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Abstract

We investigate connections between an important parameter in the
theory of Banach spaces called the /-norm, and two properties of classes
of functions which are essential in Learning theory - the uniform law of
large numbers and the Vapnik—Chervonenkis (VC) dimension. We show
that if the £-norm of a set of functions is bounded in some sense, then the
set satisfies the uniform law of large numbers. Applying this result, we
show that if X is a Banach space which has a nontrivial type, then the unit
ball of its dual satisfies the uniform law of large numbers. Next, we esti-
mate the £-norm of a set of {0, 1}-functions in terms of its VC dimension.
Finally, we present a “Gelfand number” like estimate to certain classes of
functions. We use this estimate to formulate a learning rule, which may
be used to approximate functions from the unit balls of several Banach
spaces.
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1 Introduction

One of the fundamental tools in the local theory of Banach spaces is the so—called
f-norm. In its usual context, the f-norm is a norm on the space of operators
from ¢7 to a Banach space X.

Definition 1.1 Let u : {5 — X then

= ([ el o) "

where 7y, is the Gaussian measure on R". If u: Ly — X then £(u) = sup £(uq)
and the supremum is taken with respect to all finite dimensional subspaces of
L.

Recall that if F' is a convex symmetric subset of IR™ which has a nonempty
interior, then F' is the unit ball of some norm denoted by || || .. Set || || ;. to be
the dual norm to F' and define

() = ([ el o)

Thus, if I : £§ — F* is the formal identity operator, then ¢(F) = £(1).

In this paper we explore possible connections between the -norm and other
parameters in the realm of learning theory.

The basic question in Learning Theory is that of generalization. Assume that
g : 2 = IR is an unknown function selected from a class of functions F. Assume
further that p is an (unknown) probability measure on 2, and that wq,...,w,
are selected independently according to u. The “student” in the learning game
receives as data a set s, which consists of the sample (w;) and the values of the
unknown function g on the sample. In return, he has to provide some function
Ag, € F, which is determined by s,. The learning rule A,  has to be efficient
in the sense that for the majority of the samples, A, is close to g in La(u).

Usually, this learning rule is established in two steps. The first step is based
on the empirical data, namely, if u, is the empirical measure supported on
(w1, ...;wn), the first step is to find an element of F which approximates ¢ in
Lo(pn). The second step is to show that if n is large enough, then with high
probability, ||f — g||L2(u) is close to ||f — g||L2(#n) for every f € F.
As shown in the text, a sufficient condition which ensures that with high prob-
ability

lim sup 1f = 9llpy = I1f =9l )| =0

is that the members of F satisfy the law of large numbers uniformly. Classes of
functions which satisfy the uniform law of large numbers are called Glivenko—
Cantelli classes.

From a quantitative point of view, it is important to estimate the size of the
sample (w1, ...,wy,) needed to ensure that

1%{%gmffmuﬂmfnffmumh)>a}s&



In the case of {0,1} functions, this estimate is usually obtained using the so-
called Vapnik—Chervonenkis (VC) dimension of the class (see a definition in
the next section). In the general case (i.e., for classes of functions which are
not {0,1}), one uses the parametric version of the VC dimension, called the
fat-shattering dimension (see [15], [1]). Thus, the ability to estimate the VC
dimension of a class is of crucial importance in Learning Theory, since this is a
possible way to obtain complexity estimates.

The goal of this paper is to demonstrate that the f-norm may serve as an
additional parameter, which, in some cases, may replace the VC dimension or
the fat-shattering dimension, and assist in establishing complexity estimates.

To see how the /-norm may take part in this game, assume that F is a set of
functions on (2, all of which are bounded by 1. Let K be the symmetric convex
hull of F, i.e.,

K = {i/\ifi

Let p be a probability measure on 2 and set u, to be an empirical measure
supported on an i.i.d. sample selected according to p. Let xu, € La(un) be the
characteristic function of {w;}, and put

ilM =1, fie F, neN}.
i=1

K/ = {zn: k(wi) Y, [k € K} C Lo (pin).

i=1

We will show that if

(B (K /) = o(/n)

then K is a Glivenko—Cantelli class. Moreover, it is possible to provide com-
plexity bounds in terms of the empirical f-norms. As an example, we estimate
the empirical /-norms of the dual unit ball of spaces X which have a nontrivial
type. We use this result to prove that if X is a Banach space with type p > 1
then the unit ball of the dual is a Glivenko Cantelli class of functions on the
unit ball of X. Using the estimate on the empirical f-norms combined with a
famous result due to Pajor and Tomczak-Jaegermann (see [8]), we present an
upper bound on the Gelfand numbers of classes of functions on a set {2 which
are contained in the unit ball of a Banach space X, provided that the point
evaluation functionals §, are uniformly bounded and that X* has type 2.

Next, we show that if F is a VC class (i.e., has a finite VC dimension) with
VC(F) = d, then there is an absolute constant C' such that for every empirical
measure f,, (K /p,) < Cd'/?, where K is the symmetric convex hull of F. We
use this result to prove that a class of {0,1} functions is Glivenko Cantelli if
and only if the empirical f-norms of F are uniformly bounded.

Finally, we show that if the empirical £-norms of a class are bounded, then
its symmetric convex hull has a section of codimension k& which has a “small”
diameter (i.e., we obtain a “Gelfand number” like estimate). Moreover, the
functionals which determine this section may be calculated empirically. Since



the essence of Learning Theory is to approximate an unknown function using
empirical data, such a result may come in handy. As an example, we present
a complete learning scheme to an unknown function on {2 which belongs to the
unit ball of a Hilbert space in which the point evaluation functionals §, are
bounded by 1.

2 Preliminary Results

This section is devoted to basic definitions, some notation and results which
will be used in the sequel. Given a Banach space X, the dual of X is denoted
by X* and Bx is the unit ball of X. Let 7 be IR equipped with the norm

n
1
=], = (Z \T,\Q) >. For every probability measure p on , let E, denote the
1

expectation with respect to p. In fact, we shall always assume that p is a Borel
measure. For every w € (Q, let §, be the point evaluation functional. Thus,
for every function f on Q, §,(f) = f(w). Denote by u, an empirical measure
supported on a set of n points, i.e., u, = %Z?:] 0w, Given a set A, let |A| be
its cardinality. Throughout, all absolute constants are denoted by C' or ¢. Their
values may change from line to line.

Definition 2.1 Let F' C ¢} be conver and symmetric. Set

F° ={z € /]| sup(f,m) <1}.
fer

F° is called the polar of F'.

Note that if F' has a nonempty interior, then F° is the unit ball of the norm
|| ||+, which is the dual norm to the norm defined by F.

We wish to extend the definition of the f-norm to a set F which is not
necessarily convex:

Definition 2.2 For F C £, let

1
2 3
((F) = (/ sup |<f:n>| dvn) (2.1)

R" feF
where 7y, is the Gaussian measure on R™. If F C Lo then ¢(F) = supy ¢(FNH),
where the supremum is taken with respect to all finite dimensional subspaces of
Ly and F'N H is identified as €3 by the natural isometry.

Let K be the symmetric convex hull of F' C £} and assume it has a nonempty
interior. It is easy to see that if g, ..., g, are independent standard Gaussian
random variables on some probability space and if ey, ..., e, is an orthonormal
basis in ¢7 then ((F) = (E||> -, gie,;||i(*)1/2. Indeed, since the dual norm is
determined by the extreme points of K, which all belong to F'U —F', then

n
E gi€i
i=1

2

E :/m sup (z, f) dyn,

n feEFU—F

K*



implying that £(K) = £(F).

If (X,d) is a metric space and if 7 C X, denote by N(e,F,d) the minimal
number of balls with radius e (with respect to the metric d) needed to cover F.
N(e, F,d) are called the covering numbers of F. In cases where the subset F
is obvious, we shall use the notation N (e,d), and in cases where the metric is
clear we shall denote the covering numbers by N (e, F).

The next theorem demonstrates the connection between the covering num-
bers of a set F' and £(F). The upper bound was established by Dudley in [2],
while the lower one is due to Sudakov (see [13]). A proof of both bounds may

be found in [9].

Theorem 2.3 Let F' C (3. Then, there are absolute positive constants ¢ and

C such that

csupe/log(N(e, F)) <U(F)<C /Oo V1og(N (e, F))de (2.2)

>0
Next, we examine some basic definitions and results from learning theory.

Definition 2.4 Let F be a class of {0,1} functions on a space Q. We say that
F shatters wy,...,wy, if for every I C {1,...,n} there is a function f € F for
which f(w;) =1 ifi € I and f(w;) =0 if j & I. Define the Vapnik-Chervonenkis
dimension of F by

VO(F) = sup{|A| |4 € Q, A'is shattered by F }.

Given a probability measure g on (2, denote by Pr the infinite product measure
u®. If (wy,...,wn,...) is an infinite i.i.d. sample selected according to u, let up,
be an empirical measure supported on (wi,...,wy). Glivenko—Cantelli classes
(defined below) are classes of functions in which, with high probability, random
empirical measures u, approximate the measure y uniformly on the elements
of the class.

Definition 2.5 F is called a Glivenko Cantelli class (GC class) with respect to
a family of measures A if for everye >0

lim sup Pr{ sup sup [E, f —E, f| > s} =0.
n—=00 cA m>n feF

We end this section with several results which connect the Glivenko Cantelli
condition to estimates on the covering numbers. All of the results are stated
for classes of functions which are bounded by 1. The results remain valid for
classes of functions with a uniformly bounded range - up to an constant which
depends only on that bound.

We start with an estimate which is at the heart of the proof of the Glivenko-
Cantelli Theorem (see [11]). It provides a sufficient condition for GC in terms
of the L;(u,,)-covering numbers of the class.



Theorem 2.6 Let F be a class of functions on Q, all of which are bounded by
1, and let p be a probability measure on Q. Then, there is an absolute constant
C such that for every e > 0,

Pr{sup [E,f —E,, f| >} < (2.3)
fer

gS(emp(anQ/C’) + Pr{logN(a/&]:,Ll(un)) > E}) (2.4)
In particular, if for every e > 0,

SllplOgN(F::f:Ll(ll’n)) = O(’ﬂ,)
Hn

then F is a GC class with respect to the measure p.

Remark 1 Note that for every probability measure pu and every € > 0,
N(s, F, L1(ll)) < N(s, F, Lg(,u)).

Thus, to prove that F is GC with respect to u, it suffices to show that

suplog N (g, F, La(ptn)) = o(n).

fin
This next result is due to Dudley, Giné and Zinn (see [4]).

Theorem 2.7 Let F be a class of functions on Q0 which are all bounded by 1.
Then, F is a GC class with respect to all Borel probability measures if and only
if for every e > 0,

SllplOgN(E,j:, Loo(un)) = O(’ﬂ,)
Hn

Corollary 2.8 Let F be a GC class of functions on Q which are all bounded by
1. Then, for every h € F, the class Fr, = {(f — h)?|f € F} is a GC class too.

The proof of this claim is based on the fact that the Lo, (un) covering numbers
of Fi may be estimates by the Lo (i) covering numbers of F.

3 /-Norm and Glivenko—Cantelli Classes

Let F be a class of uniformly bounded functions on a domain 2. We will show
that if £(F) is bounded in some sense, then F is a GC class. We use this result
to show that if X has type p > 1 (defined below), then Bx- is a GC class of
functions on Bx with respect to a certain family of measures.

Let {w1,...,w,} C Q be an i.i.d. sample selected according to the measure
1 and denote the empirical measure associated with this sample by pu,. Set
Flu, = {30, f(wi)Xw:|f € F} and put ¢, = (IEKQ(.7:/,un))]/27 where the
expectation is with respect to the product measure u™.




Theorem 3.1 If £, = o(y/n) then F is a GC class with respect to the measure
w. Moreover, if £ = sup,, {, is finite, then there is some absolute constant C
such that for everye >0 and 0 < § <1,

Pr{sup |E, f —E,, f| > E} <4
feF

provided that
logi ¢2

> Omax{ 155, £

n 2 Cmaxy—%, 7%
Proof: First, note that Lo(uy) is isometric to £5. Thus, by Theorem 2.3, there
is some absolute constant C' such that for every empirical measure u,, and every
e >0,
C(F /1)

ez

Hence, by Chebyshev’s inequality and since N(a,Ll(,un)) < N(E,Lg(un)) it
follows that

IOgN(E7f/Nn:L2(Nn)) S c

Elog N (£/8, F /i, La(fin))
ne?/C -

Pr{logN(a/&]-'/un,Ll(un)) > na2/C} <

2
colh
ne
Now, the claim follows by Theorem 2.6.
[ |

One class of functions which is particularly interesting is the unit ball of a
dual space. In the finite dimensional setting, By« is a GC class of functions on
any bounded subset of X. On the other hand, it is far from obvious whether
the same holds in the infinite dimensional case. The infinite dimensional case
is important because linear separators on an infinite dimensional space are at
the heart of the Support Vector Machine procedure, which is highly regarded
by the Learning Theory community (see [15]).

Formally, the question we investigate is as follows: let X be a Banach space.
Is Bx- a GC class of functions on Bx? It was shown in [7] that the answer is
determined by a geometric property of the space X called type.

Definition 3.2 A Banach space X has Gaussian type p if there is some con-
stant C' such that for every xi1,...,z, € X,
2

(&S 0] ) < (S par)”. (3.1)

The basic facts concerning the concept of type may be found, for example, in
[6] or in [14]. Clearly, for every Banach space (3.1) holds in the case p = 1. The
best constant C' which satisfies (3.1) is called the type constant and is denoted
by T,(X). If K C 3 is convex, symmetric with a nonempty interior, set T}, (K)
to be the type constant of the norm induced by K.




A similar definition of type may be given using Rademacher random variables
instead of Gaussian variables, but the two definitions are equivalent (see [14]).

In [7] it was shown that Bx- is a GC class of functions on By if and only
if X has type p > 1. The idea behind the proof in [7] was to find a tight bound
on the so called fat shattering dimension of Bx~, which is a parametric version
of the VC dimension. Here, we present a completely different approach to this
question. We show that if X has type p > 1 then Bx« is a GC class with respect
to a certain family of measures using an estimate on the /-norms of the class.
It turns out that the sample complexity estimates obtained using this method
are better than those found in [7].

Note that there is an easier proof to the fact that if X has type p > 1 then
Bx-+ is a GC class. The proof is based on an idea which is due to Maurey (see
[10]). However, the estimates for £(Bx~ /u,) which are at the heart of the proof
we present, serve other purposes in the sequel.

Lemma 3.3 Let X be a Banach space which has type p > 1. Then, for ev-
ery empirical measure u, on Bx which is supported on a linearly independent
sample, ((Bx- [pn) < Tp(X)n'/P=1/2,

Proof: Note that if X has type p then X** has type p and T,(X) = T,(X**)
(see [14], pg. 83). Set T}, = T,(X) and let z1,...,z, € Bx be linearly indepen-
dent. Set V = span{zi,...,xn} and let Y = (V,|| ||y-), where || ||, is given by
IS Nizilly = (2 ADY2 Put E = {3 a*(zi)zi] [|=*]| < 1} C Y. Clearly, Y is
an inner product space and (z;) is an orthonormal basis in Y. Also, E C Y is
symmetric, convex and has a nonempty interior.

Note that T,(E°) < T,. Indeed, define @ : X* — (V|| ||z) by Qz =
(z*(x1),...,z" (xn)). Since Q(Bx-) = E then E is isometric to a quotient of X*
and therefore (V,|| || ;) is isometric to a subspace of X**. Thus, T,(E°) < T,
as claimed.

Let p, be the empirical measure supported on the sample zq,...,z, € X.

1/2
Since %11,y = (550 (@ @)?) then [, = QG /Ay
and the map T : Ly(u,) — Y which is given by Tf = 1/y/n Y} f(zi)z; is an
isometry. Clearly, T (Bx=«/u,) = E/+/n and we shall denote this set by F. From
Definition 3.2 it is easy to see that T),(F°) = T,(E°) and that with respect to
Y

)

2

UF) = (IE

Sow| ) <@ (Clei)” 32)
i=1 i=1

FO
But

- 1
|zillpe = sup(fzi) =  sup () a*(xj)zj,2:) < —=,
feF le=lI<1/vA = vn
and therefore, £(F) < Tyn'/P='/2 in Y implying that £(Bx-/pu,) < T,n'/P~1/2

in Lo(pn).
|



Theorem 3.4 Let X be a Banach space which has type p > 1 and let u be a
probability measure on Bx such that for every n,

Pr{sn = (21, ..., Zn)|T1, ..., Tp are linearly dependent} =0.

Then, Bx+ is a GC class on the set Bx with respect to u. Moreover, there is
some constant C which depends only on T,(X), such that for every e,0 € (0,1)
and for n > (Ce*s)—P/(2r=2),

sup Pr{ sup |E,z* —E,, z*| > 5} <.
z flz=l<1

Proof: First, recall that by Lemma 3.1, it is enough to show that ¢, =

(Eﬂ2(BX*/un))1/2 is o(y/n). By the assumption on the measure y, a random
sample is supported on a linearly independent set {x1,...,z,} almost surely.
Thus, by Lemma 3.3, for an empirical measure supported on such a sample,
U(Bx«/pn) < Tp(X)n'/P=1/2_ Therefore, if P > 1 then £, = o(v/n).

To show the complexity estimate, note that by the proof of Lemma 3.1, there
is an some absolute constant C' > 0 such that

Pr{sup |E, f —E,. f| > z—:} <
feF

2 &
Sg (emp(fns /C) + C@) 5
and our claim follows.
[ |

Remark 2 The assertion of Theorem 3.4 remains true if instead of the unit
balls Bx and Bx- we take any two balls rBx C X and RBx- C X* for any
R,r > 0. In this case, the constant in the complexity estimate n(e,d) depends
on the radii of the two balls.

Next, we apply Lemma 3.3 and obtain an upper estimate on the Gelfand
numbers (defined below) of classes of functions which are subsets of the unit
ball of certain Banach spaces.

Definition 3.5 Let X and Y be Banach spaces and u : X — Y. Denote by
cr(u) the k-th Gelfand number of u, i.e.,

cr(u) = inf{||uis| |S C X, codim S < k}.

If F' is a convex symmetric subset of £ which has a nonempty interior and if 1
is the formal identity I : 1§ — F*, then 2¢([*) is the smallest possible diameter
in £% of a k-codimensional section of F. Denote this quantity by ¢ (F).

It turns out that the Gelfand numbers may be estimated in terms of the
f-norm. This important result is due to Pajor and Tomczak-Jaegermann (see

[8],19])-



Theorem 3.6 There is a constant C such that for all Banach spaces X, for all
n > 1 and for every u : {5 — X

sup k' e, (u*) < Cl(u)
k>1

Let X be a Banach space of functions on 2. Assume that the point eval-
uation functionals §,, are uniformly bounded (i.e., there is some m such that
SUP,cq ||0u ]l x« < m) and that X* has type 2. For example, X may be a Sobolev
Hilbert space W(f’Q(Q) for an appropriate selection of k.

We shall use Lemma 3.3 to estimate the Gelfand numbers of F = Bx in
Lo(p) for any probability measure on 2. We begin with the following lemma:

Lemma 3.7 If F is a GC class of functions on Q which are uniformly bounded,
then (F — F)* = {(f1 — f2)?|fi € F} is a GC class. Also, for every e > 0 and
every probability measure u, there is an empirical measure ., such that for every
ACF, diamp, ) (A) < diamp,,,)(A) + €.

Proof: Clearly, we may assume that all the elements of F are bounded by 1.
First, we shall show that (F— F)? is a GC class. Note that if i, is any empirical
measure then N (g, (F — F)?, Loo(pn)) < N?(£/8,F, Loo(itn)). Indeed, let H =
(h;) be an e-cover to F in L. Since all the elements of F are bounded by 1
pointwise, we may assume that each h; is bounded by 1. Thus, it is easy to see
that for every f]7f2 S .7:7 (f] - f2)2 - (h] - hg)Q‘ S 4(|f] — h]| + |f2 - h2|)
Therefore, if || fi — hill;,_(,,, < € then

I(f = £2)" = (= B2)?|[ ) <8¢

and (H — H)? is an 8e-net to (F — F)?. Hence, for every € > 0 and every integer
7,l7

suplog N (g, (F = F)?, Loo(in)) < 2suplog N (g/8, F, Loo(ptn)).

fin fin
which, by Theorem 2.7 is o(n). Therefore, (F — F)? is a GC class.

Turning to the second claim, let u be a probability measure on ). Since
(F — F)? is a GC class, then for every € > 0 there is some empirical measure
Wy such that

2 2
sup I =9l sy = IIf = 9l | <&
Hence, if A C F then diam7 ,(A) < diam7 , | (A)+¢ and our claim follows.
|

Corollary 3.8 Let X be a Banach space of functions on ). Assume that the
point evaluation functionals 6, are uniformly bounded by m and that X* has type
2. For every probability measure p on Q, let I : X — Lo(u) be the inclusion
operator and assume that for every w € Q, u({w}) = 0. Then, there is some
constant C = C'(m) such that cp(I) < CTy(X*)k—'/2.

10



We shall present a proof to this claim in the case where the point evaluation
functionals are bounded by 1. The general case follow by the same argument.
Proof: First, note that for every probability measure g on Q, X C Lo(u).
Indeed, since sup,cq ||0ullx- < 1, then for every z € Bx and every w € (2
|z(w)] = |dw(z)| < 1. Thus, all the elements of Bx bounded by 1 pointwise.

Set T': Q — Bx+ by T'(w) = §,. For every measure u on 2 let ji be a measure
on Bx-, given by fi(A) = u(T~'(A)). Note that if 4, is an empirical measure
on {2, then T induces an isometry between Lo(€2, p,) and Lo(Bx«, jin), under
which Bx /uy is mapped onto Bx s« /jin, C Lo(Bx~, jin). Hence, cx (Bxx/fin) =
ck(Bx [pn). Also, if p, is supported on a set of n distinct points (i.e., w; # w;
if i # j), then d,,,...,0,, are linearly independent. Since X* has type 2 then
by Lemma 3.3 ¢(Bx+/fi,) < To(X*). Thus, by Theorem 3.6, cp(Bx s+ /jin) <
CTy(X*)k~ /2, implying that cx(Bx /ptn) < CTo(X*)k™ 2 in Ly(py).

Note that for every e > 0, esssup,, logN(a,BX,Ll(un)) = o(n). Indeed,
by the assumption on u, almost every empirical measure u,, is supported on a
set of n distinct points. Thus, for almost every empirical selected according to

Ky
lOgN(E7 Bx/lun: L, (Un)) < IOgN(Ez BX**/AU‘Nn: L, (ﬂn)) <
< suplog N (g, Bx+« vy, L1 (1)),
where the supremum on the right hand side is taken with respect to all the
empirical measures v, on Bx- which are supported on a linearly independent
set. By Theorem 3.4 the supremum is o(n), therefore, by Theorem 2.6, Bx is a
GC class of functions on § with respect to pu.

As noted above, for every ¢ € Bx, sup,cq |t(w)| < 1. Therefore, we may
apply Lemma 3.7 to Bx as functions on 2. Thus, for every € > 0 and every prob-
ability measure p on (2, there is some empirical measure pu,, such that for every
A C Bx, diamp,,)(A) < diamp,,,)(A)+e. Again, by the assumption on y, p,,
may be chosen as an empirical measure supported on n distinct points. Let (2})
be the k functionals on Ly(u,,) such that diam (((ker(z;)NBx)) = cx(Bx /).
Since the dual of Lo(u,) is spanned by empirical functionals (i.e. linear com-
binations of point evaluation functionals), then each z} may be represented as
S, aijd.,. Also, since the point evaluation functionals belong to X*, then
z¥ € X*. Hence, H = [\ ker(z}) is a k-codimensional subspace of X and

diamLQ(H)(H N Bx) < diamLQ(un)(H NBx)+e< CTQ(X*)]{;*UQ +e.

Therefore, ¢, (I) < CTy(X*)k~1/? as claimed.
[ |
We end this section with an estimate on the ¢-norm of classes which have
a finite VC dimension. As a starting point, we require an estimate on the Lo
covering numbers of such classes, which is due to Haussler (see [16]).
Theorem 3.9 Let F be class of {0,1} functions such that VC(F) = d. Then,
there is an absolute constant C such that for every probability measure p on €2,
1

N(e, 7, Lo(u)) < Ce) (1)

11



Theorem 3.10 Let F C Lo(u) which consists of {0,1} functions and assume
that VC(F) = d. Then, there is some absolute constant C such that ((F) <
Cd'/?.

Proof: Let H be a finite dimensional subspace of Lo(u). Clearly, for every
0<e<1,

log N (e, F N H,Ly(n)) <logN (e, F,Ly(p)) < Cdlogg.

If ¢ > 1 then {0} is an e-cover of F, hence, for such ¢, the log-covering numbers
of F vanish. By Theorem 2.3,

1
2
((FNH)< / \/Cdlog “de < cd'’?.
0

and our claim follows.
[ ]

Corollary 3.11 Let F be a class of {0,1} functions on Q. Then, F is a GC
class with respect to all probability measures on Q if and only if

sup sup £(F/pn) < oc.

n

Proof: Recall that a class of {0, 1} functions is GC with respect to all probabil-
ity measures on 2 if and only if it has a finite VC dimension (see [4]). Thus, one
direction of our claim follows from Theorem 3.10. The converse follows from
Theorem 3.1.

|

4 Applications to Learning Theory

As stated in the introduction, the basic question in Learning Theory is that of
generalization: given an unknown function g : € — IR which is a member of a
class F and an i.i.d. sample {(w1,...,wn), (g(w1), ..., g(wn))} selected according
to an unknown probability measure g on (2, is it possible to construct some
function f such that [|f — gll;,, is “small”? The law which assigns a function
to each sample should be efficient, in the sense that for “most” of the samples,
it should produce a function which is indeed close to g. We shall assume that
for every w € Q, pu({w}) =0.

In this section, we formulate such a law using a “Gelfand like” estimate. The
basis of our scheme is the following theorem:

Theorem 4.1 Let F be a class of functions on Q which are uniformly bounded
by m. Set G to be the symmetric convex hull of F and assume that ((F [uy)
are uniformly bounded by €. Then, there is some constant C = C(m) such
that for every € > 0 there are k empirical linear functionals x}, for which
diamp, ) (N(ker(zf) N G)) < /2 + Ck=1/20.
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Moreover, there is some constant C' = C'(m) such that for every e > 0,
0<d<1and

2 logi
1 0
n>C max{84—5, = } (4.1)
there is a set S consisting of samples of n elements of Q, Pr(S) > 1— 4, such
that for every sample (w1, ...,wyn) € S the functionals x; can be chosen to be a
linear combination of {.,, ..., 0,, }-

Proof: Since /(F/u,) = €(G/uy,) then by Theorem 2.3 there is some constant
C > 0 such that for every empirical measure gy, logN(s, G, Lg(un)) < C%)e2.
Thus, by a similar argument to the one used in the proof of Lemma 3.7,

KQ

suplog N (e, (G — G), L1 (1)) < suplog N (e/8,G, Li(py)) < 0(5_2)
Hn

Hn

By the estimate in Theorem 2.6 applied to the class (G — G)?, it follows that if
€>0,0<0<1andnis asin (4.1), there is a set S of samples (wy,...,w,) of
probability larger than 1 — 4, such that for every empirical measure supported

2 2
on s € S, 5y e 1 = 9l — 1S = 97| <
Let u, be any such empirical measure. Then, for any set A C G,

diamp,(,)(A) < diamp,(,,) +el/2,

By Theorem 3.6, there are k linear functionals (z}) on Lo(u,), such that
diamp,, ) (ker(z) N G) < Ctk='/?. Since p, is supported on (wy, ..., w,)
and since (d,) is a basis to the dual space of La(uy), each functional z} is a
linear combination of 4., and our claim follows.

]

As an example of a case in which Theorem 4.1 may be applied is the case of
VC classes. Indeed, if VC(F) = d there is some absolute constant C' such that
7?2 < Qd.

Using Theorem 4.1 it is possible to construct a learning algorithm which
enables one to construct an approximation to the unknown function g, when
the data at hand is {(wi,...,w,), (g(w1),...,g(wy))}. Indeed, given &€ > 0 and
0 <6 <1, let S be as in Theorem 4.1. Then, with probability larger than
1—-9, (wi,...,wn) € S and the empirical functionals (z}) may be chosen as
a linear combination of (d,,). Since a part of the data received are the values
(9(wi)), then for every 1 < i < k, 2} (g) may be calculated by the empirical data.
Hence, if we can find some f € G such that 7 (g) = =7 (f), then ||f — g}, <
2(e'? + CE~1/20).

In the following example we provide a learning scheme which is based on
this idea.

Example: Let X be a Hilbert space of functions on ) such that the point
evaluation functionals §,, are uniformly bounded by 1 (e.g. a Sobolev Hilbert
space WSC’Q(Q) for an appropriate value of k), and set F to be a subset of Bx.
The idea behind the learning scheme is as follows: first, one has to construct a

13



section of F which has a small diameter using the empirical functionals (z}).

Second, due to the structure of X it is possible to identify a function f such
that @7 (f) = 7 (g).

To construct the functionals, let n be as in Theorem 4.1 and suppose that
the sample wy, ...,w, is selected randomly according to the measure u. Just
as in Corollary 3.8, for every empirical measure p,, ¢(Bx/p,) < To(X*) =
1. Fixe >0and 0 < § < 1, and let n be as in (4.1). By Theorem 4.1,
there is some constant C' and a set S such that Pr(S) > 1 — ¢ and for every
sample s, € S there are k-empirical functionals z; = >} a;jd,;, for which
diamp, ) (N(ker(z}) N Bx)) < Ck=1/2 4 ¢'/2,

Turning to the second step, since 6, € Bx~, there is some W € Bx such
that for every f € X, f(w) = é,(f) = <f,W>. Given the sample {wy,...,wn},
let W; be the representation of the functional d,,, set Y = span{Wi,..., Wy}
and let Py be the orthogonal projection onto Y. Tt is easy to see that for every
x € X, z(w;) = (Pyx)(w;). Moreover, since X is a Hilbert space, then for every
z € X, ||Pyz|| < [|z||. Thus, there is some f € Bx NY such that z}(f) = zj(g).
To identify the desired f, note that if f € Bx NY, there are Aq,...,; A, such
that >, AiXj (Wi, W;) < 1and f =37 \;W;. Therefore, an approximating
function f will be any solution to the system of k equations with n variables

s oo A)
Z aijg(wi) = Z Ak Z aij (Wi, W),
=1 k=1 el

(which is simply z7(g) = z7(f)), subjected to the constraint that

> AN (Wi, W) < L

ij=1

Of course, f = Pyg is such a solution, but there are many other possible solu-
tions to this system of equations.

From a practical point of view, the only problem in implementing this learn-
ing scheme is to determine the functionals (z}). However, it follows from the
proof of Theorem 3.6 that the functionals 2 may be selected randomly. They
are the rows of the random linear operator G : R" — IR¥, whose entries are i.i.d.
Gaussian random variables. It turns out (see [9], [5]) that for every convex sym-
metric subset K C /3, with high probability, diam(ker(G)NK) < C¢(K)k~1/2.
Thus, the coefficients (a;;) in the example above may be selected randomly.

Also, note that in many interesting cases, the function u(wy,ws) = <W1 , W2>
can be calculated explicitly. Many such examples of so-called Reproducing Ker-
nels may be found in [12].

To sum-up, the ability to estimate the /-norm of classes of functions which
are interesting from the perspective of Learning Theory is valuable, since it
enables one to construct an approximation scheme based on the empirical data
one receives.

The fact that the /-norm provides an estimate on the diameter of an “opti-
mal” k-codimensional section of the class in question has practical implications
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thanks to two facts. First, because it is possible to find “almost optimal” sec-
tions using a simple random procedure, and second, because the empirical data
tells us on what translation of the section the unknown function is located.

Thus, it is possible to use /-norm estimates and construct a learning scheme
just as in the example above.
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