
Rademaher and Gaussian Complexities:Risk Bounds and Strutural ResultsPeter L. Bartlett1 and Shahar Mendelson21 BIOwulf Tehnologies2030 Addison Street, Suite 102Berkeley, CA 94704, USAbartlett�barnhilltehnologies.om2 Researh Shool of Information Sienes and EngineeringAustralian National UniversityCanberra 0200, Australiashahar�sl.anu.edu.auAbstrat. We investigate the use of ertain data-dependent estimatesof the omplexity of a funtion lass, alled Rademaher and gaussianomplexities. In a deision theoreti setting, we prove general risk boundsin terms of these omplexities. We onsider funtion lasses that an beexpressed as ombinations of funtions from basis lasses and show howthe Rademaher and gaussian omplexities of suh a funtion lass anbe bounded in terms of the omplexity of the basis lasses. We give exam-ples of the appliation of these tehniques in �nding data-dependent riskbounds for deision trees, neural networks and support vetor mahines.1 IntrodutionIn learning problems like pattern lassi�ation and regression, a onsiderableamount of e�ort has been spent on obtaining good error bounds. These are useful,for example, for the problem of model seletion|hoosing a model of suitableomplexity. Typially, suh bounds take the form of a sum of two terms: somesample-based estimate of performane and a penalty term that is large for moreomplex models. For example, in pattern lassi�ation, the following theorem isan improvement of a lassial result of Vapnik and Chervonenkis [20℄.Theorem 1. Let F be a lass of f�1g-valued funtions de�ned on a set X . Let Pbe a probability distribution on X�f�1g, and suppose that (X1; Y1); : : : ; (Xn; Yn)and (X;Y ) are hosen independently aording to P . Then, there is an absoluteonstant  suh that for any integer n, with probability at least 1�Æ over samplesof length n, every f in F satis�esP (Y 6= f(X)) � P̂n(Y 6= f(X)) + rVCdim(F )n ;where VCdim(F ) denotes the Vapnik-Chervonenkis dimension of F , P̂n(S) =(1=n)Pni=1 1S(Xi; Yi), and 1S is the indiator funtion of S,



2 Peter Bartlett and Shahar MendelsonIn this ase, the sample-based estimate of performane is the proportion ofexamples in the training sample that are mislassi�ed by the funtion f , and theomplexity penalty term involves the VC-dimension of the lass of funtions. It isnatural to use suh bounds for the model seletion sheme known as omplexityregularization: hoose the model lass ontaining the funtion with the bestupper bound on its error. The performane of suh a model seletion shemeritially depends on how well the error bounds math the true error (see [2℄).There is theoretial and experiment evidene that error bounds involving a �xedomplexity penalty (that is, a penalty that does not depend on the training data)annot be universally e�etive [4℄.Reently, several authors have onsidered alternative notions of the omplex-ity of a funtion lass: the Rademaher and gaussian omplexities (see [2, 5, 7, 7,13℄).De�nition 1. Let � be a probability distribution on a set X and let X1; : : : ; Xnbe independent samples seleted aording to �. For a lass F of funtions map-ping from X to IR, de�ne the random variableR̂n(F ) = E" supf2F ����� 2n nXi=1 �if(Xi)����������X1; : : : ; Xn# ;where �1; : : : ; �n are independent uniform f�1g-valued random variables. Thenthe Rademaher omplexity of F is Rn(F ) = ER̂n(F ). Similarly, de�ne therandom variableĜn(F ) = E" supf2F ����� 2n nXi=1 gif(Xi)����������X1; : : : ; Xn# ;where g1; : : : ; gn are independent gaussian N(0; 1) random variables. The gaus-sian omplexity of F is Gn(F ) = EĜn(F ).Both Rn(F ) and Gn(F ) are intuitively reasonable as measures of omplexityof the funtion lass F : they quantify the extent to whih some funtion in thelass F an be orrelated with a noise sequene of length n. The following lemmashows that these two omplexity measures are losely related [19℄.Lemma 1. There are absolute onstants  and C suh that for every lass Fand every integer n, Rn(F ) � Gn(F ) � C lognRn(F ).The following theorem is an example of the usefulness of these notions ofomplexity (see, e.g., [2℄). The proof is a slight re�nement of a proof of a moregeneral result whih we give below (Theorem 5); it is presented in Appendix A.Theorem 2. Let P be a probability distribution on X � f�1g and let F be aset of f�1g-valued funtions de�ned on X . Then with probability at least 1� Æover training samples (Xi; Yi)ni=1 drawn aording to Pn, every funtion f in Fsatis�es P (Y 6= f(X)) � P̂n(Y 6= f(X)) + Rn(F )2 +r ln(1=Æ)2n :



Rademaher and Gaussian Complexities 3The following result shows that this theorem implies the upper bound ofTheorem 1 in terms of VC-dimension, as well as a re�nement in terms of VC-entropy. In partiular, Theorem 2 an never be muh worse than the VC results.Sine the proof of Theorem 2 is a lose analog of the �rst step of the proof ofVC-style results (the symmetrization step), this is not surprising. In fat, thebounds of Theorem 2 an be onsiderably better than Theorem 1, sine the �rstpart of the following result is in terms of the empirial VC-dimension.Theorem 3. Fix a sample X1; : : : ; Xn. For a funtion lass F � f�1gX , de-�ne the restrition of F to the sample as FjXi = f(f(X1); : : : ; f(Xn)) : f 2 Fg.De�ne the empirial VC-dimension of F as d = VCdim �FjXi� and the em-pirial VC-entropy of F as E = log2 ��FjXi ��. Then Ĝn(F ) = O �pd=n� andĜn(F ) = O �pE=n�.The proof of this theorem is based on an upper bound on Ĝn whih is dueto Dudley (quoted in Theorem 15 below), together with an upper bound onovering numbers due to Haussler (see [12℄).Kolthinskii and Panhenko [6℄ proved an analogous error bound in terms ofmargins. The margin of a real-valued funtion f on a labelled example (x; y) 2X � f�1g is yf(x). For a funtion h : X � Y ! IR and a training sample(X1; Y1); : : : ; (Xn; Yn), we write Ênh(X;Y ) = (1=n)Pni=1 h(Xi; Yi).Theorem 4. Let P be a probability distribution on X �f�1g and let F be a setof [�1; 1℄-valued funtions de�ned on X . Suppose that � : IR ! [0; 1℄ satis�es�(�) � 1(� � 0) and is Lipshitz with onstant L. Then with probability at least1� Æ with respet to training samples (Xi; Yi)ni=1 drawn aording to Pn, everyfuntion in F satis�esP (Y f(X) � 0) � Ên�(Y f(X)) + 2LRn(F ) +r ln(2=Æ)2n :This improves a number of results bounding error in terms of a sample av-erage of a margin error plus a penalty term involving the omplexity of thereal-valued lass (suh as overing numbers and fat-shattering dimensions) [1,10, 17, 18℄.In the next setion, we give a bound of this form that is appliable in a moregeneral, deision-theoreti setting. Here, we have an input spae X , an ationspae A and an output spae Y . The training data (X1; Y1); : : : ; (Xn; Yn) areseleted independently aording to a probability measure P on X � Y . Thereis a loss funtion L : Y �A ! [0; 1℄, so that L(y; a) reets the ost of taking apartiular ation a 2 A when the outome is y 2 Y . The aim of learning is tohoose a funtion f that maps from X to A, so as to minimize the expeted lossEL(Y; f(X)).For example, in multilass lassi�ation, the output spae Y is the spaeY = f1; : : : ; kg of lass labels. When using error orreting output odes [8, 16℄for this problem, the ation spae might be A = [0; 1℄m, and for eah y 2 Y



4 Peter Bartlett and Shahar Mendelsonthere is a odeword ay 2 A. The loss funtion L(y; a) is equal to 0 if the losestodeword ay� has y� = y and 1 otherwise.Setion 2 gives bounds on the expeted loss for deision-theoreti problems ofthis kind in terms of the sample average of a Lipshitz dominating ost funtion(a funtion that is pointwise larger than the loss funtion) plus a omplexitypenalty term involving a Rademaher omplexity.We also onsider the problem of estimating Rn(F ) and Gn(F ) (for instane,for model seletion). These quantities an be estimated by solving an optimiza-tion problem over F . However, for ases of pratial interest, suh optimizationproblems are diÆult. On the other hand, in many suh ases, funtions in Fan be represented as ombinations of funtions from simpler lasses. This isthe ase, for instane, for deision trees, voting methods, and neural networks.In Setion 3, we show how the omplexity of suh a lass an be related to theomplexity of the lass of basis funtions. Setion 4 desribes examples of theappliation of these tehniques.2 Risk BoundsWe begin with some notation. Given an independent sample (Xi; Yi)ni=1 dis-tributed as (X;Y ), we denote by Pn the empirial measure supported on thatsample and by �n the empirial measure supported on (Xi)ni=1. We say a fun-tion � : Y � A ! IR dominates a loss funtion L if for all y 2 Y and a 2 A,�(y; a) � L(y; a). For a lass of funtions F , onvF is the lass of onvex om-binations of funtions from F , �F = f�f : f 2 Fg, absonvF is the lass ofonvex ombinations of funtions from F [ �F , and F = ff : f 2 Fg. If � isa funtion de�ned on the range of the funtions in F , let � ÆF = f� Æ f jf 2 Fg.Given a set A, we denote its harateristi funtion by 1A or 1(A). Finally, on-stants are denoted by C or . Their values may hange from line to line, or evenwithin the same line.Theorem 5. Consider a loss funtion L : Y �A ! [0; 1℄ and a dominating ostfuntion � : Y �A ! [0; 1℄. Let F be a lass of funtions mapping from X to Aand let (Xi; Yi)ni=1 be independently seleted aording to the probability measureP . Then, for any integer n and any 0 < Æ < 1, with probability at least 1 � Æover samples of length n, every f in F satis�esEL(Y; f(X)) � Ên�(Y; f(X)) +Rn(~� Æ F ) +r8 ln(2=Æ)n ;where ~� Æ F = f(x; y) 7! �(y; f(x)) � �(y; 0) : f 2 Fg.The proof uses MDiarmid's inequality [11℄.Theorem 6 (MDiarmid's Inequality). Let X1; :::; Xn be independent ran-dom variables taking values in a set A, and assume that f : An ! IR satis�essupx1;:::;xn;x0i2A jf(x1; :::; xn)� f(x1; :::; xi�1; x0i; xi+1; :::xn)j � i



Rademaher and Gaussian Complexities 5for every 1 � i � n. Then, for every t > 0,Pnjf(X1; :::; Xn)�Ef(X1; :::; Xn)j � �o � 2e�2t=Pni=1 2i :Proof. (of Theorem 5) Sine � dominates L, for all f 2 F we an writeEL(Y; f(X)) � E�(Y; f(X))� Ên�(Y; f(X)) + suph2�ÆF �Eh� Ênh�= Ên�(Y; f(X)) + suph2~�ÆF �Eh� Ênh�+E�(Y; 0)� Ên�(Y; 0):When an (Xi; Yi) pair hanges, the random variable suph2~�ÆF �Eh� Ênh� anhange by no more than 2=n. MDiarmid's inequality implies that with proba-bility at least 1� Æ=2,sup�Eh� Ênh� � E sup�Eh� Ênh�+p2 log(2=Æ)=n :A similar argument, together with the fat that EÊn�(Y; 0) = E�(Y; 0), showsthat with probability at least 1� Æ,EL(Y; f(X)) � Ên�(Y; f(X)) +E suph2~�ÆF �Eh� Ênh�+r8 ln(2=Æ)n :It remains to show that the seond term on the right hand side is no more thanRn(~� Æ F ). If (X 01; Y 01); : : : ; (X 0n; Y 0n) are independent random variables with thesame distribution as (X;Y ), thenE suph2~�ÆF �Eh� Ênh� = E suph2~�ÆF E" 1n nXi=1 h(X 0i ; Y 0i )� Ênh����� (Xi; Yi)#� E suph2~�ÆF  1n nXi=1 h(X 0i; Y 0i )� Ênh!= E suph2~�ÆF 1n nXi=1 �i (h(X 0i ; Y 0i )� h(Xi; Yi))� 2E suph2~�ÆF 1n nXi=1 �ih(Xi; Yi)� Rn(~� Æ F ):As an example, onsider the ase A = Y = [0; 1℄. It is possible to boundRn(F ) in terms of expeted overing numbers of F or its fat-shattering dimen-sion. Indeed, the following result relates Gn(F ) to empirial versions of thesenotions of omplexity, and implies that Theorem 5 an never give a signi�antlyworse estimate than estimates in terms of these quantities. This result is essen-tially in [13℄; although that paper gave a result in terms of the fat-shatteringdimension, the same proof works for the empirial fat-shattering dimension.



6 Peter Bartlett and Shahar MendelsonTheorem 7. Fix a sample X1; : : : ; Xn. Let F be a lass of funtion whose rangeis bounded by 1. Assume that there is some  > 1 suh that for any � > 0,fat� �FjXi� � ��p. Then, there are absolute onstants Cp, whih depend only onp, suh that Ĝn(F ) � 8><>:Cp1=2 log n�1=2 if 0 < p < 2;C2 �1=2 log �n�1=2 log2 n if p = 2;Cp �1=2 log �n�1=p if p > 2:3 Estimating the Rademaher and Gaussian Complexitiesof Funtion ClassesAn important property of Rademaher and gaussian omplexities is that theyan be estimated from a single sample (X1; : : : ; Xn). As an example, onsiderthe following result, whih follows from MDiarmid's inequality (see also [2℄).Theorem 8. Let F be a lass of funtions mapping to [�1; 1℄. For any integern, with probability at least 1� Æ over samples X1; : : : ; Xn,���Rn(F )� R̂n(F )��� �r log(1=Æ)2n :In addition, R̂n(F ) an be estimated from one realization of the Rademahervariables �1; : : : ; �n, and the same is true of Ĝn(F ). This is a onsequene of thefollowing onentration results.Theorem 9. Let F be a lass of real funtions and �x some x1; :::; xn. Set �2 =supf2F Pni=1 f2(xi). Then,P (����� 1n supf2F ����� nXi=1 �if(xi)������ 1nE supf2F ����� nXi=1 �if(xi)���������� � �) � 2e�2n�2=�2 ;P (����� 1n supf2F ����� nXi=1 gif(xi)������ 1nE supf2F ����� nXi=1 gif(xi)���������� � �) � e�2n�2=�2�2 :The �rst (Rademaher) part of the theorem follows from MDiarmid's inequality,while the seond is due to Maurey and Pisier [15℄.Thus, it seems that the omputation of R̂n(F ) and Ĝn(F ) is partiularlyonvenient. However, as mentioned before, their omputation involves an opti-mization over the lass F , whih is hard for interesting funtion lasses. Theway we bypass this obstale is to use that fat that same \large" lasses anbe expressed as ombinations of funtions from simpler lasses. For instane,a deision tree an be expressed as a �xed boolean funtion of the funtionsappearing in eah deision node, voting methods use thresholded onvex ombi-nations of funtions from a simpler lass, and neural networks are ompositionsof �xed squashing funtions with linear ombinations of funtions from somelass. Hene, we present several strutural results that lead to bounds on theRademaher and gaussian omplexities of a funtion lass F in terms of theomplexities of simpler lasses of funtions from whih F is onstruted.



Rademaher and Gaussian Complexities 73.1 Simple Strutural ResultsWe begin with the following observations regarding Rn(F ).Theorem 10. Let F; F1; : : : ; Fk and H be lasses of real funtions. Then1. If F � H, Rn(F ) � Rn(H).2. Rn(F ) = Rn(onvF ) = Rn(absonvF ).3. For every  2 IR, Rn(F ) = jjRn(F ).4. If � : IR ! IR is Lipshitz with onstant L� and satis�es �(0) = 0, thenRn(� Æ F ) � 2L�Rn(F ).5. There is an absolute onstant C suh that for any uniformly bounded funtionh, Rn(F + h) � Rn(F ) + Ckhk1=pn.6. For 1 � q < 1, let LF;h;q = fjf � hjq jf 2 Fg. There is an absoluteonstant C suh that for any uniformly bounded funtion h, Rn(LF;h;q) �q (Rn(F ) + Ckhk1=pn).7. Rn �Pki=1 Fi� �Pki=1Rn(Fi).Parts 1-3 are true forGn, with exatly the same proof. The other observationshold for Gn with an additional fator of logn and may be established using thegeneral onnetion between Rn and Gn (Lemma 1). Parts 5 and 6 allow us toestimate the Rademaher omplexities of natural loss funtion lasses.Note that 7 is tight. To see this, let F1 = � � � = Fk = F . Then, by parts 1and 3, Rn �Pki=1 Fi� � Rn(kF ) = kRn(F ) =Pki=1 Rn(Fi).Proof. Parts 1 and 3 are immediate from the de�nitions. To see part 2, notiethat for every x1; : : : ; xn and �1; : : : ; �n,supf2absonvF ����� nXi=1 �if(xi)����� = supf2onvF ���X�if(xi)���= max supf2onvFX�if(xi); supf2onvF �X�if(xi)!= max supf2FX�if(xi); supf2F �X�if(xi)!= supf2F ���X�if(xi)��� :The inequality of part 4 is due to Ledoux and Talagrand [9, Corollary 3.17℄.As for part 5, note that there is an absolute onstant C suh that for everyrealization of X1; :::; Xn,E supf2F ����� nXi=1 �i (f(Xi) + h(Xi))����� � E supf2F ����� nXi=1 �if(Xi)�����+E ����� nXi=1 �ih(Xi)������ E supf2F ����� nXi=1 �if(Xi)�����+ C  nXi=1 h(Xi)2! 12 ;



8 Peter Bartlett and Shahar Mendelsonwhere the last inequality follows from Khinthin's inequality. Hene, Rn(F+g) �Rn(F ) + C khk1 =pn, as laimed.To see part 6, notie that �(x) = jxjq is a Lipshitz funtion whih passesthrough the origin with a Lipshitz onstant q. By parts 4 and 5 of Theorem 10,Rn(LF;h;q) � qRn(F � h) � q�Rn(F ) + C khk1pn � :Finally, part 7 follows from the triangle inequality.3.2 Lipshitz Funtions on IRkTheorem 10 part 4 shows that omposing real-valued funtions in some lasswith a Lipshitz funtion hanges the Rademaher omplexity by no more thana onstant fator. In this setion, we prove a similar result for the gaussian om-plexity of a lass of vetor-valued funtions. It is onvenient to view a normalizedversion of Gn as the expetation of a gaussian vetor with respet to a ertainnorm. To that end, we shall require several de�nitions from the theory of Banahspaes.Let `n2 be an n dimensional Hilbert spae, with inner produt h�; �i. Given alass F and a sample Sn = fX1; :::Xng, let �n be the empirial measure sup-ported on Sn. We endow IRn with the Eulidean struture of L2(�n), whihis isometri to `n2 . De�ne F=�n = fPni=1 f(Xi)1Xi jf 2 Fg. Sine (ei)ni=1 =(n1=21Xi)ni=1 is an orthonormal basis of L2(�n), we an writeF=�n = ( 1pn nXi=1 f(Xi)eijf 2 F) :De�nition 2. For F � `n2 , de�ne the `-norm of F as`(F ) = E supf2F �����*f; nXi=1 giei+����� ;where the g1; : : : ; gn are independent gaussian N(0; 1) random variables ande1; : : : ; en is an orthonormal basis of `n2 .The following onnetion with the gaussian omplexity is immediate.Lemma 2. For a lass of funtions F and empirial measure �n, `(F=�n) =(pn=2)Ĝn(F ).There is a well known onnetion between the `-norm and the overing num-bers of the set in `n2 . In the following theorem, the upper bound is due to Dudley,while the lower bound is due to Sudakov. The proof is in [15℄.Theorem 11. There are onstants C and , suh that for all n and F � `n2 , sup�>0 ��qlogN (�; F; `n2 )� � `(F ) � C Z 10 qlogN (�; F; `n2 )d� :



Rademaher and Gaussian Complexities 9The upper bound in the above theorem has the following disrete analog [14℄that will be useful in the sequel.Lemma 3. There is a onstant C suh that for every two integers n and N , ev-ery F � `n2 and any real sequene �0 � �1 � � � � � �N > 0 with �0 � supf2F kfk2,we have `(F ) � C �PNk=1 �k�1plogN (�k; F; `n2 )�+ 2n 12 �N .In our disussion we will be interested in \diret sums" of real-valued lasses. Inthis ase, it is natural to turn to vetor-valued L2 spaes.De�nition 3. Let B be a Banah spae and set � to be a measure on X . LetL2(B; �) be the spae of measurable B-valued funtions with respet to the normkfkL2(B;�) = �E kf(x)k2B� 12 .Note that if B = `m2 , Sn is a sample and �n is the empirial measure supported onthe sample, then L2(B; �n) is isometri to `m�n2 . Indeed, for every f 2 L2(B; �n)set f=�n = 1pn mXj=1 nXi=1 fj(xi)vij 2 `m�n2 ;where (vij) is an orthnormal basis in `m�n2 . Thus, the map T : L2(B; �n) !`m�n2 given by Tf = f=�n is an isometry, beause we an write kfk2L2(B;�n) =(1=n)Pni=1 kf(xi)k2̀m2 = kf=�nk2̀m�n2 .Let F1; :::Fm be lasses of funtions and let (uj) be an orthonormal basis in`m2 . Set F =8<: mXj=1 fjuj jfj 2 Fj9=; : (1)By the above observation, given an empirial measure �n, we may view F �L2(`m2 ; �n) as a subset of `m�n2 , and we denote this set by F=�n.Lemma 4. For any F as in (1) and empirial measure �n,`(F=�n) � mXj=1 `(Fj=�n) :Proof. If �n is supported on (X1; :::; Xn) then by the de�nition of F=�n, `(F=�n)is E supf2F 1pn ������ nXi=1 mXj=1 gijfj(Xi)������ � E mXj=1 supfj2Fj ����� nXi=1 gij fj(Xi)pn ����� = mXj=1 `(Fj=�n) :Now, we an formulate and prove the main result of this setion, in whihwe estimate the `-norm of a Lipshitz image of a diret sum of lasses.



10 Peter Bartlett and Shahar MendelsonTheorem 12. Let A = IRm and let F be a lass of funtions mapping from X toA. Suppose that there are real-valued lasses F1; : : : ; Fm suh that F is a subset oftheir diret sum. Assume further that � : Y �A ! IR is suh that, for all y 2 Y,�(y; �) is a Lipshitz funtion with onstant L whih passes through the origin andis uniformly bounded. For f 2 F , de�ne �Æf as the mapping (x; y) 7! �(y; f(x))and set A = supf2F k� Æ fk1. Then, there is an absolute onstant C � 1 suhthat for every integer n � 3 and every sample (X1; Y1); : : : ; (Xn; Yn),` ((� Æ F )=Pn) � Cmax0� Apn;L mXj=1 `(Fj=�n)1A logn ;where Pn is the empirial measure supported on (Xi; Yi)ni=1 and �n is the em-pirial distribution on (Xi)ni=1. Furthermore,Gn(� Æ F ) � C0�An + L mXj=1Gn(Fj)1A logn :Proof. For the �rst inequality, we an assume that LPmj=1 `(Fj=�n) < Apn,beause if this is not the ase, the uniform bound on �ÆF , together with Jensen'sinequality, implies that ` ((� Æ F )=Pn) � Apn, and hene ` ((� Æ F )=Pn) is nomore thanApn � max0� Apn;L mXj=1 `(Fj=�n)1A � C lognmax0� Apn;L mXj=1 `(Fj=�n)1A ;provided that n � e.By Lemma 3 there is an absolute onstant C � 1 suh that` ((� Æ F )=Pn) � C  NXk=1 �k�1plogN (�k ; � Æ F;L2(Pn)) + 2n 12 �N! ;where (�i) is dereasing. Note that �0 = A is a `legal' hoie for �0 sine � Æ Fonsists of funtions whih are all bounded by A. Using the Lipshitz ondi-tion for �, for every x 2 X , y 2 Y and f; h 2 F j� (y; f(x))� � (y; h(x))j �L kf(x)� h(x)kB . Thus, for any probability measure P on X � Y ,k� Æ f � � Æ hkL2(P ) � L kf � hkL2(B;�) ;where � is the marginal distribution on X . In partiular, if Pn is an empirialmeasure on X �Y and �n is the orresponding empirial measure on X , then forevery � > 0, N (�; � ÆF;L2(Pn)) � N (�=L; F; L2(B; �n)) = N (�=L; F=�n; `m�n2 ).Applying Sudakov's lower bound (Theorem 11) and by Lemma 4,qlogN (�=L; F=�n; `m�n2 ) � CL� `(F=�n) � CL� mXj=1 `(Fj=�n) :



Rademaher and Gaussian Complexities 11Set �k = r�k�1 for some 0 < r < 1 to be named later. De�ne S =Pmj=1 `(Fj=�n).Theǹ ((� Æ F )=Pn) � C  NXk=1L�k�1�k S + n 12 �N! � C �NLr S +ArNpn� :This is minimized when rN+1 = LS=(Apn), whih is smaller than 1 by theassumption. Substituting this value of r gives` ((� Æ F )=Pn) � C(N + 1) �Apn�1=(N+1) (LS)N=(N+1) : (2)If LS < A=pn, this quantity is less than C(N + 1)n1=(N+1)(A=pn). On theother hand, if LS � A=pn, (2) is no more than C(N +1)n1=(N+1)LS. In eitherase, ` ((� Æ F )=Pn) � C(N+1)n1=(N+1)max (A=pn;LS). SeletingN = blogngives the �rst part of the result.To prove the seond part, we bound the maximum by a sum,` ((� Æ F )=Pn)pn � C logn0� Apn + L mXj=1 `(Fj=�n)pn 1A ;and take the expetation of both sides.Corollary 1. Let A; F; F1; : : : ; Fm; � be as in Theorem 12. Consider a loss fun-tion L : Y � A ! [0; 1℄ and suppose that � dominates L and k�k1 � 1. Then,for any integer n there is a probability of at least 1� Æ that every f in F hasEL(Y; f(X)) � Ên�(Y; f(X)) + 0�L logn mXj=1Gn(Fj) +r ln(2=Æ)n 1A :3.3 Boolean Combinations of FuntionsTheorem 13. For a boolean funtion g : f�1gk ! f�1g and lasses F1; : : : ; Fkof f�1g-valued funtions, Gn(g(F1; : : : ; Fk)) � C �Pkj=1Gn(Fj) + 1=n� logn.Proof. First, we extend the boolean funtion g to a funtion g : IRk ! [�1; 1℄as follows: for x 2 IRk, de�ne g(x) = (1 � kx� ak)g(a) if kx � ak < 1 for somea 2 f�1gk, and g(x) = 0 otherwise. The funtion is well-de�ned sine all pairsof points in the k-ube are separated by distane at least 2. Clearly, g(0) = 0,and g is Lipshitz with onstant 1. The theorem follows from Theorem 12, withm = k and � = g.4 ExamplesThe error bounds presented in previous setions an be used as the basis of aomplexity regularization algorithm for model seletion. This algorithm mini-mizes an upper bound on error involving the sample average of a ost funtion



12 Peter Bartlett and Shahar Mendelsonand a gaussian or Rademaher omplexity penalty term. We have seen that theseupper bounds in terms of gaussian and Rademaher omplexities an never besigni�antly worse than bounds based, for example, on ombinatorial dimensions.They an have a signi�ant advantage over suh bounds, sine they measure theomplexity of the lass on the training data, and hene an reet the propertiesof the partiular probability distribution that generates the data. The omputa-tion of these omplexity penalties involves an optimization over the model lass.The strutural results of the previous setion give a variety of tehniques thatan simplify this optimization problem. For example, voting methods involve op-timization over the onvex hull of some funtion lass H . By Theorem 10 part 2,we an estimate Gn(onvH) by solving a maximization problem over the baselass H . In this setion, we give some other examples illustrating this approah.In all ases, the resulting error bounds derease at least as fast as 1=pn.4.1 Deision TreesA binary-valued deision tree an be represented as a �xed boolean funtionof the deision funtions omputed at its nodes. Theorem 13 implies that thegaussian omplexity of the lass of deision trees of a ertain size an be boundedin terms of the gaussian omplexity of the lass of node deision funtions.Typially, this is simpler to ompute. The following result gives a re�nementof this idea, based on the representation (see, for example, [3℄) of a deision treeas a thresholded linear ombination of the indiator funtions of the leaves.Theorem 14. Let P be a probability distribution on X � f�1; 1g, and let Hbe a set of binary-valued funtions de�ned on X . Let T be the lass of deisiontrees of depth no more than d, with deision funtions from H. For a trainingsample (X1; Y1; : : : ; Xn; Yn) drawn from Pn and a deision tree from T , let ~Pn(l)denote the proportion of all training examples whih reah leaf l and are orretlylassi�ed. Then with probability at least 1� Æ, every deision tree t from T withL leaves has Pr(y 6= t(x)) no more thanP̂n(y 6= t(x)) +Xl min( ~Pn(l); dGn(H) logn) +r ln(L=Æ)2n :Notie that the key term in this inequality is O(dLGn(H) logn). It an beonsiderably smaller if many leaves have small empirial weight. This is thease, for instane, if Gn(H) = O(n�1=2) and many leaves have weight less thanO �dn�1=2 logn�.Proof. For a tree of depth d, the indiator funtion of a leaf is a onjuntion ofno more than d deision funtions. More spei�ally, if the deision tree onsistsof deision nodes hosen from a lass H of binary-valued funtions, the indiatorfuntion of leaf l (whih takes value 1 at a point x if x reahes l, and 0 otherwise)is a onjuntion of dl funtions from H , where dl is the depth of leaf l. We an



Rademaher and Gaussian Complexities 13represent the funtion omputed by the tree as the sign off(x) =Xl wl�l dl̂i=1 hl;i(x);where the sum is over all leaves l, wl > 0, Pl wl = 1, �l 2 f�1g is the label ofleaf l, hl;i 2 H , and the onjuntion is understood to map to f0; 1g. Let F bethis lass of funtions. Choose a family f�L : L 2 INg of ost funtions suh thateah �L dominates the step funtion 1(yf(x) � 0) and has a Lipshitz onstantL. For eah L, Theorem 4 implies that with probability at least 1� Æ,Pr(yf(x) � 0) � Ên(�L(yf(x))) + 2LRn(F ) +r ln(2=Æ)2n :By setting ÆL = 6Æ=(�2L), applying this result to all positive integer values ofL, and summing over L, we see that with probability at least 1� Æ, every f 2 Fand every �L hasPr(yf(x) � 0) � Ên(�L(yf(x))) + 2LRn(F ) +r ln(�2L=3Æ)2n :De�ne �L(�) to be 1 if � � 0, 1� L� if 0 < � � 1=L, and 0 otherwise, whereL will be omputed later. Let ~Pn(l) denote the proportion of training exampleswhih reah leaf l and are orretly lassi�ed (y = �l). Then we haveÊn(�L(yf(x))) + 2LRn(F )= P̂n(yf(x) � 0) +Xl ~Pn(l)�L(wl) + 2LRn(F )= P̂n(yf(x) � 0) +Xl ~Pn(l)max(0; 1� Lwl) + 2LRn(F )= P̂n(yf(x) � 0) +Xl max(0; (1� Lwl) ~Pn(l)) + 2LRn(F ):Now, hoose wl = 0 for ~Pn(l) � 2Rn(F ), and wl = 1=L otherwise, where L =jfl : ~Pn(l) > 2Rn(F )gj. (Notie that hoosing wl = 0 for labelled examples forwhih yf(x) > 0 an only inrease the bound.) Then we haveP̂n(�(yf(x))) + 2LRn(F ) � P̂n(yf(x) � 0) +Xl 1� ~Pn(l) � 2Rn(F )� ~Pn(l)+2Rn(F )Xl 1� ~Pn(l) > 2Rn(F )�= P̂n(yf(x) � 0) +Xl min( ~Pn(l); 2Rn(F )):Theorem 10 part 2, Theorem 13, and Lemma 1 together imply that Rn(F ) �C (dGn(H) + 1=n) logn, whih implies the result.



14 Peter Bartlett and Shahar Mendelson4.2 Neural Networks and Kernel MethodsThe following two lemmas give bounds on gaussian omplexities for lasses ofbounded linear funtions.Lemma 5. For x 2 IRk, de�ne F1 = nx 7! w � x : w 2 IRk; kwk1 � 1o. For anyx1; : : : ; xn 2 IRk we have Ĝn(F1) � n log kmaxj;j0 �Pni=1(xij � xij0 )2�1=2.Lemma 6. De�ne F2 = fx 7! w � x : x;w 2 `2; kwk � 1g. For any x1; : : : ; xn 2`2 we have Ĝn(F2) � 2n �Pni=1 kxik2�1=2. Thus, if D is a diagonal operator on`2 with eigenvalues �j and the x1; : : : ; xn lie in the image of the unit ball in `2under D, then Ĝn(F2) � 2qPj �2j=n.Note that the seond part of this result gives a bound on the gaussian om-plexity for a support vetor mahine in terms of the eigenvalues of the kernel(see, for example, [21℄).The proofs use the following inequality for gaussian proesses (see, e.g., [9,15℄).Lemma 7 (Slepian's Lemma). Let Z1; : : : ; Zk be random variables suh thatfor every 1 � j � k, Zj = Pni=1 aijgi, where (gi)ni=1 are independent gaussianN(0; 1) random variables. Then, there is an absolute onstant C suh thatE max1�j�kZj �  log kmaxj;j0 qE(Zj � Zj0)2:Proof. (of Lemma 5) From the de�nitions, Ĝn(F1) is equal toE supf2F 2n nXi=1 gif(xi) = E supw:kwk1�1 2n nXi=1 giw � xi = E supw:kwk1�1w � 2n nXi=1 gixi :Clearly, this inner produt is maximized when w is at one of the extremepoints of the `1 ball, whih implies Ĝn(F1) = Emaxj(2=n)Pni=1 gixij , wherexi = (xi1; : : : ; xik). Note that we an write Ĝn(F1) = 2nEmaxj Zj where Zj =Pni=1 gixij . Sine eah Zj is gaussian, we an apply Slepian's lemma to obtainĜn(F1) � 2n log kmaxj;j0 qE(Zj � Zj0)2= 2n log kmaxj;j0 vuutE nXi=1 gi(xij � xij0 )!2= 2n log kmaxj;j0 vuut nXi=1(xij � xij0 )2:



Rademaher and Gaussian Complexities 15Proof. (of Lemma 6) As in the proof of the previous lemma and by Jensen'sinequality, Ĝn(F2) is equal toE supw:kwk�1w� 2n nXi=1 gixi!= 2nE  nXi=1 gixi � 2nvuutE  nXi=1 gixi2= 2nvuut nXi=1 kxik2:For the seond inequality of the theorem, note that if eah xi lies in the image ofthe unit ball under D then we an write it in the form xi =Pj �jaijej , wheree1; e2; : : : is an orthonormal basis of `2 and the aij satisfy Pj a2ij � 1. Thus, byJensen's inequality, Ĝn(F2) is no more than2nvuuut nXi=1 Xj �jaijej2= 2nvuut nXi=1Xj �2ja2ij = 2nvuutXj �2j nXi=1 a2ij � 2sXj �2j=n:The following bound on the gaussian omplexity of a two-layer neural networkis immediate from Lemma 5.Theorem 15. Suppose that � : IR ! [�1; 1℄ has Lipshitz onstant L and sat-is�es �(0) = 0. De�ne the lass omputed by a two-layer neural network with1-norm weight onstraints as F = fx 7!Pi wi� (vi � x) : kwk1 � 1; kvik1 � Bg.Then for x1; : : : ; xn in IRk,Ĝn(F ) � LB log kn maxj;j0 vuut nXi=1 (xij � xij0 )2 :It is straightforward to extend this result to networks with more than twolayers, and to networks with multiple outputs. Lemma 6 implies a similar resultin terms of a 2-norm onstraint on the hidden weights vi.A Proof of Theorem 2We set L(Y; f(X)) = 1(Y 6= f(X)) and proeed as in the proof of Theorem 5.For all f 2 F ,P (Y 6= f(X)) = EL(Y; f(X)) � ÊnL(Y; f(X)) + suph2LÆF �Eh� Ênh�In this ase, when (Xi; Yi) hanges, the supremum hanges by no more than1=n, so MDiarmid's inequality implies that with probability at least 1 � Æ,every f 2 F satis�esEL(Y; f(X)) � ÊnL(Y; f(X)) +E suph2LÆF �Eh� Ênh�+r ln(1=Æ)2n :
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