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Abstract—The nite element method has become a very pow-  We recall that a digital image is an array of numbers, where
erful and popular tool to solve boundary value problems commg  the size of the array determines the size of the image. An
from science and engineering. Here, we consider a scatterethta intensity image, for example, can be stored as a single xnatri

tting method based on the nite element method and apply the fsi h h el t of th tri ts th
method to remove the mixture of Gaussian and impulsive noise orsizem  n, where each element of the matrix represents the

from an image. Numerical results show the performance of the intensity of the image pixel or gray level. On the other had,
approach. array of sizem n 3 can be used for a color image where
Index Terms—Finite element interpolation and smoothing, the image has sizen n, and each pixel has three values

Delaunay triangulation, Voronoi diagram, scattered data nter- representing the red, green, and blue intensities that mpke
polation, impulsive and Gaussian noise the color. Although the idea can easily be extended to other

types of image, we restrict ourselves to intensity images.
In this paper, we use nite element smoothing to remove
|. INTRODUCTION the mixture of Gaussian and impulsive noise. The Gaussian

An interesting problem in image processing is to recoverise is normally distributed, additive and affects almaist
clear image out of a noisy image. In real situations, a noi@&els of the image, whereas the impulsive noise corrupts
model is not known a priori. Nevertheless, the most comm&QMe randomly selected pixels of the image. Those pixels
noise type encountered in real applications are impulsiisey corrupted by the |mpuIS|vc_a noise are just ra.ndom impulses
Gaussian noise or mixture of both. We refer to [1]-[3] for moraNd S0 do not carry any information of the image. In case
details on digital image processing. of impulsive noise, we assume that the pixel location of the

Here, we consider nite element techniques to denoisei'?:i'pUISiVe noise can be identi ed. In _particu_lar, we conside
digital image corrupted with the mixture of impulsive an(falt and pepper noise as a model of impulsive noise. Salt and

Gaussian noise- so called 'mixed noise’. Recently, nité)_epper noise is xed value impulsive noise where the noisy

element methods have been applied in different areas Hﬂ(els.arg random and arehsetfeither”tohwhitg olr l;lac]:} in an
image processing [4]-[8]. As the nite element method id1ENSity image, see [2]. Therefore, all the pixels havihg t

successfully used to remove high density impulsive nose, s argegt or smallest val_ues are re_zgarded as corrgpted fairells
e.g., [6], [9], we show that nite element methods are alsBre discarded for the interpolation and smoothing purpiose.

suitable for removing high density impulsive noise as wsll gase of mixture of Gaussian and impulsive noise, the imypeilsi

the mixture of Gaussian and impulsive noise from an imag'%o's‘e is applied after the Gaussian noise, and therefoee, th

The removal of an impulsive noise is based on rst identig/inpi.xels with the largest or smallest values can still be regdr
the noisy and pure pixels of the image and then tting gs the corrupted pixels. However, if the Gaussian noise some
suitable surface using only pure pixels of the image. TP?J[er th_e impulsiye noi§e or a complicated impulsive noi_se
interpolation is based on Delaunay triangulation and Voron'S _appll_ed, a rehable_ |mp_ulse detectpr should be applied
diagrams [10]—[12], whereas we use nite element smoothij]a identify _the impulsive plxels.. Such impulse detectors ar
based on minimization of a functional involving the gradierf'Scussed in [6]'| [2§]—[24].hUsmg chrs(;qua.\relgoodn_esst-c;f.
of a piecewise polynomial function to recover a clear imagtgsft to accurat_ey etect the _corrupte_ PIXEIS, an IMpelisiv.
when the image is corrupted with the mixture of GaussidiP'S€ s_uppre_ssmn_sc_heme forimages is proposed in [2Q]. Thi
and impulsive noise. Our nite element smoothing is closel mpulsive noise elimination lter shows a good performance
related to the steady state solution of linear diffusionhwit ven for_lmz;geg V‘t’;th %‘rm’ corrupted .p|xels% T_hel |mpullse
appropriate boundary condition [13], [14]. This smoothinae'[ector in [21] is based on a comparison of pixel samples

approach is simpler and more ef cient compared to oth(¥¥ithin a narrow rank window by the rank and absolute value,
related data smoothing techniques like thin plate spliretial whereas the one presented in [22] is based on an imageistatist

basis functions and nite element thin plate splines [134] and r_leighborir_lg pixels. An impro_ve_ment of the approach in
The functional minimization approach is often known as 2] is given in [24]. Using statistical tools to detect the

energy method or variational approach [18], [19]. impulsive pixels and_ non-linear I_terlng scheme_ based on
ANFIS, another efcient method is presented in [23] for
Copyright (c) 2008 IEEE. Personal use of this material isnyied. h'g_hly _corrupted 'mages_' As our impulsive _no'se_ model is
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we briey review scattered data interpolation method basesnse optimal for nite element interpolation [27], [298]].
on Delaunay triangulation and Voronoi diagram applied tdsing locally optimal Delaunay triangulation, adaptiveaige
Iter out salt and pepper noise. Section Il is devoted tapproximation is applied in [8] based on piecewise linedten
the introduction and analysis of our nite element smoothinelements, and a Delaunay triangulation based impulsiveenoi
technique based on minimization of a functional involving t removal method is presented in [6]. Here, we brie y recadl th
gradient of a piecewise polynomial function. We show thmethod for the subsequent application.

existence and uniqueness of the the minimization problemThe Voronoi diagram is used for the nearest-neighbor inter-
under very mild assumptions. The nite element smoothingolation, and is the dual graph of the Delaunay triangutatio
technique developed here is applied to denoise an image the same set of points.

corrupted with salt and pepper noise as well as Gaussiae nois ) ) o

in the last section. The results from nite element method2€ Nition 3. For a set of points  R*, the Voronoi dia-

are compared with standard techniques like median Iter atjam is the decomposition of the plane into convex polygons
wavelets. such that each polygon contains exactly one generatingtpoin

from G and every point in a given polygon is closer to its
generating point than to any other point iG. A convex
Il. FINITE ELEMENT INTERPOLATION polygonV, associated with the generating poirt 2 G is

Assume thaG = f(xi;yi)giN:O is a set of scattered pointsca"ed theVoronoi cell for the pointx 2 G.
in R?, and a functiorf is given onG with z; = f (x;;y;) for

i =0; ;N.Let be the convex hull of the set of points .
G. The problem ofscattered data interpolationis to nd a has the property that the distance of evgn Vs from x
' P interpofation| is less than or equal to the distance yffrom any other

functionp: ! R so thatp(xi;yi) = z fori =0; ;N. L . . : :
. o ’ ’ oint in G. The circle circumscribed about a Delaunay triangle
There is a vast amount of literature devoted to the scattelf%f y 9

. i . s its center at the vertex of a Voronoi cell, see the right
data interpolation. We refer to [25], [26] for extensive\says raph of Fiqure 1. The idea of Delaunav trianqulation and
on this subject. Here, we restrict ourselves to the niteredat grap 9 ) Y 9

) . . . Voronoi diagram is also extended to higher dimension. An
interpolation on two dimensions.

. . ef cient algorithm for computing Delaunay triangulatiome
In general, the nite element method consists of the follo 9 puting Y 9

ing three steps. In the rst step the domainis decomposedmxoartc;]réorhglt?cgglacrpest;{e presented in [11], see [10], {12] foreno

into non-overlapping triangles or quadrilaterals. In teeand . .
. . . . an example of Delaunay triangulation
step local basis functions are de ned in each triangle or

: ; . . and Voronoi diagram, we dene a setG =
quadrilateral. Finally, these local basis functions areed| %(0:1; 0:4); (0:5; 0:1): (0:45; 0:5); (0:3; 0:6): (0:3: 0:3): (0:1; 0:4):

In other words, the Voronoi ceNy for the pointx 2 G

together to form a set of global basis functions which span thy = = "/ A== = A T
nite element space. We refer to [27]-[29] for a mathemdtic 0:9,0:8); (O'.3’ 0:9); (.0'2’ 0:1);(0:8,0:9)g; _an_d generate the
elaunay triangulation and the Voronoi diagram @&f. We

de nition of the nite element method. In the two-dimensiain . . .

. ; . . have shown the Delaunay triangulation and the Voronoi
case, if the interpolant is to be at least continuous, tr(lje : 4 .
decomposition should be geometrically conforming lagram OfGl in_the .Ieft and mlddle_graphs of Figure

' 1, respectively. The right graph of Figure 1 shows the

De nition 1. Let R? be a polygoonal domain. The col-circumcircle of a triangle with its center at a vertex of the
lection of disjoint polygonal subdomaifdswith = [ tor T Voronoi diagram as shown with a lled circle. Once we have
forms ageometrically conforming decompositionof if a decomposition, the interpolation can be done by de ning a
the intersection between the boundaries of any two differesuitable basis for the piecewise polynomial space. A slgtab
subdomaing@T\ @T, k 6 I, Tx; Ty 2 T is either empty, a basis for the piecewise polynomial interpolation is a nodal
vertex or a common edge. basis de ned as follows.

In the following, we restrict ourselves to the situation wéhe De nition 4. Let G = f(x;;Vi)gl, be a set of points in
the subdomains are triangles or quadrilaterals. RZ, and be the convex hull ofs. Assume thafl be a

Let ,the convex hull of5, be a polygonal domain. We noteconforming decomposition of into triangles or quadrilat-
that a polygonal domain in two dimensions is an open bounderils. Then, a basi$ g\, of piecewise polynomial space
region whose boundary consists of pieces of lines. The mast= sparf g\, is called anodal basisof U with respect

ef cient and popular way of decomposing the domairinto to Gif and only if j(xi;yi)= j fori;j =0; ;N. The
triangles with vertices ir when is the convex hull of the piecewise polynomial spad# is a nite element space and
scattered points is the Delaunay triangulation. f g, are also callednite element basis functions

De nition 2. Given a setG of points in R?, a Delaunay Letf igl, be the set of piecewise linear or bilinear nodal
triangulation for G is a conforming decompositio of basis functions with respect to the set of poi@t29]. Assume
convex hull ofG into triangles with vertices irG such that that we are given the valuég; giL, of a function atG. Then,
no point inG is inside the circumcircle of any triangle . the piecewise linear interpolaptof the given data is obtained

A Delaunay triangulation of a nite set of points in theIOy R
plane is a triangulation that minimizes the standard dienat p(x) = zi i(X):
of the angles of the triangles. Therefore, they are in some i=0
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Fig. 1: The Delaunay triangulation of the g8t (left), the corresponding Voronoi diagram (middle) and direumcircle of a
triangle with Delaunay triangulation and Voronoi diagram

The nearest neighbor interpolation of a scattered datdere (a;;by) is the impulse af(a;; ), and1l i n
G = f(xi;yi)gY, can be done by generating the Voronoand1 j m. The salt and pepper noise is obtained when
diagram of the seG. Let ; be the characteristic function (a;ly) takes the largest and smallest pixel values [9].

of the Voronoi cell corresponding to the poif;;yi); i = Assume that an intensity imadeof sizem n is corrupted

0; ;N.Then, the nearest neighbor interpolpmtf the given with salt and pepper noise. Let the tensor product partéi®n

data is obtained by given in (1) and the image functidn : S! R be associated
R with the image. Denoting the set of points having corrupted

p(x) = z i(X): and non-corrupted image pixels I8 and SP, respectively

with S= S" [S P, we de ne a functionl : SP! R as the
: . . ; - restriction of the function; to the setSP. As the positions of
Higher order interpolation can be de ned in a similar wayg se . . .
; the noisy pixels are random, the points3h have no structure.
[27]-[29] for more details. . . . .
] o ~ Since the impulses of the salt and pepper noise are white or

In order to interpolate a digital image, we associate gack pixels,S" consists of all white and black pixels, as
suitable set of points with the image called a tensor prodyQsists of the rest pixels. However, for a general impalsiv
partition de ned as follows. noise, an ef cient impulse detector should be used to idgnti
the setsS" andSP, see, e.g., [6], [20]-[24].

The idea of denoising the image corrupted with only im-
pulsive noise is to nd an interpolant which interpolateg th
discrete functiorifp. Letp: ! R be a piecewise polyno-
mial interpolant based on the Delaunay triangulation of the
scattered points i8P. Thus,p(x;y) = 1°(x;y); (x;y) 2 SP.

Associated with an intensity image of sizem n, we Ifapoint(x;y) 2 S but(x;y) 2 , we need to extrapolate for
de ne a tensor product partitio of the squard0; 1] [0;1] this point. In this case, we nd a poirn(®; §) in SP nearest

i=0

De nition 5. Assume that, = fa= x; < <Xnp = bg
is a set of points in the closed intervig; [ andSy = fc =
y1 < <ym = d.g that of [c;d]. Then the set of points
S = f(xi;y;)gy ;=1 is called atensor product partition
of the rectangular regiorja; b [c;d].

as to (x;y) and setp(x;y) = IP(%¥) using nearest neighbor
- . i1 i1 extrapolation [31]. Another way of doing the extrapolatien
S=f(ai;b)g =1 with a = n 1; b = m ; to re ect some pixels near to the boundary ofacross the

(1) boundary of the unit square and cover the whole unit square
and animage functionl; : S! RX, k 2 N. We note that for with Delaunay triangulation [9]. We refer to [18] for anothe
color images, we havk = 3, andl (aj; ) denotes a pixel approach to remove high density salt and pepper noise.
color at the poin{a;; by ) having three values representing red,
green and blue. For intensity images, we have 1, and I1l. FINITE ELEMENT SMOOTHING
I+ (ai; by ) denotes the intensity of the image pixel or gray level When an image is corrupted only with impulsive noise,
at the point(a;;y ). In case of intensity images, the numbeand it is possible to detect noisy and pure pixels, scattered
I+ (ai; 1) can be of class double, in which case it contains thata interpolation based on Delaunay triangulation presid
values in[0; 1], or of classuint8, in which case the values arean ef cient approach to remove the impulsive noise from the
in [0;255] For both classes, the smallest intensity represefiigage. However, in many practical situations the image is
black, and the largest intensity represents white. corrupted with impulsive noise as well as Gaussian noise. If

The impulsive noise for an original imagecan be de ned a noisy image is transmitted over faulty communicationdine
using the associated image functibn. If I"is the image the received image might be corrupted with the mixture of
obtained by polluting the original imagdeby some impulsive Gaussian and impulsive noise. If the image is corrupted with
noise of densityd%, then the image functiori; for the the mixture of Gaussian and impulsive noise, it is necessary

corrupted imagé™is de ned as smooth the image pixels as well as to remove impulses from
) - g them. In [22], [32], some methods are proposed to remove the
[ (aish) = It (ai;by) with probability of 1 5 mixture of Gaussian and impulsive noise. The Iter proposed

(a;B) with probability of 3s; in [22] is based on a local image statistic, whereas the one



proposed in [32] is based on fuzzy method. Here, we use aThe nite element thin plate spline presented in [33] is
smoothing technique based on the nite element method ¢tosely related to our approach. In [33] the second order
remove the mixture of Gaussian and impulsive noise. derivative in the thin plate spline formulation is replaceith

Let I" be the image corrupted with the mixture of Gaussia rst order condition to use a low order nite element method
and impulsive noise, aridthe original image. We associate thdy using a variational theorem, where the basis functioss ar
tensor product partitios as de ned in (1) with both images, only continuous, not even continuously differentiablemtar
and image function;s : S! R andflf : S! R with the ideas for spline smoothing using nite element methods are
images| and I, respectively. As before, le8" and SP be exploited in [17], [34]. Our approach is motivated by thetfac
the set of points corrupted and non-corrupted with impelsighat although the given data is completely unstructured, we
noise, respectively, an8P = f(x;;yi)g\, . Since the image want to reconstruct the image in a structured grid. Working
is corrupted with the mixture of Gaussian and impulsive @piswith the nite element thin plate spline as in [33] or the

after removing the impulsive pixels from the noisy image wkaplace operator fol as in [34], a mixed nite element
have method is to be employed to work with only continuous nite

o element space [17], [29], [33], [34]. If a mixed method is

MF(xiyi) = T (xisyi) + nis (xi5y1) 2 SP used for the discretization, a solver adapted to the sadiufe p
wheren; are drawn from zero-mean Gaussian distributiof1alrix is to be used. Furthermore, the nite element thirtgla
Hence we have to do two things at once. We should ngPline presented in [17] or the bivariate L-spline proposed
the missing pixels of the image and reduce the Gaussiex#l P€ing based on higher order partial differential opens
noise of the pixels inSP. Mathematically, we want to nd produce much smoother solution. Since the underlying image
a function de ned on[0;1] [0; 1], possibly smooth, which function might not be a smooth function, they do not neces-
approximates the unknown image functignat the points in Sarily produce good solutions. _ .
S. The smoothness of the function will reduce the GaussianOn the one hand, we want to use a simple nite element
noise. This is equivalent to tting a smooth surface to th1ethod leading to a positive-de nite formulation, whichnca

scattered data i8P, where the smoothness and approximatidff €asier to solve than the saddle point system. On the other
is suitably balanced. hand, we do not want to have a much smooth solution.

Berefore, we replaceu with kr uk, wherer is the gradient
perator and k is the Euclidean norm iR?. In the following,

e Euclidean norm ot 2 R" will be denoted bykxk.

Let C°() be the space of continuous functions in Let
T be a structured decomposition of the rectangular domain
into rectangles or triangles, and

Radial basis functions and thin plate splines are often us-g
to interpolate and smooth scattered data [15], [16]. Heee,
consider an approach based on the bivariate L-spline aamhly%
in [16] which is a minimizer of the functional

W z
F(uy=  (u(xi;yi)  z)*+ (Lu(xy))?dxdy (2)
i=1 V=fu2C%) ju, 2P(T);T2Tyg ()

operator, and is a positive constant. The approach 0&olynomial space onl depending onT being a triangle
functional minimization is quite popular in the context oy rectangle. Now, our discrete problem is to minimize the

image processing based on partial differential equati8$ [ functional (2) over the function spadé so that the discrete
[14], [19]. As the approach is based on minimizing the energoblem can be written as

de ned by a functional, it is often called an energy method or )(\' z

variational approach [18], [19]. A simple approach is ofbé¢ai . . 2 2 )

by replacing the operatdr by the gradient operator. In this o -0 (ulxisyi)  z)"+ kr uk®dxdy: — (4)
case, the approach is closely connected with the steady stat " ) )
solution of linear diffusion problem [13], [14] with some Denoting function values ofi at the measurement points

appropriate boundary condition. On the other hand, the tH¥

— . . . . . . T.
plate spline smoothing is obtained by replacifigu)? by Pu=(u(xo;yo);u(xs;y1);  su(xn;yn)) s
U, +2ugy + ujy, see [15], [16]. AsSP = f(xi;yi) 1 1 i we introduce a function
N g, the functionalF depends only on the set of pure pixels
and the set of corrupted pixels is completely discarded as in  J (u) = kPuk?+ kr uk?dxdy 2(Pu)’z;

nite element interpolation. _ o _
Since interpolation methods based on radial basis furstioff€rez is a column vector having-th entry asz; for i =

or thin plate splines are very expensive, we replacgith a 0 ;N . Itis easy to see that the minimization problem (4)
function belonging to the nite element space on the streedu 1S €duivalent to .
grid formed by using the tensor product partiti&nwhere the umzl\r/\ J (u):

pixel vaIu_es of the image are to be comput_ed. An e*amp'e Igfgr the mathematical analysis of the problem (4) we need the
such a grid along with the scattered points is shown in the Ief‘ollowing de nition

graph of Figure 2 using triangular elements, and a function
belonging to the nite element spa&é having zero boundary De nition 6. Let H be a Hilbert space with inner product
condition is shown in the right. h ;ig, andW a subspace oH. Leta:W W ! R bea
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Fig. 2: A structured triangular grid formed by using a tengorduct partition and a set of scattered points (left) andhiée
element function having zero boundary condition (right)

symmetric bilinear form and : W ! R a linear form. The positive-de nite. Sinceu is continuoushr u;r ui =0 if and
problem of ndingu 2 W such that only if u is constant. On the other hanid® u; Pui = 0 and
auv)= f(V): v2W (5) uis constantin ifand onlyifu=0in . ]

is called anabstract variational problem.
The P-norm of an element 2 V induggd by the inner
producth; ip is given bykuk3 = kP uk?+ kr uk2dxdy.
The bilinear forma( ; ) and the linear forni () associated
Theorem 1. Let H be a Hilbert space with inner productwith the functionald () are given by
h ;ig, andW a subspace oH. Leta:W W ! R bea z
symmetric bilinear form satisfying(v;v) Oforallv2 W. a(u;v)=(Pu)"Pv+ r u'r vdxdy; andf (v) = (Pv)"z
Andf : W ! R alinear form. Then the abstract variational
pr0b|em (5) is equiva|ent to the prob|em of nding 2 W so that our minimization problem (4) is equivalent to the
which minimizes the functionah(u;u) 2f (u) in W. variational problem to ndu 2 V such that

The existence of the unique solution is shown by using the a(u;v)=f(v);, v2Vv: (6)
Lax-Milgram lemma.

The crucial tools for the analysis are the following theosem
We refer to [28], [29] for proofs.

Since the bilinear forma( ; ) and the linear formf () as
Theorem 2. Let H be a Hilbert space with inner productde ned above satisfy all the properties of Theorem 1, the
h ;in, and W a subspace ofH. Let the linear formf : unique minimizer is the solution of the variational problem
W ! R be continuous and the bilinear form: W W ! R (5). Furthermore, the following corollary holds.

be continuous and coercive with respect to the ndrnky
induced by the inner produdt ;iy . Then, the abstract vari-
ational problem(5) admits a unique solution which depend
continuously on the data. Proof: Since u;v 2 V, it follows that ja(u;v)j

In order to put our problem into the settings of the previod‘éjkP kvke and j.f (V)] Chkvke . Hencg the b”‘!‘ear form
theorems, wede ne a P-inner produtt ip with hu;vip = a( ; ) and the linear fornf () are continuous with respect

(Pu)TPv+ r uTr vdxdy. The following lemma shows © the normk kp. Moreover, from the de nition of P-norm

that the P-inner product is an inner product on the vectome;pif‘(U; u) = kukp so thata( ; ) is_ coercive with respect to the
V given by (3). normk kp. Hence, our variational problem (6) has a unique

solution. From the de nition of thé®-inner product, we have
Lemma 1. Let > OandG be non-empty. Then, the P-

. — 2. .
inner product de ned above is an inner product on the vector a(v;v) = kvkp; v 2 V;
spaceV so thatV is a Hilbert space oveR. and thus, for the solution 2 V, kuk3 = f (u). ]

Proof: In order to show that the P-inner product is indeed
an inner product, we have to prove the following properties

Corollary 1. The variational problem(6) admits a unique
Ssolution which depends continuously on the data.

of P-inner product: Remark 1. When there is no Gaussian noise, we can basically
(1) hv;vip 0; and hv;vip = 0 ifandonlyif v = nd the solution of the variational problem: Find 2 V such
0 v2V that y4
(2) w+ w;zip = hv;zip + hw;zip; v;w;z2V ru'rvdxdy=0;v2V
(3) hv;azip = ahv;zip; v2V;a2R
(4) hv;wip = hw;vip; v,w2V subject to the conditions

It is trivial to show that the P-inner product satis es the
second, third and fourth properties. It is also obvious that
hv;vip 0. It remains to show that the P-inner product i$n the context of image inpainting, this method is called

u(xi;yi)=z;i=0; ;N:



variational or harmonic inpainting [2], and produces a sntbo and the second one shows the noisy image with noise density
solution. A penalty formulation of this problem is given b$%0%. The third is the image reconstructed by using the linear
Problem(4) where is a very small penalty parameter. interpolation, and the fourth one is the image denoised by

Each nite element basis function is associated with a poi}ftSlng the median lter. In this example, the nearest neighbo

. . . .~ ~"and cubic interpolation and nite element smoothing prosluc
in the tensor product grids, and there aremn points in b gp

the grid, so there areann nite element basis functions. Let the image which are visually equivalent to the one produced

f ;g™ be the set of nodal nite element basis functiongy the linear interpolation. Although we can easily see the

. . .~ superiority of the nite element method, the median lter
which spans the nite element spadé. Then, the solution ; . ) .
: also recovers the image well. However, if the noise density
u 2 V can be written as

is increased, the median Iter does not recover even the main
feature of the image. This has been explained in Figure 4,
where the image is corrupted with noise density 95%. In
Figure 4, the picture at the top left hand side shows the noisy
Letu=(ui; ;umn)’ 2 R™ andK be the nite element jmage, the top middle picture shows the image reconstructed
stiffpess matrix for the Laplace operator havifig )-th entry py using the nearest neighbor interpolation and the image
as r [r jdxdy. Then, the algebraic formulation of ourrecovered by the linear interpolation is shown in the topiig
problem is to nd the solution to the linear system hand side. On the bottom row of Figure 4, the picture on
(ATA+ K )u=ATz @) the_le_ft hand s_ide show; the i_mage_reconstructed by using
cubic interpolation, the middle picture is the one recoudrg
where the matridA is of sizeN mn and its(i;j )-th entry using the nite element smoothing and the image at the right
is i(Xj;y). hand side is reconstructed by using the median Iter. We can
Since the stiffness matriK is to be computed in a struc-see that the nite element interpolation and smoothing show
tured mesh and there are many ef cient approaches to compuégy good performance here, and the median Iter produces a
it, our approach is very ef cient and simple. Furthermotes t meaningless image. Although we use 10 1° for the nite
domain and the structured mesh on it can be the same felement smoothing, the recovered image with this method is
different problems. smoother than with that of nite element interpolation. We

. . . . . _have shown the peak signal-to-noise ration (PSNR) for the
Remark 2. If the image is to be recovered in the original " " : . ) .
. . . original and recovered images in Table | using two test ilmage
tensor product partitionS, all points in G also belong to

S. Under the assumption that the set of nite element bas(?sOth Images are cor_rgpted with only salt and pepper nqlste wit
functions ifferent noise densities as shown in Table I. For both irsage

f 1 5 mg the linear and cybic intgrpolatioq shows the best behavidr a
B the nearest neighbor interpolation almost performs eguall
forms a nodal basis of , the matrixAT A is a diagonal matrix Similarly, nite element smoothing using linear and bilare
of sizemn mn with a diagonal entry one at the positionelements also produce results equivalent to those produced
of a point inG and zero elsewhere. nite element interpolation. However, median lIter perfos
well in case of low noise density, whereas at high noise
density (above 50%), the performance of the median lter

) o ) degrades considerably. Here, we have applied median Iter
This section is devoted to some examples of image dendjgth different window sizes for different noise densities.

ing based on the techniques developed above. Assuming thah our next example, we consider images corrupted with
we know the image before being corrupted with the noise, W@t and pepper noise as well as Gaussian noise. Here, we
use peak signal-to-noise ratio (PSNR) to compare our ®sWhmpare two approaches: one is based on applying nite
with the results obtained by using the standard median lteflement interpolation to remove the salt and pepper noide an
and wavelets [35], [36]. Let and[" be the original image then wavelets to clear the image from the Gaussian noise,
before corruption and the image recovered after removieg thnd the other approach is based on applying nite element
noise, respectively. The peak signal-to-noise ratio (PBNR smoothing to remove both noises at the same time. We have
de ned as applied our methods to two images as before: Lena's image
MAX 2 MAX | and Baboon's image. In both images, 60% of the pixels are
PSNR =10 log,q WEI =20 logy, pﬁ , corrupted with the salt and pepper noise and the remaining
ixels also carry the Gaussian noise with zero mean and 0.05
ariance. We have used standardrLAB imnoisefunction to
create both noises. We note that the variance 0.05 refeheto t
1 XX 5 image where the pixel values are scaled to bj@;i]. We have
MSE = — Kl (i K shown Lena's image carrying both noises in the rst picture
=1 =t of Figure 6 and reconstructed image by removing only the
In Figure 3, we show an example of applying the piecewisalt and pepper noise using linear interpolation in the sgco
interpolation to remove the salt and pepper noise. The rpicture. The third one shows the image after smoothing the
picture (from the left) of Figure 3 shows the original imag@revious image by using wavelets. We have used the standard

Xn
u(x;y) = ui i(xy):

i=1

IV. NUMERICAL RESULTS

whereMAX | is the maximum pixel value of the image, ancs
MSE is the mean square error, i.e.,



Fig. 3: Lena's image ( rst), noisy image (noise density 50&g¢cond), denoised with linear interpolation (third) amhaised
with median lter (last)

B oo oA
e

Fig. 4: Noisy image (95 % noise density) (top left), denoibgchearest neighbor interpolation (top middle), denoisgtinear

interpolation (top right), denoised by cubic interpolatifbottom left), denoised by linear nite element smoothifigpttom
middle) and denoised by median Iter (bottom right)

wavelet tool to clear the Gaussian noise by using global arettangular elements. Here, the positive constaist xed to
soft thresholding, see [36], [37]. The image recovered liygis be 2:8. However, in the numerical results presented in Tables
nite element smoothing is shown in the last picture. [I-V, we use the estimated by using the generalized cross-
Figure 7 shows the same experiments done for BabooN&lidation [16] and stochastic trace estimator propos¢aai
image using the same quantity of noise as for Lena's imadkS intéresting to note that using the trace estimator i th
We can see that in Figures 6 and 7, wavelet method aggqerallzed cross-validation to estimategives a very gooq
smooth the image well. However, the images recovered B§tlmate .of ..We havg plotted thg exact error and gen'erallzed
using the nite element smoothing are visually superior t670SS-validation function versus in two pictures of Figure
those recovered by using nite element interpolation am for Lenas image, where the exact error is scaled properly
wavelets. We have used a structured grid based on the terfS6rthe Vvisualization purpose. In both pictures, the image i
product partition as de ned in (L) to compute the nite eleme COTTupted with Gaussian noise of variare, whereas50%
space (3), where the number of vertices of the grid is equfl the pixels are corrupted with impulsive noise in the left
to the number of image pixels. An example of such a gri;alcture, and70% of the pixels are corrupted in the right one.
having 25 vertices is shown in the left picture of Figure 2 Finally, we show peak signal-to-noise ratio for the origina
using triangular elements. Similar grids can be de ned famages and the reconstructed images, where the images are



TABLE |
PSNROF THE TEST IMAGES WITH VARIOUS NOISE DENSITIE§ONLY SALT AND PEPPER NOISE

PSNR for Lena's image PSNR for Baboon's image
Noise Density Noise Density
Method of Denoising| 30% | 50% | 70% | 90% | 30% | 50% | 70% | 90%
Interp. (nearest-neigh)) 33.94 | 31.11| 28.12| 24.36| 23.79| 21.8 | 19.98| 17.78
Interp. (linear) 38.08| 34.85| 30.75| 26.45| 26.68| 23.97 | 21.67 | 19.26
Interp. (cubic) 39.19| 35.32| 32.07| 26.95| 26.12| 23.93| 21.39| 18.78
Smoothing (triangle) | 38.23 | 34.54| 30.36| 26.15| 27.15| 24.27| 22.01| 19.81
Smoothing (rectangle) 36.83| 33.52| 29.79| 25.85| 26.29| 23.74 | 21.76| 19.76
Median Filter 2450| 22.76| 17.90| 9.43 | 19.41| 18.19| 15.56| 9.21

' 10°°%
e exact error —e— exact error
1071 ——validation function ] —— validation function
10°°% |
10°7%2 |
1053 |
10°7% L
10°5% |
10°7% |
10°%%° L
1007 |
10°97 |
10™* 10>° 10™* 10“"9

Fig. 5: Generalized cross-validation function and exaobreversus for the mixture of Gaussian and impulsive noise with
Gaussian noise varianc@:1l (impulsive noise density60% (left) and 70% (right))

TABLE Il
PSNRFOR THE MIXTURE OFGAUSSIAN AND SALT AND PEPPER NOISE GAUSSIAN NOISE VAR: 0.05AND IMAGE SIZE: 512 512

PSNR for Lena's image PSNR for Baboon's image
Noise Density Noise Density
Method of Denoising | 50% | 60% | 70% | 80% | 50% | 60% | 70% | 80%
FE Interp. and wavelets 22.24 | 21.86| 20.95| 19.46| 18.57| 18.26| 17.76| 17.05
FE Interp. and SURE| 16.39| 16.35| 16.06| 15.90| 15.86| 15.53| 15.36| 15.26
FE Smooth. (triangle) | 22.42| 22.05| 21.59| 20.91| 18.82| 18.57| 18.46| 18.38

corrupted with the mixture of Gaussian and salt and pepgée interpolated image, the noise variance estimator pago
noise in Tables II-V. The Gaussian noise with mean zero awdry badly in the second approach. Because of this reason,
variance®:05 and0:1 and salt and pepper noise with densitiethe performance of this method is worse than the standard
50% 60% 70% and 80% are applied. We compare thewavelets. Therefore, we provide the results only for theecas
nite element smoothing with two different methods based oaf Gaussian noise of varian€05. For the case of Gaussian
wavelets. Both of these methods are applied after remohimg hoise of varianced:1, we only compare our nite element
salt and pepper noise from the image. One method referredstnoothing approach with the standard wavelet method, which
as “FE Interp. and wavelets” is the standard wavelet metboddan be found in Tables IV-V.

denoise an image by using global and soft thresholding, [36]

[37], whereas the other method referred to as “FE Interp. and" @ll Tables Il-V, we can see a very good performance
SURE" is based on SURE (Stein's unbiased risk estimate) afti "€ nite element smoothing to remove the mixture of
interscale orthonormal wavelet thresholding recentlyppeed Caussian and impulsive noise. In particular, nite element

in [39]. Since the method should be applied after gettingoothing performs better than wavelets in Tables V-V,
where the variance of the Gaussian noise is very high. The



Fig. 6: Noisy image ( rst), image recovered by removing saitd pepper noise using nite element interpolation (se¢ond
image recovered by using wavelet smoothing in the seconder(third) and denoised by linear nite element smoothirasi{)

Fig. 7: Baboon's image (rst), noisy image (second), imageavered by using nite element interpolation and wavelet
smoothing (third), denoised by linear nite element smaagh(last)

TABLE Il
PSNRFOR THE MIXTURE OFGAUSSIAN AND SALT AND PEPPER NOISE GAUSSIAN NOISE VAR: 0.05AND IMAGE SIZE: 256 256

PSNR for Lena's image PSNR for Baboon's image
Noise Density Noise Density
Method of Denoising | 50% | 60% | 70% | 80% | 50% | 60% | 70% | 80%
FE Interp. and wavelets 18.76 | 18.47 | 18.97| 18.05| 17.35| 17.33| 17.07| 16.85
FE Interp. and SURE | 16.25| 15.88| 15.67| 15.71| 15.13| 14.84| 14.57| 14.31
FE Smooth. (triangle) | 20.99 | 20.49| 20.22| 19.59| 17.92| 17.75| 17.08| 16.79

TABLE IV
PSNRFOR THE MIXTURE OFGAUSSIAN AND SALT AND PEPPER NOISEGAUSSIAN NOISE VAR: 0.1AND IMAGE SIZE: 512 512

PSNR for Lena's image PSNR for Baboon's image
Noise Density Noise Density
Method of Denoising | 50% | 60% | 70% | 80% | 50% 60% 70% | 80%
FE Interp. and wavelets 20.14 | 19.39| 17.66| 16.86| 17.26| 16.91 | 16.20| 16.34
FE Smooth. (triangle) | 20.80 | 20.33| 20.27| 19.87| 18.08| 18.0591| 17.82| 17.73

difference is more visible in Lena's image. nite element smoothing to remove the mixture of Gaussian
and impulsive noise is quite ef cient.

V. CONCLUSION

We have presented a method of removing the mixture of
Gaussian and impulsive noise from images based on a nite A
element technique. The nite element method is applied to CKNOWLEDGEMENT

minimize a functional involving the gradient of a nite elemt
function and is shown to be equivalent to a variational prob- Support from EPSRC (EP/D062632/1) is gratefully ac-

lem. We have proved the existence, uniqueness and stabikbowledged. | am grateful to the anonymous referees for
of the variational problem by introducing a suitable innetheir valuable suggestions to improve the quality of thdiear
product. Numerical results show that the approach based @rsion of this work.



PSNRFOR THE MIXTURE OFGAUSSIAN AND SALT AND PEPPER NOISEGAUSSIAN NOISE VAR: 0.1 AND IMAGE SIZE: 256 256

TABLE V

PSNR for Lena's image

PSNR for Baboon's image

Noise Density

Noise Density

Method of Denoising | 50% | 60% | 70% | 80% | 50% | 60% | 70% | 80%

FE Interp. and wavelets 17.71| 16.55| 16.17| 16.09| 16.57| 15.57 | 15.54| 15.41

FE Smooth. (triangle)| 19.66 | 19.24| 18.88| 18.34| 16.55| 16.28 | 16.16| 16.05
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