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Abstract

We study the sample complexity of proper and improper learning problems with
respect to different g-loss functions. We improve the known estimates for classes
which have relatively small covering numbers in empirical Lo spaces (e.g. log-covering
numbers which are polynomial with exponent p < 2). We present several examples
of relevant classes which have a “small” fat-shattering dimension, hence fit our setup,
the most important of which are kernel machines.
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1 Introduction

In this article we present sample complexity estimates for proper and improper learning
problems with respect to different loss functions under the assumption that the classes
are not “too large”. Unlike previous results, where complexity estimates were based on
the covering numbers at a scale which is roughly the desired accuracy, we use global data
regarding the “size” of the class to obtain complexity estimates at every scale. One exam-
ple we focus on is when the log-covering numbers of the class in question are polynomial
in ¢! with exponent p < 2.

The question we explore is the following: let G be a class of functions defined on a
probability space (2, ) such that each ¢ € G maps Q into [0,1], and set T to be an
unknown function (not necessarily a member of G). Let (X;) be independent random
variables distributed according to p. Recall that a learning rule L is a map which assigns
to each sample S, = (X1,..., X;,) a function Lg, € G. The learning sample complexity
associated with a g-loss function, accuracy € and confidence 0 is the first integer ngy such
that the following holds: there exists a learning rule L such that for every n > ng and
every probability measure u,

By |Ls, = T[> inf By |g = T|" + £} <,
geG

where £, is the expectation with respect to p.

We were motivated by two methods previously used in the investigation of sample
complexity [2]. The first is the standard approach which uses the Glivenko-Cantelli (GC)
condition to estimate the sample complexity. By this we mean the following: let GG be
a class of functions defined on Q, let T be the target concept (which, for the sake of
simplicity, is assumed to be deterministic), set 1 < g < oc and let F = {|g —T|?|g € G}.
The Glivenko-Cantelli sample complexity of the class F' with respect to accuracy ¢ and
confidence § is the smallest integer ng such that for every n > ng,

sup u{sup B, lg = T|’ = B,,, |g = T|"| > £ <.
u geqG

where i, is the empirical measure supported on (X7, ..., X},).

Hence, if ¢g is an “almost” minimizer of the empirical loss and if the sample is “large
enough” then ¢ is an “almost” minimizer with respect to average loss. One can show
that the learning sample complexity is bounded by the supremum of the GC sample
complexities, where the supremum is taken over all possible targets 7', bounded by 1.
This is true even in the agnostic case, in which T' may be random (for further details, see
2).

Lately, it was shown [14] that if the log-covering numbers (resp. the fat shattering di-
mension) of G are of the order of £ ? then the GC sample complexity of F' is © (6’ maX{Q’p})



up to logarithmic factors in ¢!, §~!. This implies that if p > 2 the learning sample
complexity has the same rate as the GC sample complexity, since the learning sample
complexity is Q(fat45(G)), at least with respect to the quadratic loss [2].

It is important to emphasize that the learning sample complexity may be established
by other means rather than via the GC condition. Hence, it comes with no surprise that
there are certain cases in which it is possible to improve this bound on the learning sample
complexities. In [11, 12] the following case was examined; let F' be the loss class given by
{lg—=T|> = |T — PT|”|g € G}, where PgT is a nearest point to T in G with respect to
the Lo(u) norm. Assume that there is an absolute constant C such that for every f € F,
]Equ < CE, f, i.e., that it is possible to control the variance of each loss function using its
expectation. In this case, the learning sample complexity with accuracy € and confidence

5i
i O(é (fatg(G) log? @ + log %))

Therefore, if fat.(G) = O(¢7P), the learning sample complexity is bounded by (up to
logarithmic factors) O(e'*P). If p < 1, this estimate is better than the one obtained using
the GC sample complexities.

As it turns out, the assumption is not so far fetched; it is possible to show [11, 12] that
there are two generic cases in which Equ < CE, f. The first case is when T' € GG, because
it implies that each f € F' is nonnegative. The other case is when G is convex and ¢ = 2,
i.e., every loss function is given by |g — T|2 —|T — PgT|2, where P;T is the nearest point
to T' in G with respect to the Lo(p) norm. Thus, one immediate question which comes up
is whether the same kind of a result holds in other L, spaces.

Here, we combine the ideas used in [12] and in [14] to improve the learning complexity
estimates. We show that if G maps 2 into [0, 1] such that

supsuplog N (g, G, La(pn)) = O(e™P)
n o fn
for p < 2, and if either T' € G or if ¢ > 2 and G C L,(p) is compact and convex, then
the learning sample complexity with respect to the g-loss is O(EH'”/Q) up to logarithmic
factors in e ', 7', Recently it was shown in [14] that there an absolute constant C' such

that
9 2fat= (G)
supsuplog N (e, G, La(un)) < Cfats (G) log (*»
n o pn €

(1.1)

therefore, the estimates we obtain improve the O(s’(]“’)) established in [12].

Although we assume that the target concept is a deterministic function, all the results
presented here in the improper setup are true even in the agnostic case, where the target
concept T may be random. This is due to the fact that learning in the agnostic sense
is equivalent to the ability of finding an “almost best approximation” of the conditional
expectation of T' (see [2]).



The idea behind our analysis is that the sample complexity of an arbitrary class F
is bounded by the GC sample complexity of two classes associated with F', where the
deviation in the GC condition is roughly the same as the largest variance of a class member.

Formally, if G is a class of functions, T is the target concept and 1 < g < oo, then for
every g € G let £,(g) be its g-loss function. Thus,

lolg) = lg = T|" — g — PaT|",

where PgT is a nearest element to 7" in G with respect to the L, norm. We denote by F'
the set of loss functions £,(g).

Let G be a GC class. For every 0 < ¢,0 < 1, denote by Sg(g,0) the GC sample
complexity of the class G associated with accuracy ¢ and confidence §. Let C?;VT(a, ) be
the learning sample complexity of the class G with respect to the target 1" and the g-loss,
for accuracy ¢ and confidence J.

The following lemma is at the heart of our discussion. Its proof will be presented in
section 4.

Lemma 1.1 Let G be a class of functions which map Q into [0, 1], set ¢ > 2 and let F' be
the q-loss class associated with G and the target concept T, which also maps € into [0, 1].
Assume that there is some constant B such that for any f € F, ]Euf2 < B(E, f)2/q. Let
e>0,a=2—-2/q, set

H = {I&[;u:))ifeF’ EufZ& Euf2 Zg}a (1'2)

and put
Fo={feF| B f*<e} and H.={heH| B < B},

Then, for every 0 < e, < 1,

0]
CZ,‘yT(gﬂ 6) < maX{SFE (%7 g) ) SHE (%7 g) }
Thus, the learning sample complexity of G at scale € may be determined by the GC sample
complexity of the classes F, and H,, at a scale which is proportional to the largest variance
of a member of F. (resp. H.). This holds provided that the loss class F' contains functions
for which E, f? may be bounded by B(E, f)2/q for some constant B.

This key lemma dictates the structure of this article. In the second section we in-
vestigate the GC condition for classes F' which have “small” log-covering numbers, and
we focus on the case where the deviation in the GC condition is of the same order of
magnitude as sup scp Ey, f 2 The proof is based on estimates on the Rademacher averages
(defined below) associated with the class. Next, we explore sufficient conditions which



imply that if F' is the g-loss function associated with a convex class G, then Equ may
be controlled by the E, f. We use a geometric approach to prove that if ¢ > 2 there
indeed is some constant B, such that for every g-loss function f, E, f? < B(Euf)Q/". We
show that those estimates are the key behind the proof of the learning sample complexity,
which is investigated in the fourth section. The final sections are devoted to examples of
interesting classes for which our results apply. Among the examples we present are esti-
mates on the (improper) learning sample complexity of convex hulls of VC classes, classes
of sufficiently smooth functions and kernel machines. In fact, we present new bounds on
the fat-shattering dimension of the latter. We show that the fat-shattering dimension is
determined by the rate of decay of the eigenvalues of the kernel, and improve the covering
numbers estimates established in [20].

It is important to mention that throughout this article we are only interested in the
rates by which the sample complexity changes and its relations to the covering numbers.
Though it is also possible to derive a bound on the constants which appear in the estimates,
we have made no such attempt, nor do we claim that the constants could not be improved
by some other method of proof. We do believe, however, that rate-wise, our results are
optimal, though this is something we leave for future research.

Next, we turn to some definitions, notation and basic observations we shall use through-
out this article.

Given a real Banach space X, let B(X) be the unit ball of X. If B C X is a ball, set
int(B) to be the interior of B and 9B is the boundary of B. The dual of X, denoted by
X*, consists of all the bounded linear functionals on X, endowed with the norm ||z*|| =
Supj|z|=1 |2*(z)|. 3 is a real n-dimensional inner product space, which will always be
identified with R” with respect to the Euclidean norm. /5 is the space of all the real
sequences (z;)%°; such that Y% 22 < oo, endowed with the inner product <x,y> =
o2, wy;. For any z,y € X, the interval [z,y] is defined by [z,y] = {tz + (1 — #)y|0 <
t< 1},

If p is a probability measure on a measurable space (£2,3), let I, be the expectation
with respect to . Lg(p) is the set of functions which satisfy By, [f|? < oo and set || f]|, =

(E|f|9)'49. Loo(9) is the space of bounded functions on €2, with respect to the norm
[ fllo = Sup,eq |f(w)|. We denote by p, an empirical measure supported on a set of n
points, hence, p, = %27:1 dw,;, where d,, is the point evaluation functional in {w;}. If ¥
is a class of functions and g is any function, let |[F — g|? = {|f — g|?|f € F}.

Given sets A and B, let A+ B = {a +bla € A,b € B}. If (X,d) is a metric space,
Y C X and 2 € X, the distance of z to Y is defined as d(z,Y) = infycy d(z,y). If X is a
Hilbert space and Y is a subspace, then d(z,y) = ||Py-1x||, where Py-1 is the orthogonal
projection on the ortho-complement of Y. A set A is called symmetric if the fact that
xz € A implies that —z € A. The symmetric convex hull of A, denoted by absconv(A), is

the convex hull of A U —A.



If (X, d) is a metric space, set B(x,r) to be the closed ball centered at = with radius 7.
Recall that if F C X, the e-covering number of F', denoted by N (e, F, d), is the minimal
number of open balls with radius € > 0 (with respect to the metric d) needed to cover F.
A set A C X is said to be an e-cover of F if the union of open balls | J,. 4 B(a,€) contains
F. In cases where the metric d is clear, we shall denote the covering numbers of F' by
N(e, F). The logarithm of the covering numbers of a set is sometimes referred to as the
metric entropy of the set.

A set is called e-separated if the distance between any two elements of the set is larger
than €. Set D(e, F') to be the maximal cardinality of an e-separated set in F'. D(e, F') are
called the packing numbers of F' (with respect to the fixed metric d). The packing numbers
are closely related to the covering numbers, since N (e, F) < D(e, F) < N(e/2, F).

It is possible to show that the covering numbers of the g-loss class F' are essentially
the same as those of G.

Lemma 1.2 Let G C B(LOO(Q)) and let F' be the g-loss class associated with G. Then,
for any probability measure p and every € > 0,

log N(a, F, Lg(u)) < logN(E/q, G, LQ(,u)).

Proof: For every target concept T, |T — PgT|? is a fixed function. Thus, the covering
numbers of F' are determined by the covering numbers of H = {|g — T|? |g € G}.
First, assume that ¢ > 1. By Lagrange’s Theorem for v(z) = |z|? and 1,19 € [—1,1]
it follows that
|21 * = 2| < qlm1 — 2]

Thus, for every ¢’ : 2 — [0,1] and any w € €,

llg(w) = T(w)|* — [¢'(w) — T(@)|"] < qlg(w) —g'(w)]. (1.3)

Let G' be an e-cover of G with respect to the Lo(u) norm. Clearly, we may assume that
every ¢’ € G' maps into [0, 1], which, combined with (1.3), implies that |G’ — T|? is an
e/q-cover of H with respect to the Lo(x) norm, as claimed.

The case ¢ = 1 may be derived using a similar argument, but instead of Lagrange’s
Theorem, simply apply the triangle inequality.

|

Two parameters used in Learning Theory are the VC dimension and the fat-shattering

dimension [2].

Definition 1.3 Let F' be a class of {0,1}-valued functions on a space Q2. We say that F
shatters {w1,...,wp} C 8, if for every I C {1,...,n} there is a function fr € F for which
fi(wi) =1ifiel and fr(w;)) =0ifi g I. Let

VC(F,Q) = sup{\A| ‘A C Q, A is shattered by F}.

6



VC(F,Q) is called the VC dimension of F, and we shall sometimes denote it simply by
VC(F).

It is possible to use a parametric version of the VC dimension, called the fat-shattering
dimension.

Definition 1.4 For every e > 0, a set A = {w,...,w,} C Q is said to be e—shattered by
F if there is some function s : A — R, such that for every I C {1,...,n} there is some
fr € F for which fr(w;) > s(w;) +eifi €I, and fr(w;) < s(w;) —e ifi & 1. Let

fat.(F) = Sup{\A| ‘A C Q, A is e—shattered by F}

f1 is called the shattering function of the set I and the set (s;) = {9(w7)|w7 € A} is called
a witness to the e-shattering.

The important property of the VC dimension and the fat-shattering dimension is that
given any probability measure, it is possible to estimate the Lo(u) covering numbers of a
given class using those parameters, as presented in the next result. The first part of the
result is due to Haussler [19], while the second was established in [14].

Theorem 1.5 Let F C B(Lx(9)).

1. If F is {0,1}-valued and VC(F') = d, then there is an absolute constant C such that
for every probability measure u on Q and every e > 0,

N(e, F, Lo()) < Cd(4e)d<é)2d.

2. If for every e > 0 F has a finite fat-shattering dimension, then there is some absolute
constant C such that for every probability measure p,

2fat = (F)
32 )

log N (e, F, Ly(p)) < Cfat = (F) log? ( .

Next, we define the Rademacher averages of a given class of functions, which is the
main tool we use in the analysis of GC classes.
Definition 1.6 Let F' be a class of functions and let p be a probability measure on €. Set

Zfif(Xi)

i=1

_ 1
Ry, = ﬁEu]Eg JSclelg

where €; are independent Rademacher random variables (i.e. symmetric, {—1,1} valued)
and (X;) are independent, distributed according to .

)




It is possible to estimate R, , of a given class using its Lo(u,) covering numbers. The
key result behind this estimate is the following deep theorem which is due to Dudley for
Gaussian processes, and was extended to the more general setting of subgaussian processes
[19]. We shall formulate it only for Rademacher processes.

Theorem 1.7 There is an absolute constant C such that for every sample (X1, ..., Xp),

n

> eif (X3)

i=1

1
—IE sup

)
1
< C/ log2 N (e, F, Lao(pun))de,
N 0 ( 2

1

where § = supf€F<% S fQ(Xi)>§ and pg, is the empirical measure supported on the
given sample (X1, ..., X,).

Finally, throughout this paper, all absolute constants are assumed to be positive and
are denoted by C or c¢. C, denotes a constant which depends only on p. The values of
constants may change from line to line or even within the same line.

2 Glivenko-Cantelli estimates

The main tool we use in the analysis of the GC sample complexity is a concentration
inequality which is due to Talagrand [18]. This concentration result enables one to control
the GC sample complexity using two parameters. The first one is the n-th Rademacher
average associated with the class. The second is the “largest” variance of a member of the
class. As explained in the introduction, this is very significant from our point of view, as in
the sequel we will show that the learning sample complexity is governed by GC deviation
estimates of certain classes associated with F', where the deviation is of the same order of
magnitude as the largest variance of a member of those classes.

Theorem 2.1 Assume that F is a class of functions into [0,1]. Let
o? = sup perBy (f — Euf)2, S, =no’ + \/ﬁRn,u.
For every L,S > 0 and t > 0 define

t2 '
2 ift < LS
5 = 778 fis
¢r.s(t) {%(log )2 ire s LS.

There is an absolute constant C such that if t > C\/nRy ., then

|

In the following section we present a bound on the Rademacher averages using a “global”
estimate on the covering numbers, i.e., using the growth rates of the covering numbers.

S F(X0) — By f
=1

> t} < exp(—ge,s, (1))
F



2.1 Estimating Rn,u

As a starting point, the classes we are interested in are very small. This may be seen by
the fact that R, , are uniformly bounded as a function of n [14]. Our objective here is to
estimate Rn’u as a function of sup;cp By, 12

An important part of our analysis is the following result, due to Talagrand [18], on the
expectation of the diameter of F' when considered as a subset of L ().

Lemma 2.2 Let F C B(LOO(Q)) and set T2 = SUpfep Equ. Then,

> FX)

i=1

[E, sup < nr’+ 8\/7;]:2”,“.

feFr

Next, we present the estimates on Rn,u(F)a using data on 72 and on the covering numbers
of F' in empirical Lo spaces. Unlike the usual results in Machine Learning literature, we
use global data - the growth rates of the covering numbers and not the covering numbers at
a specific scale. We present the results in several parts, according to the different growth
rates of the covering numbers which are of interest.

Lemma 2.3 Let F be a class of functions into [0,1] and set 72 = SUpfep Equ. Assume
that there are v > 1, d > 1 and p > 1 such that for every empirical measure pi,,

log N (e, F, Ly(p)) < dlogp<1).
€
Then, there is a constant C), , such that

5 d 1 » 1
Ry < Cpy max{ﬁlogp ;,\/ET log 2 ;}.

Before proving the lemma, we require the next result:
Lemma 2.4 For every 0 < p < oo and v > 0, there is some constant c,, such that for
every 0 < z < 1,
! 1 Cpy
logP —de < 2z logP =1,
0 £ T

1/2 Cp, .. . .
and /% log? 23 s increasing and concave in (0,10).
Proof of lemma 2.3: Set Y = %supfeF >, fA(X;). By theorem 1.7 there is an
absolute constant C' such that

n

Y eif(X)

i=1

vY vY y
< C/ log? N (e, F, Lo () ) de = C\/(?/ log? —de.
0 0 3




By lemma 2.4 there is a constant ¢, , such that for every 0 <z <1,

T
/ logg Y de <2z logg P
Jo £ z

Where v(z) = \/Elogp/Q(cpﬁ/m) is increasing and concave in (0, 10).
Since Y <1,

n

< C,VdY log® Cy,

1
—IE, sup
Vi jer ;

and since 72 + SRTW/\/H <9, then by Jensen’s inequality, lemma 2.2 and the fact that v
is increasing in (0, 10),

eif (Xi)

By (V¥ 10g¥ 22) < (B, V)% log? 22

Therefore,

and our claim follows from a straightforward computation.
|
Now, we turn to the case where the log-covering numbers are polynomial with exponent
p <2

Lemma 2.5 Let F be a class of functions into [0,1] and set 72 = SUPfep Equ. Assume
that there are v > 2 and p < 2 such that for every empirical measure pi,,

IOgN(E,F, LQ(MH)) < —.

Then, there is constant C) , such that

L ]72

12-p
224p T 2}_

Rn,u < Cppy max{n

Proof: Again, let Y = %supfep S fA(Xy), and given Xi,..., X, set u, to be the
empirical measure supported on X1, ..., X;,. By theorem 1.7 for every fixed sample, there

10



is an absolute constant C' such that,

n

1 vy !
—E. sup Z SC/ log? N (e, F, Ly(ptn) ) de
0

e s i f(Xi)

=1

N[ =

(1-%)

Cys "
St %)

nferia

Taking the expectation with respect to 4 and by Jensen’s inequality and lemma 2.2,

R, . < C (IE " £2(X5) 208 _ g ( 2+RW)%(17%)
Ry < Cpy( —E, sup E ; ) <Cp(r e )
n,u P\ ufeF - i oy \/ﬁ
Therefore, 7
R 9 Rnpyia-z)
o < Cpqy (77 4+ —2£) 202

and the claim follows.
|
In a similar fashion to the proofs in lemma 2.3 and lemma 2.5, one can obtain the
following:

Lemma 2.6 Let F be a class of functions into [0,1] and set 72 = SUpfep Equ. Assume
that there are v > 2 and p < 2 such that for every empirical measure pu, and every e < 1,

1

IOgN(E,F, LQ(MH)) < l 10g2 -
epP €

Then, there is a constant Cp ., such that

— _12-p 2 2
Ry < Cpy maX{n 225 log” =, 7'~ log —},
T T

where =4/(2 + p).

2.2 Deviation estimates

After bounding Rn,u using the growth rates of the covering numbers, it is possible to
obtain the deviation results we require by applying theorem 2.1.

Theorem 2.7 Let F be a class of functions whose range is contained in [0,1] and set
2 = SUp fe o ]Equ.

11



1. If there are v > 2, d > 1 and p > 1 such that for every empirical measure py,,
log N (e, F, Ly(11n)) < dlog” L,
€
then there is a constant C, , such that for every k >0

1 1
Sp(kT?,8) < Cpdmax{k ', kiQ}(— log? 1) log —.
’ 72 T 0

2. If there are v > 2 and p < 2 such that for any empirical measure,
IOgN(E,F, LQ(MH)) < )

then there is a constant C), 5 such that for every k >0

ya
2

Sr(k?,0) < Cp max{lf],li:*Q}(%)]Jr (1 + log %)

3. If there are v > 2 and p < 2 such that for any empirical measure pi,,

Y 91
logN(a,F,LQ(,un)) < E—plog o

there is a constant C,, such that
1\1+5% 1 1
Sp(kT?,6) < Cpmax{k ', kiQ}(—2> ’ (log2 —) (1 + log g>,
T T

Since the proof is a straightforward (yet tedious) calculation and follows immediately from
theorem 2.1, we omit the details.

3 Dominating the variance

The key assumption used in the proof of learning sample complexity in [12] was that there
is some B > 0 such that for every loss function f, E, 2 < BE, f. Though this is easily
satisfied in proper learning (because each f is nonnegative) it is far from obvious whether
the same holds for improper learning. In [12] it was observed that if G is convex and F
is the squared-loss class then ]Equ < BE, f, and B depends on the Ly, bound on the
members of G and the target. The question we study is whether the same kind of bound
can be established with respect to other L, norms. We will show that if ¢ > 2 and if
F' is the g-loss function associated with G, there is some B such that for every f € F,
E, f?< B(E, f)% Our proof is based on a geometric characterization of the nearest point

12



map onto a convex subset of an L, space. This fact was used in [12] for ¢ = 2, but no
emphasis was put on the geometric idea behind it. Our methods enable us to obtain the
bound in L, for ¢ > 2.

Formally, let 2 < ¢ < oo, set G to be a compact convex subset of L,(x) which is
contained in B(LOO(Q)) and let F' be the g-loss class associated with G and T'. Hence,
each f € Fis given by f = |T — g|? —|PcT — T|?, where T is the target concept and PgT
is the nearest point to T in G with respect to the L,(x) norm.

Recall that it is possible to show (see appendix A) that if 1 < ¢ < oo and if G C L,
is convex and compact, the nearest point map onto G is a well defined map, i.e., each
T € L4 has a unique best approximation in G.

We start our discussion by proving an upper bound on E, 2

Lemma 3.1 Let g € G, 1 < ¢ < o0 and set f ={,(g). Then,
Euf2 < q2]Eu |_(] - PGT‘Q'

Proof: Given any w € Q, apply Lagrange’s Theorem to the function y = |z|? for z; =
g(w) — T(w) and z9 = P5T(w) — T'(w). The result follows by taking the expectation and
since |z1|, |zo| < 1.
|
The next step, which is to bound E, |g — P(;T|2 from above using E, f is considerably
more difficult. To that end, we require the following definitions which are standard in
Banach spaces theory [3, 10]:

Definition 3.2 A Banach space is called strictly convex if for every z,y € X such that
lzll, lyll =1, |z + vyl < 2. X is called uniformly convez if there is a positive function §(e)
such that for every 0 < € < 2 and every x,y € X for which ||z|, |yl <1 and ||z —y|| > ¢,
|z +yll <2—26(¢). Thus,

. 1
5(e) = it{1— = o+ yll| ol ol < 1, o=yl > e}

The function 0(e) is called the modulus of convezxity of X .

It is easy to see that X is strictly convex if and only if its unit sphere does not contain
intervals. Also, if X is uniformly convex then it is strictly convex. Using the modulus of
convexity one can provide a lower bound on the distance of an average of elements on the
unit sphere of X and the sphere.

From the quantitative point of view, it was shown in [9] that if 2 < ¢ < oo, the modulus
of convexity of L, is given by dg(e) =1 — (1 — (6/2)‘1)]/(1.

The next lemma enables one to prove the desired bound. Its proof is based on several
ideas commonly used in the field of Convex Geometry and is presented in appendix A.

13



Lemma 3.3 Let X be a uniformly convex, smooth Banach space with a modulus of con-
vezity 0x and let G C X be compact and convex. Set T ¢ G and put d = |T — PgT]|.

Then, for every g € G,
— PT d
Sx llg — PeT|| <1 —,
dgy dg

where dg = ||T — g|.

Corollary 3.4 Let ¢ > 2 and assume that G is a compact convex subset of Ly(p). If F
is the g-loss class associated with G, then for every g € G,

E, f? < 4¢*(E, f)".

Proof: Recall that the modulus of uniform convexity of L, for ¢ > 2 is §,(¢) =1 — (1 —

(E/Q)q)l/q. By lemma 3.3,
q
L (lle = PeTI o (i)q
2d, ~ \d,

Note that E,¢,(g) = dg — d?, hence, for every f € F,
E,f = B,ly(g) = ! — d! > 29K, |g — PoT|".
By lemma 3.1 and since [|f|, < || f]l,,

2
q

2
Equ < QQEM ‘g - PGT|2 < QQ(EM ‘g - PGT‘q) < 4q2(Euf)q-

4 Learning Sample Complexity

Unlike the GC sample complexity, the behaviour of the learning sample complexity is
not monotone, in the sense that even if H C G, it is possible that the learning sample
complexity associated with G may be smaller than that associated with H. This is due to
the fact that a well behaved geometric structure of the class (e.g. convexity) enables one
to derive additional data regarding the loss functions associated with the class. We will
show that the learning sample complexity is determined by the GC sample complexity of
classes of functions such that sup,cy E,h? is roughly the same as the desired accuracy in
the GC condition.
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We shall formulate results in two cases. The first theorem deals with proper learning
(i.e. T € G). In the second, we discuss improper learning. We present a complete proof
only to the second claim.

Let us introduce the following notation: for a fixed € > 0 and given any empirical
measure fp, let f; be any f € F such that E,, f; < €/2. Thus, if ¢ € G such that
ly(g) = f,;, then g is an “almost minimizer” of the empirical loss.

Theorem 4.1 Let G C B(LOO(Q)) and fixr T € G. Assume that 1 < q < oo, and let F
be the g-loss class associated with G and T. Assume further that v > 2, p < 2 and that
for every integer n and any empirical measure iy, logN(a, G,Lg(un)) < ve P for every
e > 0. Then, there is a constant Cy ., such that if

1\1+5 . 2
n = Cq,pn(g) “log 5

then Pr{, f;, > e} <6
The same holds if sup,,, log N (e,G, La(p)) < ye P log®(1/e) and if

1y 143 1 1
n2 C(M”’Y(E) ’ (10g2 E> log 5

Next, we turn to the improper case.

Theorem 4.2 Let G be as in theorem 4.1, and assume that T' & G. Assume further that
q > Q and that G is convez, and let F' be the q-loss class associated with G and T. Then,
for every f € F, ]Euf2 < 4(]2(]Eu]")q/2 and the assertion of theorem J.1 remains true.

Remark 4.3 The key assumption here is that ]Equ < B(]Euf)2/" for every loss function
f- Recall that in section 8 we explored this issue, and in fact, the first part of theorem 4.2
is a reformulation of corollary 3.4. Combining theorem 4.1 (resp. theorem 4.2) with the
results of section 8 gives us the promised estimate on the learning sample complexity.

The first step we take is the important observation that the learning sample complexity
is determined by the GC sample complexity of two classes associated with F', but the
deviation required in the GC condition is roughly the largest variance of a member of the
classes.

Lemma 4.4 Let G C B(LOO(Q)), set ¢ > 2 and let F be the q-loss class associated with
G and the target concept T € B(Loo(Q?)). Assume that there is some constant B such that

forany f € F,E, f*< B(Euf)Q/q. Fiz e >0 and let « =2 — 2/q. Define

H = {IEN:);]EGFa EufZ& Euf2 Zg}a (4'1)
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and put
Fg:{f6F| IEuf2<e}, Hg:{heH| ]Euh2<Ba“}.
Then, for every 0 < § < 1,

ctpte) < {51 (5.3) 0. (5.3 |

Proof: First, note that
Pr{]Euf;‘n > a} < Pr{af €F Fuf>e Euft<e, B, f<e/2 }
+Pr{3f € F, EBuf > e, Buf? > e, By, f </2 }= (1) +(2).

If B, f > ¢c then E, f > L(E,f+¢) > 3E, f + E,, f. Therefore, [E,f — E,, f| > 3E,f >
/2, hence,

)+ (@) < Pr{3f € F. B.f* <e, [Buf —E,, fl 2 5}

1
+Pr{3f€F, B f >e Buf?>e, |[Buf —E, f| > EIEuf}.

Recall that o = 2 — 2/q and H = {Ea’}‘f EF E,f >¢, E, f?> a}. Since g > 2 then

TEN
a > 1, and since € < 1, each h € H maps  into [0,1]. Also, if E, f> < B(E, f)?/? then
2 52{1 «
< B— < .
S B e =
Therefore,
Pr{E.f;, 2} <Pr{3f € F, Buf? <e, [Buf —E,, f12 5} (4.2)

o

+ Pr{3he H, B,h? < Be, [Byh— By bl > T,

which proves our claim.
|
The only problem in applying theorem 2.7 directly to the class H. is the fact that one
does not have an a-priori bound on the covering numbers of that class. The question we
need to tackle before proceeding is how to estimate the covering numbers of H., given
that the covering numbers of F' are well behaved. To that end, we have to use the specific
structure of F', namely, that it is a g-loss class associated with the class G. We divide our
discussion to two parts. First we deal with proper learning, in which each loss function is
given by f = |g — T|” and no specific assumptions are needed on the structure of G. Then
we explore the improper case when G is convex and F' is the g-loss class for some g > 2.
To handle the both cases, we need the following simple definition:

16



Definition 4.5 Let X be a normed space and let A C X. We say that A is star-shaped
with center x if for every a € A the interval [a,z] C A. Given A and x, denote by
star(A, ) the union of all the intervals [a,x], where a € A.

The next lemma shows that the covering numbers of star(A,z) are almost the same as
those of A.

Lemma 4.6 Let X be a normed space and let A C B(X). Then, for any ||z| < 1 and
every € > 0, N(25,star(A,m)) < 2N(€,A) /€.

Proof: Fix ¢ > 0 and let yq, ..., yx be an e-cover of A. Note that for any a € A and any
z € la, x] there is some 2’ € [y;, 2] such that ||z’ — z|| < e. Hence, an e-cover of the union
U? i [yi, 2] is a 2e-cover for star(A,z). Since for every i, ||z — y;|| < 2, it follows that each
interval may be covered by 2e~! balls of radius £ and our claim follows.

|

Lemma 4.7 Let G be a class of functions into [0,1], put T € G, set 1 < g < oo and let
F be the q-loss class associated with G and T'. Let o« = 2 — 2/q and put H as in (4.1).
Then, for every e > 0 and every empirical measure iy,

2 €
logN(Qa, H, LQ(,un)) < log B + logN(g, G, Lg(un)).
Proof: Recall that every h € H is of the from h = k;f where 0 < sy < 1. Thus,
H C star(F,0), and by lemma 4.6,
2
logN(Qa, H, LQ(,un)) < log - + logN(E, F, Lg(un)).

Therefore, our claim follows from lemma 1.2.
|
Now, we estimate the covering numbers in the improper case.

Lemma 4.8 Let G C B(LOO(Q)) be a convex class of functions. Set T € B(LOO(Q)), put
F to be the q-loss class associated with G and T and let o and H be as in lemma 4.7.
Then, for any € > 0 and any probability measure p,
€ 4
log N (e, H, Ly () < log N(E’ G, Ly(un)) + 2log -

Proof: Again, every member of H is given by ¢ f, where 0 < ky < 1. Hence,

H C {rly(g)lg € G, k €0,1]} = Q.

17



By the definition of the g-loss function, it is possible to decompose Q@ = Q1 + Qo, where
Q) = {n‘ lg — T\ ‘Ii €[0,1], g € G} and Qg = {—H T — PgT|" ‘n‘ e [0, 1]}

Since T' and PgT map Q into [0, 1] then |T' — Pg|? is bounded by 1 pointwise. Therefore,
Qs is contained in an interval whose length is at most 1, implying that for any probability
measure f,

™| N

N(g, Q, La(p)) <

Let V.= {lg—T|"|g € G}. Since every ¢ € G and T map  into [0,1] then V C
B(LOO(Q)). Hence, by lemma 1.2 and for every probability measure p and every € > 0,
N(e, V,Lg(,u)) < N(a/q, G,Lg(,u)). Also, Q; C star(V,0), thus for any ¢ > 0,

N(%a‘/aLQ(M)) < 2N(25—q,G,L2(,U,))

—= )

N(e, Q1, La(p)) <2 . 6

which suffices, since one can combine the separate covers for @; and Qs to form a cover
for H.
|
Finally, we can prove theorem 4.2. We present a proof only in the case where the
metric entropy is O(e ?) for some p < 2. The proof in the other case is essentially the
same and is omitted.

Proof of theorem 4.2: Fix 0 < ¢,0 < 1 and let a, F., H and H. be as in lemma 4.4.
Note that F. C F and H. C H. Thus, by lemma 4.8, for every p > 0 and any probability
measure i,

C
log N (p, Fz, La(pn)) < % and log N (p, He, La(pn)) < tipvgwl
The assertion follows by combining lemma 4.4 and theorem 2.7.
[ |

Remark 4.9 It is possible to prove an analogous result to theorem 4.2 when the covering
numbers of G are polynomial; indeed, if there are v,d > 1 and p > 0 such that for every
e>0
supsuplog N (g, G, La(pn)) < Cdlog? g,
n ln

then for every 0 < e,d <1,

1 2 1
C&T(s, §) < C,”wd(g logmax{l’p} g> log 5
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5 Basic examples

We present several examples in which one may estimate the learning sample complexity
of proper and improper learning problems. All the results are based on estimates on the
covering numbers which are obtained either directly or via the fat-shattering dimension.
The main reason for presenting these example is to indicate that there are many interesting
classes which are both “relatively small” and convex, hence fit our improper learning
framework. Although some of the results to follow may not be new, we still think that
presenting them in this context emphasizes the fact that the theory developed here covers
interesting ground.

5.1 Proper learning

The two examples presented in this section are proper learning problems for classes which
are either VC classes or classes with polynomial fat-shattering dimension with exponent
p < 2. By theorem 1.5 it follows that if G is a VC class for which VC(G) = d, then for
every 0 < e <1,

2
sup sup log N(a, G, Lg(un)) < Cdlog —,
€

n o ln

whereas if fat.(G) < ye7? then there is a constant ¢, such that for every 0 < e < 1,

¢ 2
sup sup log N(a, G, LQ(,un)) < 2—;’7 log? o

n o ln

Therefore, applying theorem 4.2, we can derive the sample complexity estimates for such
classes:

Theorem 5.1 Let G C B(LOO(Q)), assume that T € G and that 1 < g < oo.

1. If VC(G) = d, there is a constant Cy such that for every 0 < e, <1,

1.2y, 1
CL (e, ) < qu<g log g) log .

2. If fat.(G) < ye~P for some v > 2 and p < 2, then there is a constant Cyp  such that
for every 0 < e,§ < 1,

Cg’T(a, 8) < Cypiy (é) a (log2 é) (1 + log %)
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5.2 Improper learning

Recall that if one wishes to use the results in the improper learning setup, one must
assume that the concept class is convex. Hence, the most natural starting point is to take
the convex hulls of “small” classes. Unfortunately, convex hulls of classes with polynomial
fat-shattering dimension are “too large”. Even if the fat-shattering dimension of original
class is polynomial with an exponent p < 2, the covering numbers of its convex hull may
be as bad as Qe 2log!~2/P(1/¢)) [5, 15]. Thus, we are left with convex hulls of VC
classes. Estimating the covering numbers of VC classes was a well known problem which
was investigated by Dudley [7] and then by Carl and Van-der Vaart and Wellner [4, 19].
The following is a modification of the result in [19], which was presented in [15].

Theorem 5.2 Let G be the convex hull of a class of {0,1}-valued functions, denoted by
Go, and assume that VC(Gqy) = d. Then, there is an absolute constant C such that for
every probability measure p and every € > 0,

2d
Iy 7+
- .

log N (e, G, La(p)) < C’d( )

Corollary 5.3 Let G be as in theorem 5.2, let T € B(LOO(Q)) and set 2 < q < oo. Then,
there is a constant Cy 4 such that for every 0 <e,0 <1,

Nt 52
1 .
) %3

Cg} T(‘g’ 5) < Cq,d<_
: €
5.2.1 Functions with bounded oscillation

There are many important classes of sufficiently smooth functions which appear naturally
in learning problems. Such classes of functions fit our setup perfectly, since they usually are
convex and uniformly bounded. Though in many problems it is possible to obtain bounds
on the covering numbers of such classes directly (see, e.g., [19]), we wish to formulate an
estimate on the fat-shattering dimension of a class using data on the ability of members
of the class to change quickly. Natural parameters which come to mind in this context are
the variation of the function and the oscillation function of the class. The latter is the
supremum of the modulus of continuity of functions in F, i.e., for every § > 0,

ocsp(d) =sup sup |f(z) — f(y)|.
FEF |lz—y||<é

Before proving a connection between the “smoothness” properties of the class and its fat-
shattering dimension, we require the following property of the fat-shattering dimension of
classes which are both convex and symmetric.
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Lemma 5.4 Let F' be a convex and symmetric class of functions on 2. If {wn,...,w,} is
e-shattered by F, then (s;)i'_y = (0,0,...,0) may be selected as a witness to the shattering.

Proof: Assume that (s;)!" , is a witness to the shattering, and for every I C {1,...,n}, let

f1 be the functions which shatters the set I. Therefore, for every such I and every i € I,
fr(wi) — fre(wi) > si+€e—s; +e = 2¢,

and if i ¢ I,
fr(wi) — fre(wi) <si—e— (si+¢e)=—2e
For every I, let fr= (fr— fre)/2. Since F' is convex and symmetric, each fr belongs to F

and the set (f7) e-shatters {wn,...w,} with (0,0,...,0) as a witness.
|

Using this observation, it is easy to connect the fat-shattering dimension of a class of
functions on 2 with oscp and the packing numbers of ).

Lemma 5.5 Let G be a convex and symmetric class of functions on a metric space (2, p).
Then, for every 6 > 0 and every € > ocss(G)/2, fat.(G) < D(9, 52, p).

Proof: Assume that there are 6 > 0 and £ > ocss(G)/2 such that fat.(G) > D(4,Q, p).
Thus, there is a set {w1, ..., w, } which is e-shattered, such that there are two indices i # 7,
for which p(w;,w;) < d. By lemma 5.4 we may assume that (0,0,...0) is a witness to the
shattering. Hence, there is some g € G such that |g(w;) — g(w;)| > 2¢, which is impossible.

|

Remark 5.6 Note that a class of functions which is defined by a constraint on its os-
cillation function is necessarily convex and symmetric, since for every § > 0, oscg(d) =

08Cabsconv (@) (5) :

Example 5.7 Let Q C B(R?) and let G C B(Loo(S)) be a class of functions on Q such
that for every 0 > 0, oscg(0) < yoP for some p > 0. In particular, we may assume that F
is convex and symmetric. Note that with respect to the Euclidean metric, D(5,Q) < C5~¢.
Thus, there is some absolute constant C such that for every e > 0,

d
fat.(G) < ¢(2)7,
€
which implies that if d/p < 2, then for every T € B(LOO(Q)) and every q > 2, Cl . =
O(a’(Hd/Qp)), up to logarithmic factors in e~ and 6.

A natural example of a family of functions which have a power type oscillation function
is the unit ball of certain Sobolev spaces (see [1] for more details).
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The second family of functions we shall be interested in, is the family of functions with
bounded variation.

Definition 5.8 Given a > 0, we say that a function f : [a,b] — R has an « bounded
variation if

Valf) = sup 3 [F(wi) — f(wi 1)|” < oo,
i=1

where the supremum is taken with respect to all integers n and all the partitions {a = wy <
wy < ... < wy = b}.

Example 5.9 Let 1 < a <2 and set G = {g|Va(g) < 1}. It is easy to see that G is convex
and symmetric. Assume that {w,...,wp} is e-shattered and recall that we may take (0)7_,
as a witness to the shattering. Thus, there is some g € G such that for every 2 < i < n,
lg(wi) — g(wi—1)| > 2e. The variation of this g satisfies that

(26)%(n — 1) < Val(g) < 1,

therefore,

fat. (@) < (2%)& Y

Hence, for every T € B(Loo(2)) and every ¢ > 2, Cl - = O(e=(+2/2)) up to logarithmic

factors in e~ and 57!,

6 Application: kernel machines

In this final section, we present an application of our results to affine functionals on
ellipsoids in Hilbert spaces, and in particular, we focus on kernel machines. We present
new bounds on the fat-shattering dimension of such classes, which yields an estimate on
their covering numbers. We chose to present the results in a separate section for two
reasons. Firstly, kernel machines are very important in Machine Learning and deserve
special attention. Secondly, the bound on the fat-shattering dimension of kernel machines
is obtained using a new geometric idea we wish to highlight.

The bounds we present improve some of the bounds appearing in [20]. After presenting
our results, we compare them to the ones established in [20].

6.1 Affine functionals on /¢

Let A : /o — ¢5 be a diagonal operator with eigenvalues a1 > a9 > .... > 0. Set Q =
A(B(¢2)) and put F to be the set of affine functions f(w) = z*(w) + b, where [z*],, <1
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and |b] < 1. Our goal is to estimate the fat-shattering dimension of the class F' when
considered as functions on Q.

Tight estimates on the fat-shattering dimension of the class of linear functionals on
the unit ball of a Banach space were presented in [8, 13, 15]. In [13, 15] it was shown that
the fat-shattering dimension fat. (B(X*), B(X)) is determined by a geometric property of
X, called type. The technique used in the proof of that estimate is based on the fact that
the domain of the function class is a bounded subset of the Banach space. Intuitively,
A(B(#3)) should be “much smaller” than a ball (depending, of course, on (a;)°,). Hence,
there is hope one may be able to obtain an improved bound. Another issue one must
address is that we investigate affine functions and not just linear ones. Thus, the first
order of business is to show that the affine case may be easily reduced to the linear one.

Note that we can embed © and F in 5. Indeed, each w € Q is given by Az = (a;z;)2,,
where [|z[,, < 1. We map w to @ = (1,a171,a272...). The affine function f = z* + b is
mapped to f = (b, 2%, 2%, ...). Hence, for every f and w, f(@) = f(w), and ||f|ls, < 2.
Moreover, {®|w € Q} is the image of the /5 unit ball under the diagonal operator given
by Te; = er, and Te; = a;_1e; for i > 2, were (¢;)7°, are the unit vectors in ¢5. Thus, the
class F is a class of uniformly bounded linear functionals, and we consider it as a set of
functions on a domain €, which is the image of unit ball by a diagonal operator with one
additional “large” eigenvalue. To simplify things, we will abuse notation and denote our
“new” class of linear functionals by F' and the “new” domain by 2.

The next step in our analysis is to translate the fact that a set z1,...,z, C Q is
e-shattered to a geometric language.

Lemma 6.1 If A = {z1,...,z,} is e-shattered by B({3) then B, C absconv(A), where
B, = B(f3) Nspan(A).

Proof: Assume that the set {z1,...,z,} is e-shattered by B(¢3). Since B(#3) is convex and
symmetric, then by lemma 5.4 we may assume that (0)]_, is a witness to the shattering.
Let (a;)!, C R, set I = {iJa; > 0} and put z} to be the functional shattering the set I.
Note that for every such I and every i € I,

and if i & 1,
z7(zi) — zhe(zi) < —2¢
Thus,
n n
ZG,T, = sup |z* (Z (17'1"7)
i=1 z*€B(f2) i1
1 n n
> — sup X ( (17'1"7) — '7"*( (177"7) = (x)
2 ar e B(X") Z Z




Selecting z* = z7 and z* = z7.,

1
(x) > 3 x] (Z a;x; + Z aixi) — Z7e (Z a;T; + Z aixi)
iel iele iel iele
1 * * * *
=5 2(17 (27 (z:) — zje(2)) + Z(—m)('rlc(fr,) — 2} (z))
iel iele

n
>e ) .
1=1

Note that every point on the boundary of absconv(A) is given by > ", a;z;, where
Soiq lail = 1. Hence, |3 7 a;jzil| > e, which proves our claim.
|
The geometric interpretation of our situation is as follows: firstly, the set € corresponds
to an ellipsoid which is the image of the /5 unit ball under a positive semi-definite operator.
If Q contains a set which is e-shattered by the dual unit ball, then it contains a set A,
consisting of n elements, such that absconv(A) contains an n-dimensional Euclidean ball
of radius €. This brings up the next question we have to tackle: what is the geometric
structure of a set {z1,...,z,} C ¢} which contains eB(¢3)? Intuitively, one would suspect
that if the facets of absconv(zy, ..., z,) are “far away” from 0, then “most” of the vertices
must have a considerably larger norm and should be “close” to orthogonal in some sense.
Indeed, the following lemma shows that our intuition is correct.

Lemma 6.2 Let A= {z1,....zp} C £5 and assume that e B(¢5) C absconv(A). For every
n > 2, let h; be the distance of z; to span{zy,...,z;_1} and set hy = ||z1||. Then, there is
an absolute constant C such that

(ﬁ hi> " Cer/m.
=1

Proof: The proof will follow from volume estimates. Since £ is naturally identified with
R", it is endowed with the Lebesgue measure on R". Hence, if A C R", let vol(A) be the
Lebesgue measure of A. Let B, = ¢B(¢}) and since S = absconv(A) contains an ¢ ball, its
volume must be larger than vol(B.). Now, the volume of S can be computed inductively.
Indeed, if H is an n — 1 dimensional subspace of ¢§ and if B C H and = ¢ H, then

vol(conv(B U {z})) = %VO](B),

where vol(B) is the n — 1 dimensional volume of B and h is the distance of x to H. Hence,
o
vol(§) = = 1%
i=1
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On the other hand, vol(B.) = €"V,, where V,, is the volume of the n-dimensional Euclidean
unit ball. It is possible to show [16] that there are absolute constants ¢ and C such that
for every integer n

1 C
Scyr < 2

v~ vn

Comparing the two volumes and by Stirling’s approximation,

C

Rk

n

< (ol < (wts))* < ()"
=1

and our claim follows.
[ ]

Corollary 6.3 Let £ be an ellipsoid with principle azes of length a1, ...,a,. If there is a
set {x1, ..., o} C & which is e-shattered, then there is an absolute constant C such that

n

(I[e)" = cevin

i=1

Proof: By lemma 6.2 (and using the notation of that lemma), there is an absolute constant
C such that

(ﬁ hi> s Cer/m.
=1

Since £ is an ellipsoid, then for every subspace H and every x € &, the orthogonal
projection onto H satisfies that Pgz € £. Hence, one can construct inductively a set
(yi)iy C & of orthogonal vectors, such that for every 1 < m < n, span(zi,...,zy) =
span(y1, ..., Ym) and ||y;|| = h;. On the other hand, the maximal product of an orthogonal
system contained in an ellipsoid is attained by the principle axes, so [} ; a; > [[}_; hi.
|

Theorem 6.4 Let A : ¢y — ly be a diagonal operator with eigenvalues aqy > ag > ... > 0,
and set & = A(B(f2)).

1. If there are p,y > 0 such that for every integer n, a, < y/nP, there is an absolute
constant C such that for every e > 0,

2
fat, (B(fg), 5) < C(%) =
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2. If there are p,y > 0 such that for every integer n, a, < exp(—ynP), there is an
absolute constant C such that for every e > 0,

1 11
fatE(B(KQ),E) < Cv »logr —.
€

Proof: For the first part, fix £ > 0 and assume that {z,..z,} C € is e-shattered. By
corollary 6.3 there is an absolute constant C' such that ([}, a;)'/™ > Cey/n. On the
other hand, using the estimate on the growth rate on (a;) and Stirling’s approximation,

n
)
Cevn < ( l_IaZ < qy(n!) SC'y(E> ,
=1 "

thus,

as claimed.
The second claim follows since
n 1
Cevn < (H effyip)ﬁ <e ~ (1)
i=1
|

Corollary 6.5 Let A be as in theorem 6.4 and put & = A(B(f2)). Set F = {z* +
bl{|z*[l,, <1, |bl <1} to be a class of affine functions on £ and let p to be a probability
measure on E.

1. 1If there are v > 2 and p > 0 such that for every integer n, a, < yn~P, there is an
absolute constant C such that for every e > 0,

_2
log N (e, F, Ly(p)) < C(l) P og? 7.
€ €
If there are v > 2 and p > 0 such that for every integer n, a, < exp(—ynP), then
there is an absolute constant C' such that for every e > 0,
_1 11
log N (¢, F, Ly(p)) < Cy~ 7 log™*» =
€
Proof: Recall that by the argument presented in the beginning of this section, one may
consider F' to be a class of linear functionals, which was denoted by F. The price one
pays is that F' is contained in a ball of radius 2 centered at the origin and the “new”
domain is an ellipsoid £ which has an additional eigenvalue ¢y = 1. Thus, our result

follows immediately from theorem 6.4
[ |
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6.2 Kernels

One of the most interesting family of function classes in modern Learning Theory is the
family of kernel machines. In this setup, one is given a positive definite function K (—, —)
defined on X x X, where X is a probability space. Let (¢n(7')) be the sequence of
eigenvectors of the integral operator defined by K and set (),) to be the non increasing
sequence of eigenvalues associated with the eigenvectors. It is possible to show [17, 6] that
for every z,y € X,

K(x,y) = Z Aii () diy).

Also, if Hg is the Reproducing Kernel Hilbert space associated with the kernel K, then
for every x € X, K(z,—) € Hg, and for every f € H,

f(x) :<fa K(*/‘Cv _)>7‘1K

We focus on the case in which the eigenvectors of K are uniformly bounded functions (i.e.,
there exists some M such that for every integer n and every =z € X, |¢p(z)] < M). In
that case, every f € Hx may be represented by z;‘c € /9 and every z may be represented
by some z, € f5 such that

f(.’E) :<faK(‘/‘C7 _)>7‘1K: <Z},ZI>£2, (61)

where |[2}[l¢, = [/ fll3,, and there is an ellipsoid & C ¢, which contains every z,. The
“size” of the ellipsoid £ is determined by the eigenvalues of K, as described in the following
lemma:

Lemma 6.6 [6, 20] Let K be a positive definite kernel such that the eigenvectors satisfy
that (¢n) C B(Loo(X)). Let (X,)2%, be the non increasing sequence of the eigenvalues of
K, set (an)52, € Ly to be such that (by)o>) = (VAn/an)ey € o and put R = ||(by)ll,,- If
A ly =ty is defined by Ae; = Raje;, and if € = A(B(£y)), then for every x € X, z, € £.

Any such sequence (a;)°, is called a scaling sequence, and it determines the length of the
principle axes of the ellipsoid £.

Example 6.7 [20] Let K and (A\,);2, be as in lemma 6.6, and assume that there are C
and o > 0 such that for any integer n, Ay, < Cn~ @+t Then, the scaling sequence (an)2,
may be selected as (a,)32, = (n"7/2)2, for any T < a. An example of such a kernel is

the convolution kernel generated by k(t) = e~ L.

Example 6.8 [20] Let K and (A\,)52, be as in lemma 6.6, and assume that there are
positive B, a and p such that for every integer n, A, < Be~®" . Then, the scaling sequence
may be selected as ap, = e ™12 for any T < . An ezample of such a kernel is the
convolution kernel generated by k(t) = e~ .
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Theorem 6.9 Let K and (A\,)02, be as in 6.6 and denote |K| = sup, K(z,x). Let

{Z(Jx, z,—)+bneN, | <1, Z(y?(yj 'r7,'rj)<1} (6.2)

i,7=1
Then,

1. If there are B and o > 0 for which A, < Bn~ @tV then for any probability measure
p and any T < « there is a constant C' = C|k| g such that for every 0 <e <1,

= 2
log(e, G, La(p)) < C(—) T log? Z.

£ £
In particular, for every T € B(Loo(Q)) and g > 2, C = O(e= 0+ 7)) "up o

logarithmic factors in e~ and 6 1.

2. If there are positive B, o and p such that for every integer n, A, < Be™®™" | then for
any probability measure p and every T < a there is a constant C' = C\g| p, such
that for every 0 <e <1,

log (6, G, LQ(,u)) <C log2Jr

T [
m | N

In particular, for everyT € B(LOO(Q)) and q > 2, C?; = 0(671), up to logarithmic

factors in e and 671,

Proof: Let Hx be the reproducing kernel Hilbert space associated with the K. By the

n

reproducing kernel property it follows that if g = > " ; @; K (z;, —), then

n
2
gl = D e K (i, ;).

i,j=1

Thus, the “linear part” gy = > | @; K (x;, —) of every f € F' is contained in the unit ball
of Hi. Again, by the reproducing kernel property (6.1) and lemma 6.6, each g7 may be
viewed as a linear functional on an ellipsoid defined by the scaling sequence (a;):°,. By
a similar argument to the one used in section 6.1 we can identify each f € F' as a linear
functional on an ellipsoid which has one additional “large” eigenvalue. Hence, our result
follows immediately from the selection of the scaling sequence, (example 6.7 and example
6.8), the covering numbers of the ellipsoid defined by the scaling sequences (corollary 6.5)
and theorem 4.2.

|
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Remark 6.10 The condition in (6.2) is imposed simply to ensure that the “linear” part
of every g € Gis contained in the unit ball of the reproducing kernel Hilbert space associ-
ated with K. This could also be obtained by imposing a convex constraint, namely, that
>oiey lail = 1. In that case, every g = > 0 oK (wi, —) satisfies that ||g|ly,, < |K]|.

It is worthwhile to compare our results with those obtained is [20]. Firstly, note that
for generalization estimates, the norm used in [20] in too strong, yielding poorer covering
results. Indeed, the authors were able to bound the entropy numbers of the scaling op-
erator A, hence, they provided an /5 covering numbers estimate on the ellipsoid 2 = £.
When translated to covering numbers of the class F' on the domain , these are in fact
Lo (92) estimates. Indeed, if f is represented by z; € B(f2) and every z is represented by
z; = Ay, then

Hence, the class F' may be viewed as a class of linear functionals contained in £* =

A*(B(#2)) on a domain which is B(fs). Let {z},...,z;} C £ be an e-cover of £*. Thus,
n < N(e/2,E*,4y). If ||[z* — x}|| < e, then for every z € B({y),

% (2) — 2j(z)| < [lz” — 7| [lz]] <e.
Therefore, for every ¢ > 0
N (e F,Loo(9) S N(5,% ) = N(5. £, 62).

Our bounds are Lo(u,) bounds, which suffice for the generalization results and are con-
siderably smaller. For example, if the eigenvalues of the kernel have a polynomial decay
with exponent —(a 4 1), the covering numbers rate obtained in [20] is O (e 2/7) for every
0 < 7 < a/2, while here we get (up to logarithmic factors) O(e~%/(1+7)),

When the decay rate is exponential, our bound is essentially the same as that in [20],
since in both cases the “dominant part” of the covering numbers is the “affine” part (the
“+b”) of the functions, which means that the covering numbers can not be better than
Q(e~1). In our analysis there is an additional effect, which is due to some looseness in the
bound on the covering numbers in terms of the fat-shattering dimension. On the other
hand, this byproduct has little influence on the complexity bounds, since the dominant

term in the learning sample complexity estimate will always be ',

7 Concluding remarks

There are several points which deserve closer attention and were not treated here. Firstly,
there is the question of the rates of the generalization bounds. Though we believe that
the learning sample complexity estimates presented here are optimal with respect to the
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polynomial scale (i.e. O(s~(1*7/2))) we have not proved it. Moreover, it is possible that
there is some looseness in logarithmic factors in e~!. Of course, it is important to provide
estimates on the constants, an issue which was completely ignored here.

Secondly, we dealt with approximation in L, for ¢ > 2. It seems that our analysis does
not extend to 1 < ¢ < 2, since the modulus of convexity of L, behaves differently for these
values of g.

Finally, although we investigated the fat-shattering dimension of uniformly bounded
functionals when considered as functions on an ellipsoid in #3, the majority of the puzzle
is still missing. We do not have a clear understanding of the connection between the
geometry of the space X, the properties of the operator A and fat, (B(X*),A(B(X))),
where A : X — X is a bounded operator. The only case which is fully understood is when
A = Ix, in which the fat-shattering dimension is determined by the type of X.
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A Convexity

In this section we present the definitions and preliminary results needed for the proof
of lemma 3.3. All the definitions are standard and my be found in any basic textbook
in functional analysis, e.g., [10].

Definition A.1 Given A, B C X we say that a nonzero functional x* € X* separates
A and B if inf,c 4 ¥ (x) > supye g (D).

It is easy to see that z* separates A and B if and only if there is some a € R such
that for every a € A and b € B, z*(b) < a < z*(a). In that case, the hyperplane
H = {x\x*(m) = a} separates A and B. We denote the closed “positive” halfspace
{z|z*(z) > a} by H" and the “negative” one by H . By the Hahn-Banach Theorem, if
A and B are closed, convex and disjoint there is a hyperplane (equivalently, a functional)
which separates A and B.

Definition A.2 Let A C X, we say that the hyperplane H supports A in a € A if
a € H and either AC H" or AC H™.

By the Hahn-Banach Theorem, if B C X is a ball then for every x € 0B there is a
hyperplane which supports B in z. Equivalently, there is some z*, ||z*|| = 1 and o € R
such that z*(z) = « and for every y € B, z*(y) > a.

Given a line V = {t.ﬂc—i—(l —t)ylt € ]R}, we say it supportsaball BC X inzifze VNB
and V Nint(B) = (. By the Hahn-Banach Theorem, if V supports B in z, there is a
hyperplane which contains V' and supports B in z.

Definition A.3 We say that a Banach space X is smooth if for any x € X there is a
unique functional ©* € X*, such that ||z*|| =1 and z*(x) = ||z].

Thus, a Banach space is smooth if and only if for every x such that ||z|| = 1, there is a
unique hyperplane which supports the unit ball in z. It is possible to show [10] that for
every 1 < g < oo, L, is smooth.

We shall be interested in the properties of the nearest point map onto a compact convex
set in “nice” Banach spaces, which is the subject of the following lemma.

Lemma A.4 Let X be a strictly convex space and let G C X be convexr and compact.
Then every x € X has a unique nearest point in G.
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Proof: Fix some z € X and set R = infyc ||g — z||. By the compactness of G and
the fact that the norm is continuous, there is some gg € G for which the infimum is
attained, i.e., R = |go — z|[.

To show uniqueness, assume that there is some other ¢ € G for which ||g — z| = R.
Since G is convex then g1 = (g + go)/2 € G. By the strict convexity of the norm,
llg1 — z|| < R, which is impossible.

[ |

Next, we turn to an important property of the nearest point map onto compact convex
sets in strictly convex, smooth spaces.

Lemma A.5 Let X be a strictly convex, smooth Banach space and let G C X be
compact and convex. Let © & G and set y = Pgx to be the nearest point to z in G. If
R = ||z — y|| then the hyperplane supporting the ball B = B(x, R) at y separates B and
G.

Proof: Clearly, we may assume that z = 0 and that R = 1. Therefore, if z* is the
normalized functional which supports B at y then for every z € B, z*(z) < 1. Let
H = {z|z*(z) = 1}, set H to be the open halfspace {z|z*(z) < 1} and assume that
there is some g € G such that x*(g) < 1. Since G is convex then for every 0 < ¢t < 1,
ty+(1—t)g € GNH~. Moreover, since y is the unique nearest point to 0 in G and since
X is strictly convex, [g,y] N B = {y}, otherwise there would have been some g; € G
such that ||g1 — z| < 1. Hence, the line V' = {ty + (1 — t)g|t € R} supports B in y.
By the Hahn-Banach Theorem there is a hyperplane which contains V and supports B
in y. However, this hyperplane can not be H because it contains g. Thus, B was two
different supporting hyperplanes at y, contrary to the assumption that X is smooth.
|

In the following lemma, our goal is to be able to “guess” the location of some g € G
based on the its distance from T' € G. The idea is that since G is convex and since the
norm of X is both strictly convex and smooth the intersection of a ball centered at the
target and G are contained within a “slice” of a ball, i.e., the intersection of a ball and
a certain halfspace. Formally, we claim the following:

Lemma A.6 Let X be a strictly convex, smooth Banach space and let G C X be
compact and convex. For any T & G let PgT be the nearest point to T in G and set
d = ||T — PgT|. Let z* be the functional supporting B(T,d) in PgT and put H" =
{z|z*(x) > d + z*(T)}. Then, every g € G, satisfies that g € B(T,dy) N HT, where
dy = IIf =Tl

The proof of this corollary is straightforward and is omitted.
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Finally, we arrive to the proof of the main claim. We shall estimate the diameter of
the “slice” of G using the modulus of uniform convexity of X. This was formulated as
lemma 3.3 in the main text.

Lemma A.7 Let X be a uniformly convex, smooth Banach space with a modulus of
convezity x and let G C X be compact and convex. If T ¢ G and d = |T — PgT| then
for every g € G,

Sl__la

5 (IIngaTH) d
X\———
dg dg

where dg = ||T — ¢g||.

Proof: Clearly, we may assume that T" = 0. Using the notation of lemma A.6,

lg — PaT|| < diam(B(T,dy) N HY).
Let 1,2y € (B(T,dg) NHY), put € = ||z — 2| and set z; = Z;/d,. Hence, |z <1,
|z1 — z2|| = €/dy and z*(z;) > d/d,. Thus,

_1 | ||>_1 " )>_d
z21t+ 2 T (21 + 2 .
2 ! 2 -2 ! 2 T dy
Hence,

a1+ 22l <1 = dx ().

DN | =

d
— <
dy

and our claim follows.
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