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Summary Mortar methods with dual Lagrange multiplier bases
provide a flexible, efficient and optimal way to couple different dis-
cretization schemes or nonmatching triangulations. Here, we gener-
alize the concept of dual Lagrange multiplier bases by relaxing the
condition that the trace space of the approximation space at the slave
side with zero boundary condition on the interface and the Lagrange
multiplier space have the same dimension. We provide a new theo-
retical framework within this relaxed setting, which opens a new and
simpler way to construct dual Lagrange multiplier bases for higher
order finite element spaces. As examples, we consider quadratic and
cubic tetrahedral elements and quadratic serendipity hexahedral ele-
ments. Numerical results illustrate the performance of our approach.
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1 Introduction

Over the recent past years, mortar methods with dual Lagrange mul-
tiplier bases have become an active area of research, see, e.g., [27,

* This work was supported in part by the Deutsche Forschungsgemeinschaft,
SFB 404, C12, the Netherlands Organization for Scientific Research and by the
European Community’s Human Potential Programme under contract HPRN-CT-
2002-00286.



2 B. P. Lamichhane et al.

30,17,28,18,19]. Originally introduced to couple spectral and finite
element approximations [5-7], mortar methods have a wide range of
applications. Being a powerful tool to couple different discretization
schemes or nonmatching triangulations, these nonconforming tech-
niques provide a more flexible approach than standard conforming
approaches. Examples where such situations occur are when, in a
parallel environment, mesh generators are used independently on dif-
ferent subdomains, or when different physical models or, within one
model, strongly different parameter values naturally lead to the use of
different discretization schemes on different subdomains. The central
idea of mortar techniques is to replace the strong, pointwise conti-
nuity across the interface by a weak one, which requires that the
jump of the solution across the interface is orthogonal to a suitable
Lagrange multiplier space. Under this relaxed condition, optimal a
priori estimates of the discretization error have been demonstrated,
cf. [3,2,7,28,17], and various iterative methods have been introduced
to solve the arising linear system, see [9,8,30,14,26].

Generally, the mortar approach has the disadvantage that even
when the boundary value problem is elliptic, the arising linear sys-
tem is of saddle point type, usually for which iterative methods are
known to be less efficient than for symmetric positive definite sys-
tems. However, when working with dual Lagrange multiplier bases,
the degrees of freedom associated to the multiplier can be locally
eliminated leading to a sparse, positive definite system, on which, for
example, efficient multigrid methods can be applied, see [30,28]. For
the lowest order finite elements in 3D, dual Lagrange multiplier bases
were constructed in [17,28]. However, the construction of such bases
for higher order elements is more complicated, see [18,19,22]. In the
present paper, we develop a general framework facilitating the con-
struction of Lagrange multiplier bases, in particular for higher order
elements. In a first step, we remove the condition that the trace space
of the approximation space at the slave side with zero boundary con-
dition on the interface and the Lagrange multiplier space have the
same dimension, with which the introduction of additional degrees of
freedom at the multiplier side only to satisfy this condition on the
dimensions is avoided. As a result, we can work with a subspace of
the trace space for which it is easier to construct a dual Lagrange
multiplier basis. In a second step, we describe a general procedure
for the construction of multiplier basis functions near the interface
boundaries, where one has to deal with the complication that homo-
geneous boundary conditions are incorporated in the trace space of
the approximation space at the slave side, but not in the Lagrange
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multiplier space. Although the theory presented in this paper ap-
plies to general space dimensions, our concrete realizations of dual
Lagrange multiplier bases will take place in the three dimensional
case.

This paper is organized as follows: In the rest of this section, we
describe the problem setting, and fix some notations related to the
mortar method. In Section 2, we prove some optimal a priori esti-
mates without assuming that the trace space with zero boundary
condition on the interface from the slave side has the same dimen-
sion as the multiplier space. As in [17,12], we allow locally refined
finite element partitions and geometrically nonconforming subdivi-
sions into subdomains. Furthermore, as in [19,12], we do not require
that the partitions match on the boundaries of the interfaces. For
the case of having quasi-uniform meshes on each subdomain, we will
prove an error estimate showing that the possibly disadvantageous
effect of having at the slave side a finer mesh than at the master side
is much milder than that is indicated by existing error estimates, e.g.,
in [28,19]. A general framework for the construction of dual multi-
plier bases, in particular for the modifications needed along the in-
terface boundaries, is given in Section 3. Examples of dual multiplier
bases are given for quadratic and cubic tetrahedral elements, and for
quadratic serendipity hexahedral elements. Finally, in Section 4, we
present some numerical results concerning the discretization errors in
the L?-norm, the piecewise H'-norm, and in a weighted L?-norm for
the Lagrange multiplier.

We consider the following elliptic second order boundary value
problem in variational form: Find u € H}(£2) such that

/ aVu - Vo + cuvdr = f(v), v € H}(12), (1.1)
9

where 2 C R? is a bounded polytope, a,c € L¥(£2), a > ag > 0
and ¢ > 0. The domain {2 is decomposed into K mnon-overlapping
polytopes (2, i.e.,

K
ﬁ:Um with 2, N2 =0 for k#L.
k=1

Defining, for each 1 < k < K,
H () = {v € H' (), 0} p, = 0

we assume that f € Hle(Hi(Qk))’ We assume that a and c are
piecewise smooth with respect to the subdivision into subdomains, but
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allow that they have jumps over the interfaces. However, in this paper,
no attempt is made to obtain results that hold uniformly in the sizes
of such jumps, cf. [16].

For any {k, ¢} with 1 < k # ¢ < K, for which the closures of {2
and 2 have a (d — 1)-dimensional intersection, we set 7; = 2, N 2y,
where 1 < ¢ < N is a number uniquely associated to this {k, ¢},
and thus with N being the total number of sets {k, ¢} having this
property. For each 1 < ¢ < N, one of the subdomains {2, and {2, on
both sides of the interface is referred to be at the slave or non-mortar
side, and its index is denoted as s(i), where the other is referred to
be at the master or mortar side, with its index denoted as m(3).

For each § from some index set Z, and each 1 < k < K, we as-
sume a finite element space X,f C H(§2;) with respect to a partition
of {2, into “elements”, e.g., d-simplices or d-rectangles. As examples,
one may think of X,‘z as being a finite element space with respect to
some uniform refinement of an initial partition of {2, or as being such
a space with respect to some locally refined partition generated by
an adaptive procedure. In the latter case, generally Hle X,‘z cannot
be parametrized by the maximum or minimum diameter of any un-
derlying element, since these values may not uniquely define a space
from the whole family of spaces that has been created. Therefore, we
use some general, but for the rest meaningless parameter § € Z. Its
only function is to link conditions with statements, in the sense that
if some conditions are valid uniformly in § € Z, i.e., uniformly over
some general family of spaces, then some statements will be valid
uniformly in § € Z.

We assume that for any 1 <i < N and § € Z,

(A1)

~i is the union of complete (d — 1)-dimensional faces of
elements underlying Xg(i).

Note that (A.1) does allow the partition into subdomains to be geo-
metrically nonconforming; ; needs not to be a full face of both (2,,;
and §2,(;), or even not to be a full face of either {2,,;) or {2, see Fig-
ure 1.1. In case the decomposition into subdomains is geometrically
conforming, (A.1) is automatically satisfied.

For 1 <i < N and § € Z, we define the trace space

6 d d J 4
Woi = {v’]y, s 0% € XS(i)7 v ‘8(25(1')\% = 0}.

As a consequence of Xg(i) C H,}(Qs(i)) being a finite element space,

we can assume that ng C H&(%). We will refer to the partition of ;
into the faces of elements as referred to in (A.1) as the finite element
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Fig. 1.1: An interface that is not a full face of either §2,,;) or £2:);
it satisfies (A.1) when the square partitioned into triangles is a face
of £2,;), but not when this is a face of £2,,(;).

partition underlying W(ii. For enforcing a weak coupling of the finite
element functions over the interfaces, for each 1 <7 < N and 6 € T
we introduce a Lagrange multiplier space Mf C L?(v;). Thinking of
Mf as being a finite element space, the partition underlying Mi‘S will
be equal to that of W&i.

Setting the product spaces X° := Hszl Xg, M? = Hf\il MY, and
defining the bilinear forms a(v,w) = Zszl f!?k aVv - Vw + cowdx

and b(v,u) = SN, f% [v], pdo, where [v],, denotes the jump of v
on v; from the master to the slave side, the mortar finite element
discretization now consists in finding (u, \°) € X% x M? such that

a(u?, o) +b(0%, M) = F(0Y), b € X7,

b(u®, 1°) —0, | ple, (1.2
or, considering the first component only, in finding
W e Vo= {1’ e X b’ 1°) =0, u° e M°
. (0, 8) = 0, 0 € M)
such that
a(ul, ) = f(0°), ° eV’ (1.3)
Assuming that for any 6 € Z and 1 <1i < N, the constant function
le M, (A.2)
and that
5 .0
) W ,
3= inf Uiy W)z 0,  (L4)

e EMINO} wpew \{0} 2211 22 vy 02 11 22 ()

the problem (1.2) and thus (1.3) are known to have a unique solution,
cf. [7,10].

In this paper, in order to avoid the repeated use of generic but
unspecified constants, by C'S D we mean that C' can be bounded by
a multiple of D, independently of parameters which C' and D may
depend on, where we, in particular, think of § as well as the number
of subdomains K. Obviously, C' 2 D is defined as D S C, and C = D
as C < D and C 2 D.
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2 A priori estimates

We start with establishing suitable mortar projectors under the con-
dition that 49 > 1 in (1.4). Note that (1.4) can only be valid when
dimWO‘ii > dime , but, on the other hand, that it does not require

that dimW(ii = dime , which is usually imposed in the literature.

Lemma 2.1 Let M, W be closed subspaces of some Hilbert space H,
with scalar product (-,-) and associated norm | - ||. Then

e {1, w)
= mn sup )
neM\{0} wew oy lllllwl]

if and only if there exists a bounded projector II from H onto W for
which
(ITv,p) = (v,u) v e H, peM.

Moreover, =1 < ||| < 1+287".

Proof Assuming the existence of the bounded projector II, for any
w e M\{0} we have

I
sup <,U,,U)> > <M7 M>| 2 HHHfl

wew\{o} [[ellllwll = [l 77 12]
On the other hand, when 8 > 0, given v € H, define (w, \) € W x M

as the solution of
(w,2)+ (A, 2) = (v,2), z€W,
(w, ) = (v,n), pe€M.

It is well known (see e.g. [10, § II.1, Proposition 1.3]) that this saddle
point problem has a unique solution with [|Jw|| < (14+2871)||v||. When
v € W, the second equation shows that v — w L M. Substituting
z = v —w, we conclude that w = v, so that I : v — w is a projector.

We assume that for 1 <i < N, § € T there exist 0 < h¢ € L®(v;)
such that

w1y S B w2y, wl € W, (A.3)
and
inf (b)) (w—wd) | 20y 1WS 11 () S N0l g1 (), w € H ()

w?eWg’i

(A.4)
If the finite element partition underlying Wo‘ii is shape regular and
quasi-uniform, both uniformly in §, then with hf being the constant
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function defined as the maximum of the diameters of the elements,
(A.3) is the well-known inverse inequality, and (A.4) is guaranteed
by the minimal requirement that Wg ;, contains all continuous func-
tions that vanish at dv; and that are i)iecewise linear with respect to
the partition. Yet, for partitions that, instead of quasi-uniform, are
only locally quasi-uniform, meaning that any two elements that have
non-empty intersection have uniformly comparable diameters, (A.3)
and (A.4) are also valid, now with h? being defined as the piecewise
constant function equal to the diameter of the underlying element.
See, e.g., [11,23].

We assume the existence of projectors IT9 : L?(7;) — L?(v;) onto
W, with

<HEU’M?>L2(%) = <U’M?>L2('y¢) CAS LQ(,}/Z.)’ M? € Mf (2'1)
which are called mortar projectors, that satisfy
§
I Lo ()= Lai) S 14 (A.5)

As follows from Lemma 2.1, such projectors exist if and only if 3; 2 1.
The mortar projectors are uniquely determined by (2.1) only when
dim W}, = dim M?. For the case that not all b9 are constant func-
tions, we make the additional assumption that they can be selected
such that also

1(8) I wll 2y S RS)  wllp2yy,  w € L2 (30). (A.6)

¥i)?
Again assuming that the partition underlying Wi(?O is shape regular

and locally quasi-uniform, (A.6) is valid when the Hf are local in the
sense that Hf v vanishes on an element T" whenever v vanishes on all
elements that have distance to 1" less than some absolute multiple of

diam(T).
Lemma 2.2 From (A.3), (A.6) and (A.4), it follows that IT? : H}(v;) —
Hg(;) is bounded, uniformly in § and i.
Proof Since IT{ is a projector onto ng, by (A.3), (A.6) and (A.4)
for w € H(7;) we have
Tl S inf 1T — 08y + N a1
wy 0,i

: 5\—1 776 5 5
S wglenvf/g’i [(R7)™ 11 (w — wi)||L2(’Yi) + [|w; ||H1(%-)

1 o\—1 5 5

S lwllm s
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which shows the second statement.

Finally, for completeness, we mention the following technical as-
sumption:

There exist JP : H'(£2,) — X9 with [[JP]| g o) — (00 S 1
such that whenever v|pg, = v|sg, for some v) € X, (A.7)
then (ng)bgk = Ug|agk.
For any given X,f, the existence of such J,f can be demonstrated as
in [23].
Under the assumptions we made, and using Lemma 2.2, the error

estimates proven in [19] easily generalize to the present more general
setting. See [2,17,12] for preceding or related work.

Theorem 2.3 For u and (u®,\%) being the solutions of (1.1) and
(1.2), respectively, we have

K
Z ”U—ué”%ﬂ((zk) ~ mf Z Ju—v ”Hl (2t (2.2)

k=1

du 5\2 5112
sup inf b(v°, a —u v ,
I LR )/;H .

where
Jnf ZHU—U(SHm g0 S _jnf {Zuu—m 2y (2.3)
k=1

N
_l _1
Z 2 (u— xé)’f?m(i) H%?(%) + H(ﬁf) 2(u— xé)‘ﬂs(i) H%Q(%)}'

With n,, being the outward normal on ~; from the master side, for
the Lagrange multiplier we have

N ou
5112
> llaga- =¥ (2.4)

00(%))
< K Sn2 . f N 0u
~ Z lu—u ||H1(Qk) + ﬂalgM(s Z Haan

k=1 i=1

Proof As shown in [6], the coercivity a(v®,v%) 2 ST, [0°]12,4 (%)

for v° € V9 is a consequence of (A.2), from which (2.2) follows using
Strang’s second lemma as in [19, proof of Theorem 2.3]. Because
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of (A.7), any w5 € Wg has an extension to a xg(i) € Xf(i) with
23l (2,0 S Nl and 20, lo, )\ = 0, see, eg., [24,

H020 (vi)
Lemma 5.1]. Now, following [19, proof Lemma 2.2], one derives that

K
inf > flu—0" 310, S (2.5)

13 g
voeV el

_inf leu—w 17 ok)+ZHU u—a %HQ

Hit (v:)
From (A.3) and mterpolatlon (cf. [25, ex. in §1.15.3]), we infer that
HW‘;HHQ( N S H(ﬁ?)_%w?HLz(%) for w? € W(ii, and from (A.5), (A.6)
00

and interpolation, we have H(ﬁf)féﬂwaLz(%) N ||(ﬁ?)7%w\|Lz(%) for
any w € L?(v;). Combining both results with (2.5) shows (2.3).

The bound (2.4) for the Lagrange multiplier follows from [2, Lemma
2.7], where the uniform inf-sup condition from [2, Proposition 2.6] can
be shown as in [19, Lemma 2.4] using the above extension operator

and the fact that IT{ : HOQO(%) — Hoo(%) is uniformly bounded.
This follows by interpolation from (A.5) and Lemma 2.2, using that
[Hg (7i), L*(7i)]1/2 and Holéz(*yi) agree as sets and have equivalent
norms.

Corollary 2.4 For 1 < k < N and § € T, let % <ty & N+% and
0 < h§ € L=(2) be such that h¢ := h? i € L(vi) and, with this

s(i)

B, (A.3), (A.4) and (A.6) are valid, and

lg)f( lzx — 2l a1 () + 1AL ™2 (@ — 2o, | r2(000) (2.6)
xk

S Hh ||2£ch><>(19,c ||xk||Htk(_Qk)a Tk € Hi(Qk) N Htk(Qk),

s(2 1 N —
HLc(x:)(% HM@H ts@) "Ly, P € H" 1(%‘)-
(2.7)
Assume that the solution u of (1.1) is in Hszl H'%(§2). Then the
solution (u®, \%) of (1.2) satz’sﬁes

Ju — |3 + Ha >\5|!2 < (2.8)
Z H(6%) Z an% HE ()"

inf = iz S ik

7

5 2t 2
[1+1r§n%>]<vllhm hd) \\Loo(%}ZHh [ el )
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Proof Using (2.6), the right-hand side of (2.3) can be estimated
on the right-hand side of ( 8). By the trace theorem the term

Supys ey {0} Inf 5 e aro b(v°, aan —p%)? /zk 1 H’L)6||H1 in (2.2) can

be bounded on inf s¢ s PR H any — HQH by Wthh is also an

upperbound for inf s s SN e aT -0, from (2.4). Now
i Hoo i

by using inf g s 81 S I E000L il 3

for any p; € H'®~ (fy,), which is a consequence of (2.7), the proof
is completed by another application of the trace theorem.

Assuming that X ,‘j contains all continuous, and with respect to
a shape regular and locally quasi-uniform finite element partition,
piecewise polynomials of degree

rp— 1> [t] =1

that vanish on 92, N 02, the estimate (2.6), with hi being the piece-
wise constant function equal to the diameter of the underlying ele-
ment, is easily verified using a nodal, or, when |t;] < %l, a modified
Clément interpolator as introduced in [23]. Similarly, (2.7) is satisfied
when Mf contains all piecewise, or continuous piecewise polynomials
of degree r,(;) — 2 with respect to the underlying partition inherited
from the slave side. Actually, our spaces MZ‘S will not completely sat-
isfy these assumptions due to modifications near dv;. However, as we
will see, these modifications will not affect (2.7).

Remark 2.5 Estimate (2.8) requires that u € Hle H'™ () with
ming ty > %, which in case of a discontinuous coefficient a is not nec-
essarily valid. Since the coercivity as mentioned in the proof of Theo—

rem (2.3) shows that 3°, [[u°[|%: (%) S a(ul,ud) S (3, Hu5|]H1(Qk))

(O ok lIf ”?Hi( Qk))/) 2, for the primal variable an error estimate under

weaker regularity assumptions might possibly be derived using an
interpolation argument as applied in [4].

The best rate promised by Corollary 2.4 requires that the solu-
tion u € Hszl H"*(£2;), which, in case ming r > 2, even for a convex
polygon {2 cannot be guaranteed by imposing some smoothness con-
ditions on the right-hand side f. For less smooth u, using suitably
locally refined partitions, better results may be expected than those
reflected by Corollary 2.4, which, due to the L°°-norms of the hz,
shows no benefits of local refinements. From the theory of nonlin-
ear approximation, see, e.g. [13], in combination with the bounds
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from Theorem 2.3, we infer that we may hope for the same asymp-
totic behaviour of the error as function of the number of degrees of
freedom under the relaxed assumption that u is the product space
Hle Wyk($2), for certain p < 2, or, more precisely, that it is in such
a product space with the Sobolev spaces W * (£2%) replaced by certain
Besov spaces B}k (£2;). A treatment of this topic is beyond the scope
of this paper.

If the finite element partitions from slave and master side coincide
at the interface boundaries 0v; (and there underly the same finite
element space), and t;, = ¢ for all 1 < k < K, then starting from (2.5),
and by using Lemma 2.2, (2.8) can be proven without the penalty
factor 1+ maxi<i<n thn(i)/hﬁ(i) [ o< (v;)- This has been shown in [17]

for t = 2 and d < 3 by selecting z° as the nodal interpolant of u, but

it extends to arbitrary d and ¢ > % by taking z° as a quasi-interpolant

of u that on 0v; only depends on uly,, € L*(dv;) (cf. [23]), and by
1

using that for each fixed € > 0 , HOEO (7;) and the interpolation space

1
[HZ e (vi), H %_5(%)]1 /2 agree as sets and have equivalent norms. This
“matching condition” on 0v; is readily met in the two-dimensional
case, where the interface boundaries consist of isolated points, but it
is an inconvenient restriction in higher dimensions.

In the remainder of this section, assuming quasi-uniform meshes
on each subdomain, but without imposing the matching condition,
we will show that the penalty factor 1+max<;j<n ||h /h HLoo ()
is much too pessimistic. In Theorem 2.7, we will see that only the log
of the quotient of the mesh sizes at master and slave sides, in case
this quotient is larger than 1, may enter the upper bound of the error.
Although, when having quasi-uniform meshes on each subdomain, for
each interface the slave and master sides can always be selected such
that the mesh size at the master side is not larger than that at the
slave side, it shows that a different choice of master and slave sides can
hardly do any harm. Moreover, it indicates that also for locally refined
meshes, where uniform boundedness of Hhib(l.) / h‘j(i) | oo (v,) cannot al-
ways be guaranteed, the penalty factor from Corollary 2.4 is likely
too pessimistic, in any case when locally the mesh sizes along the
interfaces do not vary too strongly. A generalization of our result to
locally refined meshes might be possible by using sufficiently smooth
mesh indicator functions hi as used in [12]. However, the estimation
of the unavoidable fractional Sobolev norms of functions that contain
as factors powers of the non-constant functions hi will require quite
some technicalities.



12 B. P. Lamichhane et al.

It is well-known that the interpolation space [H{(vi), L%(vi)]o is
equal to Hi %(v;) for 6 € [0, 1), and that it is equal to H'~%(vy;)
for 0 € (%, 1], meaning that corresponding spaces are equal as sets

and have equivalent norms. The space [Hg(v:), L*(7:)]1/2 is strictly

contained HS/ 2(%-) with a strictly finer topology. In the following
we will consider these interpolation spaces for 6 | % We cannot
expect that the aforementioned norm equivalences hold uniformly
in 6 € (3, 1] which motivates our following lemma.

Lemma 2.6 For 1 <i < N and 0 € [0,1]\{3}, we have

V|11 (s ; -
sup | H[HO(%)7L2(%)]0 < ‘% _ 0‘ L
i),

velHi (i) L2y oll-ogy,)

Proof We may think of 7; as being a polytope in R?~!. For any func-
tion v on 7, let ¥ denotes its extension on R?~! with zero. As follows
from [20, Lemma 11.3], we have HvH[Hl(%) L2(7)]s N 101 10 (ra-1y

uniformly in u € [HJ(v;), L?(vi)]e and 6 € [0,1]. From [15, Lemma
1.3.2.6 and Theorem 1.4.4.4] it follows that for any 6 € [0,1]\{3},
there exists a constant Cp > 0 such that [|9] g1-6(ra-1) < Col[v]| -0 (4,

for all v € [HE (1), L?(7i)]e- Inspection of the proof of this Theorem
1.4.4.4 reveals that Cy is a result of the application of Hardy’s in-
equality, and that it can be bounded by some absolute multiple of

1 -1
5 -6
Theorem 2.7 For 1 <k < N and § € T, let 3 < t;, ¢ N+ 1 and
hi, > 0 be a constant such that, with hS = hi(z)|%7 (A.3), (A4) and
(A.6) are valid, and
: 6
a:‘f:n;g k=2l 1 (0y)

S )™ Mkl o) wr € Hi(92%) N H™ (),

i ‘ J < (B~ 1|y 4 Loy =1~
Jof s = illzog S ()0 mill ooy s € HEOT00).
Assume that the solution u of (1.1) is in Hszl H'%(£2). Then the
solution (u®, \%) of (1.2) satisfies

K al ou
5

Z lu = w1 (g + Z Ha@n

k=1 i=1

K
S [1+1°g[1r53’§vh3(¢)/h5 ] >R ullfyu o)
Sis k=1

)\5”2
o( i)'
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Proof Let us consider (2.5). We have waHH% ) S (ﬁf)f%”w?HLz(%)
oo\ /v

for any w? € Wg ;- S0 by interpolation and the reiteration theorem,

1)

I\ —
we have [|wf|| ) S (B7) 5HW?H[H(%(%),L2(%)]%+E for any w] € WO(S,i

0 (7i)

and € € [0, 3]. Furthermore, by (A.5), Lemma 2.2 and interpolation,
we have that IT9 : [H}(vi), L*(7i)]e — [Hg (%), L?(7i)]e is bounded
uniformly in 6 € Z and 6 € [0,1]. So by applying Lemma 2.6 with
0= % + ¢, we find that

1w — 2%, 1
=l g

SY e (O [P IR (OR[N I

Yi
S\—e _— 5 5
S (hi) e 1{||u - ||H1—5(Qm(i)) +llu—= HHl—E(QS(i))}a

where, for the last inequality, we have used that, for any n € [0, %),
the trace operator is bounded from H'7¢(§2;,) — Héfe(aﬂk) uni-
formly in € € [0,n]. For ¢ < mingt; — 1, a duality argument us-
ing H'(f2;) as pivot space shows that inf:ciex;j l|lu — xiHHFE(Qk) S
(hi)tkilJreuu”Htk(Qk). Wlth C = fmaxlSiSN hfn(z)/hg(zﬂ’ from (22),
(2.4), (2.5), and, to bound the error in the Lagrange multiplier, the
trace theorem, we conclude the statement of the theorem with the
factor [1+1log(¢)])? replaced by e~2[1 + (). By, when ( is sufficiently
large, taking e = log(2)/log((), the proof is completed.

3 Dual Lagrange multipliers
3.1 General framework

In this subsection, after recalling the definition and the advantages of
having dual Lagrange multiplier bases, we sketch a general procedure
for their construction. We illustrate various steps of this procedure
with an example with d = 2. Hereafter, in the following subsections,
we will give examples with d = 3 of spaces X° = Hle X,f and
M°® = Hi\i1 MZ‘S that satisfy all conditions we have imposed, and that
can be equipped with such bases.

Let Xg(i) and M) be spaces with bases {xg(i)’j 1 j € Dg(i)} and
{mfx : £ € I?}, respectively. We think as the index sets Dg(i) and I?
as being collections of points, typically ‘nodal points’, in {2,y and 7;,
respectively. Under the natural condition that any linear combination
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of xi(i)J vanishes on 0f2,(;)\; only if any term vanishes on 942, \ i,
with

Spi={0 € DYy - w3 dlos, e = 00 22y ol # 01, (3.1)

the collection {x‘g(i)ﬂ% e 5872‘} spans Wos,i-

Our aim is to select bases for Xg(i) and MZ‘S in such a way that

Il c S&i and (3.2)

(20 m ) ~ 23y chillizo lmg ol ey if €= € I,
s(3),017i0 1145001 L2 (y;) -0 1f€#€/61257

i.e., such that, suitably scaled, the collections {m;s RS If} and
{x‘g(i) (v @ € € I?} are biorthogonal, or dual to each other, ex-

plaining why we speak about dual Lagrange multipliers. Dual La-
grange multipliers were introduced earlier, with If = Sgﬂ- and so

dimM? = dimW(ii, see [27,22,17,28]. Here we generalize the concept
of dual Lagrange multipliers by allowing that dim]\/.l'i‘S < dimWé{ i

Under the additional assumption that {mg(i) v 1 €€ I} and
{m§S ) L€ I} are uniformly L?(v;)-stable collections, with which

we mean that [| 35,5 Céxs(z g’%”p () ™ Dtels lcel? ”xs(z g‘%”p(%
and analogously for the other collection, the first benefit of having
such dual Lagrange multipliers is that their existence implies that
of uniformly L2(v;)-bounded mortar projectors. Indeed, from (3.2)
it follows that 3; 2 1, even if in (1.4) we would replace Wi‘fo by its
subspace span{xg(iﬂ\% L eIf}.

Secondly, defining for 1 < k < K, the set of “free” indices in {2,
by

D ={jeD):j&I for any 1 <i < N with s(i) = k},
the property (3.2) of having dual Lagrange multipliers implies that

K 6
Ui, B 3 ptes LT

Ry GDk
i= 1£615 S(Z)f’m 0 o

is a basis for V. The availability of such bases opens the way to apply
efficient multi-level solvers to the elliptic system (1.3). It is generally
observed that such schemes are more efficient than iterative solvers
for the saddle point formulation (1.2).
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Because of the incorporation of homogeneous Dirichlet boundary
conditions at dv; in I/Vo‘s’i7 but not in Mf , the construction of dual
Lagrange multipliers {mfx : ¢ € I} requires a special treatment
near 0v;. In our examples, initially we ignore the interface boundary
problems, and construct {x‘;(i),j 1 j € D‘SS(Z.)} and {mfx e 10},
generally with ff 2 If = jzé N Sgﬂ-, for which

— |0 =0 ) /

5 5 ~Nwgy erillz2 e llms pllzz sy I > =10,
iy b Mg h 2 {z 0" ' HI 5040 D),
(3.3)

and such that {x‘;(i)l]% 10 € 1%} and {mf,z : £ € I?} are uniformly
L?(v;)-stable.

Ezample 3.1 Let Xg(i) be the quadratic Lagrange finite element space,
incorporating homogeneous Dirichlet boundary conditions on 9f2 N
02,3y, with respect to a conforming, shape regular and locally quasi-
uniform partition of % C R? into triangles as illustrated in Fig-
ure 3.1. Let the auxiliary space MZ‘S be the linear Lagrange finite ele-
ment space with respect to the induced partition of 7; into intervals.
With Dg(i) being the set of all vertices and midpoints of edges of all
triangles not on 92, and with I? the set of all vertices of all intervals,
we equip Xf(l.) and M with standard nodal bases {x‘ss(i“. 1j € Dg(i)}
and {m;{z : £ € I?}. Then the set Sgﬂ- from (3.1) is the collection of all
vertices and midpoints of edges of triangles on ~;, and If = I}S N Sg,i
is equal to I}S\@%- Since the linear and quadratic functions in the
right picture of Figure 3.1 form biorthogonal sets, we conclude that
{Zs(i)ly; € € I9} and {mgé, : £ € I?} satisfy (3.3). Moreover, both
collections are uniformly L?(v;)-stable.

We consider Xg(i) to be some standard finite element space of
degree 74; — 1 > 1, incorporating homogeneous Dirichlet boundary
conditions on 92N L2 ;), with respect to a shape regular and locally
quasi-uniform partition. As a consequence, the conditions (A.3), (A.4)
and (2.6) involving Wéi , or Xg(i) are satisfied. At the multiplier side,
assuming that

< -1, (3.4)

we will construct a collection of functionals {¢¢, : £ € I?} C C(y;),
with

. P NN U .
[020(v)] S (diam(suppmf ) = 1M gl 2 [0l 2oy, (3:5)
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X X X X
A
A :
% L : 8(2 m 898(2)
A .
A A
A
A
A A A
A A
X X
A A
X X X X

Fig. 815 Dl = (o) U (5] U {o} U {4} U (M), 8§, = o} U {a),
9= {e}U {I}, I9 = {e} in the situation of Example 3.1. The linear
and quadratic functions in the right picture form biorthogonal sets.

such that

v Z 1/)2 (V)M Z is a quasi-interpolator of order r,; — 2, (3.6)
Cerd

meamng that it preserves P, - 2(7i), where in addition, both the
m; g and 1/)? ¢ are local with respect to the partition underlying Wg i

Remark 3.2 The condition (3.4) can be avoided by constructing smoother
Y2, see [21, §2.1.1].

Ezample 3.1 (continued) The mapping v — Y, s v(€)m?, is a valid
(quasi-) interpolator of order ry;) —2 = 1.

In view of (3.2), the remaining problem to be solved is that gen-
erally I ) I?. 9 Obviously, we cannot simply remove those m‘S from
{mi’z : 0 € I?} with n € II\I?, since generally the span of the
remaining set will not have appropriate approximation properties.
Therefore, together with the removal of such an mfn, we will add

suitable multiples of it to some of the remaining ml ;- For some fixed
q> dimPrS(i)—2(%‘), for each n € I?\I?, we select £7, . .. Ay € I9 with
dist(supp m‘f ¢n,SUPD mfn) < diam(supp m;{n), such that the problem

4q o2
argmln Z — ’ Z O-nwl Z” win(p)7 pE Prs(i)—Q(’Yi)
(‘7 )1<r<q H Z gn H

(3.7)
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has a solution with |o7| < ||mfzn||L2(%)/\|mf7n||L2(%), 1<r<gqglIn
all but one of our examples ¢ = dimP, o)~ —2(7i), and the constraints

already uniquely determine ( )1<r<% We remove n from I I9 and thus
m?  from the collection {m?,: ¢ eI , and redefine
n 0,0

fgn<—mfgn+a g 1<r<gq. (3.8)

7,17

Note that the reduced and modified collection {m?, : £ € I?} still sat-
isfies (3.3). Moreover, since before the removal of m;{n and the redefi-
nition of mfw, we had p = dej;s wig(p)mig for any p € Prs(i)_g(fyi),
from (3.7) we conclude that this property is retained. After the re-
moval of all n € If \IZ‘S and the corresponding updates of the mf s

the collection {m?,: £ € I?} will be written as {mf’z : 0 € I9}, and
we conclude that we have obtained (3.2), as well as (A.2).

Ezample 3.1 (continued) With n being one of the points on d;, let ¢7,
/3 be the vertices of the first interval interior to y; next to n, assuming
that the partition is sufficiently fine such that such an interval exists.
Since 2 = dimP;(v;), the equation Y2_, o™p(£?) = p(n) for p €
P (i) has one solution o] = % and o3 = gnzngn. The resulting
dual Lagrange multipliers are illustrated in Figure 3 2.

Fig. 3.2: {mf’z : 0 € I} and {x‘;(i),zm : £ € I’} in the situation of
Example 3.1.
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Although the arguments are essentially known, for completeness
we verify whether the resulting space Mf = span{miz 0 e If}
constructed in this way indeed has appropriate approximation prop-
erties. For any element T from the underlying partition, by assump-
tion there exists a ball B(T) D T with diam(B(T)) < diam(7T') such
that supp 1/1?7 ; C B(T) for any of the uniformly bounded number of
¢ € I? with suppmf’z NT # (. Using (3.4) and (3.5), by applying
the Sobolev embedding theorem on a Lipschitz domain with volume
2
domain, together with a homogeneity argument, we infer that

of order 1, as well as || - || ,r,) -1 ~ [I| - 12, + |- ]% on such a

6 =0 . -
98I 22y S Nl z2(arymg HEABTY O a2

By an application of the Bramble-Hilbert lemma, for v € H"s® ()
we have

lw = >~ 9 (w)mi ol 2y

el

. 5 5
= inf  Ju—p—>_ ¥ (u—p)mdllam
PEPTS(Z.)&(%) vers

S _pnf - iam (7)"0u| .. -
NpePysl(?)—z(%)Hu PHp(B(T)m%)—i—dlam( ) ’u‘H L (B(T)

< diam(T)"0~ ul -1

;)

(B(T)i)’
which yields (2.7).

For the case that the partition underlying Wi‘?o is not quasi-uniform,
the final condition that we have to verify is (A.6), that is, whether the
mortar projectors can be selected as being local operators. Suppose

we can extend {m¢, : £ € I’} to a uniformly L?(v;)-stable and local
collection {m?,: ¢ € S?,o} with

— ||+0 6 e Qo /

) ) ~ g ,€|%‘HLQ(%)Hmi,Z’HLQ(%) it 55> 0=10,
(st he M) 22 {: 0" i1 5040 €SP
(3.9)

Without loss of generality, let us assume that ||acg(i)7g|%.\| L2(y) ~ 1
and ngg/HL?(%) ~ 1. Then, assuming that also {x‘;(i),z\% S Sg,o}
is uniformly L?(;)-stable and local, with respect to the partition of
Sg’i into I? and Sg,i\lf, the matrix R := <x?,z’wmf7g/>L2(%) (st
§

is of the form [D

1 0 . . . .
o5 |, with D?,, D?, being diagonal matrices
A? Di, ’ )
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that are uniformly boundedly invertible, and Af being a uniformly
sparse and bounded matrix. We infer that Rf is uniformly boundedly
invertible, and that as a consequence

v e Z (v,ml ) Z ((Rg)fl)u’xi(i),wh

tes?, ves?,
is an uniformly Ly (;)-bounded projector onto W2, with

(ITv, 1) 12y = (U, 19) 120y © € L2 (i), 4 € span{m, : € € SP4},

and thus in particular that it is a valid mortar projector. Since this
1! is local we conclude that (3.9) implies (A.6).

Remark 3.2 As an alternative for taking Mi‘S = span{mfz NS If},
one may use the auxiliary functions mf y for £ € Sﬁo\ff to define

M? = span{m? : i € S),}, with which one gets into the situation
of having so called quas{—dual Lagrange multipliers as in [19], and
dimW(ii = dim]%i‘S . This approach, however, leads to a more compli-
cated coupling between master and slave sides. In the cases where we
have tested both approaches, the discretization errors were almost

equal.

Ezxzample 3.1 (continued) For each ¢ € Sgo\lf, i.e., for each midpoint

of any interval in the partition of 7;, with neighbours ¢1, /> € jZ{S’

being the endpoints of the interval, it is easy to find some mf ‘

supported in that interval such that <x2(i),£k|%’mg£>L2(%) = 0 for

k=12, <$g(i),g‘vwmgz>L2(w) ~ |!x§(i)7g\w|!L2(%)Hmf,er(%) and such
that {mgg S S?,o} is an L2(vy;)-stable collection.

In first and last example from the next subsection, where we con-
sider possibly non quasi-uniform meshes, the condition (A.6) can be
as easily verified as in the above Example 3.1. We will therefore not
return to this issue.

Finally in this subsection, we comment on how to work efficiently
with the resulting dual Lagrange multipliers. Concerning the solution
of (1.3), the basis Uﬁ\;ﬂmiz : 0 € I} for MY only enters via the
matrices

MY o= [b(xfn(i),j7 m MY g:= [b(xg(z

5
'7”%‘,2)] L _ws )
)5 tel} jeD?

):| § ~1s
tel? . jeby, )

(©)

and

S? .= diag [b(ﬁﬂ‘;(i),z’ mif)heﬁ '

7
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In view of this, instead of directly working with the basis functions
mfx of which those with supports near 0v; generally, because of the
updates (3.8), have larger supports and have “irregular” definitions,
it will be more efficient to apply the procedure outlined below. Let
{m;{z : £ € I?} be the initial collection satisfying (3.3), i.e., before
the removal of any of the functions with indices in I9\I? and the
corresponding updates of ¢ of the remaining functions. Let 1\71?7 Mo
M‘ZS and Sf be the matrices defined as M‘Z Mo Mgs and Sf with
{m?, : £ € I?} replaced by {m¢, : £ € I?}, meaning that these
matrices can be assembled via “reghlar” finite element computations.

The matrix Sf is now simply obtained from Sf by deleting all rows
and columns with indices from I?\IZ‘S With T? being the #IZ‘S X #I}‘S
matrix containing in its #'th row the coordinates of mf’z/ in terms of
{m;{z 0 €I}, we have

s AV s AV
My = TiM; )y, and Mg = T; M g.

Fixing some numbering of j:f, where indices from If precede those
from I?\I?, and with & or e, being the standard (column) basis
vector of R*L; or R#If, respectively, i.e., € or ey is 1 on the position
corresponding to ¢ and is zero elsewhere, in view of (3.8) one infers

that
q
T = Z eer + Z (Z orem)er,

er? nelIf\1? k=1

indicating an efficient way to apply T?.

Having solved u’ from (1.3), one retrieves A’ represented in terms
of Ui]\il{m?’g : £ € I} by testing the equation a(u®,v?) + b(v?, \?) =
f(@?) for any v° of the form Ty for 1 <i <N, L€ I9. By splitting
the vector into N parts corresponding to the different interfaces, and
by applying (Tf)T to the part corresponding to ;, one obtains a
representation of \° in terms of UY {m?¢, : £ € I?}, which is more
convenient for further processing. ’

3.2 FExamples

In this subsection we will give three examples of spaces X = Hle Xg
and M° = Hfil Mf that satisfy all conditions we have imposed,
and, moreover, that will be equipped with dual Lagrange multi-
plier bases using the procedure outlined in §3.1. In our examples
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2= Uszlm C R3 will be a polyhedron, and thus so are the subdo-
mains §2;. In case of piecewise tensor product polynomial approxima-
tion on the slave domain, dual Lagrange multiplier bases can simply
be made by taking tensor products of such bases on one-dimensional
interfaces. Our examples concern non-tensor product approximations,
where the construction is less straightforward. Examples of dual La-
grange multiplier spaces for mortar finite elements can also be found
in [27,22,29,18], and in particular for three dimensional domains, in
[8,30,17] dealing with linear tetrahedral elements, and in [19] deal-
ing with quadratic serendipity hexahedral elements. Here, we con-
sider quadratic and cubic tetrahedral elements on possibly locally
refined partitions. In [19], we constructed dual Lagrange multipliers
for a modified quadratic serendipity hexahedral finite element space
that along the interface was enriched with bubble functions. Here,
by taking an non-standard multiplier space, it will turn out that the
addition of these bubble functions can be avoided. The existence of
dual Lagrange multipliers depends as much on the choice of the basis
for Xf(i) as it does on the basis for MZ‘S Apart that we allow that

dimMi‘S < dimWO‘S’S(i), another key point of our constructions will be

that we do not simply resort on the nodal basis for Xg(l.).

3.2.1 Quadratic tetrahedral elements Foranl <i < N, let (Tf(i))éel
be a family of shape regular, locally quasi-uniform and conforming
partitions of (2y;) into tetrahedra T'. Let Dg(i)’v and Dg(i),m denote
the set of vertices and midpoints of edges, respectively, which are

not on 92 of T € Tf(i), and let Dg(i) = Dg(i) o Y Dg(i) m- We define
X5

s(z) = C(Qs(l)) N Hﬂ}(‘QS(Z)) N HTGTS(S(i) PQ(T), i.e., Ts(i) — 1= 2, and
equip it with the nodal basis {x‘;(i)j S Dg(i)}. Note that with
these definitions, the set Sg’i defined in (3.1) is given by Dg(i) N ;.
For 6 € Z, let Af be the partition of +; into triangles A obtained
by intersecting all T' € Tsé(i) with v;, and let If denote the set of all
vertices of A € Af. We define {m;,: ¢ € I:f} as the nodal basis for
C(vi) N TIaens Pi(A). Now we apply a basis transformation at the

primal side. For any ¢ € If = I}S N S&i, which is equal to D‘SS( )0 (Vi

i
we redefine

5 5 5
To(i)e < To(iye T i Z T (3.10)

{teD? 4,0 are on the same edge of some AEA?}

s(i),m
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Then, as we will verify below, we have

(28 mS ey 4 1220y chill 2 17 g 12y 3 I 50 =1,
sl Tl L0 A < g IS 5040 €D,
(3.11)
i.e., (3.3) is valid. Obviously {m;{g € I} and {x‘g(i)’e\% (e If}
are local, uniformly L?(~;)-stable collections.

The mapping v — >, g U(@)m?l is a (quasi)-interpolator of order
7si) — 2 = 1 that satisfies (3.5).

The general procedure outlined in §3.1 to remove the degrees of
freedom associated to n € If \If , while retaining the local approxi-
mation properties may read as follows: For any vertex n of a A € A‘f
that is on 0v;, select a A e Af that has empty intersection with
dv; and dist(A, A) < diam(A). With £}, £3,£3 € I? being the ver-
tices of A, by equipping Pi(v;) with the basis {py,p2,ps} defined
by ppr(£*) = 8y, ome infers that the equation S°°_, a™p(7) = p(n)
for p € Pi(v;) has solution (0,07, o) being the barycentric coor-
dinates of n with respect to £, /4, %, which are uniformly bounded
as required. Now remove m;ﬁn from the collection {m;{g e I},
and update m; gn «— m;;m + a’ﬁmf,n, 1 < r < 3. After the removal
of all n € IP\I?, we end up with a set {mf’g : 0 € I?} of dual La-
grange multipliers, which spans a space Mi‘s that has the required
local approximation properties.

To show (3.11), let ¢L, r = 1,--- .3 and ¢¢, ©» = 1,--- ,6 be
the linear and quadratic finite element nodal basis functions on a
reference triangle A with vol(A) = 1, respectively, using a numbering
of the points as in see Figure 3.3. A direct computation gives that

Fig. 3.3: Numbering of the vertices and midpoints of edges on the
reference triangle.
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2-1-1848]"
1
q ol ] =—|-1 2-1884
[<¢T’¢T >L2(A) 1<r<6,1<<3 60
—1-1 2488

Hence, if we define
g . q L q
1 =01+ E(% + &%),

and similarly ng and qgg using symmetry in the barycentric coordi-
nates, we obtain

- 1
<¢?, ¢lr/>L2(A) = —I,

1<rp’<3 18

which, in view of the definition (3.10), by using affine bijections be-
tween the reference triangle A and all A € A easily leads to (3.11).
The basis transformation (3.10) was made as a result of the above
construction of the basis transformation on the reference triangle.
Yet, note that not all local basis transformations give rise to cor-
responding global basis transformations. Essential properties of the
modified basis functions on the reference triangle are symmetry in
the barycentric coordinates, and the fact that a basis function asso-
ciated to a point, here a vertex or a midpoint of an edge, vanishes on
all edges that do not contain that point.

3.2.2 Quadratic serendipity hexahedral elements For an 1 <i < N,
let (Pj(l-))zSeI be a family of shape regular, and conforming partitions
of {2, into parallelepipeds P. So here, in order not to be forced
to handle cases with hanging nodes, we restrict ourselves to quasi-
uniform partitions. Let Dg(i),v and Dg(i),m denote the set of vertices

and midpoints of edges, respectively, which are not on 92 of P €

0 6 _ 1o 1 0 ;
Ps(i), and let Ds(i) = Ds(i)vaDS(i)’m. We define Xs(i) as the quadratic

serendipity finite element space with respect to Pf(i), Le, ryp)—1=2,
with zero boundary conditions on 0£2,;) N 92, and equip it with the
nodal basis {x‘;(iM 1 J € Dg(i)}. Note that the set Sgﬂ- is given by
§
Ds(z) M Y.
For § € 7, let D? be the partition of 7; into parallelograms [
obtained by intersecting all P € Psé(i) with ~;, and let [ Z‘S denote the set

of all vertices of ] € Df . We apply the following basis transformation
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at the primal side. For any ¢ € If = 1:25 N S‘S’i, which is equal to
Dg(i)w N ~;, we redefine

J 1 1 d
Ts(i)e T Tsiye T D DR (3.12)
{ZGDg(i)’m:Z,g are on the same edge of some DGD?}
We will construct an L2(v;)-stable collection {m;,: ¢ € I?} of local
functions such that

_ é =0 e 76 _
(x5 - S )1 ~ Hxs(i),2|%’||L2('y¢)||mi,f’||L2(’y¢) if I7 5 ¢ —_f,,
s(@),elvi LT LA () ) — ifI0s0#£0 €1,
(3.13)
i.e., such that (3.3) is valid. Obviously {xg(i) o o € € I} is a local
and uniformly L2 (7i)-stable collection.

To construct {m;: £ € I?}, using the numbering of the points as
in Figure 3.4, let ¢© for r = 1,--- ,4, and ¢ for i = 1,--- ,8 denote
the bilinear and serendipity finite element nodal basis functions on
the reference square [J = (0,1)2, respectively. A direct computation

Fig. 3.4: Numbering of the vertices and midpoints of edges on the
reference square.

gives that

_ o1 T
IS7§8_£))6[0 1-1-14224]",

b
|:<¢i7 ¢1>L2(Ij)
where the other entries follow using symmetry. Because of the missing
interior degree of freedom, for the serendipity element we are not able
to construct a biorthogonal system by only making a transformation
at the ‘primal’ side. Therefore, for some a # 1, we set

5t Sbaldh—oh- o)

1 -«
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and define qu, &g and (53 analogously. The corresponding collection of
global functions {m?, : £ € I?} is now formally defined by m?,|q =
(ﬁl{ oI5 L for any O e D? that contains ¢ as a vertex, and where Fp

is an affine bijection between [J and OJ mapping point 1 onto ¢, and
m; ¢ is zero elsewhere. Note that the fnf ¢ are discontinuous, and that
{mf PR 1:25 } does not span the space of all continuous piecewise

bilinears with respect to [2. Yet, although v — Y. 55 v(€)m, does

not preserve Q1(7;), since ¢f + ¢4 = ¢f + ¢, b + ¢4 = ¢ + ¢}

8 + ¢ = 88 + ¢}, and @) + 68 + ¢ + 0 = ¢ + 0§ + ¢4 + @] it does

preserve Pi(7;), i.e., it is a quasi-interpolator of order Ts@) —2=1.
Defining, for some 6,

O} = ¢ + 0(d3 + 63),

and analogously (55, (553, and &j, a direct computation shows that

[(&ﬁa QEE/>L2(E)] 1<r,r’' <4
1

which case this matrix is equal to 2%[ . With a = 5 substituted into
the definition of {mf’z : £ € I}, we conclude (3.13).

The procedure outlined in §3.1 to remove the degrees of freedom
associated to n € I? \I? reads here as follows: For any vertex n of a
0e D‘f that is on 8~;, select a O € D? that has empty intersection
with dv; and dist(0J, ) < diam(0J). Remove n from I9 and thus m;{g

from {m?, : £ € I}, and with (oF,0%,0%) being the barycentric

is diagonal if and only if o = % and 0 = %, in

coordinates of n with respect to three vertices ¢7, ¢35, (3 of O, update
mgr — m;?r +omd, 1 < r < 3. After the removal of all n € I?\I?,
we end up with a set {mf’z : £ € I?} of dual Lagrange multipliers,
which spans a space MZ‘S that has the required local approximation
properties.

3.2.3 Cubic tetrahedral elements Foranl <i < N, let (Tf(l.))gez and

(A2)sez be families as in §3.2.1 of partitions of §2,(;) into tetrahedra,
and of v; into triangles, respectively. We define Xg(i) = C(24)) N
Hi(‘Qs(z)) N HTeTf(i) P3(T), and Mf = C(’)/Z) N HAEA? PQ(A), ie.,
Ts(i) —1=3.

To define a basis {m;{g : 0 € I} for MY, and a modification of

the nodal basis {x‘ss(i“. 1 j € Dg(i)} for X;S(Z.) , which only affects

{xg(i) ol 1€ € 85,1}, it is sufficient to consider a reference triangle A

with vol(A) = 1. Using a numbering of the nodal points as indicated
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Fig. 3.5: Numbering of nodal points at primal and multiplier side for
the cubic tetrahedral case.

in Figure 3.5, let {¢%,...,¢5,} and {¢,...,¢¢} be the nodal bases

for P3(A) and Py(A\), respectively. We define transformed bases by
(& C 20 (& (& (& (& (&

¢1 = 6097 + §(¢4 + &5 — ¢ — 97 — d1o),

5 - -
5 =10(¢5 + %) — oo, 9lo =P, ¥F =i — 97,
and

- 1 -

and the others by permuting barycentric coordinates. All these basis
functions at primal and multiplier side can be naturally associated to
either a vertex, an edge (at the primal side two at each edge) or the
center of A, where they vanish on the opposite edge, on the other
two edges, or on all edges, respectively, and finally, where they are ei-

ther symmetric or anti-symmetric in permutations of the barycentric
coordinates. A direct computation shows that

[(&ﬁ? &g/>L2(A)]1§r,r’§6 =

Although this matrix is thus not diagonal, the fact that, with respect
to a splitting of the degrees of freedom into those associated to ver-
tices and those associated to edges, it is block lower triangular with
diagonal blocks equal to identity matrices which will allow for the
construction of local dual Lagrange multiplier bases.
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By lifting {¢5,...,¢5,} and {¢?,...,¢%} to all A € A? using
affine bijections, and by gluing them continuously over the interfaces,
and, at the primal side, by leaving out those functions associated
to vertices or edges on 07;, we end up with the modified collection
{x‘g(z o L€ ng} and a basis {Thfg 0 € I} for MY. Here as
a natural index set If, we use the union of the sets f5 and fgm of
all vertices and midpoints of edges of A € A respectlvely. Defining
I‘S = I‘S N i, I‘S = I‘S N ~; and I‘S = I‘S UIZ‘Sm, we write Sg,i

as IfS U I‘S U (8] \I‘S), where I‘S and I‘S are the index sets for
those x z‘% resultmg from the functlons ¢1, ¢2, (]53 and ¢4, ¢5, ¢6,
respectlvely, and where S‘S AVE 9 js some index set for those ac g|%

resulting from the functlons ¢7, (bg, (bg,
For ¢ € IZ‘S we have

<$g(i),e’wmiz>L2(%) = d? = Z vol(A),
{hend: A0}

and for any ¢ € I° | and

7,07

LeyiND o, (0) ={tel, 3N e A] with 'l € A

i,0pp
and / is on the edge opposite to ¢'},

see Figure 3.6, we have

1
(2 (@)l T M0 ) 120y = —gvol(ﬂuf),

whereas <x‘;(i) el ) 1204y = 0 for all other £ € I, ¢/ € I7.
Defining the transformed basis {m;{g eI} by
1
o 5 B gvol(By o) o el 70
T L N o R L CICRT)
7 170 if ¢/ € I?

m; N i,m>
we find

5 _§ B dg ifIfaE:E’,
<xs(z‘),€|%’mi,€/>L2(%) —No if IZgS S040 € jzéa

so that (3.3) is valid by d5 ~ HxS(Z ol %)HmMHLz %
Concerning implementation, since for ¢ € ffv, m; , has a much
larger support than Thf /s, instead of computing the matrices 1\71? M

and 1\_/1‘24S g mentioned in §3.1, it is much more efficient to write them
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as the composition of the basis transformation defined by (3.15), that
can be applied at low cost, and the matrices Mf a and Mf g one gets
by replacing {mgg eI} by {mfﬁg e If}.

Finally, we have to remove mfx for £ € Ov;. Let {ﬁ?,f e IfY}
be the nodal basis for M?, and let @ig(u) = u(f) (¢ € I?). With, for

lc fgm, ffadj(ﬁ) ={l € fgv : £,0" are on one edge of a A € Ag},
see Figure 3.6, we define
W, if eI,
Y Y Lyol(A, ) v . -
R S W 20 T S
y b Z bl b
zfefgadj @) {rel? eel? ()}

From (3.14) and (3.15), we infer that

5 (N~ Y5 \=6
i Z Vi e(v)mg , = Z Vi o(V)0 4,

el? el?

which is thus a quasi-interpolator of order r ;) — 2 = 2.

Now for any n € ff\lf , vertex or midpoint of a A € A‘f, we select
a A € A9 with dist(A, A) S diam(A), such that

B(A) = ND) UUpep (z{ €L, € o)} €

see Figure 3.6. Using that, because of the locally quasi-uniform parti-

Fig. 3.6: 10 (¢'), I? .5 (0)

tion, all ||mf,z||L2(%) for £ € I?(A) are comparable, we solve (O‘?)geﬁ;(A)
from '

argmin § Y [opP: Y of () = ¥in(p), pE Pa(m)

ol =5 X — —
(©%)eeisa) tels(A) tels(A)
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Since zzdfm& &?1/7?76(1)) = win(p) for p € Py(7;) has a unique, uni-
formly bounded solution, I¢ N A c I 5(&), and the transformation
from {4¢,: £ € I?(A)} to {1/)5 : £ € I)(A)} is uniformly boundedly
invertible, we infer the above constrained minimization problem has

a unique solution with |o7'| < 1. We remove n from I? and thus m¢

from the collection {mf’z : £ € I?}, and redefine

5£<—m £+O-€m5 e IX(A).

,mn’

After removal of all n € I?\I?, the obtained collection {mf’z eI}

of dual Lagrange multipliers spans a space Mf that has the required
local approximation properties.

4 Numerical Results

In this section, we present some numerical results illustrating the
performance of the quadratic tetrahedral and quadratic serendipity
hexahedral mortar finite elements from §3.2.1 and §3.2.2. For the
primal variable, we give the discretization errors in the || - || :=
[25:1 I| - HHI(Q ]2—norm, as also in the || - |z2(p)-norm. Since we
haven’t 1mplemented adaptive refinements yet, in order to benefit
from higher order elements, in the examples in which we studied con-
vergence rates, we have prescribed piecewise smooth solutions. Us-
ing exclusively quasi-uniform partitions, with A denoting the largest
diameter of any underlying element, Corollary 2.4 shows that the
|| - [[1-norm of the error is of order h?. Using duality arguments, one
can prove, see e.g. [9], that the error in L?(§2)-norm is of order h3.
Since the || - H -norms are not so easy to compute, we measure

0( i)/

the dlscretlzatlon errors in the flux across the interfaces in a mesh-
dependent Lagrange multiplier norm, that for tetrahedral elements is
defined by

I1l13 :_Z > diam(A)]lplalfza

i=1 Aen?d

and that has an analogous definition for the hexahedral elements with
A?, A replaced by Df, [. Theoretically, the asymptotic rates of errors
in the weighted Lagrange multiplier norm are of order h? for quadratic
mortar finite elements, see [19]. However, under the assumption that
the errors in the primal variable are equally distributed, which is the
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case here because of the smooth solution, the asymptotic rates can
be shown to be of order h°/2, see [29].

In our examples, we combine tetrahedral and hexahedral elements
on the different subdomains. We point out that different Lagrange
multipliers are used depending on the hexahedral or tetrahedral par-
tition on the slave side of the interface. Starting with some partition
into tetrahedra or hexahedra on each subdomain, we create sequences
of partitions by uniform dyadic refinements. We use I = Ny as index
set for 9, where then § refers to the level of refinement, that is, the
number of uniform dyadic refinement steps that has been applied.

For solving the arising linear systems, we have used the multigrid
method applied to a reformulation of (1.2) as a positive definite sys-
tem on the product space X° as introduced in [30]. This multigrid
method has a level independent convergence rate and is of optimal
computational complexity, see [30,28]. Our implementation is based
on the finite element toolbox ug, [1].

In all our examples, we observe convergence rates for ||u—u°|| L2(0)5

|lu — ||z, and ||A — A?||s that approach the values 8, 4, and 2% ~
5.66, respectively, that, when having smooth solutions, are expected
for dyadic refinements and quadratic/linear approximation for the
primal/Lagrange multiplier variables.

In our first example, we consider —Au = f in {2, where (2 is
composed of five cubes §2; := (0,1)3, 25 := (1,2) x (0,1)2, 23 :=
(0,1)2%(1,2), 24 := (—1,0)x(0,1)? and £25 := (0,1)?x (—1,0). Here,
subdomain (27, which has an initial partition into 27 hexahedra, is the
slave subdomain and the others are master subdomains. In each of the
master subdomains, the initial partition consists of 6 tetrahedra. The
right hand side f and the Dirichlet boundary conditions are chosen
such that the exact solution is given by

u(z,y,z) = 670'25("”2+y2+z2)(cos(5x + 2) + 3sin(4y + 2)).

In Figure 4.1, the decomposition of the domain, the initial finite ele-
ment partitions, and the isolines of the solution at the interface z = 1
are shown. The discretization errors are given in Table 4.1.

In our second example, we consider a domain and problem from
[19]. Here, 2 := (0,2) x (0,1) x (0,2) is decomposed into four subdo-
mains 27 := (0,1)3, 25 := (0,1)% x (1,2), 23 := (1,2) x (0,1)? and
24 :=(1,2) x (0,1) x (1,2), with {25 and {23 being slave subdomains,
and (21 and {24 being master subdomains. On both {25 and (23 the
initial partition consists of 27 hexahedra, and on both (27 and (24 it
consists of 6 hexahedra. The problem for this example is given by a
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Fig. 4.1: Decomposition of the domain and initial partitions (left),
isolines of the solution at the plane z = 1 (right) for Example 1.

3

Table 4.1. Discretization errors for Example 1.

#elem. | u— gz | -l | AN
51 3.24e-1 5.75e-1 3.20e+0
408 5.02e-2 6.5 1.70e-1 | 3.4 8.44e-1 3.8
3264 6.79e-3 7.4 4.70e-2 | 3.6 1.60e-1 5.3
26112 8.52e-4 8.0 1.19e-2 | 3.9 2.94e-2 5.4

WIN| O

reaction-diffusion equation
—div(aVu) +u=f in £,

where ¢ = 1 in (21 and {24, and a = 10 in {25 and (23. The right hand
side f and the Dirichlet boundary conditions are chosen such that
the exact solution is given by

u(z,y,z) = (x — Dy(z — 1)6_(96_1)2_3/2_(2_1)2 cos(2z +2y+22z)/a.

Note that u has a jump in the normal derivative across the interface,
whereas the flux is continuous. In Figure 4.2, the decomposition of
the domain together with the initial finite element partitions, the
isolines of the solution on the plane y = %, and the flux of the exact
solution at the interface x = 1 are shown. The discretization errors
are given in Tables 4.2.

Our third example is given by —Au = f in {2, where the non-
convex {2 is composed of eight cubes 21 := (0,1)3, 25 = (1,2) x
(0,1)%, 25 := (2,3) x (0,1)%, £24 := (0,1)% x (1,3), 25 := (2,3) x
(0,1) x (1,3), 2 := (0,1)% x (3,4), 27 := (1,2) x (0,1) x (3,4) and
2 :=(2,3)x(0,1) x (3,4). Here, subdomains (21, {23, {25 and {25 are
taken as slave subdomains and the others are master subdomains.
The initial partitions consist of tetrahedra for (2; and {23, and of
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Fig. 4.2: Decomposition of the domain and initial partitions (left),
isolines of the solution at the plane y = % (middle) and flux of the
exact solution at the interface x = 1 (right) for Example 2.

Table 4.2. Discretization errors for Example 2.

# elem. HU_U6||L2(Q) v — ] A= X1s
66 7.94e-2 1.57e-1 5.19e-2
528 1.69e-2 | 4.7 | 4.99-2 | 3.1 | 4.11e-3 | 13

4224 2.35e-3 | 7.2 | 1.48e-2 | 3.4 | 6.26e-4 | 6.5
33792 | 2.73e-4 | 8.6 | 3.87e-3 | 3.8 | 1.04e-4 | 6.0

W=D

hexahedra for the other subdomains, and they are illustrated in Fig-
ure 4.3. The right hand side f and the Dirichlet boundary conditions
are chosen such that the exact solution is given by

u(w,y,2) = e 3V (sin(Bry) + cos(5y2)) (v 4+ + 2°).

The isolines of this solution at the interface z = 1 can also be found
in Figure 4.3. Finally, the discretization errors are given in Table 4.3.

Fig. 4.3: Decomposition of the domain and initial partitions (left),
isolines of the solution at the plane z = 1 (right) for Example 3.

In our last example, we consider an example in linear elasticity.
We point out that the theory can easily be extended to this case
with standard arguments. For this example, we take the domain and
the problem from [17]. Here, the computational domain (2, which is
a beam, is decomposed into three subdomains (21, {25 and (23 with
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Table 4.3. Discretization errors for Example 3.

#elem. | lu—v’lr20) | [u—u’]s X = X[ls
426 | 6.94e-1 9.13e-1 1.07e+1
3408 | 1.43e-1 | 4.9 | 4.18e-1 | 2.2 | 5.79¢40 | 1.8

27264 | 1.98¢-2 | 7.2 | 1.10e-1 | 3.8 | 1.34e+0 | 4.3

218112 | 2.63e-3 | 7.5 | 2.85¢-2 | 3.9 | 1.7le-l | 78

WIN| OS>

2y = (0,50) x (0,10) x (0,2), 25 := (0,50) x (3,7) x (2,11) and
23 := (0,50) x (0,10) x (11,13). The decomposition of the domain,
is given in the left picture of Figure 4 with an initial partition. Here,
{25 is the slave subdomain, so that, although the decomposition is
geometrically nonconforming, condition (A.1) is satisfied. Our linear
elasticity problem is

—V.o(u)=0 in £

with u = 0 on I'p and o(u)n = f on I'y, where o(u) is a second
order tensor defined as

o(u) = 2ue(u) + Atracee(u)l, e(u) = % (VU- + [VU]T)

with = 8.2, A =10 (kg/cm3), and [ is the identity matrix of size
3 x 3. Here, I'p is the part of the boundary of 2 with = 0 and
x = 50 so that the left and the right sides of each subdomain are
fixed, and I'y := 002\I'p. The function f = (f1, fa, f3) on I'y is given
as f1 = fo =0, and

; {—0.35 if22 <2 <28and z = 13
3:

0 otherwise

so that a constant vertical force is applied from the top boundary
(z = 13) of £2. We have computed the solution with quadratic finite
elements. The resulting deformation of the beam is given in the right
picture of Figure 4.
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