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Abstract

We investigate two different notions of “size” which appear naturally in
Statistical Learning Theory. We present quantitative estimates on the fat-
shattering dimension and on the covering numbers of convex hulls of sets of
functions, given the necessary data on the original sets. The proofs we present
are relatively simple since they do not require extensive background in convex
geometry.
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1 Introduction

Convexity plays an important role in machine learning. Its significance can be seen
in both sides of the learning game. Firstly, from the practitioner’s point of view,
minimizing empirical risks is much easier when the class is convex. Secondly, from
the theoretical standpoint, the sample complexity needed for agnostic learning is
considerably smaller for convex classes [8, 10]. On the other hand, if the original
class one is interested in happens to be non-convex, taking the convex hull increases
the size of the class and it is not clear whether this is worth the effort, since the
benefits of learning from a convex class might be negligible compared to the price
one has to pay for using the much larger class. Thus, it is natural to ask “how large”
can a convex hull of a given class be? We shall present an answer with respect to two
important parameters which measure the size of a class: the covering numbers and
the fat-shattering dimension. The estimates on the covering numbers we present
are not new. The bound we establish has recently appeared in [3]. The main reason
we chose to present an alternative proof is because the one in [3] uses very deep
results in the local theory of Banach spaces, hence it is less accessible to the non
expert reader. The proof we present here is self contained and (almost) does not
assume any prior knowledge. Moreover, our method of proof enables one to provide
a bound on the constants appearing in the estimate, which is almost impossible in
the proof presented in [3].

The upper bound on the fat-shattering dimension of the convex hull of a class
uses a notion originating from Banach spaces theory called type. This is a property
of some Banach spaces which appears naturally when trying to compute the fat-
shattering dimension of linear functionals [6, 9]. The path we take is as follows: we
begin by improving the known upper bounds on the fat-shattering dimension of the
functionals {x*|||z*|| < 1} (defined below) when considered as functions on the unit
ball of the space. It turns out that the linear fat shattering dimension is determined
by the type of the Banach space. We use this fact to prove the results regarding the
fat-shattering dimension of a convex hull of a general class. To that end, we embed
both the class and the shattered set into two finite dimensional Banach spaces,
where the dimension of the spaces is the size of the shattered set. The unit ball of
the first space is the symmetric convex hull of the n-tuples (f(wz))jzl where f € F
and (w;)!, is the shattered set. The second Banach space is the dual space to the
first. It is possible to show that the fat-shattering dimension of a given class is
the same as the linear fat-shattering dimension of the image of (w;)"_; in the dual
space. Therefore, it is possible to bound the fat-shattering dimension using “linear”
methods.



The article is divided to two main sections. In section 2 we prove the cov-
ering numbers estimate. Section 3 is devoted to the investigation of the linear
fat-shattering dimension and the fat-shattering on convex hulls.

We end this introduction with some basic results, definitions and notation.

Given a Banach space X, the dual of X, denoted by X*, consists of all the
bounded linear functionals on X, endowed with the norm

|z*|| - = sup |z*(z)].
ol =1

We denote the unit ball of X by B(X) and the dual unit ball by B(X*). If 1 <p <

00, let £ be R" equipped with the norm [lz|, = (321, \mi\p)l/p and set /™ to be
R™ with respect to the sup norm.

Given a set A, let A be its complement, set | A| to be its cardinality and denote its
characteristic function by x4. If A and B are sets, let A+ B = {a+bla € A,b € B}.

For any probability measure ;1 on a measurable space (£2,3), let E, denote the
expectation with respect to u. L,(u) is the set of functions which satisfy E, | f|” < oo
and set || f[| ) = (E|f|P)Y/P. Given I C Q, Lo (I) is the space of bounded functions
on I, with respect to the norm || ||, = sup,; | f(w)|. For every w € Q let §,, be the
point evaluation functional, i.e., for every function f on Q, d,(f) = f(w). We denote
by u, an empirical measure supported on a set of n points, hence, p, = %Z?:] O, -
If |I| = n and p, is the empirical measure supported on I, we denote Ly, (I) by
Lo (ftn)-

Throughout this paper, all absolute constants are denoted by C' or ¢. Their
values may change from line to line or even within the same line.

The following are the definitions of well known combinatorial parameters which
are often used in learning theory.

Definition 1.1 Let F be a class of {0,1}-valued functions on a space ). We say
that F shatters {wy, ...,w,} C Q, if for every I C {1,...,n} there is a function f; € F
for which fr(w;) =1 ifi €I and fr(w;) =0 ifi & I. Let

VC(F,Q) = sup{\A| ‘A C Q, A is shattered by F}

VCO(F,Q) is called the VC dimension of F.

It is possible to use a parametric version of the VC dimension, called the fat-
shattering dimension.



Definition 1.2 For everye >0, a set A = {wy, ...,w,} C Q is said to be e—shattered
by F if there is some function s : A — R, such that for every I C {1,...,n} there is
some fr € F for which fr(w;) > s(wi)+eifi€ I, and fr(w;) < s(w;) —e ifi & 1.
Let

fat.(F, Q) = sup{|A\ ‘A C Q, A is e—shattered by F}

The set (91) = (9(%)) 15 called a witness to the shattering and for every I C
{1,...,n} we call f; the shattering function of the set I.

If (X,d) is a metric space and if FF C X, denote by N(e, F,d) the minimal
number of open balls with radius € > 0 (with respect to the metric d) needed to
cover F'. The numbers N (g, F, d) are called the covering numbers of F. Aset A C X
is said to be an e-cover of F' if the union of open balls | J . , B(a, €) contains F'. In
cases where the subset F' is obvious, we denote the covering numbers by N(e,d).
In cases where the metric is clear we denote the covering numbers by N(e, F'). The
logarithm of the covering numbers of a set is sometimes called the entropy of the
set.

A set is called e-separated if the distance between any two elements of the set
is larger than . Set D(e, F) to be the maximal cardinality of an e-separated set in
F. Tt is easy to see that N(e, F) < D(g, F) < N(g/2, F).

The following result, which is due to Alon, Ben-David, Cesa-Bianchi and Haussler
[1], enables one to estimate the L. (j,) covering numbers of classes in terms of the
fat-shattering dimension.

Theorem 1.3 Let F' be a class of functions from S into [0, 1] and set d = fat, 4 (F).
Then, for every empirical measure ji, on €2,

4n dlog (en/(da))
D(e. F, Loo(ta) < 2(55) .
In the sequel, we require several definitions originating in the theory of Banach
spaces. For the basic definitions we refer the reader to [12] or [14].
Let K be a bounded, convex symmetric subset of R" which has a nonempty
interior. One can define a norm on R” whose unit ball is K. This is done using the

Minkowski functional on K, which is denoted by || ||, and given by
|||, = inf{t > Ot 'z € K}.

It is possible to show that if K C ¢4 is a convex, symmetric with a nonempty interior
then || || x is indeed a norm and K is its unit ball. Set || ||,. to be the dual norm

to || |l x-



Definition 1.4 If F' is a bounded subset of 03, let

Fo = {x € 5]sup |(f,x)| <1},
feFr

where <—, —> is the inner product in 5. The set F'° is called the polar of F.

For any set F', let absconv(F) be its symmetric convex hull. Formally,

absconv (F') = {Z aifiin €N, f; € Faz ja;| = 1}.
i=1 i=1

It is easy to see that F° = (absconv(F))” and that if G C F then F° C G°.
Note that F° is the unit ball of the norm || ||,.., where K = absconv(F).

Given a class F' and an empirical measure p,,, we endow R” with the Euclidean
structure of Ly (ju,), which is isometric to £5. Let F'/u, be the image of F'in Ly(u,,)
under the inclusion operator, i.e.,

F/pin = {znj Fwixqwlf € F.

n

Since (n'/2x,,)", is an orthonormal basis of Ly(,,), then

F/u, = {nié Zi:f(ah)@yf € F}

Throughout this paper, given an empirical measure p,, we denote by (e;)7_; the
orthonormal basis of Ly(u,) given by (n'/2y,. )" ,.

2 Entropy of convex hulls of classes

In this section we provide estimates on the entropy of convex hulls of classes when
considered as subsets of Ly spaces. We divide our discussion into two parts. First,
we deal with classes of {0,1}-valued functions which have a finite VC dimension.
Then, we investigate classes of functions with a uniformly bounded range for which
the fat shattering dimension is polynomial in 7.

The path we take is rather general. We estimate the covering numbers of a
convex hull of a set, given that the covering numbers of the set itself are polynomial
in e '. We combine this general result with well known bounds on the covering
numbers of classes using the fat-shattering dimension, thus obtaining the desired
entropy estimate.



2.1 General Estimates

We shall investigate two generic cases. The first is when N (e, F, Ly(n)) = O(s?)
for some p > 0, and the second, (which is more difficult), when log N(g, F, LQ(,u)) =
O(e™P) for 0 < p < 2. The first case was investigated by Dudley [4]. He showed that
for every 6 > 0, the log-covering numbers of the convex hull of F' are polynomial in
e~ with exponent §+2p(p+2)~!. This result was improved independently by Van-
der-Vaart and Wellner [15] and by Carl [2] who removed the superfluous §. Those
results indicate that if N(s, F, LQ(,u)) < ve7P for some v > 0 and p > 0, and if K is

the symmetric convex hull of F', then the entropy integral fol log!/? N(e, K, LQ(M))ds
converges. This fact is very significant, since this integral measures in some sense
how “large” the class is. For example, classes with bounded entropy integrals satisfy
the uniform central limit theorem (see [5] for more details).

On the other hand, from the quantitative point of view, there were no estimates
on the constant C' = C(y, p) for which

2p

1\ 25
logN(e,K, Lg(u)) < C’(g) i

Thus, it is only natural to try and find the value of that constant. Another natural
question which Dudley’s assertion raises is whether similar results may be obtained
even when the covering numbers are considerably larger. For example, does the
entropy integral of the symmetric convex hull of F' converge if log N(s, F, Lg(,u)) =
O(e?) for some 0 < p < 2. We present partial answers to both questions.

Theorem 2.1 Let i be a probability measure on 2. Assume F is a subset of the
unit ball of Ly(p) and set K to be the symmetric convexr hull of F.

1. If N(e, F, Lg(,u)) < ve7P for every € > 0, then there is an absolute constant C
such that for every e > 0,

. 1\ 22
log N (=, K, Ly()) < Cyop(=) ™7
£
2. If logN(e, F, Lg(u)) < ve™P for some 0 < p < 2 and every £ > 0, there is some
constant C'(p,v) (which depends only on p and ), such that
L

log N (¢, K, Lo(11)) < C(p,7) !

2 log

LSRN
m | =

In particular, the entropy integral of K converges for p < 2/3.
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The claims of theorem 2.1 were recently published in [3], using very deep results in
the local theory of Banach spaces. The significance of the proof we present here is
the fact that it does not use the powerful machinery of convex geometry, hence, it
is more accessible.

We present a complete proof of the second claim. The proof of the first assertion
follows the same path and some of the details are omitted. Both proofs are based on
the an idea which was used in [15], and if fact, the first claim follows from a careful
analysis of the proof in [15].

We shall require three preliminary results. The first result is due to B. Maurey
[13], and is interesting by itself.

Lemma 2.2 Let F' C Ly(u) be a set of n functions and denote its diameter by
diam(F'). Then, for every e > 0,

N (ediam(F), conv(F), Ly(p)) < (e + enez);%.

Let (d;) be a positive sequence decreasing to 0 and set F; to be an increasing family
of sets, such that for every i, F; is a §;-separated set in F' which is maximal with
respect to inclusion (i.e., each F; is d;-separated and if F; C A C F then A is not
d;-separated). Note that in our case, each one of the sets F; is finite.

For every ¢ > j and every z € Fj, let P;x be a member of F; which is nearest to
x and put G;; = {z — Pz | x € F;}.

Lemma 2.3 reveals our strategy: create an increasing family of sets which form
an increasingly finer approximation of F'. It is possible to estimate the covering
numbers of the convex hulls of the “finer” sets using an estimate on the “coarser”
sets.

Lemma 2.3 For every i > j > 1 and every e,&' > 0,
conv(F;) C conv(F;) + conv(G;; U{0}),

and

c2 ) 3207 /<?

4¢’
1607

|Fj
) j N (€', conv(F})) (e +e|F;|
£

N, conv(F})) < (1+

Proof: Clearly, the cardinality |G;; U {0}| < |F;|—|F;|+1 and, since F} is a maximal
d;-separated set in F, then for every x € F, ||z — Pjx|| < ;.



Set Fi = {x1,..., 25} and Fj = {z1,...,2r;} C F;. If 2 € conv(F}), then there
are A\; > 0 such that ZE’IL, A = 1 and

|Fil |F}| |Fil |Fil
Zz = Z)\kl‘k :Z)\kxk+ Z )\kPJ.’Ek—F Z )\k(.’lij _ijk) =2z + 29
k=1 k=1 k=|F;|+1 k=|F;|+1

where z; € conv(F}) and z, € conv(G;; U {0}). Hence,
conv(F;) C conv(F;) + conv(G;; U {0})

and the first assertion is verified.
It is easy to see that if A, B,C C Ly(u) are such that A C B+ C, then for every
€1,69 > 0,
N(e1 +e9,A) < N(ey,B) - N(gq,C).

Thus, by the first claim it follows that
N(z, conv(F})) < N(%, conv(Fy)) - N(%, conv(Gy; U {0})). (2.1)

To estimate the first term, note that span(F};) can be isometrically embedded in
679 Hence, the covering numbers of F; in Ly(p) and in 0F are the same. Let B

be the unit ball in £, Using a straightforward volume estimate (see [12]), one can
show that for every ¢, &',

€ 4e’\ |Fj
N, e'B) < (1 —) .
(2 c )_ + €

Hence,

N(g, conv(Fj)) < N(%, e'B)-N (&', conv(F}))

4e'\ 1] ,
< <1—|——> - N (&', conv(F})).
£
As for the second term in (2.1), since diam(G;; U {0}) < 2§; and |G,; U {0}| < |F}|,
then by Lemma 2.2

£

N(%, COIIV(GZ']' U {O})) = N(45j25j, conv (Gij U {0}))

2

c 3262 /€2
S (€+€|E‘ W) !
J



[ |
As the next two technical results indicate, one has to select an appropriate rate
of decay of the “mesh” sequence (8,) which define the increasing family (F,).

Lemma 2.4 Let F be a subset of the unit ball in Ly(p) and assume that there is a
constant v > 0, such that for every e > 0,

1\P
Let 6, = *yl/”n’l/” and set F, to be as in Lemma 2.3. Then, there are bounded
sequences (Ag) and (By) such that for every n and k,

log N(Akn%(Sn, convF ) < Byn. (2.2)

Moreover, there are absolute constants A and B such that for every k, A, < y/PA
and B, < Bp.

Lemma 2.5 Let F be a subset of the unit ball of Ly(p) and assume that there is
some v > 0 such that for every e >0

log N (g, F, Ly(p)) < ye?

for some 0 < p < 2. Set 6, = 2v"/Plog P n, £, = n="10g""? n and let F, be as in
Lemma 2.53. Then, there are sequences (Ay) and (By) such that for every integers

n>2andk>1

77,2

log N(Agen, conv Fpie) < By

44
logr " n
where a = 4p/(2 — p), sup A, < A and sup By, < B], for some constants A, and B,
which depend only on p.

We present a complete proof to Lemma 2.5. The proof to Lemma 2.4 follows by a
similar argument. The idea behind the proof of Lemma 2.4 is due to Van-der-Vaart
and Wellner [15]. The quantitative estimate on the constants does not appear in
that text, but may be derived by a close analysis of the proof the authors present.
Proof of Lemma 2.5: We use a nested induction argument. First, we prove our
claim for £ = 1 using induction on n. We then prove the claim for a general & for
every fixed n.



Recall that for every integer n, F,, is maximal ¢,, separated in F. Thus
On (2/6.)"
|Fn|§N(E,F)§e"’ n =,

Let ng > 4 be an integer such that for every n > ny,

2

(2] < 3 n
B Z 4 4 -
logr [ 5] logr™ ' n

Let K =1 and 2 < n < 2ng and set A; = 2ny logfl/” 2ng. Since for such a value of
n, Aje, > 1, only a single ball is required to cover F' and our claim follows.

Next, let n > 2ng and assume that for every 2 < m < n, log N(A1&,,, F,) <
Bym? log]*‘l/p m, where B is to be specified later. We can apply Lemma 2.2 with
i=mn,j=[n/2], e = Aie, and €' = Asepp/9. It follows that

N(A;e, conv F,) (2.3)
< (1+48(g])(ZW.N(A€n conv Frn ).(P—|—P\F\ e’ )32‘5};/52
En LT ST O 1642

A straightforward calculation shows that there is an absolute constant C such that
for every integer n,

€n €n logr n

By the induction hypothesis and (2.3) there is a constant C' = C(p) such that

517 ven?
logN(Alan, conv Fn) < On+ B —3 + C——.
logiil[%} logr n

By the selection of nyg,

n

n _4
B[S log" ¥15

3
1< ZB]nQ logk% n,
and thus, there is a constant C(p, ) such that if B; = C(p, ) then
N(Ag,,conv F,) < Bin® log]fﬁ n

as claimed.

10



Now, we fix some n > 2 and use induction with respect to k. Let i = [ *]
and j = [n*~Y%]. Note that |G; U {0}| < [n*¥"] and that diam(G;; U {0}) < 26, =
492 1og P[p-D"]. By Lemma 2.2,

N(k_Q,conv(GZ,U{O})> ( gﬁpdiam(aiju{O}),conv(Gi_ju{O})) <

J

< <e+e\G”U{0}\

2

8k202 /<2
kQ(SQ) '

It is easy to see that there is some constant C' = C(p) such that

k252 yok? n? R
7 = 2 ) — <C 2a 4
€n logr[n*=1] logrn (k—1)» logrn
Also,
4
|G U {0} 2 n*  logrn nk”
252 SOQ,@' 2 SCQ,ZA'

k 5']- k25 n k2

Using the above estimates and the definition of « it follows that

logN(k ,conv(Gy; U {0}))

n? k**t*log k
<Clp,7)—=" w =0 ——
logrm'n (k—1)» k?log» " n

n?log k

On the other hand, by the induction hypothesis,

,n2

log (Ak,len, conv F[n(k—l)"}) < Bk71471-
logr " n
Applying Lemma 2.3 and combining the two covers, we obtain an Age,, = (Ax_ 1 +
1/k*)e, cover of conv F,ke. Hence,

2

logk) n

log (Aksn, conv F[nk“}) < (Bk—l +C(p,7) 12

4 41 -
logr  n

And our claim follows. It is important to note that the sequences (Ax) and (By) are
bounded by some constant C' = C(p, 7).
|

11



Proof of Theorem 2.1: We begin with the proof of the first part of our theorem.
Fix some integer n > 2 and let £, = y'/Pn~1/2-1/7_ By Lemma 2.4 it follows that
for every integer k,

2p

1\
log N(Age,, conv Fya) < Byn < Bpn = Bp(—) .

n

Since for every k, A > A, then

1\
log N(Ae,,, conv Fy) < log N(Age,, conv Fppsp) < Bp(—) T
€n

Taking k to infinity,

1\3%
log N(Ae,, conv F') < Bp(—) o
En
The claim for a general £ follows since €, /e, 41 is a bounded sequence.
Turning to the second assertion, according to Lemma 2.5 and by the same argu-
ment as above for every n > 2,

772

log N(A'e,, conv F) < B'———.
logr  n

. o -1 ]/p - -1 1 Q 1 L
Since €, =n" " log '’ n then n = ¢, " logr n and n > — log» —-. Hence,
i i 1 1-2 1
log N(A'e,, conv F') < B'—log 7 —
g2 En

Again, the claim follows since ¢, /£, 1 is a bounded sequence.

2.2 Applications

We shall present several examples which are interesting from the machine learning
perspective.

One of the basic results regarding VC classes is that the covering numbers of
such classes in any Ly(p) are polynomial in 1/ [7, 15]:

Theorem 2.6 Let F' be a class of {0,1}-valued functions such that VC(F) = d.
Then, there is an absolute constant C' such that for every probability measure pu on

Q, N(g, F, Ly(u)) < Cd(4e)%e 22

12



Corollary 2.7 Assume that F is a {0,1}-class such that VC(F) = d. By theorem
2.1 and theorem 2.6 for p = 2d and v = Cd(4e)?, and since v*/? is bounded by some
absolute constant, it follows that

1 2d

log N (e, conv(F), Ly(p)) < C’d(g) e

where C is an absolute constant.

Next, we establish a similar estimate in the case where the fat shattering dimen-
sion satisfies fat.(F') = O(¢™?) for some 0 < p < 2. It is possible to connect the fat
shattering dimension and the L,(u) covering numbers [11].

Theorem 2.8 Let F be a class of functions into [0,1]. Then, for every 1 < p < oo
there is some constant C, such that for every probability measure p,

2fat;2(F)>

log N (2, F, Ly(p)) < Cfat = (F)log” ( -

Corollary 2.9 Let F be a class of functions from Q into [0,1] and assume that
there are v > 2 and 0 < p < 2 such that fat.(F) < ve~P. Then, for every p' > p
there is some constant C' = C(p,p',v) such that for every probability measure p,
2]

1 _
log N (g, conv(F), Ly(p)) < C’—Qlog] V-
£ £

3 Fat-shattering of convex hulls

In this section we investigate the fat-shattering dimension of convex hulls. First,
we show that in some sense, fat-shattering is equivalent to linear fat-shattering
dimension in an appropriate Banach space (Lemma 3.1). Then, we present an upper
bound on the linear fat-shattering dimension in Banach spaces using their type (see
definition below). Finally, we show that absconv(F/u,) may be approximated by
a set GG which has almost the same fat-shattering dimension as absconv(F/pu,) but
GG° has a relatively small type constant.

Similar to what was done in previous sections, we endow R” with the Euclidean
structure of Ly(p,) and denote by (e;) the orthonormal basis in Ly ().

The next lemma is straightforward and its proof is omitted.

Lemma 3.1 Let S = {w,...,w,} be a sample and let p, be the empirical measure
supported on S.

13



1. If S is shattered by F then the set {\/ney,...,\/ne,} C (F/u,)° is shattered by
F/luy.

2. If S is e-shattered by F then {\/ney,...,\/ne,} C (F/u,)° is e-shattered by
F/ .

Recall the definition of the Rademacher type of a Banach space:

Definition 3.2 A Banach space X has Rademacher type p if there is some C such
that for every integer n and every xy,...,x, € X,

e < C(Z ) (3.1)
i=1 i=1

where (g;) are independent Rademacher random variables (i.e., symmetric {—1,1}-
valued). The best constant for which (3.1) holds is called the Rademacher p-type
constant of X, and is denoted by T,(X).

E

3.1 The fat-shattering dimension in of linear functionals

Theorem 3.3 Let X be a Banach space which has type p for some 1 < p < 2 with
a type constant T,(X). Then

fat, (B(X*), B(X)) < (@) T

Proof: Assume that the set {z1,...,2,} C B(X) is e-shattered by B(X*) and set
{s1, ..., sp} to be a witness to the shattering. Let I C {1,...,n} and set z} to be the
functional shattering the set I. Note that if + € [ then

xy(x;) — xfe(x;) > 85+ — (85 — €) = 2¢,

and if 7 € I°,
xye(x;) —aj(x;) > 85+ — (85 —e) = 2e.
Thus,
(Co-$a) -, (To-30)
el iele a*eB(X~) iel iele
1
> —  sup x*(2x7—2x7)—:ﬁ*(2x7—2x7) = (x)
a*,z* € B(X) icl icle icl icle

14



Selecting z* = x7 and % = x7J.,

1
el iel¢ el iel¢
1
=3 > (@)~ ape(z) + ) (w5 (w) 2 (mz))‘
el iele
> %(%u 420 11) = en.

Now, we can use the type property to establish an upper bound for an appropriate
subset I which will be selected randomly. Indeed, since X has type p and since

|z;|| <1 then
n
ey
i=1

Thus, there is a realization of the random variables (g;) for which this inequality
holds. Let I = {ile; = 1}. Then,

R

el iele

< () (Y llaall)» < T(X)ne

‘t}\'—‘

< Ty(

Thus, ne < T,(X)n'/? and our claim follows.
|

Remark 3.4 It is possible to show that this bound is tight [9]. Indeed, one can show
that if p* = sup{p|X has type p} then for every e > 0,
1\ 5 .
(—) — 1< fat. (B(X*), B(X)).
€
This implies that if X 1s a Hilbert space then for every e > 0,

(l) — 1 <fat.(B(X*), B(X)) < (i)

g2 g2

3.2 Covering numbers and type constants

In order to bound the type-2 constant of (F'/u,)°, we shall use a combination of two
facts. The first, which is the only non elementary fact we require, is an estimate on
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To(7.). Tt is possible to show [14] that there are absolute constants ¢ and C' such
that for every integer n,

¢(1+1logn)'? < Ty(fm) < C(1 +logn)'/?, (3.2)

The second fact we shall use is that if the cardinality of F'is small then F° can be
isometrically embedded into ¢, for a relatively small n.

Lemma 3.5 Let F' C (5 be a finite set. Then F° can be isometrically embedded
into (5.

Proof: Let F' = {fi,..., fm} and define T": (R", || ||;.) — 0 by Tar = (x*(f))zl
Then, for every z* € R”

T2 ||y = sup [z (fi)] = l2" || o ,
1<i<m

implying that 7" is an isometry.
[ |
This fact is very useful from our point of view, since F'/u, are relatively small
sets. In the real valued case, the L., (p,) covering numbers of F' may be bounded
using fat.(F') (theorem 1.3), whereas for VC classes, one may use the following
version of Sauer’s Lemma [15]:

Lemma 3.6 There is an absolute constant C such that if F is a class of {0,1}
valued functions on Q with VC(F) = d, then for every empirical measure ,,
P/ j1al < Cn.

To simplify notation, given a class F' and a fixed empirical measure pu,, let K be the
symmetric convex hull of the set F'/u, and F° = (F/pu,)°. It is interesting to note
that the type-2 constants of (F'/u,)° characterize VC classes.

Theorem 3.7 Let F be a class of {0,1}-valued functions. Then, F is a VC class
iof and only if there is some constant C' > 0 such that for every integer n and every
empirical measure (i, To((F/1,)°) < C(1 + logn)'/2.

Proof: Note that if VC(F) = d then by Sauer’s Lemma there is an absolute
constant C such that |F/u,| < Cn?. Hence, F° can be isometrically embedded in
(" Tt follows that Ty(F°) < C'(1+ dlogn)'/? as claimed.

Conversely, assume that there is a constant C such that for every integer n
and every empirical measure j,, To(F°) < C(1 +logn)'/2. Let S = {w;,...w,} be
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shattered by F' and set pu, to be an empirical measure supported on S. By the first
part of lemma 3.1 and theorem 3.3,

n < fat, (F°, F) < C(T3(F°) + 1) < C(1 + logn),

implying that VC(F,Q) < oc.
|

Remark 3.8 The proof of theorem 3.7 implies that if F is a {0,1} class such that
sup,, T5>(F°) = o(n) then F is a VC class.

Note that the upper bound on T5(F°) can not be significantly improved. Indeed,
let F' be the set of characteristic functions of intervals [—1, a| for a € (=1, 1]. Thus,
VC(F) =1 and for every non degenerate empirical measure pu, of [—1,1],

F/uy, = {(1,0, s 0),(1,1,0,..,0), (1,1, ..., 1)}.

Therefore, (F/p,)° is isometric to €% and Ty ((F/p,)°) = C(1 + logn)'/.

Also, Theorem 3.7 does not apply to classes which are not {0, 1}-valued classes.
For example, let Q = B(/,) for some 1 < p < 2 and F = B({,) where p ' +¢ ' = 1.
For every i denote by e; the i-th unit vector in ¢,. Given an integer n, let pu, be
the empirical measure supported on {ey,...,e,} C B({,). It is easy to see that
F/pn =n""?B({"). Therefore, F° is isometric to £% and Ty(F°) > ne? (see [14]).

Finally, we shall estimate the fat-shattering dimension of the convex hull of a
class F' using the L. (p,) covering numbers of F.

We introduce the following notation. Given a class F', an integer n, 1 < p < oo
and € > 0, let

N,(n,e) = sup sup N(e, F, Lp(ljm)).
m<n fm
Thus, N,(n,¢) is the supremum of the e-covering numbers of F' in empirical L,
spaces, where the empirical measure is supported on at most n elements of 2.

Theorem 3.9 Let F be a class of functions whose range is a subset of [0, 1] and set
K to be its convex hull. Then, for every e, ™ > 0,

fato. 4, (K, Q) < C’(l + log Ny (n, 25))%.

The following lemma indicates that an e-cover of a set in L., has essentially the
same fat-shattering dimension as the original set.
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Lemma 3.10 Let F' be a class of functions into [0, 1] which 0-shatters the set A =
{wy, ...,wn }, and let p,, be the empirical measure on supported A. Assume that 6 > 2¢
and that H is an e-cover of F/p, in Lo(un). Then, A" = {\/ney, ...,\/ne,} C F°
is (0 — 2¢)-shattered by H, where the elements of H are viewed as linear functionals
on F°.

Proof: By Lemma 3.1, A" is -shattered by F/u, and set (s;) to be a witness to the
shattering. Fix I C {1,...,n} and let f; € F/u, to be the d-shattering functional
on I. Put hy € H such that || f; — ||, _,., <& Since ||\/neill; ., =1 then for
every i1 € [

<h1, \/ﬁ€i> = <fI: \/ﬁ€¢> + <h1 — 1, \/ﬁ€i>

)
> 8+ 5~ |\t — fIHLoo(un) H‘/ﬁeiHu(un)

> s+ é — &
Z Sty T
and in a similar fashion, if 7 € I¢ then <h1, \/ﬁe,;> < 55— g +¢, and our claim follows.
|
Proof of Theorem 3.9: Fix ¢ > 0 and 7 > 0, assume that A = {w;,...,w,} is
(2e+7)-shattered by K = conv(F) and let p,, be an empirical measure supported on
A. Let H C F/u, be an e-cover to F'/ju,, in Ly (p,) and set G to be the symmetric
convex hull of H. Clearly, |H| < N (2, F/pn, Loo (1))

Since H is an e-cover of F'/ i, in Lo (j1,,) then G is an e-cover to K in Ly (p1,,). By
Lemma 3.10, if the set A is 2e +7 shattered by K then the set A" = {\/ne, ..., v/ne,}
is 7-shattered by G, when members of GG are viewed as linear functionals on F°. Also,
note that A" C F°. Thus,

n < fat, (G, (Vne)i_,) < fat, (G, F°).

Since H C F/u,, then by taking convex hulls G C K. Using the properties of
the polar, F° = K° C G°, thus fat,. (G, F°) < fat,(G,G°). By Lemma 3.5 there is
an absolute constant C' such that

1
2

To(G?) < C(1 +log [H|)2 < C(1+Tog N (2, F/ptn, Loo(itn) )"
Hence, by Theorem 3.3,
0 1
fat, (G, G?%) < C’(l +log N (g, F/ tin, Loo(un))) -
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Therefore,
fataer (K. ) < O(1+1og N (=, /. Lm(un)))i?.

T

[

Applying the known bounds on the L. (p,) covering numbers in terms of the

VC or the fat-shattering dimension we can establish the following estimate on the
fat-shattering dimension of convex hulls.

Corollary 3.11 There is an absolute constant C such that for every {0, 1}-class of
functions and every e, 7 > 0,

d 2d
f&t25+T(K, Q) S 0—2 log -,
T T

where K is the convex hull of F' and VC(F) = d.

Proof: By Sauer’s Lemma, there is an absolute constant C' such that for every
integer n, log Ny(n,e) < Cdlogn. Fix g,7 > 0 and let fato. . ,(K,Q) = n. By
theorem 3.9, n < C'dr2(1 + logn) and our claim follows.
[ |
It is possible to extend Corollary 3.11 and estimate the fat-shattering dimension
of the convex hull of a class using the fat-shattering dimension of the class itself.

Theorem 3.12 There is an absolute constant C such that for any class F of func-
tions into [0,1] and every e,7 € (0,1),

fat_g (F, Q) 9 Qfatg (F, Q)
fato. . (K, Q) < C—2; log 2
T

T2e
where K is the convex hull of F.
Proof: Set £,6 € (0,1) and let n = faty. (K, ). By Lemma 1.3,
log Neo(n, 2¢) < Ctat: (F, Q) log® L
£
By theorem 3.9 and since n > 1 and € € (0, 1), there is an absolute constant C' such

that
fat;(F, Q) o

n<C 5 log” —.
T €
Hence,
fat_g(F, Q) 9 2fat_g(F, Q)
n<(C—A——=log" | —+——— |,
T2 T2¢

and the claim follows.
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Remark 3.13 Using a different approach it is possible to improve Theorem 3.12
when one has “global data” on the fat-shattering dimension of the class. Indeed,
if fat.(F) = O(e?) for p # 2 then fat.(conv(F)) = O(e ™>2P}) . If p = 2 then
fat, (conV(F)) = O(c ?log’ é) This result is demonstrated by analyzing the growth
rate of the Rademacher averages associated with the class (see [11] for further details.
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