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Abstract

We evaluate the shattering dimension of various classes of linear functionals on
various symmetric convex sets. The proofs here relay mostly on methods from the
Local Theory of Normed Spaces and include volume estimates, factorization techniques
and tail estimates of norms, viewed as random variables on Euclidean spheres. The
estimates of shattering dimensions can be applied to obtain error bounds for certain
classes of functions, a fact which was the original motivation of this study. Although
this can probably be done in a more traditional manner, we also use the approach
presented here to determine whether several classes of linear functionals satisfy the
uniform Law of Large numbers and the uniform Central Limit Theorem.
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Introduction

Combinatorial dimensions, such as the Vapnik-Chervonenkis dimension and the shattering
dimension are parameters which measure the richness of a given class of functions. The
Vapnik-Chervonenkis dimension (VC dimension) of a class of {0, 1}-valued functions is the

*Supported by the ARC
fSupported by the ISF



largest dimension of a combinatorial cube that can be found in a coordinate projection of
the class, that is, in a restriction of the class to a finite subset of the domain. In this article
we focus on a real valued analog of the VC dimension, called the shattering dimension; it
is a scale sensitive parameter that measures the largest dimension of a “cube” of a given
side length that can be found in a coordinate projection of the class.

Definition 1.1 For every ¢ > 0, a set 0 = {x1,...,x,} C Q is said to be e-shattered by
a set F of functions on Q if there is some function s : ¢ — R, such that for every I C
{1,...,n} there is some fr € F for which fr(x;) > s(x;)+¢ ifi € I, and fr(x;) < s(z;) —¢
ifi & I. The shattering dimension of F' is the function

VC(e, F,Q) = sup{]a| ‘a C Q, o is e—shattered by F}

f1 is called the shattering function of the set I and the set <{s($l)|azz € a} is called a
witness to the e-shattering. In cases where the underlying space is clear we denote the
shattering dimension by VC(e, F).

In this paper we evaluate the shattering dimension of various classes of linear functionals
on various symmetric convex sets. Before describing the actual results obtained we would
like to describe the way one applies such estimates to obtain results concerning the uniform
Law of Large Numbers, the uniform Central Limit Theorem as well as error bounds in
Statistical Learning Theory.

Combinatorial dimensions have been frequently used in the theory of empirical pro-
cesses, mostly in the context of the uniform Law of Large Numbers and the uniform
Central Limit Theorem. Recall the definition of the uniform law of large numbers, also
known as the uniform Glivenko-Cantelli condition.

Definition 1.2 Let F be a class of functions. We say that F is a uniform Glivenko
Cantelli class (uGC class) if for every e > 0,

1 n
lim supPr{sup |Euf — = Zf(XZ)‘ > 5} =0, (1.1)
fer [t

n—oo o

where (X;)?2, are independent random variables distributed according to .

Let us remark that in this article we ignore the question of measurability, since only mild
assumptions on the class such as admissibility are required to resolve this issue (see [6] for
further details). Moreover, in all the cases we explore, it suffices to consider the supremum
over a countable dense set, and thus the measurability issue does not arise.

Vapnik and Chervonenkis proved that (under mild measurability assumptions) a class
of Boolean functions is a uGC class if and only if it has a finite VC dimension [23], and



this result was extended in [2] to the real-valued case, where it was shown that a class
of uniformly bounded functions is a uGC class if and only if VC(e, F') is finite for every
e > 0 (see also [7] for a related earlier characterization of uGC classes of functions).

The shattering dimension can be used to obtain the tail bounds needed in (1.1), us-
ing the following line of argumentation. The starting point is a version of Talagrand’s
inequality (originally proved in [21]), due to Bousquet.

Theorem 1.3 [5] Let F' be a class of functions defined on a probability space (2, 1) such
that supsep || flloo < 1. Let (X;)iL; be independent random variables distributed according
to pi, put 0% > supscp Var[f(X1)] and set Z = supsep | o1 (f(Xi) — Euf)|. Then, for
every r > 0,

Pr{Z >EZ +z} < exp(—vh(%)), (1.2)

where v = no? + 2EZ and h(x) = (1 + z)log(1 + z) — x. Moreover, for every x >0
PriZ>EBZ+Vav+ S} <e (1.3)

In order to apply this result and obtain uniform deviation estimates one needs to bound
EZ. By symmetrization,

where (g;)I_; are independent Rademacher random variables (i.e., take the values +1 with
probability 1/2 each). It turns out that the Rademacher averages on the right hand side
of (1.4) can be estimated in terms of the empirical covering numbers.

If (Y,d) is a metric space and F' C Y, then for every ¢ > 0, N(g, F,d) denotes the
minimal number of open balls (with respect to the metric d) needed to cover F.

Definition 1.4 For every class F' let the empirical covering numbers be

N (e, F,n) = sup N (&, F, Lo (i),
Hn

where the supremum is taken with respect to all empirical measures n=* Yoy 0g, supported
on n points. log N(s, F) = sup,, log N (e, F,n) is called the uniform Lo entropy of F.

The following result shows that the uniform entropy can be bounded via the combinatorial
parameters.

Theorem 1.5 [15] There are absolute constants K and c such that for any class F which
consists of functions bounded by 1 and every 0 < e < 1,
2>K~VC(C6,F)

N(e, F) < <g



Combining Theorem 1.5 with a chaining argument, one can bound the Rademacher aver-
ages of (1.4) and thus EZ and obtain the necessary deviation estimates. In all the examples
presented in the sequel we will establish upper bounds on the shattering dimension which
are polynomial in 1/, and in that case, the following holds.

Theorem 1.6 [16] Let F be a class of functions bounded by 1, and set Z to be as in
Theorem 1.3. Assume that there are v > 1 and 0 < p < oo such that VC(g, F') < ve™P.
Then
Vn if 0 <p<2,
EZ <O { Valog®?n  ifp=2,
n=PlogPn if p > 2,

where Cy, are constants which depend only on p.

We now turn to the description of the connection between bounds on the shattering
dimension and error bounds used in the analysis of regression problems in nonparametric
statistics and, more recently, in Machine Learning. In both applications, combinatorial
parameters have played an important role. In the context of Machine Learning, they
were used to estimate the size of a random sample needed to construct an almost optimal
approximation of an unknown target function by an element in a fixed class of functions,
where the given data are a sample (X;)!"; and the values of the target on the sample
[1, 16]. Such an error bound which is based on the shattering dimension is presented in

the next theorem, which was adapted from [4].

Theorem 1.7 Let (2, 1) be a probability space, let F' be a class of measurable functions
on Q with ranges in [—1,1] and assume that there is a constant B > 1 such that for every
fEF,E,f2<BE,f. If( i)y are independent random variables distributed according
to u, then for any x > 0 there is a set of probability larger than 1 — 2e™", on which for
any f € F,
Bx
E.f <= Zf +C(7+—)

where C is an absolute constant and

I= /01 \/VC(g,F, (X1, ...,Xn})log(é)dg. (1.5)

Let us mention that it is possible to obtain error bounds even in some cases when
I = oo [14], and that in [4], error bounds with faster rates of convergence than 1/y/n were
established in the same setup.

The analysis of the shattering dimension of classes of linear functionals we present is
based on methods from the local theory of normed spaces. We show that for such classes



the shattering dimension is determined by the geometry of the class and the domain,
which is expressed by the ability to factor a certain operator through /7. Firstly, we
investigate in section 3 the case when 2 is the unit ball of some Banach space and F' is
the dual unit ball. We show that if X is infinite dimensional and By is the unit ball of
X, the shattering dimension VC(e, Bx+, Bx) is determined by the Rademacher type of
X. In section 4, which contain the main new results of this paper, we use a volumetric
argument and establish estimates on the shattering dimension when both the class and
the domain are finite dimensional convex and symmetric sets. We then compute the
shattering dimension of the unit ball in £ when considered as functions on the unit ball
of £, 1 < p,q < 0o and show that in many cases the volumetric approach yields sharp
bounds. For example we prove in Theorem 4.12 that for 1 < p < ¢ < oo, and for ' = B,
the unit ball of £y (¢’ is the conjugate index to ¢), and Q = B,,, VC(e, F,Q) is given, up
to constants depending only on p and ¢, by the following expressions

et if1<p<2,
VC(g, F,Q) ~pgQ -1

1
o

@ if2<p< .

Section 5 is devoted to computation of the shattering dimension of the image of the unit
ball of ¢} under a linear transformation.

The applications of the estimates of the shattering dimensions to the determination
of whether some classes of functionals satisfy the uniform Law of large Numbers or the
uniform Central Limit Theorem are scattered through sections 3 and 4. In Section 3 we
give, among other things, a new proof for a result from [7] giving a necessary and sufficient
condition for the unit ball Bx+ of a dual Banach space to be uGC class on Bx. In section
4 our results are used to investigate the following problem: consider the unit ball of £,
denoted by By, as functions on the unit ball of £,. Does this class of functions satisfy the
uniform Central Limit Theorem on this domain? In general, one can show that for any
infinite dimensional Banach space X, F' = Bxx, does not satisfy the uniform Central Limit
Theorem on the domain 2 = Bx. Although this can probably be deduced from earlier
contributions, we show, as an application of the methods presented here, that whenever
p < q F = By satisfies the uniform Central Limit Theorem on the domain = B,,.

2 Preliminaries

Throughout, all absolute constants are denoted by ¢, C' or K. Their values may change
from line to line, or even within the same line. c,, C, denote constants which depend only
on the parameter ¢ (which is usually a real number p or a couple of real numbers p, q),
and a ~, b means that c,b < a < C,b. If the constants are absolute we use the notation
a ~ b. Given a real Banach space X, let Bx or B(X) be the unit ball of X. The dual of



X, denoted by X*, consists of all the bounded linear functionals on X, endowed with the
norm [|z*|| = supy, =1 [¢*(z)|. For every integer n, we fix the Euclidean structure ( , )
on R™ with an orthonormal basis denoted by (e;)" ;.

A set K is called symmetric if the fact that x € K implies that —x € K. The symmetric
convex hull of K, denoted by absconv(K), is the convex hull of K U —K.

If K C R™ is bounded, convex and symmetric with a nonempty interior, then K is a
unit ball of a norm denoted by || || . It is possible to show that the polar of K, defined
by

K° = {z € R"|sup(k,z) <1}
keK

is the unit ball of the dual space of (R",|| ||5). In the sequel we shall abuse notation
and denote by K the normed space whose unit ball is K. From here on, a ball will be a
bounded, convex and symmetric subset of R, with a nonempty interior.

If 1 <p < oo, let £7 be R" endowed with the norm |37 aseifl, = (323, |ag|P)V/P.
(%, is R™ endowed with the norm || 7" ajeil| ., = sup; |a;|. B} is the unit ball of £, and
for every 1 < p < oo, (B))° = B, where 1/p+ 1/p’ = 1. In this case, p’ is called the
conjugate index of p.

2.1 Volume estimates

As stated above, we can identify /5 with R". Hence, ¢3 is endowed with the n-dimensional
Lebesgue measure, denoted by |-|. Let GL,, be the set of invertible operators T': R" — R",
and note that for every measurable set A C R™ and every T' € GL,, |T'A| = |det(T")| |A|.
We say that a set A C R" is an ellipsoid if there is some T' € GL,,, such that A =T Bj.

It will be useful to determine the volume of the balls B, and the volume of their
sections. First, let us mention the following well known fact.

Theorem 2.1 [19] There are absolute constants C' and ¢ such that for every integer n
and every 1 < p < oo,

_1 1 _1
en p < ‘Bg’" <Cn ».

Unlike the clear structure of sections of By, the geometry of sections of By is far less
obvious. The following result, due to Meyer and Pajor [17], bounds the volume of k-
dimensional sections of B.

Theorem 2.2 For every k-dimensional subspace E C R™ and every 1 < p < q < o0,

BynE| _ |BynE|
Lt




By selecting ¢ = 2 it follows that for 1 < p < 2, the volume of any k-dimensional section
of By is smaller than the volume of B}],f. Similarly, by taking p = 2, the volume of any
k-dimensional section of By for 2 < g < oo is larger than the volume of BZ;.

Remark 2.3 A similar result holds in the infinite dimensional case. In particular, it
follows that for any 1 < p < g < oo and for any n-dimensional subspace E,

1
|Bp,NE|\" 11
—_ <C . 2.1
(’Bq ﬂE’ — p’qnq P ( )

An important fact about the volume of balls are the Santal6 and inverse Santald
inequalities.

Theorem 2.4 There is an absolute constant ¢ such that for every integer n and every
ball K C R",

1

> <M> -
—_— 77,2 —_
| By |

The upper bound was established by Santald, while the lower bound is due to Bourgain
and Milman. The proof of both results can be found in [19].

One of the tools used in modern convex geometry is the notion of volume ratios. The
idea is to compare the volume of a given ball with the “best” possible volume of an ellipsoid
contained in it, since this may be used to understand “how close” the norm induced by
the ball is to a Fuclidean structure.

Definition 2.5 For every ball K C R", the volume ratio of K is

where the infimum is taken with respect to all T' € GL,, such that TBY C K.
The external volume ratio is defined as

1

o TBy[) "

evr(K) = inf ,
( K|

where the infimum is with respect to all T € GLy, such that K C TBY.

It is possible to show [19] that both infimums in the definition above are uniquely attained.
Hence, for every ball K C R"™ there is an ellipsoid of maximal volume contained in K and



an ellipsoid of minimal volume containing K. The ellipsoid of maximal volume contained
in K is denoted by £k, and the ellipsoid of minimal volume containing K is denoted by
é:K. Note that for every ball K, £7 = gKo.

It follows from the definitions that if K is an ellipsoid then vr(K) = evr(K) = 1.
Moreover, it is known that for every ball K ¢ R", vr(K) < y/n. More precisely, the
volume ratio of £, which is of the order of /n, is the worst possible:

Theorem 2.6 [3] For every integer n,

4
vi(K) <vr(BY) = ———.
(K) < () =

Another result we require is an estimate on the volume ratios of projections of /,,.

Theorem 2.7 [12] For every integer n,

1 l<p<?2

sup vr(PgBp) ~p
ECRn?

T =

1
n?2 2<p< o

where the supremum is taken with respect to all the projections onto n dimensional sub-
spaces of €.

A different notion of volume ratios is the cubic ratios which was introduced by K. Ball.
For every ball K C R" let

. 7B |\ *
K) = f ( W).
er(K) TeGLnl,anTBgo |K|
Lemma 2.8 [3] There are absolute constants ¢ and C such that for every integer n and
every ball K C R,
cvn < vr(K)er(K) < Cy/n.

Finally, we can define the volume numbers of an operator. We follow the definition used
by Gordon and Junge [11, 12].

Definition 2.9 Given Banach spaces X and Y, an operator T : X — Y and an integer
n, let the n-th volume number of T be

1

T(BxNE)\"

vdﬂ—ﬂﬁ{(Léégfﬂ>’ECX}T@UCFCYZ&mE—mmF—n}
y NF|



Note that if 7" is of rank smaller than n, v,(T) = 0. Also, it is clear that the volume
numbers are sub-multiplicative, i.e., vy, (T1T2) < vy, (T1)v,(T2). If T is an operator between
Hilbert spaces then the volume numbers may be calculated using the eigenvalues (\;) of
VT*T (which are arranged in a non increasing order). In that case, for every integer n,
on(T) = ([T M)V

Another example in which the volume numbers may be estimated is for the formal
identity operator id : (' — £;'. By Theorem 2.2 it is evident that for every n < m and
any 1 <p<g<oo

1/n

By B _ By " 1

1
Vp(idgm_pm) = sup < < Cpgna » 2.2
n( P q ) dmE—n ‘B;nﬂE‘l/n |Bg’1/n p.q ( )
and clearly also
n|l/n
n p tq/ = }Bn‘l/n
q
In general, if p > ¢ then
1_1
on(idgp —p) < lidllop—ep = m 77, (2.4)

and this estimate is optimal, at least in cases where n divides m. To see this, let k = m/n
and for j =1,...,n let v; = Zle €j+k(i—1)- Note that for each r, span{vy,...,v,} N B =
E N B™ has volume (m/n)Y?~1/7|B?|. Thus,

BB myih B i
— (= . = ma p
| BN E|Y/n n | Bt/ P ’

proving that the bound on the volume numbers is tight.

2.2 The Uniform Central Limit Theorem

The fact that the shattering dimension can be used to bound the uniform entropy will
enable us to show that some classes of functionals satisfy the uniform CLT. Recall that a
sequence of measures v, converges to v in law in £ (F') if for every bounded and continuous
function H : {o(F) — R, E*H(v,) — E*H(v), where E* denotes the outer expectation.

Definition 2.10 [6] Let F C B(L(Q2)), set P to be a probability measure on Q@ and
assume Gp to be a gaussian process indexed by F, which has mean 0 and covariance

BGe(f)Gelg) = [ f9aP [ fa [ gaP.



F is called a universal Donsker class if for any probability measure P the law Gp is tight
in loo(F) and vl = nl/z(Pn — P) € Us(F) converges in law to Gp in s (F'), where P, a
random empirical measure selected according to P, that is P, = % >y 0x,, where (X;)P,
are independent random variables distributed according to P.

Stronger than the universal Donsker property is the uniform Donsker property, which
is the uniform version of the central limit theorem. For such classes, v’ converges to G p
uniformly in P in some sense (see [6, 22] for more details). The following result of Giné
and Zinn [8] is a relatively simple characterization of uniform Donsker classes.

For every probability measure P on Q, let p%(f,g9) =Ep(f — 9)* — (Ep(f — g))2, and

for every 6 > 0, set Fs = {f —g|f,g € F, pp(f,g) < d}.

Theorem 2.11 [8] F is a uniform Donsker class if and only if the following holds: for ev-
ery probability measure P on ), Gp has a version with bounded, pp-uniformly continuous
sample paths, and for these versions,

supEsup |Gp(f)| < oo,  limsupE sup |Gp(h)| = 0.
P fer 0—0 P heFs

The main tool in the analysis of uniform Donsker classes is the Koltchinskii-Pollard
entropy integral.

Theorem 2.12 [8] If F C B(Lo(2)) satisfies that

(0.9]
/ Sup sup \/log N(s,F, Lg(,un)) de < 00,
0 n. pn

then it is a uniform Donsker class.

3 Shattering by By-

The goal of this section is to bound the shattering dimension of the dual unit ball of a
given Banach space. To that end, we present the geometric interpretation of the shattering
dimension when 2 C X and F = Bx=.

Lemma 3.1 Let X be a Banach space. Assume that {x1,...,x,} is e-shattered by Bx~
and set E = span{zi,...,x,}. If A is the symmetric conver hull of {x1,...,x,} then
€(BX N E) C A.

Proof. Let {z1,...,2,} be e-shattered by Bx+ and let {si,...,s,} to be a witness of the
shattering. Put (a;)!" ; C R, set I = {i|a; > 0} and let 27 be the functional shattering the
set I. For every such I and every i € I,

xy(x;) — xfe(x;) > 85+ — (85 —€) = 2e,

10



and if i & I,

x7(zi) — xfe(mi) < s —e—(s; +¢€) = —2¢.
Thus,
n n

Z a;zi|| = sup |z¥ (Z aixi)

i=1 wreBxs i=1
1 n n

>— sup |z¥ (Z al-:v@-) —* (Z ami) = (x)

2 % 3" B i=1 i=1

Selecting z* = =7 and T* = 77},

1
() > 3 x7 (Z a;x; + Z ai;vl-) — xTe (Z a;x; + Z aiévi)
icl iele icl iele
1 * * * k
=3 Zai(xf(:ni) — xje(z7)) + Z(—ai)(mlc(azi) — z7(2;))
iel iele

n
> 62 la;] .
i=1

Since every point  on the boundary of A is given by z = > | a;x;, where Y, |a;i| =1,
then ||z|| = ||>_7, a;z;|| > €, which proves our claim. |

Corollary 3.2 The set {z1,...,xn} C Bx is e-shattered by Bx~ if and only if (z;)"_, are
linearly independent and e-dominate the (7 unit-vector basis; i.e., for every ay, ...,a, € R,

e iy lag) <1300 asil|

Proof. Let E = span{xi,...,x,} for some linearly independent elements of Bx, define
T : 0} — 05 by Te; = x; and set A to be the symmetric convex hull of {z1,...,x,}. For
every I C {1,...,n} there is some v € Bl such that <v,ei> =1ifiel and <v,e]~> = -1
otherwise. Note that <v,ei> = <U,T*1Tei> = <T*1*U,T6i> and that A° = (T'B})° =
T~V B2, implying that T~'"v € A°. If {x;...,2,} e-dominate the £} unit-vector basis
then e(Bx NE) C A and A° C e 1(Bx N E)° = ¢ PgBx+, where Pg is the orthogonal
projection onto E. Thus, there is some z* € Bx- such that T-' v = tPgaz* for some
0 <t < e . Hence, <1/‘*,.CEI> = <:L’*,Tei> = <PEx*,Tel-> = t_1<T_1*v,Tei> >ceifie I
By a similar argument, <x*, Tej> < —¢if j & I, which shows that {z1, ..., z, } is e-shattered
by Bxx.
Conversely, if {x1,...,z,} C By is e-shattered then for every ay,...,a, € R,

n n
e lail <1 aial],
i=1 =1

11



hence (z;)}_; are independent and e-dominate the ¢} unit-vector basis. [ ]

This result enables us to estimate the shattering dimension of the dual unit ball of an
infinite dimensional Banach space X when considered as a class of functions on Bx. It
turns out that the shattering dimension is determined by the type of X.

Definition 3.3 A Banach space X has type p if there is some constant C such that for
every integer n and every x1,...,Tn € X,

3 e < c(zn: ||a;i|yp)1/p (3.1)
=1 i=1

where (g;)1, are independent Rademacher random variables. The smallest constant for
which (3.1) holds is called the type p constant of X and is denoted by T,(X).

E

The basic facts concerning the concept of type may be found, for example, in [18].
Clearly, for every Banach space (3.1) holds in the case p = 1 with T3(X) = 1. If
p* = sup{p|X has type p} then 1 < p* < 2, and if p* = 1 then X is said to have a
trivial type.

Recall that the distance between two isomorphic Banach spaces X and Y is defined
as d(X,Y) = inf ||T'|| - ||T~!|| where the infimum is take with respect to all isomorphisms
between X and Y. It is easy to see that if XY and Z are isomorphic, then d(X,Z) <
d(X,Y)-dY,Z2).

Theorem 3.4 Let X be an infinite dimensional Banach space. Then VC(e, Bx+, Bx) is
finite for every € > 0 if and only if X has a nontrivial type. If X has type p then

1\ 25 S
(27 =1 < vee By, By < ()7 4,
The lower bound and a weaker version of the upper one were established in [13]. We

repeat the proof of the lower bound for the sake of completeness.

Proof. If {z1,...,2,} is e-shattered then it e-dominates the ¢} unit-vector basis. By
selecting a; = &, en < || Y1, &iz;||. On the other hand, taking the expectation with
respect to the Rademacher variables

n
E i
i=1

Thus, there is a realization (;)7_,; such that || 321", ;2| < Tp(X)n!/P. Combining the
two inequalities, n < (T,(X)/e)P/ =1,

E

n 1
P 1
<) (3 ilk )" < T(X)ms.
X =1

12



Conversely, for every A > 0 and every integer n, there is a subspace X,, C X such that
dim X, = n and d({}., X;,) <1+ A (see [18]). Recall that d((7,£}.) = nt=1/P" (see [20]),
hence, d(X,,7) < (1 + X\)n'~YP" and in particular, there are 1, ..., 2, C Bx such that
for every (a;)i~; C R,

1 n n
T 2o lail <11 ail
(L+X)n!=t/p i=1 i=1

Therefore, {z1,...,x,} is n*=P)/P"(1 + X\)~L-shattered by Bx-, and the claim follows by
taking A — 0.
The assertion in the case p* = 1 follows in a similar manner. [ |

The uGC part of the next corollary was first proved in [7], and the second part may
also be known to experts; the proof presented below is new, as far as we know.

Corollary 3.5 Let X be an infinite dimensional Banach space. Then, F = Bx+ is a uGC
class on Q) = Bx if and only if X has a nontrivial type. Also, for any infinite dimensional
X, F is not a uniform Donsker class on §Q.

Proof. The fact that the pair is a uGC class if and only if X has a nontrivial type
follows from Theorem 3.4 and the characterization of uGC classes as classes with a finite
shattering dimension at every scale € (see [2]).

As for the second part, in [8] example 3.3, it was shown that if X = ¢ then F = By
is not a uniform Donsker class on 2 = By. Moreover, an easy modification of the proof
reveals the following: if there is a constant C' such that for every integer n there are spaces
X, C X of dimension n for which d(X,,¢}) < C then F' = Bx~ is not a uniform Donsker
class on 2 = By. By Dvoretzky’s Theorem [18], every infinite dimensional Banach space
has such subspaces X,, (with a constant C' arbitrarily close to 1). ]

Unlike the infinite dimensional case, in which the growth of VC(e, Bx+, Bx) is de-
termined by the type of X, it is not clear whether the same holds for finite dimensional
spaces; indeed, the lower bound in Theorem 3.4 is based on the fact that X contains
spaces which are arbitrarily close to £}. for every integer n, which is only true for infinite
dimensional spaces.

4 The shattering dimension of finite dimensional bodies

It turns out that some applications require that the set of functionals F' is not the dual of
the domain but some other convex symmetric set; thus, in the finite dimensional context
it is natural to investigate the following question.

Question 4.1 Let K and L be two convex symmetric bodies in R% and view the elements
of L° as functions on K using the fized inner product in R?. What is VC(e, L°, K)?

13



We have shown that VC(e, L°, K) = n if and only if n is the largest such that there
are n points {z1,...,x,} C K for which ¢(L N E) C absconv(xy,...,z,), where E =
span{xy, ..., T, }.

The next theorem provides a general upper bound on VC(g, L°, K) based on a volu-
metric argument. The result is presented for finite dimensional bodies but can be easily
extended to the infinite dimensional case.

Theorem 4.2 There is an absolute constant C such that for every two integers n < m
and every two balls K, L C R™ the following holds: if {z1,...,xn,} C K is e-shattered by
L° then

K N E|Y

C
Vi < Zvir((K N E)° :
el )MLHEW”
where E = span{x1, ..., T, }.

Proof: Assume that {z1,...,x,} C K is e-shattered by L°. By Lemma 3.1, e(LNE) C
A C KNE, where A is the symmetric convex hull of {1, ..., 2, }, and thus, (KNE)° C A°.
By Lemma 2.8

evn <vi((K N E)%)er((K N E)°) < vr((K N E)°) <%> n

o\* o "
§lvr((KﬂE)°) (m> < —vr((KNE)°) (“fg?ﬁ) )

19 9

where the last inequality follows from the Santald and inverse Santalo inequalities. [

Combining this theorem with Remark 2.3 on the ratio |B, N E|/|B, N E| and Theorem
2.7 on the volume ratio of projections of /,, the following is evident:

Corollary 4.3 For every 1 < p < q < oo there is a constant Cy, 4 for which the following
holds: if {x1,...xn} C By, is e-shattered by By then

<c nl/a-1 if1<p<2
€= "pa pl/a=Yp=1/2  if9 < p < 0.

In the sequel we will show that this estimate is sharp. Since a similar argument is used in
the proof of Theorem 4.10, we shall not present the proof of the corollary here.
Let us mention the following observations; firstly, using Santalo’s inequality, Vr((K N

E))|KNE \% < |Ekn E|% Therefore, from the volumetric point of view, all that matters
is the ratio between the volume of the ellipsoid of minimal volume containing the section
of K spanned by {z1,...,2,} and the volume of L N E.

14



Secondly, estimating the shattering dimension is equivalent to understanding the be-
havior of its formal inverse, which, for a given linearly independent set {z1,...,x,} C K
is the largest € > 0 such that ¢(L N E) C absconv(x1, ..., ), where E = span{zy, ..., T, }.
Thus, one can take K = T'Bf, where T': {1 — {5 is defined by Te; = x;, and the volume
of the ellipsoid of minimal volume containing 7T'B} is the significant quantity.

Finally, if (X\;)], are the singular values of the operator T', that is, the eigenvalues of

VT*T, then |Eppn|/™ is equivalent to n=1/2 (], /\i)l/n-

4.1 Shattering and factorization through ¢}
An alternative way to formulate the problem of estimating the shattering dimension is as
a factorization problem.
Definition 4.4 For every two balls K and L in R™ and every integer n < m, let

In(K, L) = inf || A[| | B[ ;
the infimum is taken with respect to all subspaces of E C R™ of dimension n, and all
operators B : (E, || |lLng) — €1, A: 0} — (E,|| ||knE) such that AB =id : LNE — KNE.

The following lemma shows that 1/T', (K, L) is the formal inverse of the shattering dimen-
sion.

Lemma 4.5 For every integer n and any balls K and L,
1

m =sup{e|H{z1,...,zn} C K, e(LNE) C absconv(zy,...,zy)} (4.1)

=sup{e|VC(e, L°, K) > n} (4.2)
where E = span{x1, ..., T, }.

Proof. If the identity admits an optimal factorization id = AB, set A" = A/||Aller - xnE
and observe that the set A’eq, ..., A’e,, C K N E satisfies that for any aq,...,a, € R

n n n n
ANl 20z - 1Bl kng—e - |1 aideillL > IBO_ aiden)llep > 1Y aeilley = lal.
i=1 i=1 i=1 i=1
Hence, absconv(A’eq, ..., A’e,) € K N E contains (||A||||B]|)~*(L N E) and
1
TLK.L) < sup{e|FH{z1,...,zn} C K, e(LNE) C absconv(zy, ..., z,)}.

For the reverse inequality, if {x1, ..., 2, } C K are such that e(LNE) C absconv(z1, ..., zy),
define T': R" — R" by Te; = x;. Clearly, ||T|l¢p—~xne <1 and

—_

1T srpmey = sup [Ty = sup |lallre < =
rzeLNE LNE

e

™

Thus, [ Tlley ke - [T | snp e < 1/ and 1/To(K, L) > e. .

15



Combining Theorem 4.2 and the previous lemma, we obtain

Corollary 4.6 There is an absolute constant ¢ > 0 such that for any two integers n < m
and any two balls K, L C R™,

Vn

I'(K,L)>
n(K,L) > c vp(id : K — L)supp vr(PgK°)’

where dim(E) = n.

4.2 Factorization constants of 521

The goal of the next section is to investigate the shattering dimension of the class of linear
functionals F = B;CL on ) = B for 1 < p,q < oo. Firstly, in Theorems 4.9 and 4.10
below we present a tight estimate on the factorization constant of id : £ — £ through (7.
Then, we use this result to estimate I',, (B}, By*) and thus bound VC(e, B, By'); finally,
we show that if 1 < p < ¢ < oo then F' = By is a uniform Donsker class on 2 = B,,.

We begin with two lemmas needed for the proof of Theorem 4.9.

Lemma 4.7 Let pi be the Haar measure on the n dimensional sphere S"1. Set K and L
to be balls in R™ and put o to be such that

1
u(x e 5"k > —) <
o 2n
If € satisfies that
,u,<x € 5™ ||z|e > i) < g~(nt)

ev/n
then I'y(K, L) < 1/e.
Proof. Denote by O,, the orthogonal group and let Pp, be the Haar measure on O,,.

Set U € O,, and define x; = aUe;. Using the standard connection between Pp, and p on
Sn—l’

Pon(%' € K) = ,u(x S 5’”_1H|:EHK < é)>

hence 1 1
Po,(ws € K forall i) = 1= npu(w € $"7| 2] > =) > 5.

Moreover,

n
Py, (conv(iotei) D) EL) = P0n< sup Hl Z UiUel-’ Lo S %)
i=1

(Ui)?zle{_Ll}n «

16



For every vector (o1, ...,0,) € {—1,1}",

Pon<Héizn;aiUei‘ > %) = Pon<HU(%zzn;€i)‘

> )
L™ ey/n

_ Q@
:,u<x65" 1}”1“LO>%).
Thus,
_ o 1
Po, (conv(talUe;) DeL) > 1—2"u(x € S" ||z Lo > %) > 5

and there is some orthogonal operator which belongs to both events. The operator T' = aU
satisfies that || Tl —xne <1 and HT‘1||LQEH5? < 1/e, as claimed. [ ]

Lemma 4.8 There are constants C, for which the following holds: for every integer n,
1 23 1
,u(w € 5" ||zl = Cypm? ) < g~ (ntD),
if1<p<2 andif2 <p< oo then
2/p

1 1
p(ze s lally > Gne~2) <e

Proof. Denote by M(B}) the median of ||z, on S"~!. By Levy’s inequality [18],

t2nM2(BY)

H(ﬂf e Sn—l’ ||:L‘||p > (1 ‘f‘t)M(B;')) <e 2]| dHZQHZP )

Recall that M (B)) ~, n/P=1/2 (see, e.g. [18]) and that lid||ep—en = max{n/P~1/2 1}. It
follows that for 1 < p < 2 and C large enough, depending only on p,

/.L(IL‘ e snt ’H;L‘HE;L > Cn%_%) < e—CpC2n < 2—(71—&-1)’
while for 2 < p < co and C' depending only on p,
1_1
N<$ e st zllen > Cni_E) <e

The above results will play an important role in the proof of the following theorem, in
which we construct factorizations of id : {5 — £} through £7.
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Theorem 4.9 Let K = B} and L = Bj'. Then, I'n(K, L) satisfies that

(1,11
n2'roa if2<p,q< oo,
1-1 .
n o ifl<p<2,
(K, L) < Cpy
1
n'Ti ifl<q<2<p<ocoandp >q,
1 .
nr if1<qg<2<p<ooandp <q.

Proof. First, assume that 2 < p < oo and 2 < ¢ < co. By Lemma 4.8 and Lemma
4.7 it suffices to choose 1/a = C,n'/P~1/2 and select & which satisfies that C’qnl/q/*l/2 =

Cn2Y1 = Cyafey/n, ie., L ~y 2L Therefore T',(B?, B?) < C, n/2t1/p=1/4,
q q Y4 a p1Pq P

Next, if 1 < p < 2 then

Ql-

. . 1—1
To(K, L) < llidllog g lid]ep oy = n' "5

If 2<p<ooand 1< q < 2, one has to treat two cases; if 1 < ¢ < p/, then using the
identity operator as above, I',(By, By) < n'=1/4. On the other hand, if p’ < ¢ < 2 then
by the first part of our claim,

1
Ln(By, By) < llid|lgp—ez Tn(By, By) < Cpn.

Finally, one has to address the situation when p is infinity. If p = ¢ = oo then
(B2, BY) =d(£},0%) < Cnl/? [20].

For p = oo we first examine the case ¢ = 2. Let £};(C) to be C" endowed with the £,
norm and set T = (n_l/QeQWijk/”)Zkzl. It is easy to check that [|T[gn(c)—em () < n1/2
and that [|7']|¢n ©)—emc) < n'/2. For our purpose, £;(C) can be considered as the £
sum of 2-dimensional Euclidean spaces, K%, over the reals, and since for any 1 < p < oo,
||id||[2,(c)4)€12,n : ||id||g%nﬂeg((c) < V2, then Ty, (2", ¢27) < 2. The case where n is odd is
easily reduced to the even case.

Finally, for a general g,

In(Bl, By) < llidllep—e3Tn (B, By) < Cllid|| ey ey,

as claimed. m
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The next step in our analysis is to show that the bounds in Theorem 4.9 are tight.
The proof uses the notion of r-summing operators. Recall that an operator T': X — Y is
r-summing for 1 < r < oo, if there is a C' < oo such that

n n
D oTa|" <C" sup Yot ()" (4.3)
i=1 #reBx+im1

for all integers n and all x1,...,z, € X. The smallest C' for which (4.3) holds is denoted
by m.(T), and is called the r-summing norm of 7.

Theorem 4.10 There exist ¢y such that if K = B} and L = By, then I';,(K, L) satisfies
that

1,11
n?'roa if2<p,q< oo,
Ln(K, L) = cpq
1
n'"a if 1 <p<2.

Also, there are ¢p g, such that if 1 < ¢ <2 <p < oo and r > max{p,q'} then
1
(K, L) > cpgpnr.

Proof. The first two cases follow from the volumetric estimate as in Corollary 4.3. Indeed,
if {x1,...,2n} C K is e-shattered by L° then

1
K n
ev/n < Cvr(K°) (H)
for some absolute constant C. Since K = B} and L = By then (|IK|/| L)Y ~p g nt/a=1/p
and vr(K°) ~ nt/P=1/2 for 1 < p < 2and ~ 1 for 2 < p < co. Hence,

ne if1<p<2,

and the lower estimate on I';, is evident from Lemma 4.5.

For 1 < ¢ <2 < p < oo we can get a better estimate than what the volumetric
estimates provide. We first investigate id : £ — E;‘,. Observe that if AB is a factorization
of the identity through ¢} then B*A* is a factorization of i¢d through ¢ . A theorem
of Maurey (see [20], Theorem 21.4(ii)) asserts that, for every r > ¢/, B* is r-summing
with m,.(B*) < C,,||B*| and thus, by the properties of m,, m.(id) < ||A*||m(B*) <
Corln(By, By).
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The behavior of the 7, norm of the identity between £} and other spaces was investi-
gated in the two papers [9] and [10]. In particular, in the range we are interested in, it is
proved in [9] that m.(id : €5 — £7,) > cqrn'/T. (For the interested reader, we found that
the best way to understand this is to apply Theorem 1 there to our setup. This is rather
easy, as is the proof of Theorem 1.)

This settles the case p = ¢. Turning to the general case, assume first that 2 < ¢ <
p < r < oo. For any factorization AB = id,_.p, id,_yAB is a factorization of id
Therefore, for any s > ¢/,

q—q’ -

[~

~)

1 . . 1
Corns < | Blllidp—g All < ANl Bl llidp—q | < [ Alll|Blln" >

)

e
7

1,1
hence ||A||||B]| > Cq,rnPJrs 7. Choosing s such that % = }D + % — % gives the result in
this case.
A similar argument may be used to handle the case ¢’ > p. [ |

Next we estimate 'y, (B}, B)") when n < m. Note that the results we obtain are not
for the full range of p and q.

Theorem 4.11 For every integers n < m the following holds:
1. If2 < q<p<oothen Tw(B)', BJ') ~pq nl/2ml/p=1/a
2. If g <p <2 then T'y(By', BY") ~pq nl=1/pml/p=1/q,
3. Ifp<qand1 <p<2then I'y(B)', By") ~pgq nl—1/a,
4- Ifp < qand 2 <p < oo then U'n(B)', By") ~pq4 nl/2+1/p=1/q

Proof. In all cases, the lower bound follows from Corollary 4.6 combined with the estimate
on the volume numbers of id,_.4 in (2.2) and (2.4), and the volume ratios of quotients of
¢, from Theorem 2.7.

As for the upper bound, the optimal choice in (1) and (2) (at least when n divides
m) is the section E spanned by v; = Zle €jtk(i-1)> J = 1,..,n. Then B' N E =
(m/n)l/z_l/pB;}. Clearly I'y(By', By"') < I'n(By' N E, B' N E) and when 2 < ¢ < p the
latter can be approximated using the probabilistic argument from Lemma 4.8 and Lemma
4.7. Indeed, a straightforward computation shows that one can take o = m/2=1/? and that
¢ needs to satisfy that m'/2=1/4 = o /n'/2c = m1/2=1/P /n1/2c Thus, 1/ < n'/2m!/P=1/,
which proves the bound is tight.

When ¢ < p < 2 one uses the identity operator as the factorizing operator between
(7n/n)1/2_1/‘7B;Z and (m/n)1/2_1/7’Bg to obtain the required result.

The upper bound in (3) is obtained by taking the canonical section span{e, ..., ep}
and applying Theorem 4.9. [ |
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Some of the information one can obtain from these estimates is summarized in the
following

Theorem 4.12 Let 1 <p < q< oo, set I'= By and Q = B,. Then,

1.
e ifl<p<e,
VC(e, F, Q) ~pq 1

TI1.1
e 2*p

_1I
q

if2<p< 0.
2. F is a uniform Donsker class on ).

3. There are constants Cp, 4 such that for any probability measure 1 on By, every integer
n and every t > 0,

Pr{ sup |E,a* — %anf*(Xzﬂ > Cp#}(% + E)} <e,
=1

x*GBq/
where (X;)I"_, are independent and distributed according to fu.

Before presenting the proof, we require an additional lemma which follows from Theorem
1.5. Although the first equality is not needed in the sequel, it might be useful in other
applications.

Lemma 4.13 For any 1 < p < g < oo there is a constant C, , for which the following
holds: if x1,...,xn € By and T : Ly — (3 is given by Tx* = n~1/2 Som x*(xi)e;, then, for
every € > 0,

2
IOg N(&, TBq’v 63) = 1Og N(Ev Bq’a LZ(:U’TL)) < Cp,qVC(5a Bq’a Bp) ’ log ga

where p, is the empirical measure supported on {x1, ...,z }.

Proof (of Theorem 4.12). The first part of the claim follows from Corollary 4.3 which
yields the upper bound, while the lower one follows immediately from Theorem 4.11.
The second part is evident because, by Lemma 4.13, the class has a converging entropy
integral, which by Theorem 2.12 suffices to ensure that F' is a uniform Donsker class.
Finally, the last part follows from the first, combined with Talagrand’s inequality
(Theorem 1.3) and the estimate on the expected deviation in terms of the shattering
dimension (Theorem 1.6). |
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5 The shattering dimension of Images of B}"

Although the volumetric approach yields sharp results in some cases, and in particular,
for T',(By, By) for a certain range of p and ¢, an exact estimate on the factorization
constant 'y, (T'BY, B') does not follow from the volumetric argument, since the position
of B} is significant, and not only the volume of the ellipsoid of minimal volume containing
TBT. Indeed, we show that spectral information does not suffice for sharp estimates
on the shattering dimension. To demonstrate this, given a set of (nonnegative) singular
values (arranged in a non-increasing order) A = (A1, ..., \,), let Tp be the subset of GL,
consisting of the matrices which have A as singular values.

Theorem 5.1 For every set A of singular values,

1
noa ifqg>2

sup I'(TBY, By) = /\i
Temn " n% ifqg<2
and
n e ifq=2
dnf D(TBY BY) ~ QoM
=1 n2 4 ifg<2.

To compare this result to the one obtained via the volumetric approach (Theorem 4.2),
take ¢ = 2, and recall that Theorem 4.2 implies that

n
T.(TBY, BY) > enz ([ A7),
i=1
which, by the means inequality, is weaker than the conclusion of Theorem 5.1.
Proof. By Lemma 3.1, for every T' € GL,,

T,(TBY, By) = (sup{e|leBy C TBy}) ™" = max |a] g -

llzll,=1

Since (T'B})° = T~'" B2, then for every z,

n
|lz|lpgn = sup (x,y) = sup (x T—y) = sup T 2, ee
TB; yE(TBf)j Y) y63&< 7 ) (s¢>yzle{—1,1}n< Z} i),
and
n
max ||z||;pgn = sup sup <T_1$,Z€Z‘€i>.
l|lll,=1 )i e o)l =1 =1
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By the polar decomposition, 7~! = ODU where U and O are orthogonal and D is the
diagonal matrix with eigenvalues /\i_l. Thus

inf  max ||lz|lpg. =  Inf sup sup (ODVz, ZEZGZ
TEeTs ||z, =1 OVEDn (g1, e{-1,1}" || =1 i=1

and
SuUp max |E3 ||TBn = sup sup sup (ODVz, Zelez ,
TeTy lzll,= O.VEOn (ei)1y €{~1,1}" ||zl ,=1 i1

where O,, denotes the set of orthogonal matrices on R™. Set (u;)I"_; to be the eigenvalues
of D arranged in a non-increasing order, that is, 1 = A, 1 > -+ > g, = A\[!

Let f(O,V) = MAX (e, )n | ef{—1,1}n MaX|z| ,1<ODVx Z?Zl siei>, and observe that

flO, V) = ”Ir‘l‘axl én)ax Z ZV]k,u] Zsl ij ek>
Tllqg= v)i=1

kl]l

- e (3233 20,

11k131 i=1

.
7

o

Clearly,

e 110V = s (351 (300

21l~clj1 i=1

= m‘z}X”Zr”nax (Z | ZH]ZJ Jk| )

k=1 j=1

, L
)q,

1
Py

]l
=max max |zV]y —,ul\/_max
Vol 0 [lz2’

from which the first part of the claim follows.
To prove the second part, note that

raiél(f(O,V ZlZMy Zé‘z i) Vir|”

kljl i=1

EE\Z@ZMWOU\"' = (%)
_ =1 =1
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where (¢;)!"_; are independent Rademacher random variables. Therefore, By Khintchine’s

inequality,
n n

()2 min €y Y- (5 (3 ms¥in0s)) .

k=1 i=1 j=1

Denoting hy, = (1 Vjr)7—1

n n n
2\ 1
(- mVin0)*)* = 1sOll2 = wll2 = (3 5Vi)*.
i=1 j=1 j=1
and applying Khintchine’s inequality again,

’

(3713V2)7 = CES einVin] 7.
j=1 j=1

By Jensen’s inequality and since the matrix (€jij)§tk:1 is also orthogonal for any real-
ization of the Rademacher variables,

. . LB N 1/q . o2 N 1/q
I(gu‘l;lf(O,V) > Cy m‘}n(EEZ‘ZEj,ujij!q) > C4E;. m‘}n(z]z 5 Vik q>
= 1 V 7
Cymin [V .
and
, 1 if ¢ <2
i V. = il {nl/q,m I

Finally, to see that the lower bound is tight, set O = id, and thus

f(id, V) = max | Y oeVimieilly = 1V ully-

Sk —

The sharpness is evident by optimizing with respect to V.
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