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Abstract

W e explore the question of learnabilit y of classes of functions con tained in a

Hilb ert space whic h has a repro ducing k ernel. W e sho w that if the ev aluation

functionals are uniformly b ounded and if the class is norm b ounded then it is

learnable. W e form ulate a learning pro cedure related to the w ell kno wn Supp ort

V ector Mac hine, whic h requires solving a system of line ar equations, rather than

the quadratic programming needed for the SVM. As a part of our discussion,

w e estimate the fat shattering dimension of the unit ball of the dual of a Banac h

space when considered as a set of functions on the unit ball of the space itself.

Our estimate is based on a geometric prop ert y of the Banac h space called typ e .
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In this pap er w e in v estigate the follo wing question: assume that a function

f is arbitrarily selected from a giv en class of functions F on 
 � I R

d

. W e wish

to iden tify this function using only its v alues on samples dra wn according to

an unkno wn probabilit y measure on 
. Since w e can not hop e for a complete

iden ti�cation of f using this partial information, w e try to appro ximate f in

the follo wing sense: giv en a sample S , S = f !

1

; :::; !

n

g ; f f ( !

1

) ; :::; f ( !

n

) g , w e

searc h for functions g

n

= g

n

( S ) suc h that ( g

n

) tends to f in some sense as

w e increase to size of the sample. Since the measure � according to whic h the

sample is selected is unkno wn and since f is unkno wn to o, the con v ergence m ust

b e in the w orst case scenario, i.e., it m ust b e uniform b oth in f and in � . Hence,

our aim is to sho w that

sup

�

P r f I E

�

( g

n

� f )

2

� " g ! 0

uniformly in f , where I E

�

is the exp ectation with resp ect to � .

F or practical purp oses, it is necessary to estimate the sample c omplexity ,

whic h is the size of the sample required to ensure that sup

�

P r f I E

�

( g

n

� f )

2

� " g

do es not exceed a giv en � > 0.

In tuitiv ely , the \smaller" F is, the easier it is to �nd the desired f . One

prop ert y whic h can b e in terpreted to mean that F is \small" is that it satis�es

the la w of large n um b ers uniformly in b oth f and in � . Classes of functions

with this prop ert y are called uniform Glivenko{Cantel li classes ([4], [15 ]).

It is p ossible to sho w (see [2]) that if one can de�ne a learning rule whic h

pro duces a sequence of functions ( g

n

) that \almost" agree with f on a giv en

sequence of samples, and if F is uniform Gliv enk o{Can telli, then ( g

n

) appro xi-

mates f in the sense that sup

�

P r f I E

�

( g

n

� f )

2

� " g ! 0.

W e shall adv ance in t w o directions: one is to sho w that the classes w e are

in terested in are uniform Gliv enk o{Can telli classes, and the other is to �nd a

learning rule whic h pro duces a function that \almost" agrees with f on a giv en

sample.

T o sho w that a class is uniform Gliv enk o{Can telli, w e use the scale sensi-

tiv e dimensions of F : the fat shattering dimension V C

"

(
 ; F ) and the Pol lar d

dimension P

"

(
 ; F ) (see [2], [10 ]), whic h indicate ho w \large" F is. Indeed, it

w as sho wn in [2 ] that if F consists of functions with a uniformly b ounded range,

then F is uniform Gliv enk o{Can telli if and only if V C

"

(
 ; F ) (resp. P

"

(
 ; F ))

is �nite for ev ery " > 0.

W e fo cus on classes of functions on some set 
 whic h are con tained in the

unit ball of a Banac h space in whic h the ev aluation functionals �

!

are uniformly

b ounded. W e giv e an upp er estimate for V C

"

(
 ; F ) whic h dep ends on a ge-

ometric prop ert y of the Banac h space X called typ e . This upp er estimate is

obtained b y using a tigh t b ound for V C

"

( B ( X ) ; B ( X

�

)), where B ( X ) is the

unit ball of X and B ( X

�

) is the unit ball of the dual of X .

The �rst section of this pap er is dev oted to the pro of of the b ound on

V C

"

(
 ; F ). In the second section w e narro w the discussion to classes of functions

con tained in Hilb ert spaces with repro ducing k ernels and in tro duce a learning

pro cess whic h enables us to �nd functions g

n

for whic h sup

�

P r f I E

�

( g

n

� f )

2

�
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" g ! 0 uniformly in f . The idea b ehind this learning rule is to em b ed the

samples in a high dimensional space and �nd functionals whic h agree with f on

the giv en samples. This idea is similar to the one used in the Supp ort V e ctor

Machine ([16 ]) pro cess. Due to the fact that the space in question has a repro-

ducing k ernel, it is p ossible to em b ed the samples in the dual of the giv en space,

and the desired functionals on the dual will b e mem b ers of our class. More-

o v er, in order to �nd eac h functional, one only needs to solv e a line ar system of

equations, whic h is m uc h simpler that the quadratic programming needed for

the SVM.

W e end the second section b y sho wing that under additional mild assump-

tions on the space X , w e can estimate the sample complexit y of the learning

pro cess. The third section consists of concluding remarks. In it, w e discuss a

di�eren t and more direct approac h to the problem of ev aluating the fat shat-

tering dimension and compare it to the one presen ted in the �rst section. W e

sho w that in man y imp ortan t cases the \soft" approac h presen ted in the �rst

section giv es a m uc h b etter b ound than the direct one.

W e end this in tro duction b y recalling a few standard de�nitions and some no-

tation. F or a Banac h space X , the dual of X (denoted b y X

�

) consists of all the

b ounded linear functionals on X , with the norm k x

�

k

X

�

= sup

k x k

X

=1

j x

�

( x ) j .

W e denote b y B ( X ) the unit ball of X , i.e., B ( X ) = f x j k x k � 1 g . F or ev ery

r > 0 r B ( X ) = f x j k x k � r g . F or ev ery A � X , let con v A b e the con v ex h ull

of A . A Banac h space is called r e
exive if X is isometric to X

��

via the duality

map x ! x

��

giv en b y x

��

( x

�

) = x

�

( x ). If 1 � p < 1 , let `

n

p

b e I R

n

equipp ed

with the norm k x k

p

=

�

P

n

1

j x

i

j

p

�

1

p

. Throughout this pap er 
 will denote a

compact subset of I R

d

. C (
) is the Banac h space of con tin uous functions on 
,

with resp ect to the norm k f k

1

= sup

! 2 


j f ( ! ) j . F or ev ery probabilit y measure �

on 
, let I E

�

denote the exp ectation with resp ect to � . In fact, w e shall alw a ys

assume that � is a Borel measure. Finally , if x is some p oin t in some metric

space, then B ( x; r ) is the op en ball cen tered at x with radius r .

1 F at Shattering dimension and T yp e

In this section w e in v estigate the fat shattering dimension (de�ned b elo w) of

F = B ( X

�

) whic h is the unit ball of the dual of a Banac h space X , where the

elemen ts of F are view ed as functions on B ( X ).

De�nition 1.1 L et F b e a class of functions on a sp ac e 
 . We say that F

" {shatters !

1

; :::; !

n

if ther e is some a 2 I R such that for every I � f 1 ; :::; n g

ther e is a function f 2 F for which f ( !

i

) � a + "= 2 if i 2 I and f ( !

j

) � a � "= 2

if j 62 I . L et V C

"

(
 ; F ) b e the lar gest inte ger N such that ther e exists a set of N

elements of 
 which is " {shatter e d by F . We set V C

"

(
 ; F ) = 1 if ther e exist

such inte gers N which ar e arbitr arily lar ge. The fat shattering c o-dimension

C O V C

"

(
 ; F ) is de�ne d to b e V C

"

( F ; 
) in the sense that the \b ase" sp ac e is

F and e ach ! 2 
 is identi�e d with the evaluation functional �

!

, i.e., e ach ! is
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identi�e d with a function on F de�ne d by ! ( f ) � f ( ! ) .

First, w e study the case where 
 = B ( X ) and F = B ( X

�

). Th us, the set

f x

1

; :::; x

n

g is " {shattered if for ev ery I � f 1 ; :::; n g there exists x

�

2 X

�

with

k x

�

k � 1 suc h that x

�

( x

i

) � a + "= 2 if i 2 I , while x

�

( x

j

) � a � "= 2 otherwise.

De�nition 1.2 A set A = f !

1

; :::; !

n

g is said to b e " {shatter e d in the Pol lar d

sense by F if ther e is some function s : A ! I R , such that for every I �

f 1 ; :::; n g ther e is some f 2 F for which f ( !

i

) � s ( !

i

) + "= 2 if i 2 I , and

f ( !

j

) � s ( !

j

) � "= 2 if j 62 I . We de�ne the Pol lar d dimension P

"

(
 ; F ) as

the lar gest inte ger N such that ther e exists a set of N elements of 
 which is

" {shatter e d in the Pol lar d sense. A gain, P

"

(
 ; F ) = 1 if such inte gers N c an

b e arbitr arily lar ge.

Throughout this pap er w e will b e in v estigating classes of functions whic h ha v e

a uniformly b ounded range. Therefore, w e assume that there is some M suc h

that for ev ery ! 2 
, sup

f 2F

j f ( ! ) j � M . By the pigeonhole principle it is easy

to see that the P ollard dimension and the fat shattering dimension are related

for classes of functions whic h ha v e a uniformly b ounded range. In this case, for

ev ery 
 > 0 and if sup

! 2 


sup

f 2F

j f ( ! ) j � M , then

(1 : 1) V C




(
 ; F ) � P




(
 ; F ) � C

V C




2

(
 ; F )




;

where C dep ends only on M .

Recall that for ev ery in teger k , the k -th Rademac her random v ariable r

k

( t )

is de�ned on the in terv al [0 ; 1] b y r

k

( t ) = sig n

�

sin(2

k

� t )

�

. Th us, ( r

k

) are

indep enden t f� 1 ; 1 g {v alued functions and for ev ery k

jf t j r

k

( t ) = 1 gj = jf t j r

k

( t ) = � 1 gj =

1

2

;

where j j is the Leb esgue measure on [0 ; 1].

De�nition 1.3 A Banach sp ac e X has typ e p , if ther e is some C such that for

every x

1

; :::; x

n

2 X ,

(1 : 2) I E
















n

X

1

r

i

( t ) x

i
















� C

�

n

X

1

k x

i

k

p

�

1 =p

wher e r

i

( t ) ar e i.i.d. R ademacher r andom variables on [0 ; 1] . The b est c onstant

for which (1.2) holds is c al le d the p -typ e c onstant of X and denote d by T

p

( X ) .

The basic facts concerning the concept of t yp e ma y b e found, for example, in

[11 ] or in [12 ]. Clearly , for ev ery Banac h space (1.2) holds in the case p = 1

with T

1

( X ) = 1. If w e set

T ( X ) = sup f p j X has t yp e p g

4



then it follo ws that T ( X ) 2 [1 ; 2]. F or example, Hilb ert spaces and L

p

spaces

for 2 � p < 1 ha v e t yp e 2, th us, if X is a Hilb ert space or if X = L

p

for

2 � p < 1 then T ( X ) = 2 and the suprem um is attained. Also, one can sho w

that X has a non trivial t yp e (i.e. p > 1) if and only if X

�

has a non trivial t yp e.

De�nition 1.4 The Banach{Mazur distanc e b etwe en two isomorphic Banach

sp ac es X and Y , denote d by d ( X ; Y ) , is given by:

d ( X ; Y ) = inf fk T k







T

� 1







j T : X ! Y is an isomorphism from X to Y g

Clearly , if X , Y and Z are isomorphic then d ( X ; Y ) � d ( X ; Z ) d ( Y ; Z ).

W e sa y that an in�nite dimensional space X con tains `

n

p

� -uniformly , if for ev ery

n , X has an n {dimensional subspace X

n

suc h that d ( X

n

; `

n

p

) � (1 + � ). Note

that T ( X ) = 1 if and only if X con tains `

n

1

� -uniformly for ev ery � > 0 (see

[12 ]).

Theorem 1.5 F or every in�nite dimensional Banach sp ac e X , the fat shatter-

ing dimension V C

"

�

B ( X ) ; B ( X

�

)) is �nite if and only if T ( X ) > 1 . If T ( X ) = p

and if X has typ e p

0

, then for every " > 0 ,

�

2

"

�

p

p � 1

� 1 � V C

"

�

B ( X ) ; B ( X

�

)) � 2

�

2 T

p

0

( X )

"

�

p

0

p

0

� 1

+ 1 :

In p articular, if X has typ e p = T ( X ) then for every " > 0 ,

�

2

"

�

p

p � 1

� 1 � V C

"

�

B ( X ) ; B ( X

�

)) � 2

�

2 T

p

( X )

"

�

p

p � 1

+ 1 :

The idea of connecting V C

"

�

B ( X ) ; B ( X

�

)

�

with the t yp e of X �rst app eared

in [8 ], where it w as sho wn that if X has t yp e p , then V C

"

�

B ( X ) ; B ( X

�

)) =

O

�

"

� p= ( p � 1)

�

{ without an estimate on the constan t. Our pro of of the upp er

b ound is sligh tly simpler than the pro of in [8 ], and b ypasses a gap in the original

pro of.

Pro of: Let ( e

i

)

n

i =1

denote the standard basis in `

n

1

. W e claim that f e

1

; :::; e

n

g

is 2{shattered b y B ( `

n

1

�

). T o see this, let I � f 1 ; :::; n g and set y

�

I

2 ( `

n

1

)

�

b y

y

�

I

( e

i

) = 1 if i 2 I , and y

�

I

( e

j

) = � 1 if j 62 I . By the de�nition of the dual norm

k y

�

I

k = sup

P

n

1

j �

i

j =1

�

�

�

�

�

y

�

I

�

n

X

i =1

�

i

e

i

�

�

�

�

�

�

� sup

P

n

1

j �

i

j =1

n

X

i =1

�

i

j y

�

I

( e

i

) j � 1

implying that indeed f e

1

; :::; e

n

g is 2{shattered b y B ( `

n

1

�

).

Next, if T ( X ) = p > 1 then for ev ery � > 0 and ev ery in teger n , there is a

subspace X

n

� X suc h that dim X

n

= n and d ( `

n

p

; X

n

) � 1 + � (see [12 ]). Also,

recall that d ( `

n

1

; `

n

p

) = n

1 �

1

p

(see [14 ]), hence, d ( X

n

; `

n

1

) � (1 + � ) n

1 �

1

p

. Set T

n

:

`

n

1

! X

n

suc h that T

n

is an isomorphism, k T

n

k = 1 and







T

� 1

n







� (1 + � ) n

1 �

1

p

.
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W e will sho w that the set f x

1

; :::; x

n

g where x

i

= T

n

e

i

is 2(1 + � )

� 1

=n

p � 1

p

shattered b y B ( X

�

), implying that

V C

"

( B ( X ) ; B ( X

�

)) �

�

2

"

�

p

p � 1

� 1 :

Indeed, if I � f 1 ; :::; n g , put x

�

I

=

y

�

I

( T

� 1

n

)

(1+ � ) n

1 �

1

p

2 X

�

n

. Clearly , if i 2 I then

x

�

I

( x

i

) =

1

(1+ � ) n

1 �

1

p

and if j 62 I then x

�

I

( x

j

) =

� 1

(1+ � ) n

1 �

1

p

. Since k x

�

I

k

X

�

n

� 1,

then b y the Hahn-Banac h theorem x

�

I

ma y b e extended to an elemen t of B ( X

�

).

Our claim follo ws b y taking � to 0.

T urning to the rev erse inequalit y , if V C

"

�

B ( X ) ; B ( X

�

)) = m , set n = [ m= 2].

Th us, there exists a set f x

1

; :::x

2 n

g � B ( X ) whic h is " -shattered b y B ( X

�

),

implying that for ev ery I � f 1 ; :::; 2 n g there is some x

�

2 X

�

with k x

�

k � 1

suc h that for i 2 I , x

�

( x

i

) � a + "= 2 and for j 62 I , x

�

( x

j

) � a � "= 2. Set

A

I

= con v f x

i

j i 2 I g and B

I

= con v f x

j

j j 62 I g . Note that if y 2 A

I

and

z 2 B

I

, then writing y =

X

i 2 I

�

i

x

i

and z =

X

i 62 I

�

i

x

i

, w e ha v e

k z � y k � x

�

( y � z ) =

X

i 2 I

�

i

x

�

( x

i

) �

X

j 62 I

�

j

x

�

( x

j

) � a + "= 2 � a + "= 2 = ":

F or ev ery 1 � i � n , put y

i

= x

2 i

� x

2 i � 1

. If X has t yp e p

0

then b y the t yp e

estimate and since k y

i

k � 2, then

I E
















n

X

1

r

i

( t ) y

i
















� T

p

0

( X )

�

n

X

1

k y

i

k

p

0 �

1 =p

0

� 2 T

p

0

( X ) n

1 =p

0

:

Th us, for some c hoice of the n um b ers "

i

2 f +1 ; � 1 g w e ha v e k

P

n

1

"

i

y

i

k �

2 T

p

0

( X ) n

1 =p

0

. On the other hand, there exists a set J � f 1 ; :::; 2 n g suc h that

j J j = n and

P

n

i =1

"

i

y

i

=

P

j 2 J

x

j

�

P

j 62 J

x

j

. Hence,

1

n

X

j 2 J

x

j

2 A

J

and

1

n

X

j 62 J

x

j

2 B

J

, from whic h it follo ws that

1

n
















n

X

1

"

i

y

i
















� " . Therefore n" �

2 T

p

0

( X ) n

1 =p

0

, implying that

V C

"

�

B ( X ) ; B ( X

�

)

�

� 2 n + 1 � 2

 

2 T

p

0

( X )

"

!

p

0

p

0

� 1

+ 1 :

Finally , recall that if T ( X ) = 1 then X con tains `

n

1

� -uniformly for ev ery

� > 0. Fix � > 0 and let T

n

: `

n

1

! X suc h that T

n

is an isomorphism,

k T

n

k = 1 and







T

� 1

n







� 1 + � . Since the standard basis in `

n

1

is 2{shattered,

then b y the same argumen t as ab o v e, the set f T

n

e

1

; :::; T

n

e

n

g is

1

1+ �

{shattered

in X b y F = B ( X

�

). Hence, for ev ery " < 2, V C

"

�

B ( X ) ; B ( X

�

)

�

= 1 .

�

6



Note that X ma y not ha v e t yp e p for p = T ( X ), but do es ha v e t yp e p

0

for

ev ery 1 � p

0

< T ( X ). Since in the pro of of the upp er b ound one uses (1.2),

then in the general case this b ound can b e established only for p

0

< T ( X ).

Corollary 1.6 If X is an in�nite dimensional Hilb ert sp ac e then

4

"

2

� 1 � V C

"

�

B ( X ) ; B ( X

�

)

�

= C O V C

"

�

B ( X ) ; B ( X

�

)

�

�

8

"

2

+ 1 :

The pro of of Corollary 1.6 follo ws since a Hilb ert space is re
exiv e, implying

that

V C

"

�

B ( X ) ; B ( X

�

)

�

= C O V C

"

�

B ( X ) ; B ( X

�

)

�

:

Also, note that X has t yp e 2 with T

2

( X ) = 1. Hence, our claim follo ws b y

Theorem 1.5.

Corollary 1.7 If X is an in�nite dimensional Banach sp ac e and T ( X ) 6=

T ( X

�

) then V C

"

( B ( X ) ; B ( X

�

)) and C O V C

"

( B ( X ) ; B ( X

�

)) ar e not of the same

or der of magnitude.

Before pro ving this Corollary , w e need t w o preliminary results. First, note that

b y linearit y , for ev ery Banac h space X and ev ery r

1

; r

2

> 0,

V C

"

�

r

1

B ( X ) ; r

2

B ( X

�

)

�

= V C

"=r

1

r

2

�

B ( X ) ; B ( X

�

)

�

;

and

C O V C

"

�

r

1

B ( X ) ; r

2

B ( X

�

)

�

= C O V C

"=r

1

r

2

�

B ( X ) ; B ( X

�

)

�

:

Second, is a classical result from Banac h space theory , whic h is called the prin-

ciple of lo c al r e
exivity (see [9 ]).

Lemma 1.8 L et X b e a Banach sp ac e, which is identi�e d with its c anonic al

image in X

��

. F or every �nite dimensional subsp ac es G � X

��

and F � X

�

and every � > 0 , ther e is a map T : G ! X such that

1. F or every x

��

2 G \ X , T x

��

= x

��

.

2. F or every x

��

2 G , (1 � � ) k x

��

k � k T x

��

k � (1 + � ) k x

��

k .

3. F or every x

�

2 F and every x

��

2 G , x

�

( T x

��

) = x

��

( x

�

) .

Pro of of Corollary 1.7: W e will sho w that for ev ery " > 0,

C O V C

"

�

B ( X ) ; B ( X

�

)

�

� V C

"

�

B ( X

�

) ; B ( X

��

)

�

�

� lim inf

a ! 0

+

C O V C

" � a

�

B ( X ) ; B ( X

�

)

�

+ 1 :

Since X is isometrically em b edded in X

��

, then for ev ery " > 0,

C O V C

"

�

B ( X ) ; B ( X

�

)

�

� V C

"

�

B ( X

�

) ; B ( X

��

)

�

:

T o pro v e the rev erse inequalit y , set " > 0 and let f x

�

1

; :::; x

�

n

g � B ( X

�

) b e

" -shattered b y B ( X

��

). Th us, for ev ery I � f 1 ; :::; n g there is a \shattering"

7



functional x

��

I

2 B ( X

��

). Let G = span

�

x

��

I

j I � f 1 ; :::; n g

	

and set F =

span f x

�

1

; :::; x

�

n

g . F or ev ery � > 0 let T : G ! X b e as in Lemma 1.8. Hence,

f x

�

1

; :::; x

�

n

g are " -shattered b y the set f T x

��

I

g � (1 + � ) B ( X ). Therefore,

V C

"

�

B ( X

�

) ; B ( X

��

)

�

� C O V C

"

�

(1 + � ) B ( X ) ; B ( X

�

)

�

�

� C O V C

"= (1+ � )

�

B ( X ) ; B ( X

�

)

�

:

Our assertion follo ws b y taking � ! 0.

Finally , b y Theorem 1.5 and since T ( X ) 6= T ( X

�

), V C

"

�

B ( X ) ; B ( X

�

)

�

and

C O V C

"

�

B ( X ) ; B ( X

�

)

�

are not of the same order of magnitude.

�

Theorem 1.9 L et 
 b e a c omp act subset of I R

d

and supp ose that X is a Banach

sp ac e whose elements ar e Bor el me asur able functions on 
 . Assume that for

every ! 2 
 the evaluation functional �

!

( f ) = f ( ! ) is c ontinuous and that

sup

! 2 


k �

!

k � M < 1 . Assume further that X

�

has typ e p > 1 . Then

V C

"

(
 ; F ) � 2

 

2 M T

p

( X

�

)

"

!

p

p � 1

+ 1

for every F � B ( X ) .

Pro of: Let us �x some F � B ( X ). Note that F is isometrically em b edded in to

B ( X

��

) using the dualit y mapping f ! f

��

de�ned b y f

��

( f

�

) = f

�

( f ). Denote

the image of F in B ( X

��

) b y F

��

. Clearly f ( ! ) = f

��

( �

!

) for ev ery ! 2 
 and

f 2 F . Hence, if f !

1

; :::; !

n

g is " {shattered b y F then the set f �

!

1

; :::; �

!

n

g is

" {shattered b y F

��

. Since sup

!

k �

!

k � M then

V C

"

(
 ; F ) � V C

"

�

M B ( X

�

) ; F

��

�

� V C

"

�

M B ( X

�

) ; B ( X

��

)

�

=

= V C

"= M

�

B ( X

�

) ; B ( X

��

)

�

� 2

 

2 M T

p

( X

�

)

"

!

p

p � 1

+ 1 ;

where the last inequalit y follo ws from the upp er b ound in Theorem 1.5.

�

2 Hilb ert spaces with repro ducing Kernels and

Learning Pro cedures

W e b egin this section with the de�nition of le arnability . F or ev ery in teger n ,

let S

n

b e the set of all the samples f !

1

; :::; !

n

g , f f ( !

1

) ; :::f ( !

n

) g of length n ,

where !

i

2 
 and f 2 F . A le arning pr o c e dur e is a mapping A whic h assigns a

function in F , denoted b y A

S

, to eac h sample S 2

S

n

S

n

.

Our goal in a learning pro cess is to appro ximate an unkno wn function f 2 F

with resp ect to the L

2

( � ) norm. Recall that w e denote b y I E

�

the exp ectation

8



with resp ect to � . Th us, b y the de�nition of the L

2

( � ) norm, w e need to �nd

a sequence ( g

n

) for whic h k f � g

n

k

2

L

2

( � )

= I E

�

( f � g

n

)

2

! 0. The functions

( g

n

) will b e determined b y the samples f !

1

; :::; !

n

g , f f ( !

1

) ; :::; f ( !

n

) g selected

according to the measure � . Hence, a learning pro cess is useful if it can �nd

(with high probabilit y with resp ect to the induced measure on the samples) an

\almost" minimizer to I E

�

( f � h )

2

using data deriv ed from the samples. Ha ving

this in mind, for ev ery h 2 F , let L

h

= ( h ( x ) � f ( x ))

2

b e the loss function

asso ciated with h 2 F . Giv en a Borel probabilit y measure � on 
, denote b y

P r the pro duct measure �

1

, on the pro duct space S = 


1

.

De�nition 2.1 We say that F is le arnable if ther e is a le arning pr o c e dur e A

such that for every " > 0

lim

n !1

sup

�

P r f I E

�

( L

A

S

n

) > " g = 0 :

Note that if a class is learnable then it is p ossible to appro ximate its mem b ers

b y a sequence ( g

n

) � F . W e will b e equally in terested in cases where the

appro ximating sequence ( g

n

) is not necessarily con tained in F .

One of the main goals of this section is to in tro duce an appro ximating pro-

cedure whic h, for ev ery giv en sample, pro duces an elemen t of X whic h appro x-

imates f on the sample. This learning pro cedure is based on the prop erties of

Hilb ert spaces with repro ducing k ernels. The setup w e fo cus on is as follo ws:

put 
 to b e a compact subset of I R

d

and let X b e a Hilb ert space whic h consists

of Borel functions on 
 with resp ect to an inner pro duct denoted b y




� ; �

�

.

Assume further that the ev aluation functionals �

!

are con tin uous and uniformly

b ounded, i.e., that there is some M suc h that sup

!

k �

!

k � M .

By the Riesz represen tation theorem, for ev ery ! 2 
 there is W

!

2 X suc h

that k W

!

k = k �

!

k and for ev ery f 2 X ,




f ; W

!

�

= f ( ! ).

De�nition 2.2 A Hilb ert sp ac e X which c onsists of functions on 
 is said to

have a r epr o ducing kernel K : 
 � 
 ! I R if for every ! 2 
 and f 2 X ,




K ( ! ; t ) ; f ( t )

�

= f ( ! ) .

Note that b y the uniqueness of the represen tation in Riesz's theorem and since

f ( ! ) =




K ( ! ; � ) ; f ( � )

�

=




W

!

( � ) ; f ( � )

�

it follo ws that K ( ! ; � ) = W

!

( � ).

F or examples of Hilb ert spaces in whic h the repro ducing k ernel has an ex-

plicit represen tation, w e refer the reader to [13]. One w ell kno wn example of a

Hilb ert space with a repro ducing k ernel is the follo wing:

Example { Sob olev Spaces: Let 
 b e a compact subset of I R

d

. Giv en a

smo oth function f : 
 ! I R and a m ultiindex � , denote b y D

�

f the w eak

deriv ativ e of f with resp ect to � . Let W

k ; 2

0

(
) b e the space of all the functions

suc h that for ev ery m ulti index � , with j � j = k , D

�

f 2 L

2

(
) and f v anishes

on @ 
. (see [7 ] for the basic facts regarding Sob olev spaces, or [1] for a more

detailed surv ey).
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There are t w o equiv alen t norms on this space:

(2 : 1) k f k

2

=

X

j � j = k

k D

�

f k

2

L

2

and

(2 : 2) k f k

2

=

X

j � j� k

k D

�

f k

2

L

2

:

Under b oth these norms, W

k ; 2

0

is a separable Hilb ert space with the inner pro d-

uct




f ; g

�

=

X

j � j = k




D

�

f ; D

�

g

�

L

2

(
)

whic h induces (2.1), and




f ; g

�

=

X

j � j� k




D

�

f ; D

�

g

�

L

2

(
)

whic h induces (2.2). By the Sob olev inequalities ([1], [7]) it follo ws that if k >

d

2

then X is a closed subspace of C (
). In particular, the ev aluation functionals

�

!

are con tin uous functionals and uniformly b ounded.

In man y cases one can �nd an explicit represen tation for the repro ducing

k ernel. F or example, let X = W

1 ; 2

0

[0 ; 1]. It can b e sho wn that X is the space of

the absolutely con tin uous functions on [0 ; 1] suc h that f (0) = f (1) = 0. Also,

X is con tin uously em b edded in C (0 ; 1) and its repro ducing k ernel with resp ect

to the norm (2 : 2) is

K ( x; y ) =

(

1

2( e

2

� 1)

( e

x

+ e

� x

)( e

y

+ e

2 � y

) if 0 � x � y ;

1

2( e

2

� 1)

( e

y

+ e

� y

)( e

x

+ e

2 � x

) if y � x � 1 :

In the general case, ev en when one do es not ha v e an explicit represen tation for

the repro ducing k ernel, one can appro ximate it using the follo wing computation.

Let ( u

n

) b e a complete orthonormal basis of X , then

f ( ! ) =




K ( ! ; � ) ; f ( � )

�

=

1

X

n =1




f ; u

n

� 


K ( ! ; � ) ; u

n

( � )

�

=

1

X

n =1




f ; u

n

�

u

n

( ! ) :

Therefore, for f = K ( � ; !

2

) and since K is symmetric,

K ( !

1

; !

2

) =

1

X

n =1

u

n

( !

1

) u

n

( !

2

) :

Hence, for ev ery !

1

, !

2

(2 : 3)




W

!

1

; W

!

2

�

=

1

X

n =1

u

n

( !

1

) u

n

( !

2

) :
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Recall that for ev ery Borel probabilit y measure � on 
, P r is the pro duct

measure �

1

on the pro duct space S = 


1

. If ~! 2 S , let �

m

b e the empirical

measure supp orted on the �rst m co ordinates of ~! . F or f : 
 ! I R, I E

�

m

( f )

denotes the empirical mean of f , i.e.,

I E

�

m

( f ) =

1

m

m

X

i =1

f ( !

i

) :

De�nition 2.3 A class of functions F satis�es the " uniform Glivenko{Cantel li

c ondition on 
 if

lim

n !1

sup

�

P r

n

sup

m � n

sup

f 2F

j I E

�

m

( f ) � I E

�

( f ) j � "

o

= 0 :

T o a v oid the measurabilit y problems that migh t b e caused b y the suprem um,

one usually uses an outer measure in the de�nition of a uniform Gliv enk o{

Can telli class (see [6]). Actually , only a rather w eak assumption (called \image

admissibilit y Suslin") is needed to a v oid the ab o v e men tioned measurabilit y

problem. (see [5 ] for more details).

It w as sho wn in [2 ] that a class of b ounded functions F is " uniform Gliv enk o{

Can telli for ev ery " > 0 if and only if V C

"

(
 ; F ) is �nite for ev ery " > 0. Also,

b y [3], if for some � > 0, k = P

(1 = 4 � � ) "

is �nite, then

P r

�

sup

f 2F

j I E

�

n

( f ) � I E

�

( f ) j � "

	

� �

for

(2 : 4) n = O

�

1

"

2

�

k log

2

1

"

+ log

1

�

��

:

Theorem 2.4 L et 
 � I R

d

b e a c omp act set, and let X b e a Hilb ert sp ac e of

Bor el functions on 
 such that the evaluation functionals ar e uniformly b ounde d.

Then F = B ( X ) is le arnable as a class of functions on 
 .

Pro of: First, note that b y Theorem 1.9 F is " uniform Gliv enk o{Can telli for

ev ery " > 0. Fix f 2 F and a sample f !

1

; :::; !

m

g ; f f ( !

1

) ; :::; f ( !

m

) g . By re-

ordering the sample, select f !

1

; :::; !

n

g suc h that W

i

� W

!

i

are indep enden t as

elemen ts of X and span the set f W

i

j 1 � i � m g . Let E

n

= span f W

1

; :::; W

n

g �

X and note that E

n

is a closed subspace of a Hilb ert space, implying that it is

also a Hilb ert space and is isometric to its dual. De�ne a functional e

�

on E

n

b y e

�

( W

i

) = f ( !

i

). Therefore, there are �

1

; :::; �

n

suc h that for ev ery x 2 E

n

,

e

�

( x ) =




P

n

i =1

�

i

W

i

; x

�

. Th us, for ev ery 1 � j � m

(2 : 5) f ( !

j

) = e

�

( W

j

) =

n

X

i =1

�

i




W

i

; W

j

�

:

This line ar equation system in the v ariables ( �

1

; :::; �

n

) has a unique solution.

Moreo v er, if ( �

1

; :::; �

n

) is the solution then

P

n

i =1

�

i

W

i

2 B ( X ). Indeed,
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let P

E

n

: X ! E

n

b e an orthogonal pro jection. Th us, if E

?

n

is the ortho{

complemen t of E

n

, then f = P

E

n

f + P

E

?

n

f . If g = P

E

n

f , then k g k � k f k � 1

and for ev ery 1 � i � m ,

g ( !

i

) =




P

E

n

f ; W

i

�

=




P

E

n

f + P

E

?

n

f ; W

i

�

=




f ; W

i

�

= f ( !

i

) :

The fact that this solution is unique follo ws since the matrix A = (




W

i

; W

j

�

) is

the matrix represen tation of the bilinear form on E

n

� E

n

giv en b y D ( x; y ) =




x; y

�

with resp ect to the basis f W

1

; :::; W

n

g . Since D is p ositiv e de�nite then

A is in v ertible, and the uniqueness follo ws.

Set g

n

to b e the solution of (2.5). W e will sho w that ( g

n

) appro ximates f in

the appropriate sense.

F or an y h 2 F , let L

h

: 
 ! I R

+

b e the loss function asso ciated with h ,

i.e., L

h

( x ) =

�

h ( x ) � f ( x )

�

2

. It is easy to see (e.g., [2]) that if F is a class

of uniformly b ounded functions whic h is " uniform Gliv enk o{Can telli for ev ery

" > 0, then G = fL

h

j h 2 B ( X ) g also satis�es the uniform Gliv enk o{Can telli

condition for ev ery " > 0.

Giv en a probabilit y measure �

n

on 
, denote b y I E

�

n

( L

h

) the empirical loss

giv en b y

I E

�

n

( L

h

) =

1

n

n

X

i =1

�

h ( !

i

) � f ( !

i

)

�

2

:

Since G is uniform Gliv enk o{Can telli, then for ev ery " > 0 and ev ery � > 0 there

is some N suc h that

P r f sup

n>N

sup

h 2F

j I E

�

n

( L

h

) � I E

�

( L

h

) j � " g � �

for ev ery probabilit y measure � on 
. Since g

n

solv es (2.5), then for ev ery

1 � i � n , g

n

( !

i

) = f ( !

i

). Th us, I E

�

n

( L

g

n

) = 0, implying that for ev ery � ,

P r f sup

n>N

I E

�

( L

g

n

) � " g � � :

Hence, lim

n !1

sup

�

P r f I E

�

( g

n

� f )

2

� " g = 0, as required.

�

Corollary 2.5 L et X b e as in The or em 2.4, and assume that F � X such that

ther e is some M for which sup

f 2F

k f k � M . Then, if f 2 F , ther e is a map

A : S ! X such that

lim

N !1

sup

�

P r f sup

n>N

I E

�

( A

S

n

� f )

2

� " g = 0

wher e S = 


1

and S

n

= S

n

( f ; � ) ar e samples of f of length n dr awn indep en-

dently ac c or ding to � .

The di�erence b et w een this Corollary and Theorem 2.4 is that here w e do not

imp ose that the appro ximating functions A

S

n

b elong to F .
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In this learning pro cess w e use a mec hanism similar to the w ell kno wn Sup-

p ort V ector Mac hine ([16]): �rst, w e em b ed the sample in a high dimensional

space and then w e pro duce an appro ximating functional. In this case, since

the sample is not Bo olean, the functional pro duced is not a separating func-

tional. Rather, it agrees with the unkno wn function on the sample. Since in

this case the ev aluation functionals are uniformly b ounded, all the samples ma y

b e em b edded in the dual of X .

Our pro cedure is easier than the Supp ort V ector Mac hine since solving (2 : 5)

and �nding the desired g

n

is obtained in t w o simple steps:

1) T o calculate the co e�cien ts in (2 : 5) whic h are




W

!

i

; W

!

j

�

, one can either

use the repro ducing k ernel (since




W

x

; W

y

�

= K ( x; y )), or, if one do es not

ha v e an explicit form ula for K ( x; y ), one ma y use the fact that




W

x

; W

y

�

=

P

1

n =1

u

n

( x ) u

n

( y ), where ( u

n

) is a complete orthonormal basis of X .

2) Once the co e�cien ts are disco v ered, one needs to solv e the line ar equation

system (2.5). The solution is unique, and automatically satis�es the norm con-

strain t.

This pro cedure is m uc h simpler than the quadratic programming minimization

problem needed in the Supp ort V ector Mac hine pro cedure. The computational

price is paid in cases where one do es not ha v e an explicit form ula for the repro-

ducing k ernel.

Note that w e use the fact that the samples are not Bo olean. F or a Bo olean

sample, (2.5) b ecomes a system of inequalities, for whic h there ma y b e man y

solutions, and one has to �nd a solution whic h satis�es the norm constrain t. This

problem requires quadratic programming, hence giv es no adv an tage compared

to the SVM.

One ma y b e tempted to think of an ev en simpler learning pro cedure, whic h is

to de�ne the appro ximating functions ( g

n

) as a linear in terp olation of the giv en

sample. App ealing as it is, this metho d will not b e useful since suc h functions

g

n

ma y not b elong to X . Ev en if ( g

n

) � X , one do es not ha v e an a{priori b ound

on k g

n

k , without whic h the pro of that g

n

tends to f is no longer true.

Thanks to the estimate for V C

"

(
 ; F ), w e can estimate the sample complexit y

in the Hilb ert space setup. T o that end, w e shall mak e an additional assumption

on the structure of our space. W e imp ose that the family of functions ( B ( X ) �

B ( X ))

2

= f ( f � h )

2

j f ; h 2 B ( X ) g is norm b ounded in X (i.e., there is some

M suc h that sup

f ;g 2 B ( X )







( f � g )

2







� M ). By Theorem 1.9 it follo ws that

V C

"

�


 ; ( B ( X ) � B ( X ))

2

�

= O (1 ="

2

).

In man y cases this assumption is satis�ed automatically . F or example, let

X = W

1 ; 2

0

( a; b ) and note that b y the Sob olev inequalit y , there is some constan t

C > 0 suc h that for ev ery f 2 B ( X ), k f k

1

� C , hence







( f � h )

2







2

= 4

Z

b

a

( f ( t ) � h ( t ))

2

( f

0

( t ) � h

0

( t ))

2

dt � C

0

k f � h k

2

� C

00

:

Corollary 2.6 L et X and F b e as in The or em 2.4. Assume that ( B ( X ) �
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B ( X ))

2

is norm b ounde d in X . Then, P r

�

I E

�

( f � g

n

)

2

� "

	

� � for

n = O

�

1

"

2

�

1

"

3

log

2

1

"

+ log

1

�

�

�

:

Pro of: Since the ev aluation functionals on X are uniformly b ounded, then

sup

! 2 


j f ( w ) j = sup

w 2 


j �

!

( f ) j � sup

!

k �

!

k k f k . Hence a norm b ounded class of func-

tions F � X consists of functions with a uniformly b ounded range. Th us,

as in (1.1), P




(
 ; F ) � C

V C




(
 ; F )




. W e ma y assume that F � B ( X ) and put

G = fL

h

j h 2 B ( X ) g . Since G is norm b ounded in X then V C

"

(
 ; G ) = O (1 ="

2

).

Therefore, b e setting � = 1 = 8 and applying (2.4), it follo ws that for ev ery prob-

abilit y measure � on 
,

P r f sup

h 2G

j I E

�

n

( L

h

) � I E

�

( L

h

) j � " g � �

for

n = O

�

1

"

2

�

1

"

3

log

2

1

"

+ log

1

�

�

�

:

The corollary follo ws since I E

�

n

( L

g

n

) = 0.

�

Remark 1 Her e, the assumption that

�

( B ( X ) � B ( X )

�

2

is b ounde d is use d to

b ound the fat shattering dimension of G . A n alternative appr o ach is to estimate

the c overing numb ers of G in L

1

( �

n

) , and thus to pr ovide c omplexity estimates

(se e [2 ] for further details). This appr o ach yields the same c omplexity estimate

without assuming that

�

B ( X ) � B ( X )

�

2

is norm b ounde d.

3 Concluding Remarks

In this �nal section w e discuss an alternativ e approac h to the problem of estimat-

ing the fat shattering dimension of a class F . A p ossible source of information

regarding the fat shattering dimension ma y b e deriv ed once w e kno w that F is

a compact subset of C (
). It is tempting to think that in our setup (Banac h

spaces in whic h the ev aluation functionals are uniformly b ounded) F is com-

pactly em b edded in C (
), since this is the case in all the \classical" spaces,

for example, Sob olev spaces or Bergman spaces (see [13 ]). Therefore, a v alid

question migh t ha v e b een whether the estimate sho wn in section 1 using a \soft"

approac h ma y b e impro v ed using a more direct metho d.

First, w e will describ e the alternativ e and more direct metho d men tioned

ab o v e. Then, w e shall giv e t w o examples: in the �rst one the estimates obtained

using the t w o approac hes coincide, while in the second one, the soft approac h

yields a b etter b ound. Finally , w e will construct a Hilb ert space of con tin uous

functions on [0 ; 1] in whic h the ev aluation functionals are b ounded b y 1, but its

unit ball is not a compact subset of C (0 ; 1). Hence, the direct approac h do es

not apply to this case.

14



Assume that F is a compact subset of C (
) where 
 is the unit ball of I R

d

and put

osc

F

( � ) = sup

f 2F

sup

k x � y k � �

j f ( x ) � f ( y ) j :

A standard compactness argumen t sho ws that lim

� ! 0

osc

F

( � ) = 0, whic h ensures

the existence of an upp er b ound on osc

F

( � ).

Let f !

1

; :::; !

n

g b e " {shattered in 
, and set r = min

i 6= j

k !

i

� !

j

k . Th us, there

are x; y 2 
 and f 2 F suc h that k x � y k = r and j f ( x ) � f ( y ) j � " , implying

that osc

F

( r ) � " .

On the other hand, for i 6= j , B ( !

i

; r = 2) and B ( !

j

; r = 2) are disjoin t, and

(1 +

r

2

)
 �

n

[

i =1

B ( !

i

;

r

2

) :

By a v olume estimate, (1 + r = 2)

d

� n ( r = 2)

d

. Therefore,

n �

�

1 +

2

r

�

d

:

T o see ho w the t w o estimates com bine when one has an upp er estimate for

osc

F

, consider for example, 
 = [0 ; 1] and X = W

1 ; 2

0

(
). Note that there is

some constan t C > 0 suc h that for ev ery f 2 X ,

j f ( x ) � f ( y ) j � C k f k j x � y j

1 = 2

(see [1], pg 110). Hence, if F � B ( X ) and f !

1

; :::; !

n

g is " {shattered, then

" � osc

F

( r ) � C

p

r . Th us, b y the v olume estimate, n � O (1 =" )

2

, whic h is the

same as the estimate established in Theorem 1.9.

T urning to the second example, let X = W

1 ;p

0

(
) whic h is the closure of

C

1

0

(
) = f f j D f is con tin uous and f ( @ 
) = 0 g with resp ect to the norm

k f k =

�

Z




d

X

i =1

�

�

�

�

@ f

@ x

i

�

�

�

�

p

�

1

p

:

Th us, X is a Banac h space whic h is isometrically em b edded in L

p

. Moreo v er,

b y the Morrey em b edding theorem ([1], [7]), if p > d there is some constan t

C = C ( p; d ) suc h that

osc

F

( � ) � C �

�

1 �

d

p

�

sup

f 2F

k f k :

Therefore, b y the same argumen t presen ted ab o v e,

V C

"

(
 ; F ) � C ( p; d )

�

1

"

�

pd

p � d

:

F or example, if d � 2 and p > d then this estimate is m uc h w orse than the

estimate obtained in Theorem 1.9. Indeed, for p > 2, W

1 ;p

0

has t yp e 2 as a

subspace of L

p

, hence V C

"

(
 ; F ) = O (1 ="

2

).
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Finally , w e construct a Hilb ert space of con tin uous functions on [0 ; 1] whic h

is not compactly em b edded in C (0 ; 1), y et the ev aluation functionals are all

b ounded b y 1. Let ( A

n

) b e disjoin t in terv als on [0 ; 1]. F or ev ery n , set f

n

to b e

supp orted on A

n

= [ a

n

; b

n

], suc h that f

n

is the piecewise{linear in terp olation

of f

n

( a

n

) = f

n

( b

n

) = 0 and f

n

(

a

n

+ b

n

2

) = 1. Put

X =

�

1

X

n =1

�

n

f

n

j

1

X

n =1

�

2

n

< 1

	

with
















1

X

n =1

�

n

f

n
















=

�

n

X

i =1

�

2

n

�

1 = 2

. It is easy to see that X is a Hilb ert space

consisting of con tin uous functions on [0 ; 1]. Also, for ev ery x 2 [0 ; 1] and ev ery

f 2 X ,

j �

x

( f ) j = j f ( x ) j � max

n

j �

n

j �

�

1

X

n =1

�

2

n

�

1 = 2

= k f k :

Hence, the ev aluation functionals are uniformly b ounded b y 1. On the other

hand, ( f

n

) in not a compact set in C (0 ; 1) since k f

n

� f

m

k

1

= 1.

Th us, the \soft" approac h ma y succeed in cases where the direct one fails.

Ho w ev er, w e do not rule out the p ossibilit y that if one imp oses strict conditions

on F , the direct metho d ma y yield a b etter b ound than the b ound established

in Theorem 1.9.
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