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Abstract

W e in v estigate t w o di�eren t notions of \size" whic h app ear naturally in

Statistical Learning Theory . W e presen t quan titativ e estimates on the fat-

shattering dimension and on the co v ering n um b ers of con v ex h ulls of sets of

functions, giv en the necessary data on the original sets. The pro ofs w e presen t

are relativ ely simple since they do not require extensiv e bac kground in con v ex

geometry .
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1 In tro duction

Con v exit y pla ys an imp ortan t role in mac hine learning. Its signi�cance can b e seen

in b oth sides of the learning game. Firstly , from the practitioner's p oin t of view,

minimizing empirical risks is m uc h easier when the class is con v ex. Secondly , from

the theoretical standp oin t, the sample complexit y needed for agnostic learning is

considerably smaller for con v ex classes [8, 10 ]. On the other hand, if the original

class one is in terested in happ ens to b e non-con v ex, taking the con v ex h ull increases

the size of the class and it is not clear whether this is w orth the e�ort, since the

b ene�ts of learning from a con v ex class migh t b e negligible compared to the price

one has to pa y for using the m uc h larger class. Th us, it is natural to ask \ho w large"

can a con v ex h ull of a giv en class b e? W e shall presen t an answ er with resp ect to t w o

imp ortan t parameters whic h measure the size of a class: the co v ering n um b ers and

the fat-shattering dimension. The estimates on the co v ering n um b ers w e presen t

are not new. The b ound w e establish has recen tly app eared in [3]. The main reason

w e c hose to presen t an alternativ e pro of is b ecause the one in [3] uses v ery deep

results in the lo cal theory of Banac h spaces, hence it is less accessible to the non

exp ert reader. The pro of w e presen t here is self con tained and (almost) do es not

assume an y prior kno wledge. Moreo v er, our metho d of pro of enables one to pro vide

a b ound on the constan ts app earing in the estimate, whic h is almost imp ossible in

the pro of presen ted in [3].

The upp er b ound on the fat-shattering dimension of the con v ex h ull of a class

uses a notion originating from Banac h spaces theory called typ e . This is a prop ert y

of some Banac h spaces whic h app ears naturally when trying to compute the fat-

shattering dimension of linear functionals [6, 9]. The path w e tak e is as follo ws: w e

b egin b y impro ving the kno wn upp er b ounds on the fat-shattering dimension of the

functionals f x

�

j k x

�

k � 1 g (de�ned b elo w) when considered as functions on the unit

ball of the space. It turns out that the linear fat shattering dimension is determined

b y the typ e of the Banac h space. W e use this fact to pro v e the results regarding the

fat-shattering dimension of a con v ex h ull of a general class. T o that end, w e em b ed

b oth the class and the shattered set in to t w o �nite dimensional Banac h spaces,

where the dimension of the spaces is the size of the shattered set. The unit ball of

the �rst space is the symmetric con v ex h ull of the n -tuples

�

f ( !

i

)

�

n

i =1

where f 2 F

and ( !

i

)

n

i =1

is the shattered set. The second Banac h space is the dual space to the

�rst. It is p ossible to sho w that the fat-shattering dimension of a giv en class is

the same as the line ar fat-shattering dimension of the image of ( !

i

)

n

i =1

in the dual

space. Therefore, it is p ossible to b ound the fat-shattering dimension using \linear"

metho ds.
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The article is divided to t w o main sections. In section 2 w e pro v e the co v-

ering n um b ers estimate. Section 3 is dev oted to the in v estigation of the linear

fat-shattering dimension and the fat-shattering on con v ex h ulls.

W e end this in tro duction with some basic results, de�nitions and notation.

Giv en a Banac h space X , the dual of X , denoted b y X

�

, consists of all the

b ounded linear functionals on X , endo w ed with the norm

k x

�

k

X

�

= sup

k x k

X

=1

j x

�

( x ) j :

W e denote the unit ball of X b y B ( X ) and the dual unit ball b y B ( X

�

). If 1 � p <

1 , let `

n

p

b e R

n

equipp ed with the norm k x k

p

=

�

P

n

i =1

j x

i

j

p

�

1 =p

and set `

n

1

to b e

R

n

with resp ect to the sup norm.

Giv en a set A , let A

c

b e its complemen t, set j A j to b e its cardinalit y and denote its

c haracteristic function b y �

A

. If A and B are sets, let A + B = f a + b j a 2 A; b 2 B g .

F or an y probabilit y measure � on a measurable space (
 ; �), let E

�

denote the

exp ectation with resp ect to � . L

p

( � ) is the set of functions whic h satisfy E

�

j f j

p

< 1

and set k f k

L

p

( � )

= ( E j f j

p

)

1 =p

. Giv en I � 
, L

1

( I ) is the space of b ounded functions

on I , with resp ect to the norm k f k

1

= sup

! 2 I

j f ( ! ) j . F or ev ery ! 2 
 let �

!

b e the

p oin t ev aluation functional, i.e., for ev ery function f on 
, �

!

( f ) = f ( ! ). W e denote

b y �

n

an empirical measure supp orted on a set of n p oin ts, hence, �

n

=

1

n

P

n

i =1

�

!

i

.

If j I j = n and �

n

is the empirical measure supp orted on I , w e denote L

1

( I ) b y

L

1

( �

n

).

Throughout this pap er, all absolute constan ts are denoted b y C or c . Their

v alues ma y c hange from line to line or ev en within the same line.

The follo wing are the de�nitions of w ell kno wn com binatorial parameters whic h

are often used in learning theory .

De�nition 1.1 L et F b e a class of f 0 ; 1 g -value d functions on a sp ac e 
 . We say

that F shatters f !

1

; :::; !

n

g � 
 , if for every I � f 1 ; :::; n g ther e is a function f

I

2 F

for which f

I

( !

i

) = 1 if i 2 I and f

I

( !

i

) = 0 if i 62 I . L et

V C ( F ; 
) = sup

n

j A j

�

�

�

A � 
 ; A is shattered b y F

o

:

V C ( F ; 
) is c al le d the V C dimension of F .

It is p ossible to use a parametric v ersion of the V C dimension, called the fat-

shattering dimension.
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De�nition 1.2 F or every " > 0 , a set A = f !

1

; :::; !

n

g � 
 is said to b e " {shatter e d

by F if ther e is some function s : A ! R , such that for every I � f 1 ; :::; n g ther e is

some f

I

2 F for which f

I

( !

i

) � s ( !

i

) + " if i 2 I , and f

I

( !

i

) � s ( !

i

) � " if i 62 I .

L et

fat

"

( F ; 
) = sup

n

j A j

�

�

�

A � 
 ; A is " � shattered b y F

o

:

The set

�

s

i

�

=

�

s ( !

i

)

�

is c al le d a witness to the shattering and for every I �

f 1 ; :::; n g we c al l f

I

the shattering function of the set I .

If ( X ; d ) is a metric space and if F � X , denote b y N ( "; F ; d ) the minimal

n um b er of op en balls with radius " > 0 (with resp ect to the metric d ) needed to

co v er F . The n um b ers N ( "; F ; d ) are called the co v ering n um b ers of F . A set A � X

is said to b e an " -co v er of F if the union of op en balls

S

a 2 A

B ( a; " ) con tains F . In

cases where the subset F is ob vious, w e denote the co v ering n um b ers b y N ( "; d ).

In cases where the metric is clear w e denote the co v ering n um b ers b y N ( "; F ). The

logarithm of the co v ering n um b ers of a set is sometimes called the entr opy of the

set.

A set is called " -separated if the distance b et w een an y t w o elemen ts of the set

is larger than " . Set D ( "; F ) to b e the maximal cardinalit y of an " -separated set in

F . It is easy to see that N ( "; F ) � D ( "; F ) � N ( "= 2 ; F ).

The follo wing result, whic h is due to Alon, Ben-Da vid, Cesa-Bianc hi and Haussler

[1], enables one to estimate the L

1

( �

n

) co v ering n um b ers of classes in terms of the

fat-shattering dimension.

Theorem 1.3 L et F b e a class of functions fr om 
 into [0 ; 1] and set d = fat

"= 4

( F ) .

Then, for every empiric al me asur e �

n

on 
 ,

D

�

"; F ; L

1

( �

n

)

�

� 2

�

4 n

"

2

�

d log

�

en= ( d" )

�

:

In the sequel, w e require sev eral de�nitions originating in the theory of Banac h

spaces. F or the basic de�nitions w e refer the reader to [12] or [14 ].

Let K b e a b ounded, con v ex symmetric subset of R

n

whic h has a nonempt y

in terior. One can de�ne a norm on R

n

whose unit ball is K . This is done using the

Mink o wski functional on K , whic h is denoted b y k k

K

, and giv en b y

k x k

K

= inf f t > 0 j t

� 1

x 2 K g :

It is p ossible to sho w that if K � `

n

2

is a con v ex, symmetric with a nonempt y in terior

then k k

K

is indeed a norm and K is its unit ball. Set k k

K

�

to b e the dual norm

to k k

K

.
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De�nition 1.4 If F is a b ounde d subset of `

n

2

, let

F

o

= f x 2 `

n

2

j sup

f 2 F

�

�




f ; x

�

�

�

� 1 g ;

wher e




� ; �

�

is the inner pr o duct in `

n

2

. The set F

o

is c al le d the p olar of F .

F or an y set F , let abscon v ( F ) b e its symmetric con v ex h ull. F ormally ,

abscon v ( F ) = f

n

X

i =1

a

i

f

i

j n 2 N ; f

i

2 F ;

n

X

i =1

j a

i

j = 1 g :

It is easy to see that F

o

=

�

abscon v ( F )

�

o

and that if G � F then F

o

� G

o

.

Note that F

o

is the unit ball of the norm k k

K

�

, where K = abscon v ( F ).

Giv en a class F and an empirical measure �

n

, w e endo w R

n

with the Euclidean

structure of L

2

( �

n

), whic h is isometric to `

n

2

. Let F =�

n

b e the image of F in L

2

( �

n

)

under the inclusion op erator, i.e.,

F =�

n

=

n

n

X

i =1

f ( !

i

) �

f !

i

g

j f 2 F

o

:

Since ( n

1 = 2

�

!

i

)

n

i =1

is an orthonormal basis of L

2

( �

n

), then

F =�

n

=

n

n

�

1

2

n

X

i =1

f ( !

i

) e

i

j f 2 F

o

:

Throughout this pap er, giv en an empirical measure �

n

, w e denote b y ( e

i

)

n

i =1

the

orthonormal basis of L

2

( �

n

) giv en b y ( n

1 = 2

�

!

i

)

n

i =1

.

2 En trop y of con v ex h ulls of classes

In this section w e pro vide estimates on the en trop y of con v ex h ulls of classes when

considered as subsets of L

2

spaces. W e divide our discussion in to t w o parts. First,

w e deal with classes of f 0 ; 1 g -v alued functions whic h ha v e a �nite V C dimension.

Then, w e in v estigate classes of functions with a uniformly b ounded range for whic h

the fat shattering dimension is p olynomial in "

� 1

.

The path w e tak e is rather general. W e estimate the co v ering n um b ers of a

con v ex h ull of a set, giv en that the co v ering n um b ers of the set itself are p olynomial

in "

� 1

. W e com bine this general result with w ell kno wn b ounds on the co v ering

n um b ers of classes using the fat-shattering dimension, th us obtaining the desired

en trop y estimate.
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2.1 General Estimates

W e shall in v estigate t w o generic cases. The �rst is when N

�

"; F ; L

2

( � )

�

= O ( "

� p

)

for some p > 0, and the second, (whic h is more di�cult), when log N

�

"; F ; L

2

( � )

�

=

O ( "

� p

) for 0 < p < 2. The �rst case w as in v estigated b y Dudley [4]. He sho w ed that

for ev ery � > 0, the log-co v ering n um b ers of the con v ex h ull of F are p olynomial in

"

� 1

with exp onen t � + 2 p ( p + 2)

� 1

. This result w as impro v ed indep enden tly b y V an-

der-V aart and W ellner [15] and b y Carl [2] who remo v ed the sup er
uous � . Those

results indicate that if N

�

"; F ; L

2

( � )

�

� 
 "

� p

for some 
 > 0 and p > 0, and if K is

the symmetric con v ex h ull of F , then the en trop y in tegral

R

1

0

log

1 = 2

N

�

"; K ; L

2

( � )

�

d"

con v erges. This fact is v ery signi�can t, since this in tegral measures in some sense

ho w \large" the class is. F or example, classes with b ounded en trop y in tegrals satisfy

the uniform c entr al limit the or em (see [5] for more details).

On the other hand, from the quan titativ e p oin t of view, there w ere no estimates

on the constan t C = C ( 
 ; p ) for whic h

log N

�

"; K ; L

2

( � )

�

� C

�

1

"

�

2 p

p +2

:

Th us, it is only natural to try and �nd the v alue of that constan t. Another natural

question whic h Dudley's assertion raises is whether similar results ma y b e obtained

ev en when the co v ering n um b ers are considerably larger. F or example, do es the

en trop y in tegral of the symmetric con v ex h ull of F con v erge if log N

�

"; F ; L

2

( � )

�

=

O ( "

� p

) for some 0 < p < 2. W e presen t partial answ ers to b oth questions.

Theorem 2.1 L et � b e a pr ob ability me asur e on 
 . Assume F is a subset of the

unit b al l of L

2

( � ) and set K to b e the symmetric c onvex hul l of F .

1. If N

�

"; F ; L

2

( � )

�

� 
 "

� p

for every " > 0 , then ther e is an absolute c onstant C

such that for every " > 0 ,

log N

�

"; K ; L

2

( � )

�

� C 


2

p

p

�

1

"

�

2 p

2+ p

:

2. If log N

�

"; F ; L

2

( � )

�

� 
 "

� p

for some 0 < p < 2 and every " > 0 , ther e is some

c onstant C ( p; 
 ) (which dep ends only on p and 
 ), such that

log N

�

"; K ; L

2

( � )

�

� C ( p; 
 )

1

"

2

log

1 �

2

p

1

"

:

In p articular, the entr opy inte gr al of K c onver ges for p < 2 = 3 .
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The claims of theorem 2.1 w ere recen tly published in [3], using v ery deep results in

the lo cal theory of Banac h spaces. The signi�cance of the pro of w e presen t here is

the fact that it do es not use the p o w erful mac hinery of con v ex geometry , hence, it

is more accessible.

W e presen t a complete pro of of the second claim. The pro of of the �rst assertion

follo ws the same path and some of the details are omitted. Both pro ofs are based on

the an idea whic h w as used in [15 ], and if fact, the �rst claim follo ws from a careful

analysis of the pro of in [15 ].

W e shall require three preliminary results. The �rst result is due to B. Maurey

[13], and is in teresting b y itself.

Lemma 2.2 L et F � L

2

( � ) b e a set of n functions and denote its diameter by

diam ( F ) . Then, for every " > 0 ,

N

�

" diam ( F ) ; con v ( F ) ; L

2

( � )

�

� ( e + en"

2

)

2

"

2

:

Let ( �

i

) b e a p ositiv e sequence decreasing to 0 and set F

i

to b e an increasing family

of sets, suc h that for ev ery i , F

i

is a �

i

-separated set in F whic h is maximal with

resp ect to inclusion (i.e., eac h F

i

is �

i

-separated and if F

i

� A � F then A is not

�

i

-separated). Note that in our case, eac h one of the sets F

i

is �nite.

F or ev ery i > j and ev ery x 2 F

i

, let P

j

x b e a mem b er of F

j

whic h is nearest to

x and put G

ij

= f x � P

j

x j x 2 F

i

g .

Lemma 2.3 rev eals our strategy: create an increasing family of sets whic h form

an increasingly �ner appro ximation of F . It is p ossible to estimate the co v ering

n um b ers of the con v ex h ulls of the \�ner" sets using an estimate on the \coarser"

sets.

Lemma 2.3 F or every i > j � 1 and every "; "

0

> 0 ,

con v ( F

i

) � con v ( F

j

) + con v ( G

ij

[ f 0 g ) ;

and

N ( "; con v ( F

i

)) �

�

1 +

4 "

0

"

�

j F

j

j

N

�

"

0

; con v ( F

j

)

�

�

e + e j F

i

j

"

2

16 �

2

j

�

32 �

2

j

="

2

:

Pro of: Clearly , the cardinalit y j G

ij

[ f 0 gj � j F

i

j � j F

j

j + 1 and, since F

j

is a maximal

�

j

-separated set in F , then for ev ery x 2 F , k x � P

j

x k � �

j

.
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Set F

i

= f x

1

; :::; x

j F

i

j

g and F

j

= f x

1

; :::; x

j F

j

j

g � F

i

. If z 2 con v ( F

i

), then there

are �

i

� 0 suc h that

P

j F

i

j

i = k

; �

k

= 1 and

z =

j F

i

j

X

k =1

�

k

x

k

=

j F

j

j

X

k =1

�

k

x

k

+

j F

i

j

X

k = j F

j

j +1

�

k

P

j

x

k

+

j F

i

j

X

k = j F

j

j +1

�

k

( x

j

� P

j

x

k

) = z

1

+ z

2

where z

1

2 con v ( F

j

) and z

2

2 con v ( G

ij

[ f 0 g ). Hence,

con v ( F

i

) � con v ( F

j

) + con v ( G

ij

[ f 0 g )

and the �rst assertion is v eri�ed.

It is easy to see that if A; B ; C � L

2

( � ) are suc h that A � B + C , then for ev ery

"

1

; "

2

> 0,

N ( "

1

+ "

2

; A ) � N ( "

1

; B ) � N ( "

2

; C ) :

Th us, b y the �rst claim it follo ws that

N ( "; con v ( F

i

)) � N

�

"

2

; con v ( F

j

)

�

� N

�

"

2

; con v ( G

ij

[ f 0 g )

�

: (2.1)

T o estimate the �rst term, note that span ( F

j

) can b e isometrically em b edded in

`

j F

j

j

2

. Hence, the co v ering n um b ers of F

j

in L

2

( � ) and in `

j F

j

j

2

are the same. Let B

b e the unit ball in `

j F

j

j

2

. Using a straigh tforw ard v olume estimate (see [12]), one can

sho w that for ev ery "; "

0

,

N (

"

2

; "

0

B ) �

�

1 +

4 "

0

"

�

j F

j

j

:

Hence,

N

�

"

2

; con v ( F

j

)

�

� N

�

"

2

; "

0

B

�

� N

�

"

0

; con v ( F

j

)

�

�

�

1 +

4 "

0

"

�

j F

j

j

� N

�

"

0

; con v ( F

j

)

�

:

As for the second term in (2.1), since diam ( G

ij

[ f 0 g ) � 2 �

j

and j G

ij

[ f 0 gj � j F

i

j ,

then b y Lemma 2.2

N

�

"

2

; con v

�

G

ij

[ f 0 g

�

�

= N

�

"

4 �

j

2 �

j

; con v

�

G

ij

[ f 0 g

�

�

�

�

e + e j F

i

j

"

2

16 �

2

j

�

32 �

2

j

="

2

:
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�

As the next t w o tec hnical results indicate, one has to select an appropriate rate

of deca y of the \mesh" sequence ( �

n

) whic h de�ne the increasing family ( F

n

).

Lemma 2.4 L et F b e a subset of the unit b al l in L

2

( � ) and assume that ther e is a

c onstant 
 > 0 , such that for every " > 0 ,

N

�

"; F ; L

2

( � )

�

� 


�

1

"

�

p

:

L et �

n

= 


1 =p

n

� 1 =p

and set F

n

to b e as in L emma 2.3. Then, ther e ar e b ounde d

se quenc es ( A

k

) and ( B

k

) such that for every n and k ,

log N ( A

k

n

1

2

�

n

; conv F

nk

3 p

) � B

k

n: (2.2)

Mor e over, ther e ar e absolute c onstants A and B such that for every k , A

k

� 


1 =p

A

and B

k

� B p .

Lemma 2.5 L et F b e a subset of the unit b al l of L

2

( � ) and assume that ther e is

some 
 > 0 such that for every " > 0

log N

�

"; F ; L

2

( � )

�

� 
 "

� p

for some 0 < p < 2 . Set �

n

= 2 


1 =p

log

� 1 =p

n , "

n

= n

� 1

log

1 =p

n and let F

n

b e as in

L emma 2.3. Then, ther e ar e se quenc es ( A

k

) and ( B

k

) such that for every inte gers

n � 2 and k � 1

log N ( A

k

"

n

; con v F

[ n

k

�

]

) � B

k

n

2

log

4

p

� 1

n

;

wher e � = 4 p= (2 � p ) , sup A

k

� A

0

p

and sup B

k

� B

0

p

for some c onstants A

0

p

and B

0

p

which dep end only on p .

W e presen t a complete pro of to Lemma 2.5. The pro of to Lemma 2.4 follo ws b y a

similar argumen t. The idea b ehind the pro of of Lemma 2.4 is due to V an-der-V aart

and W ellner [15 ]. The quan titativ e estimate on the constan ts do es not app ear in

that text, but ma y b e deriv ed b y a close analysis of the pro of the authors presen t.

Pro of of Lemma 2.5: W e use a nested induction argumen t. First, w e pro v e our

claim for k = 1 using induction on n . W e then pro v e the claim for a general k for

ev ery �xed n .

9



Recall that for ev ery in teger n , F

n

is maximal �

n

separated in F . Th us

j F

n

j � N (

�

n

2

; F ) � e


 (2 =�

n

)

p

= n:

Let n

0

� 4 b e an in teger suc h that for ev ery n � n

0

,

d

n

2

e

2

log

4

p

� 1

d

n

2

e

�

3

4

n

2

log

4

p

� 1

n

:

Let k = 1 and 2 � n � 2 n

0

and set A

1

= 2 n

0

log

� 1 =p

2 n

0

. Since for suc h a v alue of

n , A

1

"

n

� 1, only a single ball is required to co v er F and our claim follo ws.

Next, let n > 2 n

0

and assume that for ev ery 2 � m < n , log N ( A

1

"

m

; F

m

) �

B

1

m

2

log

1 � 4 =p

m , where B

1

is to b e sp eci�ed later. W e can apply Lemma 2.2 with

i = n , j = d n= 2 e , " = A

1

"

n

and "

0

= A

1

"

d n= 2 e

. It follo ws that

N

�

A

1

"; con v F

n

�

(2.3)

�

�

1 +

4 "

d

n

2

e

"

n

�

d

n

2

e

� N

�

A

1

"

d

n

2

e

; con v F

d

n

2

e

�

�

�

e + e j F

n

j

"

2

16 �

2

j

�

32 �

2

j

="

2

:

A straigh tforw ard calculation sho ws that there is an absolute constan t C suc h that

for ev ery in teger n ,

"

d n= 2 e

"

n

� C ;

�

j

"

n

� C 


1

p

n

log

2

p

n

:

By the induction h yp othesis and (2.3) there is a constan t C = C ( p ) suc h that

log N

�

A

1

"

n

; con v F

n

�

� C n + B

1

d

n

2

e

2

log

4

p

� 1

d

n

2

e

+ C




2

p

n

2

log

4

p

n

:

By the selection of n

0

,

B

1

d

n

2

e

2

log

1 �

4

p

d

n

2

e �

3

4

B

1

n

2

log

1 �

4

p

n;

and th us, there is a constan t C ( p; 
 ) suc h that if B

1

= C ( p; 
 ) then

N ( A

1

"

n

; con v F

n

) � B

1

n

2

log

1 �

4

p

n

as claimed.
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No w, w e �x some n � 2 and use induction with resp ect to k . Let i = [ n

k

�

]

and j = [ n

( k � 1)

�

]. Note that j G

ij

[ f 0 gj � [ n

k

�

] and that diam ( G

ij

[ f 0 g ) � 2 �

j

=

4 


1 =p

log

� 1 =p

[ n

( k � 1)

�

]. By Lemma 2.2,

N

�

"

n

k

2

; con v ( G

ij

[ f 0 g )

�

� N

�

"

n

2 �

j

k

2

diam ( G

ij

[ f 0 g ) ; con v ( G

ij

[ f 0 g )

�

�

�

�

e + e j G

ij

[ f 0 gj

"

2

n

4 k

2

�

2

j

�

8 k

2

�

2

j

="

2

n

:

It is easy to see that there is some constan t C = C ( p ) suc h that

k

2

�

2

j

"

2

n

=




2

p

k

2

log

2

p

[ n

( k � 1)

�

]

�

n

2

log

2

p

n

� C




2

p

k

2

( k � 1)

2 �

p

�

n

2

log

4

p

n

Also,

j G

ij

[ f 0 gj "

2

n

k

2

�

2

j

� C

n

k

�

k

2 �

2 �

p

�

log

4

p

n

n

2

� C

n

k

�

k

2 �

2 �

p

:

Using the ab o v e estimates and the de�nition of � it follo ws that

log N

�

"

n

k

2

; con v ( G

ij

[ f 0 g )

�

� C ( p; 
 )

n

2

log

4

p

� 1

n

�

k

2+ �

log k

( k � 1)

2 �

p

= C ( p; 
 )

n

2

log k

k

2

log

4

p

� 1

n

:

On the other hand, b y the induction h yp othesis,

log

�

A

k � 1

"

n

; con v F

[ n

( k � 1)

�

]

�

� B

k � 1

n

2

log

4

p

� 1

n

:

Applying Lemma 2.3 and com bining the t w o co v ers, w e obtain an A

k

"

n

= ( A

k � 1

+

1 =k

2

) "

n

co v er of con v F

[ n

k

�

]

. Hence,

log

�

A

k

"

n

; con v F

[ n

k

�

]

�

�

�

B

k � 1

+ C ( p; 
 )

log k

k

2

�

n

2

log

4

p

� 1

n

:

And our claim follo ws. It is imp ortan t to note that the sequences ( A

k

) and ( B

k

) are

b ounded b y some constan t C = C ( p; 
 ).

�
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Pro of of Theorem 2.1: W e b egin with the pro of of the �rst part of our theorem.

Fix some in teger n � 2 and let "

n

= 


1 =p

n

� 1 = 2 � 1 =p

. By Lemma 2.4 it follo ws that

for ev ery in teger k ,

log N ( A

k

"

n

; con v F

nk

3 p

) � B

k

n � B pn = B p

�

1

"

n

�

2 p

2+ p

:

Since for ev ery k , A � A

k

, then

log N ( A"

n

; con v F

nk

3 p

) � log N ( A

k

"

n

; con v F

nk

3 p

) � B p

�

1

"

n

�

2 p

2+ p

:

T aking k to in�nit y ,

log N ( A"

n

; con v F ) � B p

�

1

"

n

�

2 p

2+ p

:

The claim for a general " follo ws since "

n

="

n +1

is a b ounded sequence.

T urning to the second assertion, according to Lemma 2.5 and b y the same argu-

men t as ab o v e for ev ery n � 2,

log N ( A

0

"

n

; con v F ) � B

0

n

2

log

4

p

� 1

n

:

Since "

n

= n

� 1

log

1 =p

n then n = "

� 1

n

log

1

p

n and n �

C

"

n

log

1

p

1

"

n

. Hence,

log N ( A

0

"

n

; con v F ) � B

0

1

"

2

n

log

1 �

2

p

1

"

n

Again, the claim follo ws since "

n

="

n +1

is a b ounded sequence.

�

2.2 Applications

W e shall presen t sev eral examples whic h are in teresting from the mac hine learning

p ersp ectiv e.

One of the basic results regarding V C classes is that the co v ering n um b ers of

suc h classes in an y L

2

( � ) are p olynomial in 1 =" [7, 15]:

Theorem 2.6 L et F b e a class of f 0 ; 1 g -value d functions such that V C ( F ) = d .

Then, ther e is an absolute c onstant C such that for every pr ob ability me asur e � on


 , N ( "; F ; L

2

( � )) � C d (4 e )

d

"

� 2 d

.
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Corollary 2.7 Assume that F is a f 0 ; 1 g -class such that V C ( F ) = d . By the or em

2.1 and the or em 2.6 for p = 2 d and 
 = C d (4 e )

d

, and sinc e 


2 =p

is b ounde d by some

absolute c onstant, it fol lows that

log N

�

"; con v ( F ) ; L

2

( � )

�

� C d

�

1

"

�

2 d

1+ d

;

wher e C is an absolute c onstant.

Next, w e establish a similar estimate in the case where the fat shattering dimen-

sion satis�es fat

"

( F ) = O ( "

� p

) for some 0 < p < 2. It is p ossible to connect the fat

shattering dimension and the L

2

( � ) co v ering n um b ers [11].

Theorem 2.8 L et F b e a class of functions into [0 ; 1] . Then, for every 1 � p < 1

ther e is some c onstant C

p

such that for every pr ob ability me asur e � ,

log N

�

"; F ; L

2

( � )

�

� C

p

fat

"

32

( F ) log

2

�

2fat

"

32

( F )

"

�

:

Corollary 2.9 L et F b e a class of functions fr om 
 into [0 ; 1] and assume that

ther e ar e 
 > 2 and 0 < p < 2 such that fat

"

( F ) � 
 "

� p

. Then, for every p

0

> p

ther e is some c onstant C = C ( p; p

0

; 
 ) such that for every pr ob ability me asur e � ,

log N

�

"; con v ( F ) ; L

2

( � )

�

� C

1

"

2

log

1 �

2

p

0

1

"

:

3 F at-shattering of con v ex h ulls

In this section w e in v estigate the fat-shattering dimension of con v ex h ulls. First,

w e sho w that in some sense, fat-shattering is equiv alen t to linear fat-shattering

dimension in an appropriate Banac h space (Lemma 3.1). Then, w e presen t an upp er

b ound on the linear fat-shattering dimension in Banac h spaces using their t yp e (see

de�nition b elo w). Finally , w e sho w that abscon v ( F =�

n

) ma y b e appro ximated b y

a set G whic h has almost the same fat-shattering dimension as abscon v ( F =�

n

) but

G

o

has a relativ ely small t yp e constan t.

Similar to what w as done in previous sections, w e endo w R

n

with the Euclidean

structure of L

2

( �

n

) and denote b y ( e

i

) the orthonormal basis in L

2

( �

n

).

The next lemma is straigh tforw ard and its pro of is omitted.

Lemma 3.1 L et S = f !

1

; :::; !

n

g b e a sample and let �

n

b e the empiric al me asur e

supp orte d on S .
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1. If S is shatter e d by F then the set f

p

n e

1

; :::;

p

ne

n

g � ( F =�

n

)

o

is shatter e d by

F =�

n

.

2. If S is " -shatter e d by F then f

p

ne

1

; :::;

p

n e

n

g � ( F =�

n

)

o

is " -shatter e d by

F =�

n

.

Recall the de�nition of the Rademac her t yp e of a Banac h space:

De�nition 3.2 A Banach sp ac e X has R ademacher typ e p if ther e is some C such

that for every inte ger n and every x

1

; :::; x

n

2 X ,

E
















n

X

i =1

"

i

x

i
















� C

�

n

X

i =1

k x

i

k

p

�

1 =p

; (3.1)

wher e ( "

i

) ar e indep endent R ademacher r andom variables (i.e., symmetric f� 1 ; 1 g -

value d). The b est c onstant for which (3.1) holds is c al le d the R ademacher p -typ e

c onstant of X , and is denote d by T

p

( X ) .

3.1 The fat-shattering dimension in of linear functionals

Theorem 3.3 L et X b e a Banach sp ac e which has typ e p for some 1 < p � 2 with

a typ e c onstant T

p

( X ) . Then

fat

"

�

B ( X

�

) ; B ( X )

�

�

�

T

p

( X )

"

�

p

p � 1

:

Pro of: Assume that the set f x

1

; :::; x

n

g � B ( X ) is " -shattered b y B ( X

�

) and set

f s

1

; :::; s

n

g to b e a witness to the shattering. Let I � f 1 ; :::; n g and set x

�

I

to b e the

functional shattering the set I . Note that if i 2 I then

x

�

I

( x

i

) � x

�

I

c

( x

i

) � s

i

+ " � ( s

i

� " ) = 2 ";

and if i 2 I

c

,

x

�

I

c

( x

i

) � x

�

I

( x

i

) � s

i

+ " � ( s

i

� " ) = 2 ":

Th us,
















�

X

i 2 I

x

i

�

X

i 2 I

c

x

i

�
















= sup

x

�

2 B ( X

�

)

�

�

�

�

�

x

�

�

X

i 2 I

x

i

�

X

i 2 I

c

x

i

�

�

�

�

�

�

�

1

2

sup

x

�

; ~x

�

2 B ( X )

�

�

�

�

�

x

�

�

X

i 2 I

x

i

�

X

i 2 I

c

x

i

�

� ~x

�

�

X

i 2 I

x

i

�

X

i 2 I

c

x

i

�

�

�

�

�

�

= ( � )
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Selecting x

�

= x

�

I

and ~x

�

= x

�

I

c

,

( � ) �

1

2

�

�

�

�

�

x

�

I

�

X

i 2 I

x

i

�

X

i 2 I

c

x

i

�

� x

�

I

c

�

X

i 2 I

x

i

�

X

i 2 I

c

x

i

�

�

�

�

�

�

=

1

2

�

�

�

�

�

X

i 2 I

�

x

�

I

( x

i

) � x

�

I

c

( x

i

)

�

+

X

i 2 I

c

�

x

�

I

c

( x

i

) � x

�

I

( x

i

)

�

�

�

�

�

�

�

1

2

�

2 " j I j + 2 " j I

c

j

�

= "n:

No w, w e can use the t yp e prop ert y to establish an upp er b ound for an appropriate

subset I whic h will b e selected randomly . Indeed, since X has t yp e p and since

k x

i

k � 1 then

E
















n

X

i =1

"

i

x

i
















� T

p

( X )

�

n

X

i =1

k x

i

k

p

)

1

p

� T

p

( X ) n

1

p

:

Th us, there is a realization of the random v ariables ( "

i

) for whic h this inequalit y

holds. Let I = f i j "

i

= 1 g . Then,
















X

i 2 I

x

i

�

X

i 2 I

c

x

i
















� T

p

( X ) n

1

p

:

Th us, n" � T

p

( X ) n

1 =p

and our claim follo ws.

�

Remark 3.4 It is p ossible to show that this b ound is tight [9 ]. Inde e d, one c an show

that if p

�

= sup f p j X has t yp e p g then for every " > 0 ,

�

1

"

�

p

�

p

�

� 1

� 1 � fat

"

�

B ( X

�

) ; B ( X )

�

:

This implies that if X is a Hilb ert sp ac e then for every " > 0 ,

�

1

"

2

�

� 1 � fat

"

�

B ( X

�

) ; B ( X )

�

�

�

1

"

2

�

:

3.2 Co v ering n um b ers and t yp e constan ts

In order to b ound the t yp e-2 constan t of ( F =�

n

)

o

, w e shall use a com bination of t w o

facts. The �rst, whic h is the only non elemen tary fact w e require, is an estimate on
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T

2

( `

n

1

). It is p ossible to sho w [14] that there are absolute constan ts c and C suc h

that for ev ery in teger n ,

c (1 + log n )

1 = 2

� T

2

( `

n

1

) � C (1 + log n )

1 = 2

: (3.2)

The second fact w e shall use is that if the cardinalit y of F is small then F

o

can b e

isometrically em b edded in to `

n

1

for a relativ ely small n .

Lemma 3.5 L et F � `

n

2

b e a �nite set. Then F

o

c an b e isometric al ly emb e dde d

into `

j F j

1

.

Pro of: Let F = f f

1

; :::; f

m

g and de�ne T : ( R

n

; k k

F

o

) ! `

j F j

1

b y T x

�

=

�

x

�

( f )

�

m

i =1

.

Then, for ev ery x

�

2 R

n

k T x

�

k

`

j F j

1

= sup

1 � i � m

j x

�

( f

i

) j = k x

�

k

F

o

;

implying that T is an isometry .

�

This fact is v ery useful from our p oin t of view, since F =�

n

are relativ ely small

sets. In the real v alued case, the L

1

( �

n

) co v ering n um b ers of F ma y b e b ounded

using fat

"

( F ) (theorem 1.3), whereas for V C classes, one ma y use the follo wing

v ersion of Sauer's Lemma [15]:

Lemma 3.6 Ther e is an absolute c onstant C such that if F is a class of f 0 ; 1 g

value d functions on 
 with V C ( F ) = d , then for every empiric al me asur e �

n

,

j F =�

n

j � C n

d

.

T o simplify notation, giv en a class F and a �xed empirical measure �

n

, let K b e the

symmetric con v ex h ull of the set F =�

n

and F

o

= ( F =�

n

)

o

. It is in teresting to note

that the t yp e-2 constan ts of ( F =�

n

)

o

c haracterize V C classes.

Theorem 3.7 L et F b e a class of f 0 ; 1 g -value d functions. Then, F is a V C class

if and only if ther e is some c onstant C > 0 such that for every inte ger n and every

empiric al me asur e �

n

, T

2

�

( F =�

n

)

o

�

� C (1 + log n )

1 = 2

.

Pro of: Note that if V C ( F ) = d then b y Sauer's Lemma there is an absolute

constan t C suc h that j F =�

n

j � C n

d

. Hence, F

o

can b e isometrically em b edded in

`

C n

d

1

. It follo ws that T

2

( F

o

) � C (1 + d log n )

1 = 2

as claimed.

Con v ersely , assume that there is a constan t C suc h that for ev ery in teger n

and ev ery empirical measure �

n

, T

2

( F

o

) � C (1 + log n )

1 = 2

. Let S = f !

1

; :::!

n

g b e
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shattered b y F and set �

n

to b e an empirical measure supp orted on S . By the �rst

part of lemma 3.1 and theorem 3.3,

n � fat

1

( F

o

; F ) � C ( T

2

2

( F

o

) + 1) � C (1 + log n ) ;

implying that V C ( F ; 
) < 1 .

�

Remark 3.8 The pr o of of the or em 3.7 implies that if F is a f 0 ; 1 g class such that

sup

�

n

T

2

( F

o

) = o ( n ) then F is a V C class.

Note that the upp er b ound on T

2

( F

o

) can not b e signi�can tly impro v ed. Indeed,

let F b e the set of c haracteristic functions of in terv als [ � 1 ; a ] for a 2 ( � 1 ; 1]. Th us,

V C ( F ) = 1 and for ev ery non degenerate empirical measure �

n

of [ � 1 ; 1],

F =�

n

=

n

(1 ; 0 ; :::; 0) ; (1 ; 1 ; 0 ; :::; 0) ; ::: (1 ; 1 ; :::; 1)

o

:

Therefore, ( F =�

n

)

o

is isometric to `

n

1

and T

2

�

( F =�

n

)

o

�

= C (1 + log n )

1 = 2

.

Also, Theorem 3.7 do es not apply to classes whic h are not f 0 ; 1 g -v alued classes.

F or example, let 
 = B ( `

p

) for some 1 < p < 2 and F = B ( `

q

) where p

� 1

+ q

� 1

= 1.

F or ev ery i denote b y e

i

the i -th unit v ector in `

p

. Giv en an in teger n , let �

n

b e

the empirical measure supp orted on f e

1

; :::; e

n

g � B ( `

p

). It is easy to see that

F =�

n

= n

� 1 = 2

B ( `

n

q

). Therefore, F

o

is isometric to `

n

p

and T

2

( F

o

) � n

1

p

�

1

2

(see [14]).

Finally , w e shall estimate the fat-shattering dimension of the con v ex h ull of a

class F using the L

1

( �

n

) co v ering n um b ers of F .

W e in tro duce the follo wing notation. Giv en a class F , an in teger n , 1 � p � 1

and " > 0, let

N

p

( n; " ) = sup

m � n

sup

�

m

N

�

"; F ; L

p

( �

m

)

�

:

Th us, N

p

( n; " ) is the suprem um of the " -co v ering n um b ers of F in empirical L

p

spaces, where the empirical measure is supp orted on at most n elemen ts of 
.

Theorem 3.9 L et F b e a class of functions whose r ange is a subset of [0 ; 1] and set

K to b e its c onvex hul l. Then, for every "; � > 0 ,

fat

2 " + �

�

K ; 


�

� C

�

1 + log N

1

( n; 2 " )

�

1

�

2

:

The follo wing lemma indicates that an " -co v er of a set in L

1

has essen tially the

same fat-shattering dimension as the original set.
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Lemma 3.10 L et F b e a class of functions into [0 ; 1] which � -shatters the set A =

f !

1

; :::; !

n

g , and let �

n

b e the empiric al me asur e on supp orte d A . Assume that � > 2 "

and that H is an " -c over of F =�

n

in L

1

( �

n

) . Then, A

0

= f

p

ne

1

; :::;

p

ne

n

g � F

o

is ( � � 2 " ) -shatter e d by H , wher e the elements of H ar e viewe d as line ar functionals

on F

o

.

Pro of: By Lemma 3.1, A

0

is � -shattered b y F =�

n

and set ( s

i

) to b e a witness to the

shattering. Fix I � f 1 ; :::; n g and let f

I

2 F =�

n

to b e the � -shattering functional

on I . Put h

I

2 H suc h that k f

I

� h

I

k

L

1

( �

n

)

< " . Since k

p

ne

i

k

L

1

( �

n

)

= 1 then for

ev ery i 2 I




h

I

;

p

n e

i

�

=




f

I

;

p

ne

i

�

+




h

I

� f

I

;

p

n e

i

�

� s

i

+

�

2

� k h

I

� f

I

k

L

1

( �

n

)







p

ne

i







L

1

( �

n

)

� s

i

+

�

2

� ";

and in a similar fashion, if j 2 I

c

then




h

I

;

p

ne

i

�

� s

i

�

�

2

+ " , and our claim follo ws.

�

Pro of of Theorem 3.9: Fix " > 0 and � > 0, assume that A = f !

1

; :::; !

n

g is

(2 " + � )-shattered b y K = con v ( F ) and let �

n

b e an empirical measure supp orted on

A . Let H � F =�

n

b e an " -co v er to F =�

n

in L

1

( �

n

) and set G to b e the symmetric

con v ex h ull of H . Clearly , j H j � N

�

2 "; F =�

n

; L

1

( �

n

)

�

.

Since H is an " -co v er of F =�

n

in L

1

( �

n

) then G is an " -co v er to K in L

1

( �

n

). By

Lemma 3.10, if the set A is 2 " + � shattered b y K then the set A

0

= f

p

ne

1

; :::;

p

ne

n

g

is � -shattered b y G , when mem b ers of G are view ed as linear functionals on F

o

. Also,

note that A

0

� F

o

. Th us,

n � fat

�

�

G; (

p

ne

i

)

n

i =1

�

� fat

�

( G; F

o

) :

Since H � F =�

n

, then b y taking con v ex h ulls G � K . Using the prop erties of

the p olar, F

o

= K

o

� G

o

, th us fat

�

( G; F

o

) � fat

�

( G; G

o

). By Lemma 3.5 there is

an absolute constan t C suc h that

T

2

( G

o

) � C (1 + log j H j )

1

2

� C

�

1 + log N

�

"; F =�

n

; L

1

( �

n

)

�

�

1

2

:

Hence, b y Theorem 3.3,

fat

�

( G; G

o

) � C

�

1 + log N

�

"; F =�

n

; L

1

( �

n

)

�

�

1

�

2

:
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Therefore,

fat

2 " + �

�

K ; 


�

� C

�

1 + log N

�

"; F =�

n

; L

1

( �

n

)

�

�

1

�

2

:

�

Applying the kno wn b ounds on the L

1

( �

n

) co v ering n um b ers in terms of the

V C or the fat-shattering dimension w e can establish the follo wing estimate on the

fat-shattering dimension of con v ex h ulls.

Corollary 3.11 Ther e is an absolute c onstant C such that for every f 0 ; 1 g -class of

functions and every "; � > 0 ,

fat

2 " + �

( K ; 
) � C

d

�

2

log

2 d

�

;

wher e K is the c onvex hul l of F and V C ( F ) = d .

Pro of: By Sauer's Lemma, there is an absolute constan t C suc h that for ev ery

in teger n , log N

1

( n; " ) � C d log n . Fix "; � > 0 and let fat

2 " + �

( K ; 
) = n . By

theorem 3.9, n � C d�

� 2

(1 + log n ) and our claim follo ws.

�

It is p ossible to extend Corollary 3.11 and estimate the fat-shattering dimension

of the con v ex h ull of a class using the fat-shattering dimension of the class itself.

Theorem 3.12 Ther e is an absolute c onstant C such that for any class F of func-

tions into [0 ; 1] and every "; � 2 (0 ; 1) ,

fat

2 " + �

( K ; 
) � C

fat

"

2

( F ; 
)

�

2

log

2

2fat

"

2

( F ; 
)

�

2

"

wher e K is the c onvex hul l of F .

Pro of: Set "; � 2 (0 ; 1) and let n = fat

2 " + �

( K ; 
). By Lemma 1.3,

log N

1

( n; 2 " ) � C fat

"

2

( F ; 
) log

2

n

"

:

By theorem 3.9 and since n > 1 and " 2 (0 ; 1), there is an absolute constan t C suc h

that

n � C

fat

"

2

( F ; 
)

�

2

log

2

n

"

:

Hence,

n � C

fat

"

2

( F ; 
)

�

2

log

2

�

2fat

"

2

( F ; 
)

�

2

"

�

;

and the claim follo ws.

�
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Remark 3.13 Using a di�er ent appr o ach it is p ossible to impr ove The or em 3.12

when one has \glob al data" on the fat-shattering dimension of the class. Inde e d,

if fat

"

( F ) = O ( "

� p

) for p 6= 2 then fat

"

�

con v ( F )

�

= O

�

"

� max f 2 ;p g

�

. If p = 2 then

fat

"

�

con v ( F )

�

= O ( "

� 2

log

4

1

"

) . This r esult is demonstr ate d by analyzing the gr owth

r ate of the R ademacher aver ages asso ciate d with the class (se e [11] for further details.
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