Optimal Sample-BaseHstimatesof the
Expectationof the EmpiricalMinimizer

Peter L. Bartlett
Computer ScienceDivision and Departmert of Statistics
University of California, Berkeley
367 Evans Hall #3860, Berkeley CA 94720-3860
bartlett@cs.kerkeleyedu

ShaharMendelson
Certre for Mathematics and its Applications (CMA)
The Australian National University
Canberra, 0200Australia
shahar.mendelson@aredu.au

Petra Philips
Friedrich Miesder Laboratory
of the Max Planck Scciety
Tubingen, 72076Germary
petra.philips@tuebingen.mpg.de

October 12, 2005

Abstract

We study sample-basedestimatesof the expectation of the function
produced by the empirical minimization algorithm. We investigate
the extent to which one can estimate the rate of corvergenceof the
empirical minimizer in a data dependent manner. We establish three
main results. First, we provide an algorithm that upper bounds the
expectation of the empirical minimizer in a completely data-dependert
manner. This bound is basedon a structural result in [3], which relates
expectationsto sampleaverages.Second,we show that thesestructural
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upper bounds can be loose,comparedto other boundsgivenin [3]. In
particular, we demonstrate a class for which the expectation of the
empirical minimizer decreasesas O(1=n) for sample size n, although
the upper bound basedon structural propertiesis (1). Third, weshown
that this loosenesf the bound is inevitable: we presert an example
that shows that a sharp bound cannot be universally recovered from
empirical data.

1 Intro duction

The empirical minimization algorithm is a statistical procedurethat, out of
a xed classof functions, choosesa function that minimizes an empirical
loss functional on this class. Known as an M-estimator in the statistical
literature, it has beenstudied extensively [27, 25, 9]. Here, we investigate
the limitations of estimates of the expectation of the function produced by
the empirical minimization algorithm.

To be more exact, let F be a classof real-valued functions de ned on
a probability space( ; ) and set X1;:::;; X, to be mdependgt random
variables distributed accordlngto . Forf 2 F dene Ejf = 1 i-1 T (Xi)
and let Ef be the expectation of f with respectto . The goal isto nd
a function that minimizes Ef over F, where the only information available
about the unknown distribution is through the nite sample X 1;:::; X .
The empirical minimization algorithm producesthe function f*2 F that has
the smallest empirical mean, that is, f* satis es

E.f'= minfEqf :f 2 Fg:

Throughout this paper, we assumethat sudc a minimum exists (the modi-
cations required if this is not the caseare obvious), that F satis es some
minor measurability conditions, which we omit (see[6] for more details),
and that for every f 2 F, Ef 0, which, as we explain later, is a natural
assumptionin the casesthat interest us.

In statistical learning theory, this problem arises when one minimizes
the empirical risk, or sample averageof a lossincurred on a nite training
sample. There, the aim is to ensurethat the risk, or expectedloss,is small.
Thus, f (X;) represens the loss incurred on X;. Performance guarartees
are typically obtained through high probability bounds on the conditional
expectation

Ef = E(f(X)jX1;::::Xn): (1.1)



In particular, one is interested in obtaining fast and accurate estimates of
the rates of corvergenceof this expectation to 0 asa function of the sample
sizen.

Classical estimates of this expectation rely on the uniform corvergence
over F of sample averagesto expectations (see, for example, [27]). These
estimatesare essetially basedon the analysisof the supremum of the empir-
ical processsup;,r (Ef  Enf) indexed by the whole classF. As opposed
to these glolal estimates, it is possibleto study local subsetsof functions
of F, which are balls of a given radius with respect to a chosen metric.
The suprermum of the empirical processindexed by these local subsetsas
a function of the radius of the balls is called the modulus of continuity .
Sharper localized estimates for the rate of corvergenceof the expectation
can be obtained in terms of the xed point of the modulus of continuity of
the class[24, 15, 10, 13, 1].

Recen results [3] show that one can further signi cantly improve the
high-probability estimatesfor the corvergencerates for empirical minimiz-
ers. These results are based on a new localized notion of complexity of
subsetsof F cortaining functions with identical expectations and are there-
fore dependert on the underlying unknown distribution. In this article,
we investigate the extent to which one can estimate these high-probability
corvergencerates in a data-dependert manner, an important aspect if one
wants to make these estimates practically useful.

The results in [3] establish upper and lower bounds for the expectation
Ef* using two di erent argumerts. The rst is a structural result relating
the empirical (random) structure endaved on the classby the selection of
the coordinates (X 1;:::; X ), and the real structure, given by the measure .
The secondis a direct analysis, which yields seemingly sharper bounds. In
both caseqand under somemild structural assumptionson the classF), the
bounds are given using a function that measuresthe \lo calized complexity"
of subsetsof F consisting of functions with a xed expectation r, denoted
hereby F, = ff 2 F . Ef = rg: For ewery integer n and probability
measure on , considerthe following two sequence®f functions, which
are measuresfor the complexity of the setsF;:

ne: (r) = EsupfjEf Enfj:f 2 F g;
8. (r) = EsupfEf Enf :f 2F g:
In the following, in caseswhere the underlying probability measure and

the class F are clear, we will refer to these functions as , and 2. It
turns out that thesetwo functions cortrol the generalization ability in F,



wheneer one has a strong degreeof concertration for the empirical process
supremasupy ¢, JEf  Enfj and sup ;¢ (Ef  Enf) around their expecta-
tion. Thus,  and Q canbeusedto derive boundson the performanceof the
empirical minimization algorithm as long as these supremaare su cien tly

concernrated. Therefore, the main tool required in the proofs of the results
in [3] that provide boundsusingthe 2 and | is Talagrand's concerration

inequality for empirical processegsee Theorem A.1 in the appendix).

To seehow 2 and |, can be usedto derive generalization bounds, ob-
sene that it suces to nd the \critical point" rg for which, with high
probability, for a given 0 < < 1, ewryr ro and every f 2 Fy,
(1 )Ef Enf (1+ )Ef. In particular, for such an rg, it follows
that with high probability, every f 2 F satis es that

Ef max lE”f To (1.2)

and thus, an upper bound on the expectation of the empirical minimizer f*
can be established. It is possibleto show that one cantakerg asr,, where

ro=inffr: p(r) r=4g;

and in fact, sincein (1.2) only a \one-sided" condition is required, one can
actually use
rd =inf r: O(r) r=4 :
A more careful analysis, which usesthe strength of Talagrand's concen-
tration inequality for empirical processesshows that the expectation of the
empirical minimizer is governed by approximations of

n 0
s,=sup r: o) r=max 2(s) s
S

To seewhy s, is a likely candidate, note that for any empirical minimizer,
the function of r de ned as supi,¢, (Ef Enf) r = infiop Enf is
maximized for the value r = Ef'. Assumethat one has a very strong
concerration of empirical processedndexed by F, around their mean for
every r > 0, that is, with high probability, for every r > 0,

sup(Ef Enf)  Esup(Ef Enf) = 2(r):
szr szr

Then, it would make senseto expect that, with high probability, Ef" Sh
for s, = argmaxf 2(r) rg:



More precisely and to overcomethe fact that Esups,g, (Ef  Enf) is
only \very close"to sup,f, (Ef Enf) dene for " > 0,

fese =SUP T2 Qe (1) 1 sup Q6. () s " (1.3)
S

e, =inf r: Qe (r) r sup Oe. () s "o (1.4)
S

Note that ry~+ andry~ arerespectively upper and lower approximations
of s, that becomebetter as" ! 0. They are closeto s, if the function
9(r) r is peakedaround its maximum. Under mild structural assumptions
on F, Ef* can be upper bounded by, either r% or r,~ .+, and lower bounded
by rn+  for a choice of " = O( logn=n) (seethe exact statemert in
Theorem 2.5 below). Thus, these two parameters|the xed point of 4 2
(denoted by r? ) and the points at which the maximum of 2(r) r is almost
attained|are our main focus.

The rst result we presen hereis that there is a true gap betweenr?
and s,, which implies that there is a true dierence between the bound
that could be obtained using the structural approad (i.e. rQ) and the true
expectation of the empirical minimizer. We construct a class of functions
satisfying the required structural assumptionsfor which for any n, rQ is of
the order of a constart (and thusr,, is of the order of a constart), but the
subsetsF, arevery rich whenr is closeto Oands,, andry. . areof the order
of 1=n. There is a related result in [3], that for every n there is a function
class F, for which this phenomenonoccurs. The result here is stronger,
sinceit shows that, for somefunction classand probability distribution, the
true corvergencerate is far from the structural bound. The idea behind
the construction is basedon the one preseried in [3], namely that one has
complete freedomto choosethe expectation of a function, while forcing it
to have certain valueson a given sample. For the classwe construct and
any large samplesizen, estimatesfor the convergencerates of the empirical
minimizers basedon r? are asymptotically not optimal (as they are (1)
whereasthe true corvergencerate is O(1=n)), and thusthe structural bound
doesnot capture the true behavior of the empirical minimizer.

The secondguestionwe tackle concernsthe estimation of the expectation
of the empirical minimizer from data. To that end, in Section4, we preseri
an e cien t algorithm that enablesoneto estimater, in a completely data
dependert manner. Then, in Section 5, we shawv that this type of data-
dependert estimate is the best one can hope to have if one only has access
to the function valueson nite samples. We show that in sud a caseit is
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impossibleto establish a data dependert upper bound on the expectation
of the empirical minimizer that is asymptotically better than r,,. The gen-
eral idea is to construct two classesof functions that look identical when
projected on any sample of nite size,but for one classboth a typical ex-
pectation of the empirical minimizer and r,, are of the order of an absolute
constart, while for the other a typical expectation is of the order of 1=n.

2 Denitions and Preliminary Results

2.1 Loss Classes

One of the main applications of our investigations is the analysis of predic-
tion problems, like classi cation or regression,arising in madine learning.
Supposethat oneis preseried with a sequenceof obsenation-outcome pairs
(x;¥) 2 X Y, and the aim is to choosea function g : X ! Y that
accurately predicts the outcome given the obsenation. We assumethat

distribution P onX Y, but P isunknown. The di erence betweenthe true
outcomeand the prediction is measuredusinga lossfunction, > : Y2 ! [0;1],
where " (¥;y) represens the costincurred by predicting $ when the true out-
comeisy. The risk of afunction g: X ! Y isdened asE (g(X);Y), and

g with minimal risk. Setting f (x;y) = “(g(x);y), this task corresponds to
minimizing Ef . In empirical risk minimization, one choosesg from a set G
to minimize the sampleaverageof “(g(x);y), which correspondsto choosing
f 2 F to minimize E,f , whereF is the loss class

F=10y) 7! (9(x);y) :92 Gg:
It is sometimescorveniert to considerexassloss functions,
fOGy) = "(9(x);y) (g (X);y);

whereg 2 G satises E'(g (X);Y) = infeoc E'(9(X);Y). Sinceg is
xed, choosingg 2 G to minimize risk (respectively, empirical risk) again
correspondsto choosingf 2 F to minimize Ef (respectively, E,f ), where

F=1(y) 7! (a(x);y) (9 (x);y):92 Gg:

Thus, for this choiceof F, Ef Ofor all f 2 F, but functions in F can have
negative values.



2.2 Structural Assumptions

Throughout this article, we assumethat F is a classof functions, bounded
by b, with nonnegative expectations, that cortains 0. Theseassumptionsare
justied whenoneconsidersthe lossor excesdossclassF of a function class
G cortaining a minimizer and corresponding to a bounded loss function.

Additionally , we make two mild structural assumptionsabout the class
F, namely, that F is star-shaped around O and that F satis es a Bernstein
condition.

De nition 2.1 We saythat F is a ( ;B)-Bernstein classwith respect to
the protkability measure P (where 0 < land B 1), if everyf 2 F
satis es

Ef2 B(Ef) :

We say that F has Bernstein type  with respct to P if there is some
constant B for which F is a ( ;B)-Bernstein class.

Thus, for Bernstein classesof functions, the secondmomen of ewvery
function is boundedby a power of its expectation, uniformly over the class.
The signi cance of this condition is that it implies a better degreeof concen-
tration for individual functions, becausefunctions that satisfy a Bernstein
condition can not be\to o peaky"”, and thus, random sampling yields a more
accurate represenation of the expectation.

A Bernstein condition is satis ed by a large variety of lossclassesarising
in a natural statistical setting. For example, it is satis ed for classesof
nonnegative functions that are uniformly bounded, with = 1. As was
shown in [12, 17, 2], it is also satis ed for excesdossclassesass@iated with
learning problems where the hypothesisclassis a corvex classof functions
boundedby 1, and the lossfunction is a power-type function. In particular,
for the squared-error loss function, one can take = 1. In addition, it
is satis ed for \low noise" classi cation problems as de ned in [23] (see
also [16]), in which the conditional expectation of the label given an input
X, p(x) = E[Y]X = x] is, with high probability, not \to o close" to 1=2
(where X denotesthe input and Y the label).

De nition 2.2 F is called star-shaped around O if for everyf 2 F and
0 1, f 2F.

Obsene that if F is an excessloss class,then any empirical minimizer
in F is alsoan empirical minimizer in star(F;0)=ff :f 2F; 0 1g.
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Figure 1: The graph of a function | that is \sub-linear" (cf. Lemma 2.3).

Hence, one can replace F with star(F;0) without changing the empirical
minimizer. Moreover, sinceEf and E,f are linear functionals in f , the \lo-
calized complexity" of star(F;0) is not considerably larger than that of F
(for instance, in the senseof covering numbers). The advantage in consid-
ering star-shaped classesis that it adds someregularity to the class. For
example, it is easyto seethat for star-shaped classeshe functions ,(r)=r
and Q(r)=r are non-increasing. Figure 1 illustrates the graph of a typi-
cal function with this \sub-linear" property, which is stated formally in the
following lemma:

Lemma 2.3 If F is star-shaped around O, then for any 0< rq < ry,

n(ra) n(fz):

r ]

In particular, if for some , o(r) r thenforallO<r% r, (r9 r?©

Analogous assertions hold for  g.

In other words, for every r, the graph of , in the interval [0;r] is above the
line connecting (r; n(r)) and (0;0). The proof of Lemma 2.3 is easy(e.g. a
proof for , canbe found in [3]) and is omitted.

As an example, Figure 2 illustrates the graph of a function | for the
star-shaped hull of a classthat cortains only functions with expectations
either equalto ry or to r».

2.3 Preliminary Results

If F is star-shaped around 0 one can derive the following estimates for
the empirical minimizer. (Recall that r, = inffr: ,(r) r=4gandrQ =
inffr: 9(r) r=4g)
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Figure 2: An example of a graph of a function |, for the classstar(F;0),
where F cortains only functions with expectationsr, and r».

Theorem 2.4 [3] Let F be a ( ;B)-Bernstein class of functions bounded
by b that is star-shaped around 0. Then there is an absoluteconstant ¢ such
that with probability at least1 e *, any empirical minimizer f*2 F satis es

(

cb
Ef* max fi==iC ——

Also, with prokability at least 1 e *, any empirical minimizer f'2 F sat-
is es ( )

cbx Bx ¥ )
Ef* max r2; - —

Thus, with high probability, r, is an upper bound for Ef", aslongasr,
c=n*2 ) and the sameholds for r. Note that r® can be much smaller
than r,, and sothe corvergencerates obtained through r? are potentially
better.

For = 1, the estimates based on rr? and r, are at best 1=n, and
in generalat best 1=n'2 ). Thus, the degreeof cortrol of the variance
through the expectation, asmeasuredby the Bernstein condition, in uences
the bestrate of corvergenceone can obtain in terms of rQ and r,, using this
method wheneer one requires a con dence that is exponertially closeto
1. In particular, this approadt recovers the better learning rates for convex
function classesfrom [12] and for low noise classi cation from [23, 16], as
both convexity of F for squared-lossand low noiseconditions imply that the
lossclassis Bernstein.

It turns out that this structural bound can be improved using a direct
analysis of the empirical minimization process. Indeed, the next theorem,
whoseproof can be found in [3], shavs that one can directly bound Ef" for
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the empirical minimizer without trying to relate the empirical and actual
structures of F. It states that Ef' is concerrated around s, and there-
fore, with high probability, Ef' M+, where" can be taken smaller than
¢ logn=n. (The de nition of ry+ wasgiven in the introduction.) In ad-
dition, if the classis not too \ric h" around 0, then with high probability,

Etl\ rn;";

Theorem 2.5 [3] For any ¢; > O, there is a constant ¢ (depending only
on ¢;) suchthat the following holds. Let F be a ( ;B)-Bernstein class of
functions bounded by b that is star-shaped around 0. For everyn and" > 0
dene rp~ 4+, andr,~ asalove, x x> 0 and set

1= ))
10 = max rr?;clt(x+|ogn);C B (x + logn)
n n
If
+ + 1=2
" ¢ max sup O (s) s ;rd (B b)(>r(] logn) ;
S
then

1. With probability at least1 e *,

1
Efl\ max ﬁ’ rn;"; +

EsupfEf Enf :f 2 F;Ef c¢1=ng< sup ,?;F; (s) s
S

then with prokability at least1 e *,
Etl\ rn;";

To comparethis result to the previous one, note that s, rQ. Indeed,
O9(r) E(Ef E,f) = 0 for any xed function f, and thus 2(0) O,
O9s,) s, and 0 s, inffr: 2(r) rg rQ (where the last in-
equality holds since 2(r)=r is non-increasing, by Lemma 2.3). It follows
that if 2(r) risnot at arounds,, then the bound resulting from Theo-
rem 2.5 improvesthe structural bound of Theorem 2.4. Figure 3 illustrates
graphically sud a case.

10
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Figure 3: The graph of a function 9, and the corresponding valuesfor r? ,
Sy, M+, and rpe . If s, r2 and Q(r) r ispeakedaround s, ,
then rp- . is smallerthan rQ .

3 A true gap between the expectation of the em-
pirical minimizer and r,

In this section, we construct a classof functions for which there is a clear
gap betweenthe structural result of Theorem 2.4 and the expectation of
the empirical minimizer, asestimated in Theorem 2.5. The idea behind this
construction (as well asin the other construction we preser later) is that
one has complete freedom to choose the expectation of a function, while
forcing it to have certain valueson a given sample.

Let us start with an outline of the construction. It is basedon the
idea (developed in [3]) of two Bernstein classesof functions satisfying the

with respectto the uniform probability measure wherem dependsonn. The
rst classcontains all functions that vanish on a set of cardinality n, but
have expectations equal to a given constart. The secondclass consists of
functions that ead take their minimal valueson a set of cardinality n, but
have expectations equalto 1=n. By appropriately choosingthe valuesof the
functions, one can shaw that the star-shaped hull of the union of thesetwo
classeshasrﬁ C, whereass, rn»+ 1=n. Thus, the estimate given by
Theorem 2.5is considerably better than the oneresulting from Theorem 2.4
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for that xed value of n. To make this exampleuniform over n, we construct
similar setson (0; 1], take the star-shaped hull of the union of all such sets
and show that S;F; (r) r still achievesits maximum at 1=n and decgs
rapidly for r > 1=n, ensuringthat rp~, r2.

The rst step in the construction is the following lemma, which states
that, for any given n and for 1=n 1=2, onecan nd function classes
G" and H" de ned on (0; 1] that are both uniformly boundedand Bernstein
with respectto the Lebesguemeasureon (0; 1], and for which ﬁ;Hn; ()=,

I’Cl);Gn; ( ): + 1.

Lemma 3.1 Let be the Lelesguemeasure on (0; 1]. Then, for every pos-
itive integer n and any % 1=2 there exists a function class G" such
that

1. For everyg2 G", 1 g(x) 1, Eg= andEg® 2Eg.

2. For everyset (0; 1] with j j n, thereis someg 2 G" suchthat for
everys2 ,g(s)= L

Also, there exists a function classH" such that

1. For everyh2 H", 0 h(x) 1, Eh= ,and Eh? Eh.

2. For every set (0;1] with j j  n, there is someh 2 H" such that
for everys2 , h(s) = 0.

Pro of. Let m = 2(n?+ n). Consider functions that are constart on the
intervals (i 1)=m;i=m], 1 i m, and set G" to be the function class
containing all functions taking the value 1 on exactly n sud intervals; that
is, eath function in G" is de ned asfollows: Let J f1;::;;mg, jJj = n and
set S

1; ifx 2 (L Llandj 2 9;

X) =
% (x) t ; otherwise
where
m+n_ 2 (n?+n)+n
t = = . 3.1
m n 2n2+ n (3.1)
Since0 1=2,0 t landthusg; : (0;1]! [ 1;1]. It is easyto

verify that all the functions in G" have expectation with respectto and
that G" is (1,2)-Bernstein, sincefor any g2 G",

1
n+1

1 1
Eg n+t“(m n) (n+t (m n)) + 2 2EQ:

12



The construction of H" is similar, and its functions take the valuesf0;t%g
fort= m=(m n). n
Using the notation of the lemma, de ne the following function classes:
Lo y iy
H = Hi Fk = Gl G= Fi;
i=5 i=5

and
F = star(G[ H;0): (3.2)

SinceF is star-shaped around 0 and is a (1,2)-Bernstein class,it satis es
the assumptionsof Theorem 2.4 and Theorem 2.5. Also, note that for any
n 5andany Xi;:::; X, thereis somef 2 F with Ef = 1=4 and E,f = 0,
and someg 2 F with Eg= 1=nandE,g= 1. Indeed,f canbetakenfrom
HI., and g from F, = G]_.

The following theorem showsthat for the classF, for any integern, rQ =
1=4, while the empirical minimizer is likely to be smaller than ry»+  c=n.

Theorem 3.2 For F de ned by (3.2), the following holds:
1. For everyn 5,

8
2r+rk ifr2 (1=(k + 1);1=K]; wherk n
Sc. ()= _r if r 2 (1=5;1=4]
0 if r> 1=4;

and in particular, rQ = 1=4.

2. There exists a constant ¢ > 1, such that the following holds: for every
"< 34, everyn N("), andeveryk n=c

%. (1=k) 1=k 2. (1=n) 1=n ™
In particular, rp=4+ c=n

By the properties of F mertioned above, for every sample of cardinality
n 5, the graph of ,?;F; for the classstar(Fn [ HI.,;0) is asin Figure 4,
with r® = 1=4ands, = 1=n. The main part of the proof is to show that for
F, which is the star-shaped hull of the union of all these sets, rﬁ’;F; (r)y r
still achievesits maximum at 1=n and decays rapidly for r > 1=n, ensuring
that rp-+  rQ. Figure 5illustrates the qualitativ e behavior of Q.

13
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Figure 4: g;star(Fn[ HO,): (asin the proof of Theorem 3.2).

Pro of of Theorem 3.2. The rst part of the proof is immediate from
the de nition of the function 9 and thus omitted. Turning to the second,
and more dicult part, note that indeedrrﬁ’ = 1=4 and that the maximal
valueof Oc. (r) r isattained atr = 1=n. In order to estimate the value
S;F; (1:k)’ for k < n, considersups ,¢, (Ef  Enf) for a xed Xg;:::;Xp.
Let m = 2(k? + k) and note that by the construction of Fy, eah g 2 Fy is
of the form g, for somesetJ  f1;::;;mg, jJj = k. For ead setJ let A; be

the union of the intervals L.t wherej 2 J, and let be the following

m
set of indicator functions
=f A, 13 fLmgjdj = Kkg:

Clearly, for every 2 , E = k=m and vc() k, sinceno setof k + 1

distinct points in (0; 1] can be shattered by  (actually, v¢() = k since
the setfl=k;1=(k 1);:::;1gis shatteredby ). Recallthat if is a class
of binary-valued functions and if the VC-dimension vc() k, then asa

special caseof Theorem A.5, the Rademader averages(seepage 26 for the
de nition) can be bounded by

p
ERn() c; k=n (3.3)
for someabsolute constart c,.

De ne the random variable “; = in:1 A, (Xi). Thus, "5 is the cardi-

14
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Figure 5: Qualitativ e behavior of J.. .

nality of the setfi : g;(Xi) = 1g. Note that

2 3(k+ 1)+ 3kn+ 2n_
kn(2k + 1) '

Engy =
and therefore,

1 2(k+ 1)?sup; "3 3kn 2n
Ef Enf)= —+ :
Sup( nf) = ¢ kn(2k + 1)

From Talagrand's concerration inequality (Theorem A.1) applied to
the set of functions , there exist absolute constarts c;; ¢, suc that for any
0<t 1, with probability larger than 1 e &nt*,

X kn

p__
sup (X)) H+2an() + 2nt kmn+2c2 kn+ 2nt;

f2 o

where the last inequality holds by (3.3).

Setting t=1 =20, and sincekn=m = n=(2(k + 1)) < n=10for any k 5,
it is evident that there exists an absolute constart ¢ > 1 suc tgat for any
k n=c with probability at leastl e %" sup,'; n=5+2c, kn n=4.

Therefore, applying the union bound for 5 k° Kk, it follows that with
probability at least1 ne M,

(k+12=2 3k 2

sup (Ef Eqf) KEk+ 1)

0
f2[ Kog KFo

1 1
4+ =
k 4
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for every k  n=c;.

Obsenethat scaled-davn versionsof functions from H do not cortribute
to S;F; (1=k) and thus, one only has to take care of elemerts in F with
expectation of 1=k that comeeither from Fy or are scaleddown versionsof
Fio for k9 k. Hence,

8. (1=K =E sup (Ef Epf)

f2[ ||:0:5 kk_oFko
1 1 o
— 4+ — c + cn +
Kt (I ne ")+ ne 1

1 1 3

= T4+ 42 cn
k2" 3"

Thus, for " < 3=4, if n is su cien tly largethat 3n=4e " 3=4 ", we have
%. (1=k) 1=k 1 "= Q2r. (1=n) 1=n

provided that k n=c. [

To conclude, there exists a true gap betweenthe bound that can be ob-
tained via the structural result (the xed point r? of the localized empirical
process)and the true expectation of the empirical minimizer as captured by
Sh-

Corollary 3.3 For F de ned in (3.2), there is an absoluteconstant c> 0
for which the following holds: For any x > 0 there is an integer N (x) such
that for anyn N (x),

1. With protability at least1 e *, Ef* c=n s, .
2.1 =r, = 1=4.

4 Estimating r, from data

The next question we wish to addressis how to estimate the function ,(r)
and the xed point n 0
, r
rha=1inf r: n(r) 7

empirically, in caseswhere the global complexity of the function class, as
captured, for example, by the covering numbersor the combinatorial dimen-
sion, is not known.
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A way of estimating r,, is to nd an empirically computable function
", (r) that is, with high probability, an upper bound for the function n(r)
and therefore, its xed point f, = inffr : '\n(r) 70 is an upper bound
for r,,. We shall construct " for which ’\n(r)zr is non-increasingand thus
i\, would be determined using a binary seart algorithm. To that end, we
require the following result, which states that, for Bernstein classes,there
is a phasetransition in the behavior of coordinate projections around the
point where ,(r) r. Above this point, the local subsetsF, = ff 2 F :
Ef = rg are small and the expectation and empirical meansare closein a
multiplicativ e sense.Below this point, the setsF; aretoo rich to allow this.

Theorem 4.1 [3] There is an absolute constant ¢ for which the following
holds. Let F be a classof functions, suchthat for everyf 2 F, kf k; b.
Assumethat F is a ( ;B)-Bernstein class. Suppsethatr 0, 0< < 1,
and 0< < 1 satisfy

(

r cmax

Bx T ))

nZ2' n2cz

1. If ,(r) (@+ )r ,thenwith probability at least1 e *,

supjEf  Enfj Ef :
f2F,

2. 1f o(r) (1 )r , then with prokability at least1 e X,

sup jEf  Enfj Ef :
fZFr

3.1 9(r) (1+ )r ,thenwith protability at leastl e X,

sup(Ef Enf) Ef:
fZFr

4.1f %) (@ )r , then with protability at least1 e *,

sup(Ef Enf) Ef:
f2F,

We will make useof the following direct corollary of Theorem4.1 applied
to the case = 1=2, = 1=2.
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Corollary 4.2 There is an absoluteconstant ¢ > 0 for which the following
holds. If F is ( ;B)-Bernstein, and

(

bx B
rcmax —; —
n n
and n(r) %, then with prokability larger than 1 e *, everyf 2 F;
satises r=2 E,f 3r=2.
If we de ne the \empirical shell,"

F”%, =ff2F :r=2 Ef 3r=2g;

rI=

the corollary shaws that, for suitable large r, with high probability,

FFF

NS S
INES

The following theorem shaws that the empirical Rademader average of an
empirical shell is with high probability an upper bound for ,(r) for all r
larger than the xed point r,,.

Theorem 4.3 There are absolute constants ¢, ¢;, ¢, and c3 for which
the following holds. Let F be a star-shamd ( ;B)-Bernstein class and
suprog kf kg b For

with prokability at least1 2(bn+ 1)e *
n(r) 8E Rn Flicr * Car
for everyr 2 [;1].

Pro of. SinceF is star-shaped, then by Lemma 2.3, ,(r) 7 if and only

if r rp,, and thus, by Corollary 4.2 (for appropriately chosenc), if r  r2,

then with probability largerthan 1 e *, F,  F[ 5, which implies that
22

ERi(F) ERn Fla
2'2
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By symmetrization (Theorem A.2) and conceriration of Rademader aver-
agesaround their mean (Theorem A.3), and sincer CTbX it follows that
with probability at least1 2e *,

n(r)  2ERp(F;) 4E Ru(F)+ 4%( 4E R, Fg;% + Car:

To nd an upper bound on ,(r) that holds with high probability uni-
formly forallr  r,, wedivide the interval [1=n; D] into a setof done intervals
of length at most 1=n. (Note that the choice of the starting point 1=n re-
stricts the estimatesfor £ to valuesthat are larger than 1=n. The proof
can be easily modi ed to allow estimatesup to the value cbx=n but since
we are only interested in estimatesat best of the order of O(1=n) we made
this restriction in order to keepthe proof simpler.) Let

2. dbne \ bcync done
n n n n

where (

bx B
Ch = Cmax —; —
n n

SincejAj bn+ 1, the union bound shows that with probability at least
1 2bn+ 1)e *, x(r) 4E R, F!; + cgr for everyr 2 A. By

2'2
Lemma2.3,forany 1 k n,ifr 2 KL then (1) , K o

Thus, with probability at least1 2(bn+ 1)e X, every r 2 [r2; ] satis es

czsk nr
—  4ER, Fla +-= — B8ERy Flic, *C;

I’](r) . k 2n’'2n n k

wherek satises r 2 [k=n;(k + 1)=n] and c¢; and ¢, are absolute constarts.
[ ]

Therefore, one can de ne
N - n .
n(r) = 8E Ry Feircor ¥+ Cal

Let ft, = inffr : '\n(r) 79. Then by Theorem 4.3 with probability at least
1 2(bn+ 1)e *, A, r,. Moreover, since ", (r)=r is non-increasing,r (g8
if and only if "h(r) L.

With this, given a sample of size n, considerthe following algorithm to
estimate the upper bound on 1, basedon the data:
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Setr_ = maxfl=n;c,g, rr = b
If "W(rr) rr=4then

for * = 0 to dog, bne
setr = B
if "w(r)> r=4thensetr, =,
elsesetrg = r.

Output r = rg.

By the construction, r % f, r. Hence,for every n, with probability
largerthan 1 2(bn+ 1)e *, r, .

Theorem 4.4 There exists an absolute constant ¢ for which the following
holds. Let F be a ( ;B)-Bernstein class of functions bounded by b that is
star-shaped around 0. For everyinteger n, any x > 0, and any sampleX of
sizen, with probability at least1 (2bn+ 3)e X, Ef* RSTAR(F;X).

Note that RSTAR(F; X) is essetially the xed point of the function r 7!
E Rn F{r.c,r - This function measureshe complexity of the function class
F& r.c,r» Which can be determined empirically by looking at empirical means
that fall in aninterval whoselength is proportional to r. The main di erence
between that and the data-dependen estimatesin [1] is that instead of
taking the whole empirical ball as done in [1], here we only measurethe
complexity of an empirical \shell" around r. Howewer, if the function class
is not \regular" around the critical value of r, the complexity of the shell
F (cir; cor) might bevery di erent from the complexity of F,, in which case
onewould like to make ¢; and c, very closeto 1.

Indeed, one can tighten this bound further by narrowing the size of the
shell and replacing the empirical setFE;lr with B g4y This isdone

by selectingthe isomorphism constart2 iﬁ Theorem 4.1 to depend on n and
tendto 1lasn! 1.

Theorem 4.5 Let F be a star-shapd ( ;B)-Bernstein class and
sups o Kf kg b. There is an absolute constant c, for which the follow-

ing holds. If 0< ", < 1 and
(

1
Fh = max r.;
n



then with prokability at least1 2(bn+ 1)e *

a(r)  4E Rn FO o« raemyr +

c
for everyr 2 [m; b].

Pro of. With the samereasoningas before, by Theorem 4.1 for = 1=2
and = ", ifr Fn then with probability larger than 1 e *, F,

Fa oyr@sra)r- Wedene

A K nr Kk k+1
n(r)= 4E Ry F(q @) +c—r: D forr 2 n’ n :

Again, with probability at least 1 2(bn+ 1)e *, for every r 2 [r;b],
N
(r)  "n(r): L
Since ", (r)=r is non-increasing, it is possibleto de ne

oon Y
P =inf r: h(r) >

with a slight modi cation of RSTAR (we replace the test in the if-clause,
W) > r=4, with "(r) > r",=2) . It follows that for every n and ewvery
sample of sizen, with probability larger than 1 2bne *, r,, r, wherer
is generatedby the modi ed algorithm. For example, one can choose", =
1=logn, which has the advantage that the empirical shells F, o T e
become,with growing sample size, closerto F,. The price we pay for the
advantage is an extra logn factor in the nal estimate, sincein this casethe
estimate of the expectation goesdown at the rate of O(log n=n).

Remark 4.6 Note that a lower bound of a similar nature hasto take into
accourt the complexity of the classFo.r. This might happen becauseone
may not have aninclusion F,  FZQ ... unlessc; = 0. Indeed, if the class
F is very rich for r closeto 0O, it is possibleto have functions that have a
very small expectation, but for which E,f  r.

5 The limitations of estimating from data

Although the resultsin [3] show that it is possibleto bound the expectation
of the empirical minimizer in afar sharper way than by applying a structural
result, it wasnot clear whether such a bound could be estimated from data.
In the following we considera scenarioin which one only has accessto the
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function classthrough the valuesthat classmemberstake on nite samples,
that is, the nite dimensional coordinate projections of the class. In this
case,we construct an examplethat shows that, in general,it is impossible
to establish a data-dependent estimate of s, that is better than r,. To
be precise,we construct two function classeghat have identical coordinate
projections on every sample. For one classwe haver® ¢, s, candthe
expectation of the empirical minimizer is of the order of ¢ with probability
1, while for the other class,s,, 1=n. If oneonly hasaccesdo the way the
classedbehave on nite dimensionalcoordinate projections, that is, samples,
the classesare indistinguishable, and it is impossibleto predict a better
bound than an absolute constart, which could be much worsethan the true
behavior of the empirical minimizer.

Recall that for a given function classF and a sample = fxi;:::;Xn0,
the coordinate projection of F on is

PF=f(f(xy),:5f(xn):f 2Fg:

Let be the Lebesguemeasureon (0;1]. For eatr k 2 N we construct
two function classesF{ and FX, both (1;c)-Bernstein with respectto for
a suitable absolute constart ¢, and take valuesin V = f 1;0; 1g.

In both classeswe construct, ead function is a constart on the intervals
(G 1)=my;j=my], wheremy = k?+ 3k. The cIassF{‘ consistsof all func-
tions that take the value 1 on k intervals, the value 1 on 2k intervals
and the value 0 on k? intervals. It is easyto verify that for any f 2 Ff,
Ef = k=(k?+ 3k) 1=k and Ef 2 = 3k=(k? + 3k) 1=k, implying that
indeed F is a (1; 3)-Bernstein class.

In contrast, FX consists of all functions that take the value 1 on k
intervals, the value 1 on k2 + k intervals and 0 on k intervals. Therefore,
for any function f 2 FX, Ef = k®=(k?+ 3k) 1=4 and sinceEf2 1,
FX is a (1;4)-Bernstein class. Notice that, whereasfunctions in F¥ have
expectations of the order of 1=k, functions in F2k have expectations of the
order of a constart.

Set I I

F, = star F0 ; F, = star FX0 ;
k2N k2N
and it is easyto verify that for every nite set , P F1 = P F,. Indeed,
considera set = fxg;::;Xpn0. Without loss of generality, assumethat

Xj 6 x; if i 6 j. Let ~ belarge enoughto ensurethat the x;s fall in disjoint
intervals ((j 1)=m;j=m-] and that ° n, and thus, P F, = P Flk =
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f 1,0;1g". Note that this actually shows that for every with distinct
values,P F1 =P F, = [ 1;1]".

Therefore, F1 and F, are star-shaped, Bernstein classeghat have identi-
cal coordinate projections. Therefore, it isimpossibleto distinguish between
the two, basedsolely on empirical data. On the other hand, the behavior of
the empirical minimizer is very di erent in the two cases.

Theorem 5.1 For F; and F» de ned as alove, there is an absoluteconstant
¢ > 0 for which the following holds. For any x > 0 there is someN (x) such
that for anyn N (x),

1. For F1, with protability at least1 e *, Ef* c=n S, (F1).
2. For F,, with prokability 1, Ef* 1=4 r,(Fa).

Theorem 5.1 implies that the estimatesfor the convergencerate of the em-
pirical minimization algorithm basedon s, are signi cantly better for the
classF; than for F,. Howewer, the classeshave identical coordinate pro-
jections on any sample, and henceare indistinguishable empirically. Thus,
onecan not get an empirical estimate of the corvergencerate for F4 that is
signi cantly better than one basedon an empirical estimate of r,.
Pro of of Theorem 5.1. Wewill shawv that the expectation of the empirical
minimizer in F1 is likely to be smaller than c=n, as opposedto F, where it
is likely to be of the order of a constart.

For any n, inf;zpn Eqxf = 1, and therefore ,?;Fl; (sn) sn = 1, where,
for any k and any f 2 F,

Kk 1

Sk = Ef:7k2+3k K’

Clearly, for a classof functions bounded by 1, S;F; (r) r 1, andthus
the maximal value of ,?;Fl; (r) risattained at s, 1=n. The main part
of the proof is to shaw that there is someabsolute constart ¢ > 1 such that
for large enoughvalues of n and for r  c=n, ,?;Fl; (r)y r 1=2. This
is the casebecausethe sets Flk are not \ric h" enoughwhen projected onto
samplesof sizen aslong ask n=c.

Indeed, the function classF{' haslow complexity, in terms of the com-
binatorial dimensionvc(F{';") (seeDe nition A.4). In particular, the def-
initions imply that vc(F;;") 2k forall 0 <" 2 and all k. Sincethe
classof functions is bounded by 1, Theorem A.5 implies there is an abso-

lute constart ¢, suc that ER,(Ff) ¢, k=n. Applying the one sided
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version of Talagrand's concerration inequality for the empirical process
Z = supszlk(Ef Enf), it follows that for t = 1=4, with probability at

2 0
leastl e @N“ =1 g &N,
r

sup(Ef Enf) 2ERn(FN)+t 2c §+t

1-
f2Fk 2'

provided that k n=c for someuniversal constart c. Let

[ S 0
Ak = —kF{( ;
KO Kk Sko

that is, Ax contains the functions in F1 that have expectations si|those
either comefrom F or are \scaled down" versionsof functions from Fyo for
kO< k. Therefore, for any k  n=c, with probability at least1 ne cin

1

sup(Ef Epf) =
f2A 2

Taking the expectation,
1 1.1
nFy (8) (L ne an)§+ (1+ s)ne " = 5t 3tsc ne on.

and thus,forall "< 1=2,n N(")andk n=c

oE (s s 1 Sk= e (Sn) sn Mmoo Sk

This impliesthat 8. (r) r  Oc.(sa) sn "nforeweryr c%n, from
which we concludethat Mo + c&n.

On the other hand, it is easyto verify that for empirical minimization
over Fp, Ef*  1=4. Indeed, as we saw for Fy, infioep Enf = 1, which
implies E,f" = 1. Sincewe canwrite Fo = [f f :f 2 FX:k2N; 2
[0; 1]g, and empirical minimization is a linear operation, it is clear that the

empirical minimum will be attained at = 1. But all functions in [ k2NF2k
have expectation greater than 1=4, and sowith probability 1, Ef* 1= in
this case. [ |

Remark 5.2 Note that if oneis given the function f* that the algorithm
produced, rather than just the coordinate projections, it becomespossible
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to distinguish if the classat hand is F; or F,. Howewer, we can de ne an
uncountable collection of function classes
( [ ! )
F= star FK;0 : 2fL2gfork2N ;
k2N

whereif = 1then FX = Ffandif , = 2then F, = F£. Clearly,
for every H; G 2 F and ewvery nite , P (G)=P (H). If the learner
knows that F 2 F and evenif f" is given to him, then the best thing that
could be said is that a single \component" of F, sa the jth componert
of F, is F{ or Fé. It is impossibleto say whether other componerts of F
are of \t ype 1" or \t ype 2" and in particular, the corvergencerate for the
expectation of the empirical minimizer can be as bad asfor F».

The secondremark is that the classF, is not a Glivenko-Cartelli class.
The cIassesFlk becomericher as k grows - i.e., in the part of F1 in which
the expectation of functions is smaller. The reasonwe can obtain a gener-
alization bound even for classesthat are not Glivenko-Cartelli is because
the method of [3] usesthe expectation of the empirical processindexed by
ff 2 F . Ef = rg, and eat one of these setsis a Glivenko-Cantelli class.
If onewereto try and bound the error of the empirical minimizer using the
localization ff 2 F : Ef rgasin [1], it would be impossible.

A Additional material

The main technical tool we require is Talagrand's celebrated concertration
theorem for empirical processe$21, 11]. The versionwe useis due to Bous-
quet [5] (seealso[14, 19, 8]).

Theorem A.1 Let F be a classof functions de ned on X and let P be a
prokability measure such that for everyf 2 F, kf kq band Ef = 0. Let
X1; 5 X s be independent random variables distributed according to P and
set 2= nsup,¢ varf. De ne

X
Z=sup f(Xj);

f2F

>

Z = sup f(X;) :
f2F
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For everyx > 0 and every > 0,
n p__ 0
Pr Z (1+ )EZ+  Kx+K@+ 1bx e X;
n p__ (6}
Pr Zz (1 )EZ Kx K@+ 1Ybx e X;

and the sameinequalities hold for Z. Here, K is an absoluteconstant.

The rest of this section is dewted to some results that allow one to
estimate Esupr,¢ JEf  Enfj via the Rademadier processindexed by the
class. De ne

R,f = E if (X;) and R,(F) = supRgf;
n._, f2F

is, symmetric, f 1;1g-valued random variables. The Rademader averages
of the classF are de ned as ER,(F), where the expectation is taken with

respect to all random variables X; and ;. An empirical version of the
Rademadier averagesis obtained by conditioning on X 1;:::; Xp,

A well known symmetrization argumert (due to Gine and Zinn) connects
the expectation of sup;, JEf  Enfj to the Rademader averagesof F [26].

Theorem A.2 Let F be a class of functions dened on ( ; ) and let
X1; 5 X, beindependentrandom variablesdistributed accordingto . Then,

EsupjeEf E f] 2ERK(F):
f2F
The next lemma, which follows directly from a self-bounding property
of the Rademader processand the methods dewveloped in [4], shows that
E Rn(F) is highly concerrrated around its expectation; hence,the Rade-
macher averagesof a classcan be upper boundedby their empirical version.
The following formulation can be found in [1].

Theorem A.3 LetF be a classof boundel functions de ned on ( ; ) tak-
ing valuesin [a;b] and let X 1;:::; X, be independent random variables dis-
tributed according to . Then, for any O < landx > 0, with prolability
atleast1 e X,

ERn(F) %E Rn(F) + %:
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Also, with prokability at least1 e X,

1 cbx
5E Ra(F) == ERn(F)

whe ¢ is an absoluteconstant.

It is possibleto bound ER(F) using the combinatorial dimension of a
set. Recall that a set fxy;::;;Xxng is shattered by a class of f0; 1g-valued
functions F if

PF=f(f(xy);:5f(xn):f 2Fg=1f0;19";

and that the Vapnik-Chervonenkis dimension d of F denoted by vc(F) is
the maximal cardinality of a subsetof that is shatteredby F. In a similar
way, one can de ne the combinatorial dimension of a class of real-valued
functions.

De nition A.4 For every" > 0, aset = fxq;:;Xnhg is said to be
"-shattered by F if there is somefunction s: ! R, suchthat for every
I f1;::;ng thereis somef, 2 F for whichf|(x;) s(xj)+"ifi2l,and
fi(xj) s(xj) "ifi62a. Let

ve(F;") = supfj jj ; is" shattered by Fg:

The following result is a recert extension,dueto Rudelsonand Vershynin
[20] to well-known estimateson ER,(F).

Theorem A.5 There exists an absoluteconstant ¢ for which the following
holds. For any classF and any probability measure on
ERn(F) ¢ ve(F;")d™
0
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