentration
inequality for empirical processes(seeTheorem A.1 in the appendix).

To seehow � 0
n and � n can be used to derive generalization bounds, ob-

serve that it su�ces to �nd the \critical point" r 0 for which, with high
probabilit y, for a given 0 < � < 1, every r � r 0 and every f 2 Fr ,
(1 � � )Ef � En f � (1 + � )Ef . In particular, for such an r 0, it follows
that with high probabilit y, every f 2 F satis�es that

Ef � max
�

En f
1 � �

; r0

�
; (1.2)

and thus, an upper bound on the expectation of the empirical minimizer f̂
can be established. It is possibleto show that one can take r 0 as r �

n , where

r �
n = inf f r : � n (r ) � r =4g;

and in fact, since in (1.2) only a \one-sided" condition is required, one can
actually use

r 0
n
� = inf

�
r : � 0

n(r ) � r =4
	

:

A more careful analysis,which usesthe strength of Talagrand's concen-
tration inequality for empirical processes,shows that the expectation of the
empirical minimizer is governed by approximations of

s�
n = sup

n
r : � 0

n(r ) � r = max
s

�
� 0

n (s) � s
	 o

:

To seewhy s�
n is a likely candidate, note that for any empirical minimizer,

the function of r de�ned as supf 2 Fr
(Ef � En f ) � r = � inf f 2 Fr En f is

maximized for the value r = Ef̂ . Assume that one has a very strong
concentration of empirical processesindexed by Fr around their mean for
every r > 0, that is, with high probabilit y, for every r > 0,

sup
f 2 Fr

(Ef � En f ) � E sup
f 2 Fr

(Ef � En f ) = � 0
n (r ) :

Then, it would make senseto expect that, with high probabilit y, Ef̂ � s�
n

for s�
n = argmaxf � 0

n (r ) � r g:
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More precisely, and to overcomethe fact that E supf 2 Fr
(Ef � En f ) is

only \v ery close" to supf 2 Fr
(Ef � En f ) de�ne for " > 0,

rn;"; + = sup
�

r : � 0
n;F ;� (r ) � r � sup

s

�
� 0

n;F ;� (s) � s
�

� "
�

; (1.3)

rn;"; � = inf
�

r : � 0
n;F ;� (r ) � r � sup

s

�
� 0

n;F ;� (s) � s
�

� "
�

: (1.4)

Note that r n;"; + and r n;"; � are respectively upper and lower approximations
of s�

n that becomebetter as " � ! 0. They are closeto s�
n if the function

� 0
n (r ) � r is peaked around its maximum. Under mild structural assumptions

on F , Ef̂ can be upper bounded by either r 0
n
� or rn;"; + , and lower bounded

by rn;"; � for a choice of " = O(
p

logn=n) (see the exact statement in
Theorem 2.5 below). Thus, these two parameters|the �xed point of 4� 0

n
(denoted by r 0

n
� ) and the points at which the maximum of � 0

n (r ) � r is almost
attained|are our main focus.

The �rst result we present here is that there is a true gap between r 0
n
�

and s�
n , which implies that there is a true di�erence between the bound

that could be obtained using the structural approach (i.e. r 0
n
� ) and the true

expectation of the empirical minimizer. We construct a classof functions
satisfying the required structural assumptionsfor which for any n, r 0

n
� is of

the order of a constant (and thus r �
n is of the order of a constant), but the

subsetsFr are very rich when r is closeto 0 and s�
n and r n;"; + are of the order

of 1=n. There is a related result in [3], that for every n there is a function
class Fn for which this phenomenonoccurs. The result here is stronger,
sinceit shows that, for somefunction classand probabilit y distribution, the
true convergencerate is far from the structural bound. The idea behind
the construction is basedon the one presented in [3], namely that one has
complete freedom to choosethe expectation of a function, while forcing it
to have certain values on a given sample. For the classwe construct and
any large samplesizen, estimatesfor the convergencerates of the empirical
minimizers basedon r 0

n
� are asymptotically not optimal (as they are �(1)

whereasthe true convergencerate is O(1=n)), and thus the structural bound
doesnot capture the true behavior of the empirical minimizer.

The secondquestionwe tackle concernsthe estimation of the expectation
of the empirical minimizer from data. To that end, in Section4, we present
an e�cien t algorithm that enablesone to estimate r �

n in a completely data
dependent manner. Then, in Section 5, we show that this type of data-
dependent estimate is the best one can hope to have if one only has access
to the function values on �nite samples. We show that in such a caseit is
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impossible to establish a data dependent upper bound on the expectation
of the empirical minimizer that is asymptotically better than r �

n . The gen-
eral idea is to construct two classesof functions that look identical when
projected on any sample of �nite size, but for one classboth a typical ex-
pectation of the empirical minimizer and r �

n are of the order of an absolute
constant, while for the other a typical expectation is of the order of 1=n.

2 De�nitions and Preliminary Results

2.1 Loss Classes

One of the main applications of our investigations is the analysis of predic-
tion problems, like classi�cation or regression,arising in machine learning.
Supposethat one is presented with a sequenceof observation-outcome pairs
(x; y) 2 X � Y, and the aim is to choose a function g : X ! Y that
accurately predicts the outcome given the observation. We assumethat
(X ; Y ); (X 1; Y1); : : : ; (X n ; Yn ) are chosen independently from a probabilit y
distribution P on X � Y, but P is unknown. The di�erence betweenthe true
outcomeand the prediction is measuredusinga lossfunction, ` : Y 2 ! [0; 1],
where`(ŷ; y) represents the cost incurred by predicting ŷ when the true out-
comeis y. The risk of a function g : X ! Y is de�ned as E`(g(X ); Y ), and
the aim is to use the sequence(X 1; Y1); : : : ; (X n ; Yn ) to choose a function
g with minimal risk. Setting f (x; y) = `(g(x); y), this task corresponds to
minimizing Ef . In empirical risk minimization, one choosesg from a set G
to minimize the sampleaverageof `(g(x); y), which correspondsto choosing
f 2 F to minimize En f , where F is the loss class,

F = f (x; y) 7! `(g(x); y) : g 2 Gg:

It is sometimesconvenient to considerexcessloss functions,

f (x; y) = `(g(x); y) � `(g� (x); y);

where g� 2 G satis�es E`(g� (X ); Y ) = inf g2 G E`(g(X ); Y ). Since g� is
�xed, choosing g 2 G to minimize risk (respectively, empirical risk) again
corresponds to choosing f 2 F to minimize Ef (respectively, En f ), where

F = f (x; y) 7! `(g(x); y) � `(g� (x); y) : g 2 Gg:

Thus, for this choiceof F , Ef � 0 for all f 2 F , but functions in F can have
negative values.
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2.2 Structural Assumptions

Throughout this article, we assumethat F is a classof functions, bounded
by b, with nonnegative expectations, that contains 0. Theseassumptionsare
justi�ed when oneconsidersthe lossor excesslossclassF of a function class
G containing a minimizer and corresponding to a bounded loss function.

Additionally , we make two mild structural assumptionsabout the class
F , namely, that F is star-shaped around 0 and that F satis�es a Bernstein
condition.

De�nition 2.1 We say that F is a (� ; B )-Bernstein class with respect to
the probability measure P (where 0 < � � 1 and B � 1), if every f 2 F
satis�es

Ef 2 � B (Ef ) � :

We say that F has Bernstein type � with respect to P if there is some
constant B for which F is a (� ; B )-Bernstein class.

Thus, for Bernstein classesof functions, the secondmoment of every
function is boundedby a power of its expectation, uniformly over the class.
The signi�cance of this condition is that it implies a better degreeof concen-
tration for individual functions, becausefunctions that satisfy a Bernstein
condition can not be \to o peaky", and thus, random sampling yields a more
accurate representation of the expectation.

A Bernstein condition is satis�ed by a large variety of lossclassesarising
in a natural statistical setting. For example, it is satis�ed for classesof
nonnegative functions that are uniformly bounded, with � = 1. As was
shown in [12, 17, 2], it is also satis�ed for excesslossclassesassociated with
learning problems where the hypothesisclassis a convex classof functions
boundedby 1, and the lossfunction is a power-type function. In particular,
for the squared-error loss function, one can take � = 1. In addition, it
is satis�ed for \lo w noise" classi�cation problems as de�ned in [23] (see
also [16]), in which the conditional expectation of the label given an input
x, p(x) = E[Y jX = x] is, with high probabilit y, not \to o close" to 1=2
(where X denotesthe input and Y the label).

De�nition 2.2 F is called star-shaped around 0 if for every f 2 F and
0 � � � 1, �f 2 F .

Observe that if F is an excessloss class, then any empirical minimizer
in F is also an empirical minimizer in star(F; 0) = f �f : f 2 F; 0 � � � 1g.
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Figure 1: The graph of a function � n that is \sub-linear" (cf. Lemma 2.3).

Hence, one can replace F with star(F; 0) without changing the empirical
minimizer. Moreover, sinceEf and En f are linear functionals in f , the \lo-
calized complexity" of star(F; 0) is not considerably larger than that of F
(for instance, in the senseof covering numbers). The advantage in consid-
ering star-shaped classesis that it adds someregularity to the class. For
example, it is easyto seethat for star-shaped classesthe functions � n (r )=r
and � 0

n (r )=r are non-increasing. Figure 1 illustrates the graph of a typi-
cal function with this \sub-linear" property, which is stated formally in the
following lemma:

Lemma 2.3 If F is star-shaped around 0, then for any 0 < r 1 < r2,

� n(r1)
r1

�
� n(r2)

r2
:

In particular, if for some� , � n(r ) � �r then for all 0 < r 0 � r , � n (r 0) � �r 0.
Analogousassertionshold for � 0

n .

In other words, for every r , the graph of � n in the interval [0; r ] is above the
line connecting (r; � n (r )) and (0; 0). The proof of Lemma 2.3 is easy(e.g. a
proof for � n can be found in [3]) and is omitted.

As an example, Figure 2 illustrates the graph of a function � n for the
star-shaped hull of a class that contains only functions with expectations
either equal to r 1 or to r 2.

2.3 Preliminary Results

If F is star-shaped around 0 one can derive the following estimates for
the empirical minimizer. (Recall that r �

n = inf f r : � n(r ) � r =4g and r 0
n
� =

inf f r : � 0
n (r ) � r =4g.)
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Figure 2: An example of a graph of a function � n for the classstar(F; 0),
where F contains only functions with expectations r 1 and r 2.

Theorem 2.4 [3] Let F be a (� ; B )-Bernstein class of functions bounded
by b that is star-shaped around 0. Then there is an absoluteconstant c such
that with probability at least 1� e� x , any empirical minimizer f̂ 2 F satis�es

Ef̂ � max

(

r �
n ;

cbx
n

; c
�

B x
n

� 1=(2� � )
)

:

Also, with probability at least 1 � e� x , any empirical minimizer f̂ 2 F sat-
is�es

Ef̂ � max

(

r 0
n
� ;

cbx
n

; c
�

B x
n

� 1=(2� � )
)

:

Thus, with high probabilit y, r �
n is an upper bound for Ef̂ , aslong asr �

n �
c=n1=(2� � ) , and the sameholds for r 0

n
� . Note that r 0

n
� can be much smaller

than r �
n , and so the convergencerates obtained through r 0

n
� are potentially

better.
For � = 1, the estimates based on r 0

n
� and r �

n are at best 1=n, and
in general at best 1=n1=(2� � ) . Thus, the degreeof control of the variance
through the expectation, asmeasuredby the Bernstein condition, in
uences
the best rate of convergenceonecan obtain in terms of r 0

n
� and r �

n using this
method whenever one requires a con�dence that is exponentially close to
1. In particular, this approach recovers the better learning rates for convex
function classesfrom [12] and for low noise classi�cation from [23, 16], as
both convexity of F for squared-lossand low noiseconditions imply that the
lossclassis Bernstein.

It turns out that this structural bound can be improved using a direct
analysis of the empirical minimization process. Indeed, the next theorem,
whoseproof can be found in [3], shows that one can directly bound Ef̂ for
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the empirical minimizer without trying to relate the empirical and actual
structures of F . It states that Ef̂ is concentrated around s�

n and there-
fore, with high probabilit y, Ef̂ � rn;"; + , where " can be taken smaller than
c
p

logn=n. (The de�nition of r n;"; + was given in the introduction.) In ad-
dition, if the class is not too \ric h" around 0, then with high probabilit y,
Ef̂ � rn;"; � .

Theorem 2.5 [3] For any c1 > 0, there is a constant c (depending only
on c1) such that the following holds. Let F be a (� ; B )-Bernstein class of
functions bounded by b that is star-shaped around 0. For every n and " > 0
de�ne r n;"; + , and r n;"; � as above, �x x > 0 and set

r 0
n = max

(

r 0
n
� ;

cb(x + logn)
n

; c
�

B (x + logn)
n

� 1=(2� � )
)

:

If

" � c
�

max
�

sup
s

�
� 0

n;F ;� (s) � s
�

; r 0
n

�
�

(B + b)(x + logn)
n

� 1=2

;

then

1. With probability at least 1 � e� x ,

Ef̂ � max
�

1
n

; rn;"; +

�
:

2. If

E supf Ef � En f : f 2 F; Ef � c1=ng < sup
s

�
� 0

n;F ;� (s) � s
�

� ";

then with probability at least 1 � e� x ,

Ef̂ � rn;"; � :

To compare this result to the previous one, note that s�
n � r 0

n
� . Indeed,

� 0
n (r ) � E(Ef � En f ) = 0 for any �xed function f , and thus � 0

n(0) � 0,
� 0

n (s�
n ) � s�

n and 0 � s�
n � inf f r : � 0

n(r ) � r g � r 0
n
� (where the last in-

equality holds since � 0
n(r )=r is non-increasing, by Lemma 2.3). It follows

that if � 0
n (r ) � r is not 
at around s�

n , then the bound resulting from Theo-
rem 2.5 improves the structural bound of Theorem 2.4. Figure 3 illustrates
graphically such a case.
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Figure 3: The graph of a function � 0
n , and the corresponding valuesfor r 0

n
� ,

s�
n , rn;"; + , and r n;"; � . If s�

n � r 0
n
� and � 0

n (r ) � r is peaked around s�
n ,

then r n;"; + is smaller than r 0
n
� .

3 A true gap between the exp ectation of the em-
pirical minimizer and r �

n

In this section, we construct a classof functions for which there is a clear
gap between the structural result of Theorem 2.4 and the expectation of
the empirical minimizer, asestimated in Theorem 2.5. The idea behind this
construction (as well as in the other construction we present later) is that
one has complete freedom to choose the expectation of a function, while
forcing it to have certain valueson a given sample.

Let us start with an outline of the construction. It is based on the
idea (developed in [3]) of two Bernstein classesof functions satisfying the
following for any �xed n. The functions are de�ned on a �nite set f 1; : : : ; mg
with respect to the uniform probabilit y measure,wherem dependson n. The
�rst classcontains all functions that vanish on a set of cardinality n, but
have expectations equal to a given constant. The secondclassconsists of
functions that each take their minimal valueson a set of cardinality n, but
have expectations equal to 1=n. By appropriately choosing the valuesof the
functions, one can show that the star-shaped hull of the union of thesetwo
classeshas r 0

n
� � c, whereass�

n � rn;"; + � 1=n. Thus, the estimate given by
Theorem 2.5 is considerablybetter than the oneresulting from Theorem 2.4
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for that �xed value of n. To make this exampleuniform over n, we construct
similar setson (0; 1], take the star-shaped hull of the union of all such sets
and show that � 0

n;F ;� (r ) � r still achieves its maximum at 1=n and decays
rapidly for r > 1=n, ensuring that r n;"; + � r 0

n
� .

The �rst step in the construction is the following lemma, which states
that, for any given n and for 1=n � � � 1=2, one can �nd function classes
Gn

� and H n
� de�ned on (0; 1] that are both uniformly boundedand Bernstein

with respect to the Lebesguemeasureon (0; 1], and for which � 0
n;H n

� ;� (� ) = � ,
� 0

n;G n
� ;� (� ) = � + 1.

Lemma 3.1 Let � be the Lebesguemeasure on (0; 1]. Then, for every pos-
itive integer n and any 1

n � � � 1=2 there exists a function class Gn
� such

that

1. For every g 2 Gn
� , � 1 � g(x) � 1, Eg = � and Eg2 � 2Eg.

2. For every set � � (0; 1] with j� j � n, there is someg 2 Gn
� such that for

every s 2 � , g(s) = � 1.

Also, there exists a function classH n
� such that

1. For every h 2 H n
� , 0 � h(x) � 1, Eh = � , and Eh2 � Eh .

2. For every set � � (0; 1] with j� j � n, there is some h 2 H n
� such that

for every s 2 � , h(s) = 0.

Pro of. Let m = 2(n2 + n). Consider functions that are constant on the
intervals (( i � 1)=m; i=m], 1 � i � m, and set Gn

� to be the function class
containing all functions taking the value � 1 on exactly n such intervals; that
is, each function in Gn

� is de�ned as follows: Let J � f 1; :::; mg, jJ j = n and
set

gJ (x) =

(
� 1; if x 2 ( j � 1

m ; j
m ] and j 2 J;

t � ; otherwise;

where

t � =
�m + n
m � n

=
2� (n2 + n) + n

2n2 + n
: (3.1)

Since 0 � � � 1=2, 0 � t � � 1 and thus gJ : (0; 1] ! [� 1; 1]. It is easyto
verify that all the functions in Gn

� have expectation � with respect to � and
that Gn

� is (1,2)-Bernstein, sincefor any g 2 Gn
� ,

Eg2 =
1
m

�
n + t2

� (m � n)
�

�
1
m

(n + t � (m � n)) = � +
1

n + 1
� 2� = 2Eg:
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The construction of H n
� is similar, and its functions take the values f 0; t 0

� g
for t0

� = �m= (m � n).

Using the notation of the lemma, de�ne the following function classes:

H =
1[

i =5

H i
1=4; Fk = Gk

1=k; G =
1[

i =5

Fi ;

and
F = star(G [ H ; 0): (3.2)

SinceF is star-shaped around 0 and is a (1,2)-Bernstein class,it satis�es
the assumptionsof Theorem 2.4 and Theorem 2.5. Also, note that for any
n � 5 and any X 1; :::; X n there is somef 2 F with Ef = 1=4 and En f = 0,
and someg 2 F with Eg = 1=n and Eng = � 1. Indeed, f can be taken from
H n

1=4 and g from Fn = Gn
1=n.

The following theoremshows that for the classF , for any integern, r 0
n

� =
1=4, while the empirical minimizer is likely to be smaller than r n;"; + � c=n.

Theorem 3.2 For F de�ned by (3.2), the following holds:

1. For every n � 5,

� 0
n;F ;� (r ) =

8
><

>:

r + r k if r 2 (1=(k + 1); 1=k] ; where k � n

r if r 2 (1=5; 1=4]

0 if r > 1=4;

and in particular, r 0
n
� = 1=4.

2. There exists a constant c > 1, such that the following holds: for every
" < 3=4, every n � N ("), and every k � n=c,

� 0
n;F ;� (1=k) � 1=k � � 0

n;F ;� (1=n) � 1=n � ":

In particular, r n;"; + � c=n.

By the properties of F mentioned above, for every sample of cardinality
n � 5, the graph of � 0

n;F ;� for the classstar(Fn [ H n
1=4; 0) is as in Figure 4,

with r 0
n
� = 1=4 and s�

n = 1=n. The main part of the proof is to show that for
F , which is the star-shaped hull of the union of all thesesets, � 0

n;F ;� (r ) � r
still achieves its maximum at 1=n and decays rapidly for r > 1=n, ensuring
that r n;"; + � r 0

n
� . Figure 5 illustrates the qualitativ e behavior of � 0

n .

13
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Figure 4: � 0
n;star(Fn [ H n

1=4 );� (as in the proof of Theorem 3.2).

Pro of of Theorem 3.2. The �rst part of the proof is immediate from
the de�nition of the function � 0

n and thus omitted. Turning to the second,
and more di�cult part, note that indeed r 0

n
� = 1=4 and that the maximal

value of � 0
n;F ;� (r ) � r is attained at r = 1=n. In order to estimate the value

� 0
n;F ;� (1=k) for k < n, consider supf 2 Fk

(Ef � En f ) for a �xed X 1; : : : ; X n .
Let m = 2(k2 + k) and note that by the construction of Fk , each g 2 Fk is
of the form gJ for someset J � f 1; :::; mg, jJ j = k. For each set J let A J be

the union of the intervals
�

j � 1
m ; j

m

i
where j 2 J , and let � be the following

set of indicator functions

� = f
�

A J : J � f 1; :::; mg; jJ j = kg:

Clearly, for every � 2 �, E� = k=m and vc(�) � k, since no set of k + 1
distinct points in (0; 1] can be shattered by � (actually, vc(�) = k since
the set f 1=k; 1=(k � 1); : : : ; 1g is shattered by �). Recall that if � is a class
of binary-valued functions and if the VC-dimension vc(�) � k, then as a
special caseof Theorem A.5, the Rademacher averages(seepage26 for the
de�nition) can be bounded by

ERn(�) � c2

p
k=n (3.3)

for someabsolute constant c2.
De�ne the random variable `J =

P n
i=1

�

A J (X i ). Thus, `J is the cardi-

14
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Figure 5: Qualitativ e behavior of � 0
n;F ;� .

nalit y of the set f i : gJ (X i ) = � 1g. Note that

EngJ =
� 2`J (k + 1)2 + 3kn + 2n

kn(2k + 1)
;

and therefore,

sup
f 2 Fk

(Ef � En f ) =
1
k

+
2(k + 1)2 supJ `J � 3kn � 2n

kn(2k + 1)
:

From Talagrand's concentration inequality (Theorem A.1) applied to
the set of functions �, there exist absoluteconstants c1; c2 such that for any
0 < t � 1, with probabilit y larger than 1 � e� c1nt 2

,

sup
f 2 �

nX

i =1

f (X i ) �
kn
m

+ 2nRn (�) + 2nt �
kn
m

+ 2c2

p
kn + 2nt ;

where the last inequality holds by (3.3).
Setting t=1 =20, and sincekn=m = n=(2(k + 1)) < n=10 for any k � 5,

it is evident that there exists an absolute constant c > 1 such that for any
k � n=c, with probabilit y at least 1� e� c0

1n , supJ `J � n=5+ 2c2
p

kn � n=4.
Therefore, applying the union bound for 5 � k0 � k, it follows that with

probabilit y at least 1 � ne� c0n ,

sup
f 2[ k

k 0=5
k 0
k Fk 0

(Ef � En f ) �
(k + 1)2=2 � 3k � 2

k(2k + 1)
�

1
k

+
1
4

15



for every k � n=c1.
Observe that scaled-down versionsof functions from H do not contribute

to � 0
n;F ;� (1=k) and thus, one only has to take care of elements in F with

expectation of 1=k that comeeither from Fk or are scaleddown versionsof
Fk0 for k0 � k. Hence,

� 0
n;F ;� (1=k) = E sup

f 2[ k
k 0=5

k 0
k Fk 0

(Ef � En f )

�
�

1
k

+
1
4

�
(1 � ne� c0n ) + ne� c0n

�
1
k

+ 1
�

=
1
k

+
1
4

+
3
4

ne� c0n :

Thus, for " < 3=4, if n is su�cien tly large that 3n=4e� c0n � 3=4� " , we have

� 0
n;F ;� (1=k) � 1=k � 1 � " = � 0

n;F ;� (1=n) � 1=n � ";

provided that k � n=c.

To conclude,there exists a true gap betweenthe bound that can be ob-
tained via the structural result (the �xed point r 0

n
� of the localizedempirical

process)and the true expectation of the empirical minimizer ascaptured by
s�

n .

Corollary 3.3 For F de�ned in (3.2), there is an absoluteconstant c > 0
for which the following holds: For any x > 0 there is an integer N (x) such
that for any n � N (x),

1. With probability at least 1 � e� x , Ef̂ � c=n � s�
n .

2. r 0
n
� = r �

n = 1=4.

4 Estimating r �
n from data

The next question we wish to addressis how to estimate the function � n (r )
and the �xed point

r �
n = inf

n
r : � n (r ) �

r
4

o

empirically, in caseswhere the global complexity of the function class, as
captured, for example,by the covering numbersor the combinatorial dimen-
sion, is not known.

16



A way of estimating r �
n is to �nd an empirically computable function

�̂ n (r ) that is, with high probabilit y, an upper bound for the function � n (r )
and therefore, its �xed point r̂ �

n = inf f r : �̂ n(r ) � r
4g is an upper bound

for r �
n . We shall construct �̂ n for which �̂ n(r )=r is non-increasingand thus

r̂ �
n would be determined using a binary search algorithm. To that end, we

require the following result, which states that, for Bernstein classes,there
is a phasetransition in the behavior of coordinate projections around the
point where � n (r ) � r . Above this point, the local subsetsFr = f f 2 F :
Ef = r g are small and the expectation and empirical meansare closein a
multiplicativ e sense.Below this point, the setsFr are too rich to allow this.

Theorem 4.1 [3] There is an absoluteconstant c for which the following
holds. Let F be a classof functions, such that for every f 2 F , kf k1 � b.
Assumethat F is a (� ; B )-Bernstein class. Suppose that r � 0, 0 < � < 1,
and 0 < � < 1 satisfy

r � cmax

(
bx

n� 2�
;
�

B x
n� 2� 2

� 1=(2� � )
)

:

1. If � n (r ) � (1 + � )r � , then with probability at least 1 � e� x ,

sup
f 2 Fr

jEf � En f j � � Ef :

2. If � n (r ) � (1 � � )r � , then with probability at least 1 � e� x ,

sup
f 2 Fr

jEf � En f j � � Ef :

3. If � 0
n (r ) � (1 + � )r � , then with probability at least 1 � e� x ,

sup
f 2 Fr

(Ef � En f ) � � Ef :

4. If � 0
n (r ) � (1 � � )r � , then with probability at least 1 � e� x ,

sup
f 2 Fr

(Ef � En f ) � � Ef :

We will make useof the following direct corollary of Theorem 4.1 applied
to the case� = 1=2, � = 1=2.

17



Corollary 4.2 There is an absoluteconstant c > 0 for which the following
holds. If F is (� ; B )-Bernstein, and

r � cmax

(
bx
n

;
�

B x
n

� 1=(2� � )
)

and � n (r ) � r
4 , then with probability larger than 1 � e� x , every f 2 Fr

satis�es r =2 � En f � 3r =2 .

If we de�ne the \empirical shell,"

F n
r
2 ; 3r

2
:= f f 2 F : r =2 � En f � 3r =2g;

the corollary shows that, for suitable large r , with high probabilit y,

Fr � F n
r
2 ; 3r

2
:

The following theorem shows that the empirical Rademacher averageof an
empirical shell is with high probabilit y an upper bound for � n (r ) for all r
larger than the �xed point r �

n .

Theorem 4.3 There are absolute constants c, c1, c2, and c3 for which
the following holds. Let F be a star-shaped (� ; B )-Bernstein class and
supf 2 F kf k1 � b. For

~r 0
n = max

(

r �
n ;

1
n

;
cbx
n

; c
�

B x
n

� 1=(2� � )
)

;

with probability at least 1 � 2(bn + 1)e� x

� n (r ) � 8E� Rn
�
F n

c1 r ;c2r

�
+ c3r

for every r 2 [~r 0
n ; b].

Pro of. SinceF is star-shaped, then by Lemma 2.3, � n (r ) � r
4 if and only

if r � r �
n , and thus, by Corollary 4.2 (for appropriately chosenc), if r � ~r 0

n ,
then with probabilit y larger than 1 � e� x , Fr � F n

r
2 ; 3r

2
, which implies that

E� Rn (Fr ) � E� Rn

�
F n

r
2 ; 3r

2

�
:

18



By symmetrization (Theorem A.2) and concentration of Rademacher aver-
agesaround their mean (Theorem A.3), and since r � cbx

n , it follows that
with probabilit y at least 1 � 2e� x ,

� n(r ) � 2ERn (Fr ) � 4E� Rn (Fr ) +
4bx
n

� 4E� Rn

�
F n

r
2 ; 3r

2

�
+ c3r :

To �nd an upper bound on � n (r ) that holds with high probabilit y uni-
formly for all r � r �

n , wedivide the interval [1=n;b] into a setof dbne intervals
of length at most 1=n. (Note that the choice of the starting point 1=n re-
stricts the estimates for ~r 0

n to values that are larger than 1=n. The proof
can be easily modi�ed to allow estimates up to the value cbx=n, but since
we are only interested in estimatesat best of the order of O(1=n) we made
this restriction in order to keepthe proof simpler.) Let

A =
�

1
n

;
2
n

; : : : ;
dbne

n

�
\

�
bcnnc

n
;

dbne
n

�
;

where

cn = cmax

(
bx
n

;
�

B x
n

� 1=(2� � )
)

:

Since jAj � bn + 1, the union bound shows that with probabilit y at least

1 � 2(bn + 1)e� x , � n (r ) � 4E� Rn

�
F n

r
2 ; 3r

2

�
+ c3r for every r 2 A. By

Lemma 2.3, for any 1 � k � n, if r 2
� k

n ; k+1
n

�
, then � n (r ) � � n

� k
n

� nr
k .

Thus, with probabilit y at least 1 � 2(bn + 1)e� x , every r 2 [~r 0
n ; b] satis�es

� n (r ) � � n

�
k
n

�
nr
k

�
�

4E� Rn

�
F n

k
2n ; 3k

2n

�
+

c3k
n

�
nr
k

� 8E� Rn
�
F n

c1 r ;c2r

�
+ c3r;

where k satis�es r 2 [k=n; (k + 1)=n] and c1 and c2 are absolute constants.

Therefore, one can de�ne

�̂ n (r ) = 8E� Rn
�
F n

c1 r ;c2r

�
+ c3r:

Let r̂ �
n = inf f r : �̂ n (r ) � r

4g. Then by Theorem 4.3 with probabilit y at least
1� 2(bn+ 1)e� x , r̂ �

n � r �
n . Moreover, since�̂ n (r )=r is non-increasing,r � r̂ �

n
if and only if �̂ n (r ) � r

4 .
With this, given a sampleof sizen, consider the following algorithm to

estimate the upper bound on r̂ �
n basedon the data:
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Algorithm RST AR( F , X 1; : : : ; X n )
Set r L = maxf 1=n;cn g, rR = b.

If �̂ n(rR ) � rR=4 then

for ` = 0 to dlog2 bne

set r = r R � r L
2 ;

if �̂ n (r ) > r =4 then set r L = r ,
elseset r R = r .

Output �r = r R .

By the construction, �r � 1
n � r̂ �

n � �r . Hence,for every n, with probabilit y
larger than 1 � 2(bn + 1)e� x , r �

n � �r .

Theorem 4.4 There exists an absoluteconstant c for which the following
holds. Let F be a (� ; B )-Bernstein class of functions bounded by b that is
star-shaped around 0. For every integer n, any x > 0, and any sampleX of
size n, with probability at least 1 � (2bn + 3)e� x , Ef̂ � RSTAR(F; X ).

Note that RSTAR( F; X ) is essentially the �xed point of the function r 7!
E� Rn

�
F n

c1r ;c2r

�
. This function measuresthe complexity of the function class

F n
c1 r ;c2r , which can be determined empirically by looking at empirical means

that fall in an interval whoselength is proportional to r . The main di�erence
between that and the data-dependent estimates in [1] is that instead of
taking the whole empirical ball as done in [1], here we only measurethe
complexity of an empirical \shell" around r . However, if the function class
is not \regular" around the critical value of r , the complexity of the shell
F (c1r; c2r ) might be very di�eren t from the complexity of Fr , in which case
one would like to make c1 and c2 very closeto 1.

Indeed, one can tighten this bound further by narrowing the sizeof the
shell and replacing the empirical set F n

r
2 ; 3r

2
with F n

(1� " n )r ;(1+ " n )r . This is done

by selecting the isomorphism constant in Theorem 4.1 to depend on n and
tend to 1 as n ! 1 .

Theorem 4.5 Let F be a star-shaped (� ; B )-Bernstein class and
supf 2 F kf k1 � b. There is an absoluteconstant c, for which the follow-
ing holds. If 0 < "n < 1 and

~rn = max

(

r �
n ;

1
n

;
cbx
n" n

; c
�

B x
n" 2

n

� 1=(2� � )
)

;
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then with probability at least 1 � 2(bn + 1)e� x

� n (r ) � 4E� Rn

�
F n

(1� " n )r ;(1+ " n )r

�
+

"n r
c

for every r 2 [~r n ; b].

Pro of. With the samereasoningas before, by Theorem 4.1 for � = 1=2
and � = "n , if r � ~r n then with probabilit y larger than 1 � e� x , Fr �
F n

(1� " n )r ;(1+ " n )r . We de�ne

�̂ n (r ) =
�

4E� Rn

�
F n

(1� " n )r ;(1+ " n )r

�
+

k"n

cn

�
nr
k

; for r 2
�

k
n

;
k + 1

n

�
:

Again, with probabilit y at least 1 � 2(bn + 1)e� x , for every r 2 [~r n ; b],
� (r ) � �̂ n(r ):

Since �̂ n (r )=r is non-increasing,it is possibleto de�ne

r̂ � = inf
n

r : �̂ n (r ) �
r "n

2

o

with a slight modi�cation of RSTAR (we replace the test in the if-clause,
�̂ n (r ) > r =4, with �̂ n (r ) > r "n=2) . It follows that for every n and every
sample of size n, with probabilit y larger than 1 � 2bne� x , r �

n � �r , where �r
is generatedby the modi�ed algorithm. For example, one can choose" n =
1=logn, which has the advantage that the empirical shells F̂r � r

log n ; r + r
log n

become,with growing sample size, closer to Fr . The price we pay for the
advantage is an extra logn factor in the �nal estimate, sincein this casethe
estimate of the expectation goesdown at the rate of O(log n=n).

Remark 4.6 Note that a lower bound of a similar nature has to take into
account the complexity of the classF0;cr . This might happen becauseone
may not have an inclusion Fr � F n

c1 r ;c2r unlessc1 = 0. Indeed, if the class
F is very rich for r closeto 0, it is possibleto have functions that have a
very small expectation, but for which En f � r .

5 The limitations of estimating from data

Although the results in [3] show that it is possibleto bound the expectation
of the empirical minimizer in a far sharper way than by applying a structural
result, it wasnot clear whether such a bound could be estimated from data.
In the following we considera scenarioin which one only has accessto the
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function classthrough the valuesthat classmembers take on �nite samples,
that is, the �nite dimensional coordinate projections of the class. In this
case,we construct an example that shows that, in general, it is impossible
to establish a data-dependent estimate of s�

n that is better than r �
n . To

be precise,we construct two function classesthat have identical coordinate
projections on every sample. For one classwe have r 0

n
� � c, s�

n � c and the
expectation of the empirical minimizer is of the order of c with probabilit y
1, while for the other class,s�

n � 1=n. If one only has accessto the way the
classesbehave on �nite dimensionalcoordinate projections, that is, samples,
the classesare indistinguishable, and it is impossible to predict a better
bound than an absoluteconstant, which could be much worsethan the true
behavior of the empirical minimizer.

Recall that for a given function classF and a sample � = f x1; : : : ; xng,
the coordinate projection of F on � is

P� F = f (f (x1); :::; f (xn )) : f 2 F g:

Let � be the Lebesguemeasureon (0; 1]. For each k 2 N we construct
two function classesF k

1 and F k
2 , both (1; c)-Bernstein with respect to � for

a suitable absolute constant c, and take values in V = f� 1; 0; 1g.
In both classeswe construct, each function is a constant on the intervals

((j � 1)=mk ; j =mk ], where mk = k2 + 3k. The classF k
1 consistsof all func-

tions that take the value � 1 on k intervals, the value 1 on 2k intervals
and the value 0 on k2 intervals. It is easy to verify that for any f 2 F k

1 ,
Ef = k=(k2 + 3k) � 1=k and Ef 2 = 3k=(k2 + 3k) � 1=k, implying that
indeed F k

1 is a (1; 3)-Bernstein class.
In contrast, F k

2 consists of all functions that take the value � 1 on k
intervals, the value 1 on k2 + k intervals and 0 on k intervals. Therefore,
for any function f 2 F k

2 , Ef = k2=(k2 + 3k) � 1=4 and since Ef 2 � 1,
F k

2 is a (1; 4)-Bernstein class. Notice that, whereasfunctions in F k
1 have

expectations of the order of 1=k, functions in F k
2 have expectations of the

order of a constant.
Set

F1 = star

 
[

k2 N

F k
1 ; 0

!

; F2 = star

 
[

k2 N

F k
2 ; 0

!

;

and it is easy to verify that for every �nite set � , P� F1 = P� F2. Indeed,
consider a set � = f x1; :::; xn g. Without loss of generality, assumethat
x i 6= x j if i 6= j . Let ` be large enoughto ensurethat the x i s fall in disjoint
intervals (( j � 1)=m` ; j =m` ] and that ` � n, and thus, P� F `

2 = P� F k
1 =
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f� 1; 0; 1gn . Note that this actually shows that for every � with distinct
values,P� F1 = P� F2 = [� 1; 1]n .

Therefore, F1 and F2 are star-shaped, Bernstein classesthat have identi-
cal coordinate projections. Therefore, it is impossibleto distinguish between
the two, basedsolely on empirical data. On the other hand, the behavior of
the empirical minimizer is very di�eren t in the two cases.

Theorem 5.1 For F1 and F2 de�ned as above, there is an absoluteconstant
c > 0 for which the following holds. For any x > 0 there is someN (x) such
that for any n � N (x),

1. For F1, with probability at least 1 � e� x , Ef̂ � c=n � s�
n (F1).

2. For F2, with probability 1, Ef̂ � 1=4 � r �
n (F2).

Theorem 5.1 implies that the estimatesfor the convergencerate of the em-
pirical minimization algorithm basedon s�

n are signi�cantly better for the
class F1 than for F2. However, the classeshave identical coordinate pro-
jections on any sample, and henceare indistinguishable empirically. Thus,
one can not get an empirical estimate of the convergencerate for F1 that is
signi�cantly better than one basedon an empirical estimate of r �

n .
Pro of of Theorem 5.1. We will show that the expectation of the empirical
minimizer in F1 is likely to be smaller than c=n, as opposedto F2 where it
is likely to be of the order of a constant.

For any n, inf f 2 F n
1

En f = � 1, and therefore � 0
n;F 1 ;� (sn ) � sn = 1, where,

for any k and any f 2 F k
1 ,

sk = Ef =
k

k2 + 3k
�

1
k

:

Clearly, for a classof functions bounded by 1, � 0
n;F ;� (r ) � r � 1, and thus

the maximal value of � 0
n;F 1 ;� (r ) � r is attained at sn � 1=n. The main part

of the proof is to show that there is someabsolute constant c > 1 such that
for large enough values of n and for r � c=n, � 0

n;F 1;� (r ) � r � 1=2. This
is the casebecausethe setsF k

1 are not \ric h" enoughwhen projected onto
samplesof sizen as long as k � n=c.

Indeed, the function classF n
1 has low complexity, in terms of the com-

binatorial dimension vc(F n
1 ; " ) (seeDe�nition A.4). In particular, the def-

initions imply that vc(F k
1 ; " ) � 2k for all 0 < " � 2 and all k. Since the

classof functions is bounded by 1, Theorem A.5 implies there is an abso-
lute constant c2 such that ERn (F k

1 ) � c2
p

k=n. Applying the one sided
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version of Talagrand's concentration inequality for the empirical process
Z = supf 2 F k

1
(Ef � En f ), it follows that for t = 1=4, with probabilit y at

least 1 � e� c1nt 2
= 1 � e� c0

1n ,

sup
f 2 F k

1

(Ef � En f ) � 2ERn (F k
1 ) + t � 2c2

r
k
n

+ t �
1
2

;

provided that k � n=c for someuniversal constant c. Let

Ak =
[

k0� k

sk

sk0
F k0

1 ;

that is, Ak contains the functions in F1 that have expectations sk |those
either comefrom F k

1 or are \scaled down" versionsof functions from Fk0 for
k0 < k. Therefore, for any k � n=c, with probabilit y at least 1 � ne� c0

1n

sup
f 2 A k

(Ef � En f ) �
1
2

:

Taking the expectation,

� 0
n;F 1;� (sk ) � (1 � ne� c0

1n )
1
2

+ (1 + sk ) ne� c0
1n =

1
2

+
�

1
2

+ sk

�
ne� c0

1n ;

and thus, for all " < 1=2, n � N (") and k � n=c,

� 0
n;F ;� (sk ) � sk � 1 � " � sk = � 0

n;F ;� (sn ) � sn � "n � sk :

This implies that � 0
n;F ;� (r ) � r � � 0

n;F ;� (sn ) � sn � "n for every r � c0=n, from
which we concludethat r n;"; + � c0=n.

On the other hand, it is easy to verify that for empirical minimization
over F2, Ef̂ � 1=4. Indeed, as we saw for F1, inf f 2 F n

2
En f = � 1, which

implies En f̂ = � 1. Since we can write F2 = [f �f : f 2 F k
2 : k 2 N; � 2

[0; 1]g, and empirical minimization is a linear operation, it is clear that the
empirical minimum will be attained at � = 1. But all functions in [ k2 NF k

2
have expectation greater than 1=4, and so with probabilit y 1, Ef̂ � 1=4 in
this case.

Remark 5.2 Note that if one is given the function f̂ that the algorithm
produced, rather than just the coordinate projections, it becomespossible
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to distinguish if the classat hand is F1 or F2. However, we can de�ne an
uncountable collection of function classes

F =

(

star

 
[

k2 N

F k
� k

; 0

!

: � k 2 f 1; 2g for k 2 N

)

;

where if � k = 1 then F k
� k

= F k
1 and if � k = 2 then F� k = F k

2 . Clearly,
for every H ; G 2 F and every �nite � � 
, P� (G) = P� (H ). If the learner
knows that F 2 F and even if f̂ is given to him, then the best thing that
could be said is that a single \component" of F , say the j th component
of F , is F j

1 or F j
2 . It is impossibleto say whether other components of F

are of \t ype 1" or \t ype 2" and in particular, the convergencerate for the
expectation of the empirical minimizer can be as bad as for F2.

The secondremark is that the classF1 is not a Glivenko-Cantelli class.
The classesF k

1 becomericher as k grows - i.e., in the part of F1 in which
the expectation of functions is smaller. The reasonwe can obtain a gener-
alization bound even for classesthat are not Glivenko-Cantelli is because
the method of [3] usesthe expectation of the empirical processindexed by
f f 2 F : Ef = r g, and each one of these sets is a Glivenko-Cantelli class.
If one were to try and bound the error of the empirical minimizer using the
localization f f 2 F : Ef � r g as in [1], it would be impossible.

A Additional material

The main technical tool we require is Talagrand's celebratedconcentration
theorem for empirical processes[21, 11]. The version we useis due to Bous-
quet [5] (seealso [14, 19, 8]).

Theorem A.1 Let F be a class of functions de�ned on X and let P be a
probability measure such that for every f 2 F , kf k1 � b and Ef = 0. Let
X 1; :::; X n be independent random variables distributed according to P and
set � 2 = n supf 2 F varf . De�ne

Z = sup
f 2 F

nX

i =1

f (X i );

�Z = sup
f 2 F

�
�
�
�
�

nX

i =1

f (X i )

�
�
�
�
�
:
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For every x > 0 and every � > 0,

Pr
�n

Z � (1 + � )EZ + �
p

K x + K (1 + � � 1)bx
o�

� e� x ;

Pr
�n

Z � (1 � � )EZ � �
p

K x � K (1 + � � 1)bx
o�

� e� x ;

and the sameinequalities hold for �Z . Here, K is an absoluteconstant.

The rest of this section is devoted to some results that allow one to
estimate E supf 2 F jEf � En f j via the Rademacher processindexed by the
class. De�ne

Rn f =
1
n

nX

i =1

� i f (X i ) and Rn (F ) = sup
f 2 F

Rn f ;

where � 1; : : : ; � n denote independent Rademacher random variables, that
is, symmetric, f� 1; 1g-valued random variables. The Rademacher averages
of the classF are de�ned as ERn (F ), where the expectation is taken with
respect to all random variables X i and � i . An empirical version of the
Rademacher averagesis obtained by conditioning on X 1; :::; X n ,

E� Rn (F ) = E ( Rn (F )j X 1; : : : ; X n ) :

A well known symmetrization argument (due to Gin�e and Zinn) connects
the expectation of supf 2 F jEf � En f j to the Rademacher averagesof F [26].

Theorem A.2 Let F be a class of functions de�ned on (
 ; � ) and let
X 1; :::; X n be independentrandomvariablesdistributed according to � . Then,

E sup
f 2 F

jEf � En f j � 2ERn (F ) :

The next lemma, which follows directly from a self-bounding property
of the Rademacher processand the methods developed in [4], shows that
E� Rn (F ) is highly concentrated around its expectation; hence, the Rade-
macher averagesof a classcan be upper boundedby their empirical version.
The following formulation can be found in [1].

Theorem A.3 Let F be a classof bounded functions de�ned on (
 ; � ) tak-
ing values in [a;b] and let X 1; :::; X n be independent random variables dis-
tributed according to � . Then, for any 0 � � < 1 and x > 0, with probability
at least 1 � e� x ,

ERn (F ) �
1

1 � �
E� Rn (F ) +

(b� a)x
4n� (1 � � )

:
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Also, with probability at least 1 � e� x ,

1
2

E� Rn (F ) �
cbx
n

� ERn (F )

where c is an absoluteconstant.

It is possibleto bound ERn(F ) using the combinatorial dimension of a
set. Recall that a set f x1; :::; xn g is shattered by a class of f 0; 1g-valued
functions F if

P� F = f (f (x1); :::; f (xn )) : f 2 F g = f 0; 1gn ;

and that the Vapnik-Chervonenkis dimension d of F denoted by vc(F ) is
the maximal cardinality of a subsetof 
 that is shattered by F . In a similar
way, one can de�ne the combinatorial dimension of a class of real-valued
functions.

De�nition A.4 For every " > 0, a set � = f x1; :::; xn g � 
 is said to be
"-shattered by F if there is some function s : � ! R, such that for every
I � f 1; :::; ng there is somef I 2 F for which f I (x i ) � s(x i ) + " if i 2 I , and
f I (x i ) � s(x i ) � " if i 62I . Let

vc(F; ") = supf j� j j � � 
 ; � is " � shattered by F g:

The following result is a recent extension,dueto Rudelsonand Vershynin
[20] to well-known estimateson ERn(F ).

Theorem A.5 There exists an absoluteconstant c for which the following
holds. For any classF and any probability measure � on 
 ,

ERn(F ) � c
Z 1

0

p
vc(F; ")d":
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