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Abstract

We present a simple argument that proves that under mild geomet-
ric assumptions on the class F and the set of target functions T , the
empirical minimization algorithm can not yield a uniform error rate
that is faster than 1/

√
k in the function learning set-up. This result

holds for various loss functionals and the target functions from T that
cause the slow uniform error rate are clearly exhibited.

1 Introduction

The aim of this note is to present a relatively simple proof of a lower bound
on the error rate of the empirical minimization algorithm in function learning
problems.

Let us describe the question at hand. Let F be a class of functions
on the probability space (Ω, µ) and consider an unknown target function T
that one wishes to approximate in the following sense. The learner is given a
random sample (Xi)

k
i=1, (T (Xi))

k
i=1, where X1, ..., Xk are independent points

selected according to (the unknown) probability measure µ. The goal of the
learner is to use this data to find a function f ∈ F that approximates T
with respect to some loss-function `. In other words, to find f ∈ F such
that the expected loss E`(f(X), T (X)) is close to the best possible in the
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class. A typical choice of a loss function ` is the squared loss |x − y|2, or
more generally, the p-loss |x−y|p for 1 ≤ p < ∞. There are, of course, many
other choices of ` that are used.

The function learning problem has a more general counterpart, the ag-
nostic learning problem, in which the unknown target function T is replaced
by a random variable Y . The data received by the learner is an i.i.d sample
(Xi, Yi)

k
i=1 given according to the joint probability distribution of X and Y .

Again, the goal is to find some f ∈ F for which E`(f(X), Y ) is as small as
possible.

An algorithm frequently used in such prediction problems is empirical
minimization. For every sample, the algorithm produces a function f̂ ∈ F
that minimizes the empirical loss

∑k
i=1 ` (f(Xi), T (Xi)) (

∑k
i=1 ` (f(Xi), Yi)

in the agnostic case). The hope is to obtain a high probability estimate on
the way the risk of f̂ , defined as the conditional expectation

E
(
`(f̂ , T )|X1, ..., Xk

)
− inf

f∈F
E`(f, T ),

decreases as a function of the sample size k. The expectation of this quantity
is usually called the error rate of the problem and measures “how far” the
algorithm is from choosing the best function in the class.

If E`(T, ·) has a unique minimizer in F , which we denote by f∗, one can
define the excess loss L(f) = `(f, T )− `(f∗, T ). Then the excess loss (risk)
of the empirical minimizer is

E
(
L(f̂)|X1, ..., Xk

)
.

There are numerous results on the performance of the empirical min-
imization algorithm but we shall not present any sort of survey of those
results here. Roughly speaking, it turns out that the “richness” of the func-
tion class F as captured by the empirical process indexed by it, determines
how well the empirical minimization behaves in the two learning problems
we mentioned above. And, in order to obtain an error rate that tends to 0
asymptotically faster than 1/

√
k, not only does the class have to be small,

but additional information on the loss is needed; for example, a Bernstein
type condition, that for every f ∈ F ,

EL2(f) ≤ c (EL(f))β (1.1)

for some constants c and 0 < β ≤ 1, would do.
For more details on richness parameters of classes and the way in which

those, combined with conditions similar to (1.1) govern the error rate, we
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refer the reader to [16, 2, 3] and to the surveys [7, 1, 20, 5, 14, 17, 4]. For
general facts concerning empirical processes see, for example, [21, 9].

Our main interest is in a lower bound on the performance of the empirical
minimization algorithm in function learning problems. There are many lower
bounds that are independent of the algorithm used (see, for example [12]
and references therein), but usually, these lower bounds deal with specific
classes and are very different in nature from what we have in mind. The
starting point of our discussion is the surprising result established in [15]: a
lower bound on the performance of any learning algorithm in the agnostic
case.

To formulate this result we need the following definitions. We say
that A is a learning algorithm if for every integer k and any sample s =
(Xi, T (Xi))k

i=1 (resp. (Xi, Yi)k
i=1 in the agnostic case) it assigns a function

As ∈ F . For a random variable Y we denote by ν the joint probability
measure endowed by (X, Y ).

Theorem 1.1 [15] Let F ⊂ L2(µ) be a compact class of functions bounded
by 1 and set `(x, y) = (x − y)2. Assume that there is a random variable Y
bounded by β for which E(f(X) − Y )2 has more than a unique minimizer
in F . Then, there are constants c and k0 depending only on F , β and µ
for which the following holds. If A is a learning algorithm and Y = {Y :
‖Y ‖∞ ≤ β} then for every k ≥ k0,

sup
Y

(
E

(
E

(
`(Â, Y )|sk

))
− inf

f∈F
E`(f, Y )

)
≥ c√

k
,

where the supremum is with respect to all random variables Y taking values
in Y, sk = (Xi, Yi)k

i=1 is an i.i.d sample according to the joint distribution
of (X, Y ) and Â = Ask

.

In other words, there will be a range [−β, β] for which no matter what
learning algorithm is chosen by the learner to approximate targets taking
values in that range, the best uniform error rate it can guarantee with respect
to all these targets can not be asymptotically better than 1/

√
k.

It is important to mention that this is not the exact formulation of the
result from [15]. In the original formulation, it was assumed that F is
compact and nonconvex. A part of the proof was to show that under these
assumptions there is some β and a random variable Y bounded by β for
which E(f(X) − Y )2 has multiple minimizers in F , in the following sense:
there are f1, f2 ∈ F such that (f1(X) − Y )2 6= (f2(X) − Y )2 on a set of
positive measure and f1, f2 minimizer E(f(X)− Y )2 in F .
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Unfortunately, as will be explained in Section 3.2, the proof of that part
of the claim from [15] is incorrect and the actual result proved there is
Theorem 1.1.

The surprising point in Theorem 1.1 is that the lower bound of 1/
√

k does
not depend on the richness of the class. The slow rate is the best possible
uniform rate regardless of how “statistically small” the class F is. Somehow,
the bad geometry of F is the reason for the slow rate and understanding the
geometric reasons causing the bad rates is one of our goals.

A rather delicate point in Theorem 1.1 is that it does not imply that
there is a single random variable Y taking values in Y for which the error
rate is bounded from below by c/

√
k. What it does say is that for any fixed

algorithm and any integer k ≥ k0 there will be some random variable Y -
depending on F , µ, k and the chosen algorithm, on which the algorithm per-
forms poorly after being given k data points – but even for a fixed algorithm
the “bad target” Y might change with k.

Since the proof in [15] is based on a “probabilistic method” type of
construction it is indirect. For each k, the fact that a “bad” Yk exists is
exhibited (based on the existence of a target Y with multiple minimizers),
but what Yk is and how it is related to the geometry of F is not revealed by
the proof. Of course, this is the best that could be expected in such a general
solution since the algorithm used is not specified and can be arbitrary. The
proof also uses the fact that one is allowed to select an arbitrary random
variable Y as a target rather than a fixed target function T (X). Thus,
the “agnostic” argument from [15] does not extend to the function learning
setup.

We present a simple argument that proves the same lower bound in the
function learning scenario for the empirical minimization algorithm. The
argument requires minor assumptions on the loss functional, rather than
assuming that ` is the squared loss. Moreover, it enables one to pin-point
a “bad” target for every sample size k. Our feeling is that this proof sheds
some light on the reasons why the bad geometry of F leads to poor statistical
properties.

Our starting point is similar to [15] (though the proofs take very different
paths). Assume that E is a reasonable normed space of functions on (Ω, µ)
with a norm than is naturally connected to the loss (for example, the p-loss
is connected to the Lp norm). Assume further that F ⊂ E is “small” in an
appropriate sense and that T has more than a unique best approximation
in F . Fix one such best approximation f∗ ∈ F . We will show that for every
k ≥ k0 and λ ∼ 1/

√
k, the function (1−λ)T +λf∗ is a “bad” target function
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for a typical k-sample, that is, for every k ≥ k0

EX1,...,Xk

(
E

(
`(f̂ , Tλk

)|X1, ..., Xk

)
− inf

f∈F
E`(f, Tλk

)
)
≥ c√

k
,

where f̂ is the empirical minimizer and c is a constant that depends only on
F , ` and properties of the space E.

A corollary of this general result is Theorem 1.2 formulated below. Recall
that µ-Donsker classes are sets F ⊂ L2(µ) that satisfy some kind of a uniform
Central Limit Theorem (see [9, 21] for detailed surveys on this topic).

Let E be a normed space of functions on (Ω, µ) and let N(F, E) be the
set of functions in E that have more than a unique best approximation in
F .

Theorem 1.2 Let 2 ≤ p < ∞ and set E = Lp(µ). Assume that F ⊂ E
is a µ-Donsker class of functions bounded by 1, let R > 0 and assume that
T ⊂ E∩BL∞(0, R) is convex and contains F . If ` is the p-loss function and
T ∩N(F, E) 6= ∅, then for k ≥ k0

sup
T∈T

(
EX1,...,Xk

E
(
`(f̂ , T )|X1, ..., Xk

)
− inf

f∈F
E`(f, T )

)
≥ c√

k
,

where c and k0 depend only on p, F and R.

Let us note that the assumption that F and T are bounded in L∞ is
only there to ensure that Lipschitz images of these functions satisfy some
technical integrability properties we require and is not essential for the proof.
Also, the convexity assumption on T is only there to ensure that if T ∈
N(F, E) and f∗ ∈ F then for any λ ∈ [0, 1] the convex combination (1 −
λ)T + λf∗ ∈ T , and thus, a “legal” target function.

It turns out that the reverse direction of Theorem 1.2 is also true [18].
Indeed, one can show that if the set T is “far away” from N(F, E) then the
class F satisfies a Bernstein condition. Thus, if F is “small”, the uniform
error rate with respect to functions in T decays faster than 1/

√
k.

To formulate this reverse direction we need the following definition.

Definition 1.3 Let E be a Banach space, set F ⊂ E to be compact and
assume that T 6∈ N(F,E). If f∗ is the best approximation of T in F , let

λ∗(T ) = sup
{

λ ≥ 1 : λf∗ + (1− λ)T 6∈ N(F, E)
}

.
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In other words, if T 6∈ N(F, E) and if one considers the ray originating in f∗

that passes through T , λ∗(T ) measures how far “up” this ray one can move
while still remaining at positive a distance from the set N(F, E). Clearly, if
d(T, N(F,E)) > 0 then λ∗(T ) > 1.

Theorem 1.4 [18] Let 1 < p < ∞ and set F ⊂ Lp(µ) to be a compact set
of functions that are bounded by 1. Let T be a function bounded by 1 for
which d(T,N(F, E)) > 0. Then, for every f ∈ F ,

EL2
f ≤ B(ELf )αp ,

where Lf = |f − T |p − |f∗ − T |p is the p-excess loss associated with f and
T , αp = min{p/2, 2/p} and

B = c(p) inf
1<λ<λ∗(T )

λ

λ− 1
.

In particular, for p = 2 the combination of Theorem 1.2 and Theorem 1.4
gives an almost characterization of the uniform error rate associated with a
set of targets T . Indeed, if a target is “far away” from the set N(F, E), the
loss excess loss class satisfies a Bernstein condition, implying that the error
rate of the empirical minimizer depends only on the statistical complexity
of F and not on its geometry. In particular, if d(T , N(F,E)) > 0 and F
is small enough, one has very fast error rates - uniformly in T . On the
other hand, T is closed and convex and d(T , N(F, E)) = 0, there is some
T ∈ T ∩ N(F, E). Hence, by Theorem 1.2 the best possible error rate is
∼ 1/

√
k.

Finally, a word about notation. Throughout, all constant will be denoted
by c, c1, etc. Their vales may change from line to line. We will also emphasize
when a constant is absolute (that is, a fixed positive number) and when it
depends on other parameters of the problem (for example, the diameter
of the set F with respect to the norm). Constants that will remain fixed
throughout this article will be denoted by C1, C2, etc.

Let Pkg = k−1
∑k

i=1 g(Xi) where X1, ..., Xk are independent, distributed
according to µ and set ‖Pk − P‖G to be the supremum of the empirical
process indexed by G, that is, supg∈G |k−1

∑k
i=1 g(Xi) − Eg|. If E is a

normed space, let B(x, r) be the closed ball centered at x and of radius r
and set BE to be the closed unit ball.
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2 Preliminaries

Let (E, ‖ ‖) be a normed space of functions on the probability space (Ω, µ).
We need to assume that E has a nice structure, namely that it is smooth and
uniformly convex (defined below). For more information on these geometric
notions we refer the reader to [8, 6, 10].

We say that a normed space is smooth if the norm is Gâteaux differen-
tiable in any x 6= 0. There is an equivalent geometric formulation of this
notion, that for every x on the unit sphere of E there is a unique, norm one
linear functional that supports the unit ball in x (that is, a unique functional
x∗, such that ‖x∗‖ = 1 and x∗(x) = 1).

Uniform convexity measures how far “inside” the unit ball (x + y)/2 is,
where x and y are distant points on the unit sphere.

Definition 2.1 E is called uniformly convex if there is a positive function
δE(ε) satisfying that for every 0 < ε < 2 and every x, y ∈ BE for which
‖x− y‖ ≥ ε, ‖x + y‖ ≤ 2− 2δ(ε). In other words,

δE(ε) = inf
{

1− 1
2
‖x + y‖ : ‖x‖, ‖y‖ ≤ 1, ‖x− y‖ ≥ ε

}
.

The function δ(ε) is called the modulus of convexity of E.

A fact we shall use later is that δE(ε) is an increasing function of ε and that
if 0 < ε1 ≤ ε2 ≤ 2 then δE(ε1)/ε1 ≤ δE(ε2)/ε2 (see. e.g., [8], Chapter 8).

Next, let us turn to some of the properties of the learning problem we
study. Consider the sets F and T that are closed subsets of E. The aim
of the learner is to approximate an unknown target function T ∈ T using
functions from F , and the notion of approximation is via the loss functional
`(x, y). The assumptions on the loss ` are that it is a Lipschitz function
from R2 to R and that the expected loss is compatible with the norm.

Assumption 2.1 Assume that ` : R2 → R is a nonnegative Lipschitz
function with constant ‖`‖lip. Assume further that there is some function
φ : R+ → R+ that is differentiable, strictly increasing and convex, such that
for every f, g ∈ E, E`(f, g) = φ(‖f − g‖).
This assumption is natural in the context of function learning. For example,
the p loss function `p(x, y) = |x − y|p satisfies Assumption 2.1 when E =
Lp(µ) and φ(t) = tp.

In our construction we consider the excess loss functional that measures
how far f is from being the best in the class. To that end, set F∗,T = {f ∈
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F : E`(f, T ) = infg∈F E`(g, T )}. It is well known (see, e.g. [15, 16, 17]) that
under various assumptions on the class and on the loss functional, F∗,T is a
singleton, which we denote by f∗. In such a case one can define the excess
loss functional

LT (f) = `(f, T )− `(f∗, T ),

and the excess loss class LT (F ) = {LT (f) : f ∈ F}. If F∗,T contains more
than one element the excess loss class is not well defined, but we will not
have to tackle this issue here.

2.1 An outline of the proof

Let T be a convex set containing F and put N(F, `) to be the set of functions
T ∈ E for which E`(T, ·) has multiple minimizers in {`(f, T ) : f ∈ F}.
Assume that T ∩N(F, `) 6= ∅ and let T ∈ T ∩N(F, `). Thus, there is a set
F∗,T ⊂ F of cardinality strictly larger than 1 with the following properties:

1. If f1, f2 ∈ F∗,T and f1 6= f2 then `(f1, T ) 6= `(f2, T ) on a set of positive
µ-probability.

2. For every g ∈ F∗,T , E`(g, T ) = minf∈F E`(f, T ) ≡ R.

Therefore, as E`(f, T ) = φ(‖f − T‖) and since φ is strictly increasing, then
F∗,T ⊂ F ∩ B(T, ρ) where ρ = φ−1(R). Fix any f∗ ∈ F∗,T and for every
λ ∈ (0, 1] define Tλ = (1− λ)T + λf∗.

f1 f∗

Tλ = (1 − λ)T + λf∗

Tρ

Our construction has three components. First of all, one has to show
that Tλ 6∈ N(F, `), and that the unique minimizer of E`(Tλ, ·) is f∗. This
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follows from the fact that Tλ has a unique nearest point in F with respect
to the norm. In particular, the excess loss functional with respect to the
target Tλ (denoted by Lλ) is well defined and is given by

Lλ(f) = `(f, Tλ)− `(f∗, Tλ).

Note that Tλ is a convex combination of points in T and thus Tλ ∈
T . Therefore, if the empirical minimization algorithm is to give fast rates
it must produce with high probability functions for which the conditional
expectation satisfies

lim
k→∞

√
kE

(
Lλ(f̂)|X1, ..., Xk

)
= 0.

On the other hand, take any other (fixed) f1 ∈ F∗,T . It is clear that
E|`(f1, T ) − `(f∗, T )| ≡ ∆ > 0, otherwise `(f, T ) = `(f∗, T ) almost surely,
contradicting our assumption that those are distinct points in F∗,T .

Observe that var (Lλ(f1)) tends to var (`(f1, T )− `(f∗, T )) as λ → 0.
Thus, there is a constant λ0 such that for λ ≤ λ0, Lλ(f1) has a “large” vari-
ance σ2 satisfying σ ≥ ∆/2. On the other hand, a rather simple calculation
shows that the expectation of Lλ(f1) is at most cλ.

since typical values of PkLλ(f1) are

1
k

k∑

i=1

(Lλ(f1)) (Xi) ∼ E (Lλ(f1))± σ/
√

k

then by a quantitative version of the Central Limit Theorem, there is an
integer k0 (that depends only on T , f1 and `) such that for every k ≥ k0 there
is a set of samples (Xi)k

i=1, denoted by Sk, with the following properties:

1. The measure µk(Sk) ≥ 1/4, and

2. for every sample in Sk,

PkLλ(f1) ≤ −c1
∆√
k

+ c2λ ≤ −c3
∆√
k
,

if one takes λ ≤ min{c4(∆)/
√

k, λ0}.
Hence, for such a choice of λ, if f is a potential empirical minimizer for

Lλ with respect to a sample (Xi)k
i=1 ∈ Sk, then its empirical error must be

smaller than −c3∆/
√

k.
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On the other hand, by the uniform law of large numbers, for every r > 0
the empirical process indexed by Lλ,r(F ) = {Lλ(f) : ELλ(f) ≤ r} satisfies
that with high µk-probability (say, at least 5/6),

‖Pk − P‖Lλ,r(F ) ≤ cE‖Pk − P‖Lλ,r(F ) ≡ Wλ(r),

where c is an absolute constant. In other words, if g ∈ F satisfies that
Lλ(g) ≤ r then

|PkLλ(g)| ≤ Wλ(r) + r.

It remain to show that if we select λ ∼ 1/
√

k and r ∼ 1/
√

k, then
Wλ(r)+r ≤ c3∆/(2

√
k). Thus, if Lλ(f) has small expectation, its empirical

expectation is not negative enough to defeat the empirical error generated
by f1 and the empirical minimizer f̂ must have a relatively large risk.

We will show that one can find such choices of λ and r if the Gaussian
processes indexed by random coordinate projections of F are continuous in
some sense with respect to the norm on E. And, this continuity assumption
is satisfied, for example, if F is a µ-Donsker class and ` is the squared loss.

This analysis shows that for λk ∼ 1/
√

k, the target Tλk
causes the risk

of the empirical minimizer to be larger than c/
√

k for typical samples of size
k. However, as we mentioned in the introduction, it was proved in [18] that
for each 0 < λ < 1, the error rate associated with the fixed target Tλ, that
is, the rate at which

EX1,...,Xk

(
E

(
Lλ(f̂)|X1, ..., Xk

))

tends to 0 as a function of k will be significantly better than 1/
√

k if F is
small enough. Thus, the slow uniform error rate is not caused by a single
function, and the guilty party truly changes with the sample size k.

3 A detailed proof

In this section we will present the details of the construction leading to the
promised lower bound.

Consider Lλ(F ) and Wλ(r) as above and set Fλ,r = {f : ELλ(f) ≤ r}.
The first part of the proof will be to show that with high probability, if
λ ∼ 1/

√
k then functions Lλ(f) with expectation smaller than c/

√
k have

an empirical error that is close to 0, and in particular, not “very negative”.
This, of course, requires some assumption on the richness of F , which will
be captured by a variant of the notion of asymptotic equicontinuity (see,
e.g. [13, 9]).
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Definition 3.1 We say that F is compatible with the norm ‖ ‖ if the fol-
lowing holds. For every u > 0 there is some integer k0 and q > 0 for which

sup
k≥k0

1√
k
E sup
{f,h∈F :‖f−h‖≤q}

∣∣∣∣∣
k∑

i=1

gi(f − h)(Xi)

∣∣∣∣∣ ≤ u.

In other words, the oscillation of the Gaussian process indexed by a “typical”
coordinate projection of F is well behaved with respect to the norm on E.

A fundamental fact due to Giné and Zinn (see, e.g. [13], Theorem 14.6
and [9]), is that a µ-Donsker class is compatible with the L2 norm, and
therefore it is compatible with any Lp norm for 2 ≤ p < ∞.

Theorem 3.2 Let F be a class of functions that is compatible with the norm
on E and set Fλ,r = {f : ELλ(f) ≤ r}. For every α, u > there is an integer
k0 and 0 < β ≤ u such that for k ≥ k0, with probability 5/6,

sup
f∈Fα/

√
k,β/

√
k

|PkLα/
√

k(f)| ≤ 2u√
k
.

The first step in the proof of Theorem 3.2 is the following standard
lemma.

Lemma 3.3 There exists an absolute constant c such that for every r, λ > 0,

E sup
f∈Fλ,r

∣∣∣∣∣
1
k

k∑

i=1

(Lλ(f)) (Xi)− ELλ(f)

∣∣∣∣∣ ≤
c‖`‖lip

k
E sup

f,h∈Fλ,r

∣∣∣∣∣
k∑

i=1

gi (f − h) (Xi)

∣∣∣∣∣ ,

(3.1)
where (gi)k

i=1 are independent, standard Gaussian variables.

Proof. Fix r, λ > 0. By the Giné-Zinn symmetrization argument [11] and
the fact that the expectation of the supremum of a Rademacher processes
is dominated by the expectation of the supremum of the Gaussian process
indexed by the same set (see, for example, [13], Chapter 4),

E sup
f∈Fλ,r

∣∣∣∣∣
1
k

k∑

i=1

(Lλ(f)) (Xi)− ELλ(f)

∣∣∣∣∣ ≤ 2EXEε sup
f∈Fλ,r

∣∣∣∣∣
1
k

k∑

i=1

εi(Lλ(f))(Xi)

∣∣∣∣∣

≤ cEXEg sup
f∈Fλ,r

∣∣∣∣∣
1
k

k∑

i=1

gi(Lλ(f))(Xi)

∣∣∣∣∣ ,

where c is an absolute constant.
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Clearly, for every k-sample (Xi)k
i=1 and every h, f ∈ Fλ,r,

Eg

(
k∑

i=1

gi(Lλ(f))(Xi)−
k∑

i=1

gi(Lλ(h))(Xi)

)2

≤‖`‖2
lip

k∑

i=1

((f − f∗)− (f∗ − h))2 (Xi)

=‖`‖2
lipEg

(
k∑

i=1

gi (f − f∗)−
k∑

i=1

gi (f∗ − h) (Xi)

)2

.

Therefore, by Slepian’s Lemma [9], for every k-sample,

Eg sup
f∈Fλ,r

∣∣∣∣∣
1
k

k∑

i=1

gi(Lλ(f))(Xi)

∣∣∣∣∣ ≤ Eg sup
f,h∈Fλ,r

∣∣∣∣∣
1
k

k∑

i=1

gi(f − h)(Xi)

∣∣∣∣∣ ,

and the claim follows by taking the expectation with respect to X1, ..., Xk.

The next step is to show that the set Fλ,r is contained in a relatively
small ball (with respect to the norm) around f∗. The main point in the
proof of this fact is the following geometric lemma.

Lemma 3.4 Let E be a uniformly convex, smooth normed space and con-
sider x, y ∈ E and ρ ∈ R+ such that ‖y − x‖ = ρ. Let 0 < λ < 1 and set
xλ = (1− λ)x + λy. If z satisfies that ‖z − x‖ ≥ ρ then

‖xλ − z‖ − (1− λ)ρ ≥ 2λ‖z − x‖δE

(‖z − y‖
‖z − x‖

)
.

Proof. Without loss of generality we can assume that x = 0. Fix z 6= y
and by our assumption, ‖z‖ ≥ ‖y‖. Define the function

H(λ) =
‖xλ − z‖
‖z‖ =

‖λy − z‖
‖z‖

and observe that H is a convex function and H(0) = 1. Also, since E is
smooth, H is differentiable in λ = 0. Thus, H(λ) − H(0) = H(λ) − 1 ≥
H ′(0)λ. Therefore,

H(λ)− (1− λ) ≥ (
H ′(0) + 1

)
λ,

and to complete the proof one has to bound H ′(0) from below.

12
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xλ = (1− λ)x + λy
x

y

z

‖xλ − z‖
(1− λ)ρ

ρ

Applying the chain rule, H ′(0) = u∗
(

y
‖z‖

)
, where u∗ is the unique func-

tional of norm one supporting the unit sphere in −z/‖z‖ ≡ u. Let v = y/‖z‖
and since ‖u∗‖ = 1 then

u∗(u− v) ≤ ‖u− v‖ ≤ 2− 2δE(‖u + v‖) = 2− 2δE

(‖y − z‖
‖z‖

)
.

Since u∗(u) = 1 then −u∗(v) ≤ 1− 2δE

(‖y−z‖
‖z‖

)
, implying that

H(λ)− (1− λ) ≥ (
H ′(0) + 1

)
λ ≥ 2λδE

(‖y − z‖
‖z‖

)
.

Therefore

‖xλ − z‖ − (1− λ)ρ ≥ ‖xλ − z‖ − (1− λ)‖z‖

≥ 2λ‖z‖δE

(‖y − z‖
‖z‖

)
.

The first application of Lemma 3.4 is that ELλ has a unique minimizer
in F for any 0 < λ ≤ 1, if the underlying space E is smooth and uniformly
convex and E`(f, g) = φ(‖f − g‖), as in Assumption 2.1.

13



Corollary 3.5 Consider the excess loss Lλ(f) = `(f, Tλ) − `(f∗, Tλ), set
D = supf∈F ‖T − f‖ and ρ = ‖T − f∗‖. Then, for every 0 < λ ≤ 1 and
every f ∈ F ,

ELλ(f) ≥ φ′((1− λ)ρ) · 2λDδE

(‖f − f∗‖
D

)
.

In particular, for every 0 < λ ≤ 1, f∗ is the unique minimizer of E`(·, Tλ)
in F .

Proof. Using Assumption 2.1 and applying Lemma 3.4 for x = T , y = f∗
and z = f ,

ELλ(f) = φ (‖Tλ − f‖)− φ (‖Tλ − f∗‖)
≥ φ′ (‖Tλ − f∗‖) · (‖Tλ − f‖ − ‖Tλ − f∗‖)

≥ 2λ‖f − T‖δE

(‖f − f∗‖
‖f − T‖

)
· φ′ (‖Tλ − f∗‖)

≥ 2λDδE

(‖f − f∗‖
D

)
· φ′ (‖Tλ − f∗‖) ,

where the first inequality follows from the convexity of φ, the second one is
Lemma 3.4 and the last one is the monotonicity property of δE . Indeed, let
ε2 = ‖f − f∗‖/‖f − T‖ ≥ ε1 = ‖f − f∗‖/D. Thus

D

‖f − f∗‖ · δE

(‖f − f∗‖
D

)
≤ ‖f − T‖
‖f − f∗‖ · δE

(‖f − f∗‖
‖f − T‖

)
,

as claimed.

Let us clarify the meaning of Corollary 3.5. First of all, we will be
interested in “small” values of λ. With this in mind, φ′(‖Tλ−f∗‖) = φ′((1−
λ)ρ) is a positive constant (when λ → 0, it tends to the derivative of φ at
ρ, which is a fixed, positive number) and the term DδE

(‖f−f∗‖
D

)
also does

not depend on λ, but rather on properties of E, F and T , and the distance
between f and f∗. In particular, the minimizer of ELλ in F is unique, and
moreover, for λ sufficiently small,

ELλ(f1) ≥ cλ,

where c depends only on properties of E, F , φ and ‖f1 − f∗‖.
The second outcome is that functions with risk ELλ(f) ≤ r are contained

in a small ball around f∗. Since this is a straightforward application of
Corollary 3.5 we omit its proof.
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Corollary 3.6 Assume that δE(ε) ≥ ηεp for some fixed η. Then, for every
0 < λ < 1 and r > 0

Fλ,r ⊂ B

(
f∗, C0

( r

λ

)1/p
)

,

where C0 depends only on ρ, φ, D and η.

Set B = B
(
f∗, C0

(
r
λ

)1/p
)
. Combining Corollary 3.6 with (3.1) shows that

there is a constant C1 such that for every k, with µk-probability of at least
5/6,

sup
{f :ELλ(f)≤r}

|Pk (Lλ(f)) (Xi)| ≤ r +
C1‖`‖lip

k
E sup

f,h∈F∩B

∣∣∣∣∣
k∑

i=1

gi (f − h) (Xi)

∣∣∣∣∣ ,

(3.2)
where the expectation is with respect to both (gi)k

i=1 and (Xi)k
i=1.

Proof of Theorem 3.2. Fix α, u > 0, let β > 0 to be named later and set
C1 as in (3.2). Applying the compatibility assumption for u′ = u/C1‖`‖lip,
there is some k0 and q > 0 such that for k ≥ k0,

C1‖`‖lip

k
E sup
{f,h∈F :‖f−h‖≤q}

∣∣∣∣∣
k∑

i=1

gi (f − h) (Xi)

∣∣∣∣∣ ≤
u√
k
.

Set β to satisfy that q = 2C0

(
β
α

)1/p
and since q can be made smaller if we

wish, we can assume that β ≤ u.
By Corollary 3.6, taking λ = α/

√
k and r = β/

√
k it is evident that

Fα/
√

k,β/
√

k ⊂ B

(
f∗, C0

(
β

α

)1/p
)
∩ F.

Thus, with probability at least 5/6,

sup
f∈Lα/

√
k,β/

√
k

|PkFα/
√

k(f)|

≤ β√
k

+
C1‖`‖lip

k
E sup
{f,h∈F :‖f−h‖≤q}

∣∣∣∣∣
k∑

i=1

gi (f − h) (Xi)

∣∣∣∣∣

≤ 2u√
k
.
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3.1 Constructing “bad” functions

So far, we showed that with high µk-probability, if λ ∼ 1/
√

k then functions
Lλ(f) with an expectation smaller than ∼ 1/

√
k have an empirical expec-

tation that is not very negative. To complete the proof of the lower bound
one has to construct functions with a very negative empirical excess loss
PkLλ(f).

To make things even more difficult, recall that for every f ∈ F , ELλ(f) ≥
0, and by the central limit Theorem k−1/2

∑k
i=1(Lλ(f)−ELλ(f)) converges

to a centered Gaussian variable. Thus, the hope of generating some excess
loss function Lλ(g) with a relatively large expectation but with a nega-
tive empirical loss on a typical sample of cardinality k is realistic only if
ELλ(g) ≤ c1σ/

√
k, where σ2 is the variance of Lλ(g), because typical values

of PkLλ(g) are ELλ(g)± c1σ/
√

k. Thus, it seems natural to expect that the
bad behavior, if indeed exists, is generated by a family of functions, each
one for a different value of k.

We will show that Lλk
(f1) is such a family of functions for the choice of

λk ∼ 1/
√

k.
Our starting point is the Berry-Esséen Theorem (see, e.g., [19])

Theorem 3.7 There exists an absolute constant c for which the following
holds. Let (ξ)k

i=1 be independent, identically distributed random variables,
with mean 0 and variance σ2 and denote by Fk(x) the distribution function
of 1

σ
√

k

∑k
i=1 ξi. Then,

sup
x∈R

|Fk(x)− Φ(x)| ≤ c
E|ξ1|3
σ3
√

k
,

where Φ is the distribution function of a standard Gaussian variable.

Applying the Berry-Esséen Theorem to the random variable ξ = g(X)−Eg
we obtain the following

Corollary 3.8 Let g be a function with variance σ and a finite third mo-
ment. Then, there is some constant k1 that depends only on σ and E|g|3
and an absolute constant C2, such that for every k ≥ k1, with probability at
least 1/4,

1
k

k∑

i=1

g(Xi) ≤ Eg − C2
σ√
k
.

In what follows we abuse notation and write L(f) = `(T, f)− `(T, f∗).
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Lemma 3.9 There exist constants C3, C4 and λ0, k1 that depend only on
ρ = ‖T − f∗‖, ‖φ‖lip, ‖`‖lip, D3 = supf∈F ‖T − f‖L3(µ) and ∆ = E|L(f1)|
for which the following hold. For every 0 ≤ λ ≤ λ0,

1. ELλ(f1) ≤ 2λρ‖φ‖lip.

2. var (Lλ(f1)) ≥ ∆2/4.

3. For every k ≥ k1 and λk ≤ min{λ0, C3/
√

k}, with probability at least
1/4, k−1

∑k
i=1 (Lλ(f1)) (Xi) ≤ −C4/

√
k.

Proof. For the first part, since ‖T −f1‖ = ‖T −f∗‖ and φ is Lipschitz then

ELλ(f1) = φ (‖Tλ − f1‖)− φ (‖Tλ − f∗‖)
= (φ (‖Tλ − f1‖)− φ (‖T − f1‖)) + (φ (‖T − f∗‖)− φ (‖Tλ − f∗‖))
≤ 2‖φ‖lip‖T − Tλ‖ = 2λ‖φ‖lip‖T − f∗‖ = 2λρ‖φ‖lip.

Turning to the second part, recall that E|L(f1)| = ∆ > 0. Since Lλ(f1) tends
to L(f1) in L2 as λ → 0, then by the first part and standard calculations,
there is some λ0 such that for any 0 < λ ≤ λ0,

var (Lλ(f1)) ≥ ∆2 − E|L2(f1)− L2
λ(f1)| − (ELλ(f1))

2 ≥ ∆2

4
.

Finally, let k1 as in Corollary 3.8 and set 0 < λ < λ0. Since var (Lλ (f1)) ≥
∆2/4 and

E |`(Tλ, f1)− `(Tλ, f∗)|3 ≤ ‖`‖3
lipE|f1 − f∗|3,

this choice of k1 does not depend on λ as long as λ ≤ λ0. Therefore, by
Corollary 3.8, with probability at least 1/4

1
k

k∑

i=1

(Lλ (f1)) (Xi) ≤ ELλ(f1)− C2
∆

2
√

k
≤ 2λρ‖φ‖lip − C2

∆
2
√

k
.

Setting C3 = C2∆/(8ρ‖φ‖lip) it is evident that if one takes λ ≤ min{λ0, C3/
√

k},
the claim follows.

Now, let us formulate and prove our main result. To make the formu-
lation simpler, we shall refer to the space E, ρ = ‖T − f∗‖, ∆ = E|L(f1)|,
D = supf∈F ‖T − f‖, D3 = supf∈F ‖T − f‖L3(µ), the functions φ and ` and
the asymptotic equicontinuity properties of F (see Definition 3.1) as “the
parameters of the problem”. The constants in the formulation and the proof
of the main result depend on these parameters.
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Theorem 3.10 Assume that E is a smooth, uniformly convex normed space
with a modulus of convexity δE(ε) ≥ ηεp for some 2 ≤ p < ∞ and η > 0.
Let φ, `, T , Tλ and Lλ as above and consider F ⊂ E that is compatible
with the norm. There are constants λ′ and k′ and c1, c2 depending on the
parameters of the problem for which the following holds. Let k ≥ k′ and
set λk = min{λ′, c1/

√
k}. Then with probability at least 1/12, the empirical

minimizer f̂ of
∑k

i=1 `(f, Tλk
)(Xi) satisfies

E (`(f, Tλk
)|X1, ..., Xk) ≥ inf

f∈F
E`(f, Tλk

) +
c2√
k
.

Proof. Let f1 be the function constructed in Lemma 3.9 and set k1, λ0,
C3, C4 and λk as in the formulation of the Lemma. Let λ′ = λ0 and k > k1.
Clearly, by increasing k1 if needed, one can assume λk = C3/

√
k. Therefore,

by Lemma 3.9, with µk-probability 1/4, PkLλ(f1) ≤ −C4/
√

k. Hence, for
each k > k1. with that probability, the empirical minimizer with respect to
the target TC3/

√
k must have an empirical error smaller than −C4/

√
k.

We now apply Theorem 3.2 for α = C3 and u = C4/4. Let β > 0 and k0

be as in the assertion of that Theorem for those values of α and u, and put
k′ = max{k0, k1}. Hence, if k > k′ and rk = β/

√
k, then with µk-probability

5/6,

sup
f∈Fλk,rk

|PkLλk
(f)| = sup

f∈FC3/
√

k,β/
√

k

∣∣∣PkLC3/
√

k(f)
∣∣∣ ≤ 2u√

k
=

C4

2
√

k
.

Therefore, with µk-probability of at least 1/12, the empirical minimizer
with respect to the target TC3/

√
k is outside Fλk,rk

and thus its risk satisfies

E
(
Lλk

(f̂)|X1, ..., Xk

)
≥ β√

k
.

As we mentioned before, it is well known that µ-Donsker classes are
compatible with the L2(µ) norm and thus are compatible with any Lp(µ)
norm for 2 ≤ p < ∞. Since the Lp norms are uniformly convex (with a
polynomial modulus of convexity) and smooth for 1 < p < ∞, Theorem 1.2
follows from Theorem 3.10.

3.2 Concluding remarks

Finally, let us turn to the result from [15], in which a lower bound for the
agnostic learning problem was given in a nonconvex situation, with respect
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to the squared loss. It is claimed there that if F is a compact, nonconvex
subset of L2 the following holds: If the functions in F take values in a
bounded interval Y then there is another bounded interval Y ′ that depends
on F and Y, such that the best error rate that holds uniformly for every Y
that takes values in Y ′ is c/

√
k. In the proof of Lemma 5 in [15], the authors

use the fact that F is not convex to construct a “well bounded” function
that has more than a unique best approximation in F . Their argument is
as follows: consider a function fc = αf + (1 − α)g 6∈ F where 0 < α < 1
and f, g ∈ F . If fc has more than a unique best approximation, the proof
is complete. If not, let f1 be the unique best approximation and consider
f(t) = tfc + (1− t)f1 for t ∈ R+. The aim is to find some t for which

{f ∈ F : ‖f − f1‖ > 0 : ‖f − f(t)‖ = ‖f − f1‖, PF f(t) = f1} 6= ∅,
where PF is the nearest point projection onto F , since such a function f(t)
will have the desired properties. To that end they look for the smallest t > 1
for which

At = {f ∈ F : ‖f − f1‖ > 0 : ‖f − f(t)‖ = ‖f − f1‖} 6= ∅.
Unfortunately, if t′ = inf{t : At 6= ∅} is not attained then it does not
follow that there is some t for which f(t) has more than a unique best
approximation in F . Moreover, it was not proved that the only way in
which this infimum would not be attained is if fc had more than a unique
best approximation in F . To prove such a claim one would have to show
that a “smooth dynamic” of PF as one approaches fc from “above” on ray−−−→
f1, fc is impossible.

Hence, there is a gap in the claim from [15] - that one can find a function
that is “well bounded” with more than a unique best approximation in F .
Of course, once such a function is found or is assumed to exist, the rest of
the argument remain valid and Theorem 1.1 follows.
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[12] L, Györfi, M. Kohler, A. Krzyżak, H. Walk, A distribution-free theory
of nonparametric regression, Springer series in Statistics, 2002.

[13] M. Ledoux, M. Talagrand, Probability in Banach Spaces: isoperimetry
and processes, Springer, 1991.

[14] G. Lugosi, Pattern classification and learning theory, in L. Györfi (edi-
tor), Principles of Nonparametric Learning Springer, 1–56, 2002.

[15] W.S. Lee, P.L. Bartlett, R.C. Williamson, The Importance of Convex-
ity in Learning with Squared Loss, IEEE Transactions on Information
Theory, 44(5), 1974-1980, 1998.

[16] S. Mendelson, Improving the sample complexity using global data,
IEEE Transactions on Information Theory 48(7), 1977-1991, 2002.

[17] S. Mendelson, Geometric parameters in Learning Theory, GAFA lecture
notes, LNM 1850, 193-236, 2004.

[18] S. Mendelson, Obtaining fast error rates in nonconvex situations, Jour-
nal of Complexity, in press, doi:10.1016/j.jco.2007.09.001

20



[19] D. Stroock, Probability Theory, An analytic view, Cambridge University
Press, 1993.

[20] S. van de Geer, Empirical Processes in M-Estimation, Cambridge Uni-
versity Press, 2000.

[21] A.W. Van der Vaart, J.A. Wellner, Weak convergence and Empirical
Processes, Springer-Verlag, 1996.

21


