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Summary The classical Hu-Washizu mixed formulation for plane
problems in elasticity is examined afresh, with the emphasis on be-
havior in the incompressible limit. The classical continuous problem
is embedded in a family of Hu-Washizu problems parametrized by a
scalar « for which o« = A/ corresponds to the classical formulation,
with A and p being the Lamé parameters. Uniform well-posedness in
the incompressible limit of the continuous problem is established for
« # —1. Finite element approximations are based on the choice of
piecewise bilinear approximations for the displacements on quadrilat-
eral meshes. Conditions for uniform convergence are made explicit.
These conditions are shown to be met by particular choices of bases
for stresses and strains, and include bases that are well known, as well
as newly constructed bases. Though a discrete version of the spher-
ical part of the stress exhibits checkerboard modes, it is shown that
a A-independent a priori error estimate for the displacement can be
established. Furthermore, a Ad-independent estimate is established for
the post-processed stress. The theoretical results are explored further
through selected numerical examples.
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1 Introduction

There now exists a large number of publications devoted to the task
of constructing and analyzing finite element approximations for prob-
lems in solid mechanics, in which it is necessary to circumvent volu-
metric locking, or alternatively expressed, to ensure uniform conver-
gence in the incompressible limit. A further consideration is that of
obtaining approximations of high quality using low-order elements,
and for coarse meshes: when quadrilateral elements are used in two-
dimensional problems, and hexahedral in three, it is well-known that
the standard piecewise bi- and trilinear approximations in two and
three dimensions lead to poor approximations when coarse meshes
are used.

There is a growing literature dealing with the well-posedness of
stabilization methods, and BREzz1 AND FORTIN [9] have undertaken
a detailed abstract analysis that is applicable to a wide range of such
approaches. Methods associated with the enrichment or enhancement
of the strain or stress field by the addition of carefully chosen ba-
sis functions have proved to be highly effective and popular. The
key work dealing with enhanced assumed strain formulations is that
of SIMO AND RIFAI [20]. REDDY AND SIMO [19] have carried out
a detailed analysis of the convergence of enhanced assumed strain
methods, for affine-equivalent meshes, and for the compressible and
incompressible cases. They established an a priori error estimate for
displacements that confirms convergence at the standard linear rate.
BRAESS [5] has re-examined the sufficient conditions for convergence,
in particular relating the stability condition to a strengthened Cauchy
inequality, and elucidating the influence of the Lamé constant A. The
case of limiting compressibility has been the subject of a recent analy-
sis by BRAESS, CARSTENSEN AND REDDY [6], in which A-independent
asymptotic convergence of the displacement error is obtained, for a
class of meshes. The assumed stress approach [18] leads to a formu-
lation very similar to that based on enhanced strains, and in fact the
two are equivalent under certain conditions [1,6].

Three-field mixed formulations, in which the unknown variables
are displacement, stress and strain, are a popular approach to over-
coming the problems referred to above. The corresponding weak for-
mulation is known as the Hu-Washizu problem [14,22], and incor-
porates weak statements of the equation of equilibrium, the strain-
displacement equation, and the elasticity equation. Historically, the
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formulation was first introduced by Fraeijs de Veubeke [12]. The
method of enhanced assumed strains is a special case of the Hu-
Washizu formulation, which also serves as the generating formulation
for approaches such as the method of mixed enhanced strains [15].

Despite its importance and wide usage in computational situa-
tions, the question as to the conditions under which the Hu-Washizu
formulation is stable and convergent in the incompressible limit re-
mains open. The purpose of this work is to address that question.

It will be shown that the classical Hu-Washizu formulation is not
amenable to an analysis in which A-independent well-posedness and
convergence are sought. This problem is circumvented by embed-
ding the classical problem in a one-parameter family of problems
parametrized by a scalar «, in which the classical problem corre-
sponds to the choice a = A\/pu. It is this more general problem that is
analyzed, with a view to establishing conditions under which uniform
well-posedness can be established.

In a companion work [10], particular attention is paid to the re-
lationship between the classical and modified Hu-Washizu formula-
tions, and a range of mixed and enhanced formulations.

The structure of the rest of this work is as follows. Section 2 is
devoted to the continuous Hu-Washizu problem, in its original and
extended settings, and to the presentation of relevant results on well-
posedness. In Section 3 the discrete formulations, based on finite ele-
ment approximations, are presented. Section 4 focuses on the analy-
sis of the modified formulation, and on the conditions for its uniform
well-posedness in the incompressible limit. For this purpose it is nec-
essary to introduce discrete deviatoric and spherical operators on the
spaces of discrete stresses and strains. An abstract requirement for
well-posedness is then that the trace of the space of discrete spherical
stresses forms, with the space of displacements, a stable pairing in
the sense of the classical Stokes problem.

Of exclusive interest here are situations corresponding to low-order
approximations, with these being built on a space of displacements
corresponding to piecewise continuous bilinear approximations on
quadrilaterals. As with the Stokes problem, in which the pressure
space of piecewise constants has to be modified to extract from it a
space of so-called checkerboard modes, it can be shown that the lack
of stability resulting from the presence of a checkerboard mode is con-
fined to the stress, and does not affect the displacement. This result
is important in the computational context, especially in situations in
which the displacement is the primary variable of interest. In Section
5, an a priori error estimate for the displacement is derived, making
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clear that the finite element solution converges with optimal order to
the exact solution uniformly in the incompressible limit. Similarly in
Section 6, an a priori error estimate for the postprocessed stress is
presented. Finally, in Section 7, the results of Section 5 are explored
through two numerical examples. The numerical results reflect the
good performance of the modified formulation.

2 The boundary value problem of elasticity

In the context of elasticity, vector- and tensor- or matrix-valued func-
tions will be written in boldface form. The scalar product of two ten-
sors or matrices o and 7 will be denoted by o : 7, and is given by
a : b = a;;b;j, the summation convention on repeated indices being
invoked.

Consider a homogeneous isotropic linear elastic material body
which occupies a bounded domain (2 in R? with Lipschitz boundary
I'. For a prescribed body force f € L?(2)2, the governing equilibrium
equation in {2 reads

—dive = f, (2.1)

where o is the symmetric Cauchy stress tensor. The infinitesimal
strain tensor d is defined as a function of the displacement u by

d=c¢e(u) = 1(Vu+[Vu]) . (2.2)

The displacement is assumed to satisfy the homogeneous Dirichlet
boundary condition
u=0 on I. (2.3)

With the fourth-order elasticity tensor denoted by C, the constitutive
equation reads
o=Cd:=\trd)1+2ud . (2.4)

Here, 1 is the identity tensor, and A\ and p are the Lamé parame-
ters, which are constant in view of the assumption of a homogeneous
body, and which are assumed positive. Of particular interest is the
incompressible limit, which corresponds to A — co.

The inverse C~! of C is given by

1
d:(jflo-:ﬂ(a—*y(tra)l), Vi=—, RS 2(p+ A) .

Standard weak formulation. We will make use of the space
L?(£2) of square-integrable functions defined on 2 with the inner
product and norm being denoted by (-,-)o and | - ||o, respectively.
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We will also make use of the Sobolev spaces H™({2), for nonnegative
integers m. The space H}(£2) consists of functions in H'(£2) which
vanish on the boundary in the sense of traces.

For the weak or variational formulations we will require the space
V = [H}(2)]? of displacements; this is a Hilbert space with inner
product (-,+); and norm || - ||; defined in the standard way; that is,
(u,v); := Y2 (uj,v;)1, with the norm being induced by this inner
product. The space of stresses is denoted by .S, while the space of
strains is denoted by D. For the continuous case these spaces are
equal, and D := {e | ¢j; = e;j, e;; € L*(2)} =: S, with the norm
|||lo generated in the standard way by the L?-norm. We also introduce
the space Sy defined by

So:={1€S|(r,1)p=0};
this is a closed subspace of S.

Remark 2.11t is crucial that the stresses be sought in Sy rather
than in S. A similar consideration appears in the conditions for well-
posedness of the Hellinger-Reissner problem [6]. The subspace S is,
however, a natural subspace in which to work, since for the continu-
ous problem the solution (u, d, o) satisfies tr o = r div u, and using
the Dirichlet boundary condition it is seen that |, otrodr=0.

Define the bilinear form A(-,-) and linear functional £(-) by

A:VxV =R, Au,v):=[,Ce(u):e(v)dr,
0:V =R, l(v):= [ f vd.

Then the standard form of the weak problem for elasticity is as fol-
lows: given £ € V', find w € V that satisfies

Alu,v) =L(v), veV. (2.5)

The assumptions on C guarantee that A(-, ) is symmetric, continuous,
and V-elliptic.

If 2 is a convex domain with polygonal boundary it is known [7,
21] that (2.5) has a unique solution w € [H?(£2)]? and that there
exists a constant C', independent of A, such that

[ullz + Alldivaly < C flo - (2.6)

Mixed formulations. The problem described above may be cast
in a variety of alternative mixed forms, the term ‘mixed’ carrying in
this context the connotation that the resulting weak formulation has
a link to a saddlepoint problem. We focus on the Hu-Washizu for-
mulation, in which the displacement, strain, and stress are unknown
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variables. The standard Hu-Washizu formulation is obtained by con-
sidering the constitutive equation, the strain-displacement equation
and the equation of equilibrium in weak form, and is the problem of
finding (u,d,o) € V x D x Sy such that

a((u,d), (v,e)) +b((v,e),o) =L(v), (v,e)eV xD,

b((u,d), 7)=0, 1€, (2.7)

where the bilinear forms are defined by

a((u,d), (v,e)) := (Cd,e)y =2u(d,e)y + \(trd, tre)g ,
b((v,e), o) :=(e(v) —e, o) .

It is readily shown, using the theory of Babuska and Brezzi (see, for
example, [8,13]) that this problem has a unique solution. But the
continuity constant of a(-,-) depends on A, so that an analysis aimed
at establishing A-independent well-posedness cannot be based on the
classical formulation.

We therefore consider a more general form depending on a pa-
rameter & € R. This problem takes the form of finding (u,d,o) €
V x D x Sj such that

ao((u,d), (v, e)) + by((v,e),0) =4L(v), (v,e)eV xD,
bo((u,d), ) — ()‘;—?“) clo,7)=0, TS,

(2.8)
where the bilinear forms are defined by

aa((ua d)’ (’U, 6)) = 2M(da 6)0 + Oé,U,(tI‘ d? tr 6)0 )
ba((va e)a 0) = (E(’U) - QMC_le’U)O - g,g tro, tr 6)0 )
clo,7):=(tro,trm)y .
A

The standard Hu-Washizu formulation is given by a = I

It is shown in [10] that the modified Hu-Washizu formulation may
be obtained formally by imposing on the original saddle-point func-
tional the constraint tro = ktrd which corresponds to the volu-
metric part of the elasticity equation, then by linearly interpolating
between this and the classical formulation through the addition of a
term involving the volumetric equation with « as a coefficient.

The spherical part of the stresses plays a crucial role in the analysis
of the incompressible limit (see also [6]). Therefore, in the following,
we will make extensive use of the L%-orthogonal decomposition of S
into its deviatoric and spherical parts. We define the L?-orthogonal
projections sph and dev on S by sph7 := (1/2) (tr 7)1, and dev 7 :=
7 — sph 7. We note that dev S is a proper subset of Sj.
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Lemma 2.2 For a # —1, there exists a unique solution (u,d,o) €
V x D x Sy of the modified Hu- Washizu formulation (2.8). Moreover,
the solution does not depend on « and satisfies the bound

lully + [ldllo + llollo < Cllelly
in which the constant C' is independent of A.

Proof In a first step, we show that the solution of (2.8) does not
depend on a. The first equation in (2.8) with v = 0 yields

0:<Cd—0',e+a (tre)l) =:(Cd —o,B,e)y, ec€D.

0
(2.9)
The inverse of B, exists for a # —1 and satisfies B,'e = e —
%(tr e) 1. As a consequence, we find o = Cd and thus tro =

 trd. The bilinear forms aq (-, ) and b, (-, -) can be equivalently writ-
ten as

ol (1,9). 0,6)) = 02, (0.9), (0§ 01~ Nelg )y

o4(('0,6)7,7') = b)\/u(('u,e),f) — %ﬁ)‘c(r,e) .

Using Ac(d,e) = vc(o,e) and (2.10), it is trivial to see that the
solution does not depend on a.

The proof of uniform stability is carried out by showing that the
bilinear forms for av = 0 satisfy the conditions for well-posedness for
the extended case in which ¢(-,-) # 0 (see [8], Section II.1.2 and [4]).
First, we note that c(+,-) is symmetric and positive semi-definite, and
that ker B! := {1 € Sy | bo((v,e),7) =0, (v,e) € V x D} = {0},
so that ¢(-,-) plays no further role in determining the well-posedness
of the problem.

Next, it is easy to see that all bilinear forms for a = 0 are con-
tinuous, and that the continuity constants do not depend on A. It
remains therefore to verify that the coercivity and inf-sup conditions
are satisfied. We establish the coercivity of the bilinear form ag(-, )
on the kernel Z of by(-,-), which is given by

Z ={(v,e) eV xD|by((v,e),7) =0, T € Sp}
={(v,e) €V xD|ew)—2uClecSy}.

Let (v, e) be in Z; using Korn’s inequality and the uniform continuity
of C~1, and noting that (e(v),1)p = 0, we find that

ao((v, ), (v, e)) = 2ulle[§ > c(llell§ + le(@)II5) = c(llell§ + IlvIff) -

We note that the coercivity constant depends on g but not on A.
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Next, to establish the inf-sup condition we note that there exists a
constant C' < oo such that for each ¢ € M := {q € L*(22)| [, q dz =
0}, there exists v, € V satisfying

divog =g¢, vgll < Cllallo (2.11)

(see, for example, [13]). For T € Sy, we have tr 7 € M, and we define
e, :=dev(e(vy,)—7) € D. Then using (2.11), the norm of (v -, €,)
is bounded by

eI + lle- 1§ < Clltr7[I§ + [ dev 7[[3) < ClIF -

Since by ((Vir 7, €7), T) = (e(Vir ) —2uC e, T)g, we can use 2uC~ le, =
e, to write

bo((Virr; €r), 7)=(sphe(virr) +devr, 7)o .

The inf-sup condition now results from the orthogonality of the de-
composition of 7 into its spherical and deviatoric parts; using also
(2.11), we find that

bo((Vir+,€r), T)=(sphe(vir+),sph 7)o + (dev T,dev 7)o
=(1/2)(div vgy », tr 7)o + (dev T, dev 7)o
=(1/2)|| tr 7§ + [| dev 7[I§ = 175 -

Remark 2.3 The result of Lemma 2.2 can be generalized to the case
« = —1 for which the operator B, is singular. The kernel of B, is
then given by {e € D | deve = 0}. To obtain a unique solution of
(2.8), we therefore have to seek a solution in the subspace {(v,e, T) €
VxDxSy| trm=xrtre}.

3 Finite element formulations

Let 73, be a quasi-uniform, shape-regular quadrilateral triangulation
of the polygonal domain 2. The diameter of an element K in 7j, is
denoted by hg. Finite element spaces are defined by maps from a
reference square K = (—1,1)2. For nonnegative integer k, let Py (-)
denote the space of polynomials in two variables of total degree less
than or equal to k, and Qy(-) the space of polynomials in two variables
of total degree less than or equal to k£ in each variable. A typical
element K € 75, is generated by an isoparametric map Fx from the
reference element K. It is clear that if & € Q;(K), then ¢ o Filis in
general not a polynomial on the quadrilateral K.

The finite element space for the displacement is taken to be the
space of continuous functions whose restrictions to an element K are
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obtained by maps of bilinear functions from the reference element;
that is,

The spaces of stresses and strains are discretized by defining the
finite-dimensional spaces

Sp 1= {Th € So | (Thlr)ij = (+h)ij OFI;I’ Th € So, K € 771} ’

Dy, = {eh €Sy | (eh|K)ij = (éh)ij OFgl, e, € Do, K€ 7;1} R

where Do and Sp are the reference bases of strains and stresses, de-
fined on K. These two variables are defined locally on each element
and no continuity conditions apply at the element boundaries. More-
over, we define the space M} by

My, :=trSy .

Before giving some concrete examples, we recall the Voigt rep-
resentation of the tensorial quantities stress and strain in vectorial
form, in two dimensions. These are written as

011 di1 100
o= |020|, and d= | dypo , Z:=span |[010] ,
012 2d12 001

so that, in vectorial form, o’d = oijdij.
The spaces Sy, and Dy, will be generated from bases defined on K.
We will make use of the following bases on K:

70 70 00
A:=span |02 |, B:=span |0y |,C:=span [00]| . (3.1)
00 00 2§

Of special interest will be the following cases:

Table 3.1. Different cases for the discrete spaces

Case I II 111 vV \%

So I+A I+A 7+C T+ A+C T+ A+C

Dr I+A I+A+B 7+C I+A+C |IT4+A+B+C
ST=DL | Sy c DY [ S =D | SIV =DV | Sy c DY

Case II corresponds to the method of mixed enhanced strains [15,
16] while Case V corresponds to the method of enhanced assumed
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strains [20]. We remark that tr(Z + A) = tr(Z + A+ C) = Pi(K) and
tr(Z + C) = Py(K).

In the following, all constants are generic, do not depend on the
mesh size, and do not degenerate in the limit case A — oo. We re-
strict our analysis to the case of meshes for which Fy is an affine
mapping for each element K € 7;,. However, numerical results will
also be given for the more general case of meshes of arbitrary quadri-
laterals in Section 7.

From (2.8), the discrete modified Hu-Washizu formulation is as
follows: find (uf,dj,o%) € Vj, x D}, x Sy, such that

ao((uf,dy), (vh, en))+ba((vn,en), on) =(vy), (vh,en) € Vi, X Dy

ba((ug,d), 7)== o090 7)=0, T, ES.

(3.2)
In contrast to the continuous setting (2.8), the discrete solution can
depend on «. However for simplicity of notation, we suppress from
now on the additional index a in the solution and replace (uf, dj, o)
by (up, dp, o).
Next, we introduce two assumptions that are key to the study of
well-posedness of the problem (3.2).

Assumption 3.1

3.1(i) Sy C Dy,
3.1(ii) tr D1 C Dy,

Lemma 3.2 Under the Assumptions 3.1(i) and 3.1(ii), the solution
of (3.2) does not depend on o # —1.

Proof Let (up,dp, o) € Vi, X Dy x Sy, be the solution of (3.2). Using
(2.9) and Assumptions 3.1(i) and 3.1(ii), we find that B,ey, Cdy, o,
all belong to Dy and thus o} = Cdy. The rest of the proof follows
the same lines as in the continuous setting.

Remark 3.3 For Lemma 3.2 the Assumption 3.1(ii) is essential, as
this implies that CDj, = Dy,. In particular, for the choice S, = Dy,
but tr D1 ¢ Dy, the Hu-Washizu formulation with o = A\/p can
yield bad numerical results in the limit case whereas the formulation
with, for example, a = 0 gives good results (see also Section 7). We
note that Cases IT, IIT and V in Table 3.1 satisfy both Assumptions
3.1(i) and 3.1(ii), but that the Cases I and IV do not satisfy 3.1(ii).
Furthermore, Case IV in combination with the classical Hu-Washizu
formulation (o = \/pu) leads to the standard Qi-approach.
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We note that there exists a strong link between the modified Hu-
Washizu formulation (3.2), the Hellinger-Reissner, Mixed Enhanced
Strain, Enhanced Assumed Strain and the classical (Q1-F, formula-
tion. A detailed discussion on these equivalences can be found in [10].

4 Analysis of the modified Hu-Washizu formulation

In this section we turn to the task of establishing conditions un-
der which the discrete saddle point problem (3.2) is uniformly sta-
ble in the limit case. For the inf-sup condition, we need some pre-
liminary results. First we note that dev S, and sph.Sy are in gen-
eral not subspaces of Sj. This is remedied by introducing the space
My, := {m,, 7,1 € Si}, and defining the discrete spherical and devia-
toric parts of T, € 5}, as

1 1
sphy, 7, 1= §PM}1 tr 7,1 and devy, 7y := T — §PM}1 tr 7,1,

where P is the orthogonal projection onto Mh. Denoting the or-

h
thogonal projection onto Sy, by Ps, , we can easily verify that devy, 7, =
Pg, dev T,. This leads to an orthogonal decomposition of S, with

Sy, = devy, Sy, @ sphy, Sy, . (4.1)

As a result, we find that not only the elements 7, € sphy S;, and
75, € devy S), are orthogonal with respect to the L%-inner product,
but also their traces: that is,

2(tr Th,tr Th)o = (tr Thl,trf'hl)o = Q(Th,f'h)o =0. (4.2)

To get a better feeling for the discrete spherical and deviatoric
parts, we consider Case I in more detail. We have

=
O

10
dev(Z + A) =span | —10 —
0

, sph(Z + A) = span

o B
O S
O =

z
0
and we find that dim(Z+A) = 5, dimdev(Z+A) = 4, and dimsph(Z+

A) = 3. We point out that in general sphy S, # Ps, sphSp; for
example

1040 140
devy(Z+A) =span | -1002 |, Ps, sph(Z+A)=span|102 ]| ,
0100 000
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whereas sphy,(Z + A) = span |1, 1, O]T. In the continuous setting, the
definition of the deviatoric part yields that the trace of the deviatoric
part is equal to zero. This is not the case for an element in devy, S,.

For 7 € S, the norm of the trace is bounded by || tr 7|2 < 2|73
The following lemma shows that a stronger bound holds for the norm
of the trace of an element in devy, Sp,.

Lemma 4.1 There exists a w < 1 such that
|| tr ThH(Z) < 2wHThH3, T € devy Sy,
and thus (C~ Y1y, Th)o > 127—M°"||7'h||%, T, € devy Sh.

Proof The proof is based on a discrete norm equivalence on the refer-
ence element. To start, we define |||,z := || dev ||, ;. It is trivial to

see that || - ||, defines a seminorm on (L?(K))?*2 and that it is zero
if and only if dev T is zero. Given 7} € devy Sp and devTy, = 0,
we find by means of (4.1) and definitions of sphy and devy that
T, € devy So Nsphy So = {0}. Thus the seminorm || - ||« x restricted
to devy, Sp is a norm. The dimension of the space devy, Sg is finite and
thus || |,. is equivalent to |- ||,z - Using the definition of S and the
special structure of the isoparametric element map Fp, the equiva-
lence of || - ||? := ket I HE;K and || - ||z on devy, S, is established.
Now let 0 < ¢ < 1 be such that ||7,||2 > c||74l13, 75 € devy, Sp; then
a straightforward computation reveals that

2(1 = O)llTnllg = Iltr Tall5,

1
(I7all§ = 2v(1 = )ll7all§) -

clry, > —
(C Th:Th)o o

We can now use these preliminary results to establish a uniform
inf-sup condition.

Assumption 4.2 The following assumptions are essential for uni-
form stability in the discrete case:

4.2 (i) there exists a constant 0 < ¢y < 1 such that
[1Ps,e(wn)llo = colle(vn)llo ;

4.2 (ii) there exist constants ¢; and ¢, with 0 < ¢; <1 and 0 < ¢, <
o0, such that o satisfies the bound

max <—Cl, 2 (1 — ﬂ)) < o < min <Cu7 é) ;
u w u
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4.2 (iii) (Vh,Mh) forms a stable Stokes pairing; that is, there exists
a constant B* > 0, independent of h, such that

div vy, qr)o « ~
sup VORI o guyo for all g, € M

v €V}, ”UhHV
Here w is the bound from Lemma 4.1.

In the following, the generic constants depend on ¢; and ¢,. There-
fore, care has to be exercised in choosing these constants. It is easy
to verify that a = 0 is a choice that satisfies Assumption 4.2(ii), as is
a =1 when \/p > 1, for some suitable ¢; and ¢,,. As we will see later,
of special interest for Cases I and IV will be a negative value of a.
However, the choice of negative v can lead to the loss of coercivity.

Roughly speaking, Assumption 4.2 (i) says that S has to be large
enough and Assumption 4.2 (iii), that S}, has to be small enough. We
point out that Assumption 4.2 (iii) is weaker than the assumption
that (V3, M},) forms a stable Stokes pairing. For example, in Case I
we find that tr(Z + A) = Pi(K), whereas trsphy(Z + A) = Py(K).

The discrete kernel associated with the bilinear form by (-,-) is
given by

o [0
Zy, := {(vn, en) € Vi x Dy, | Ps,e(v) = Ps, (21C 1€h+7utf enl)} .

Lemma 4.3 Under the Assumptions 4.2 (i) and 4.2 (ii), the bilinear
form aq(-,-) is uniformly coercive on Zp x Zy and uniformly contin-
uous on (Vi x Dp) x (Vi X Dy).

Proof Let (v, ep) € Zp,. Assuming 4.2 (i) and 4.2 (ii), we find that
lonllf < Clle(a)lls < CllPs,e(wn)ls = CllPs, (2uC"en

[0
+2 (1 ep)1) |3 < Cllenld < Caal(on,en), (wrsen) -

Lemma 4.4 Under the Assumptions 3.1 (i), 4.2 (ii) and 4.2 (iii), the
bilinear form by(-,-) satisfies a uniform inf-sup condition.

Proof The proof is based on the decomposition of 7, into its discrete
deviatoric and spherical parts, that is,

T3, = devy Tp, + sphy, 75, = devy T4 + g,

where devy, 7, € devy, Sy, sphy, 7, € sphy, S, and qn € Mh. Under the
Assumption 4.2 (iii) we can find, for each ¢, € M}, a displacement
vy, €V}, such that

(divvg,.an)o = laal3: og ]l < Cllanllo - (4.3)
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Using the unique decomposition of Pg, (v, ) into its discrete spher-
ical and deviatoric parts, so that Pg,e(vy,) = sphy Ps,e(vg,) +
devy, Ps, (v, ), we define e, € Dy, by

e, :=devy Ps,e(vg,) — fdevyTh, [S>0.

By means of (4.3) and the fact that || devy, Ps, e(vg, )|lo < |le(vg,)|lo <
Cllvg, |1, we can bound the norm of (v, ,e-,) by

[0, I1F + llex, 15 < Cllanlls + 5%l deve Thll§) < C(1+ 8% |l7all5 -

To obtain the inf-sup condition, we use the equivalence (2.10) and
consider the two terms of b, (-, -) separately. We start by obtaining a
lower bound for by /,((vg,,er,), Th):

b)x/,u((v%’ e"'h)’ Th) = (PSh (U(Ih) - e"'h?Th)O

= (sphy, Ps, e(vy, ) + Sdevy Th, Th)o

= (sphy Ps,e(vg,), an1)o + B dev 7413
(e(vg, ), an1)o + B devy ThHo

(div ”qm an)o + Bl devy, 7113

= llanll§ + Bl deve 3 -

Next, we bound c(e,,, T5) by applying Lemma 4.1, (4.2) and (4.3):

cler,,Th) = (tre,, . tr7mp)o
= (tr (devy Ps, e(vy,)) — S tr devy Tp, trdevy 74)o
= (tr Ps,e(vy,), tr devy, T4)o — O] tr devy, 753

Y

~Cllanlloll devy Thllo — 26w devy 3 -

Defining g, = 1 — w(l — 5*) we combine the lower bounds for
br/u((vg,,er,), Tn) and c(e,,, Tx) and use 2y < 1 to obtain

ba((vgys €xy): ) 2 llanll§ — 2C lanlloll deva Thllo + Ball devy Thll5 -

Assumption 4.2 (ii) gives g, > 1 — ¢; > 0, and we can apply Young’s
inequality to find

ba((”%? e"'h)7Th) 2 (1 - CE)HQhHg + (5(1 - Cl) - CE?I)H devy ThHg :
For 0 < € small enough and 3 < oo large enough, we obtain
ba((Vgs €r,)sTh) 2 cllanllg + [l devi T4 [13) > ¢l Tll5.

We now formulate our main result. The following theorem provides
optimal a priori estimates for the displacement, strain, and stress.
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Theorem 4.5 Under the Assumptions 3.1 (i), 4.2 (i)—4.2 (iii), the dis-
cretization error n7 = |[u — uy||? + ||d — dp||3 + ||o — ou||2, where
(up,dp, o) is the solution of (3.2), is bounded by the best approxi-
mation error

2 . 2 . 2 . 2
<C|( inf fu- £ d- £ |lo— .
M < (JQWHU willi + inf fld —enllo + inf o TMb)

Proof The a priori estimate results from the continuity of the bilin-
ear forms and Lemmas 2.2, 4.3 and 4.4 (see, for example, [§]). In
particular, it is seen that ker Bl = {0}, as in the continuous case,
and ||c(-,-)|| is bounded, independently of A\. These conditions suffice

to establish the uniqueness of o}, and the uniform error estimate (see
[8], Section IT and [4]).

In the rest of this section, we consider the Assumptions 4.2 (i) and
4.2 (iii) in more detail. To verify Assumption 4.2 (i) we consider the
reference element and observe that

10040
e(Vo):=span [01002% | ,
00149

where V4 is the space spanned by the standard bilinear polynomials
on the reference element. A straightforward computation shows that
on the reference element and thus on all elements K € 7, Assump-
tion 4.2 (i) is satisfied for all choices of Sp in Table 3.1.

We recall that Assumption 4.2 (iii) is on M), which must be such
that it forms with V}, a stable Stokes pair. Now for all our five choices
of pairings (D}, S}), 1 <i <5, we find that M; is given by

My={qeL§(®2) | qdx € B(K), K€T}, 1<i<5. (44)

Using bilinear elements for the displacements, it is well known that
the pairing (Vj,, Mfl) does not satisfy Assumption 4.2 (iii) when Mfl is
given by (4.4), and that checkerboard modes might be observed (see,
for example, [13]). Thus it is necessary that M, be a proper subsct
of M 5

There are different ways in which to overcome this difficulty. One
option is to work with macro-elements and to extract from M}L the
checkerboard mode on each macro-element, as in [13] (Section II.3).
The restrictions of functions in M. ,’1 to a macro-element are spanned
by the four functions depicted in Figure 4.1. The functions having the
signs indicated in Figure 4.1 (d) are the local checkerboard modes.
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To obtain a stable pairing, we have to modify the space sphy S}'l but
not devy, 57

A reduction in the dimension of M, I results in a smaller dimension
of S}, and thus for our choices Assumption 4.2 (i) cannot be verified
locally on each element, but must be done on macro-elements. Using
the fact that V}, comprises continuous displacements, and taking into
account the rigid body motions, we find that the dimension of e(V},)
restricted to one macro-element is 15 and not 4 x 5. The modification
of M ,’1 reduces the dimension of S;L on each macro-element by one, and
thus for all our examples the dimension of S restricted to one macro-
element is not less than 19. Moreover, a straightforward computation
on the macro-element shows that for all S¢, 1 < i < 5, Assumption
4.2 (i) is satisfied even if we work on macro-elements and reduce the
dimension of S}; restricted to a macro-element by one.

The other option is to enrich the displacement field. Assumption
4.2 (i) and (iii) are automatically satisfied if the displacement field is
discretized by biquadratic finite elements.

A third possibility is to work with the macro-triangulation itself
and replace M, ,’1 by Mgh. In all these three situations our new pairings
satisfy a uniform inf-sup condition.

+ | + + | - + | + + | -

+ |+ + | - - | - - |+

@ (b) © ©)

Fig. 4.1. Restrictions of the basis functions of M}L to a macro-element with +
indicating the sign inside the elements

5 A priori estimate for the displacement

In this section we show that, despite the presence of checkerboard
modes in the stress, as elucidated in the previous section, it is nev-
ertheless possible, under certain conditions, to obtain optimal -
independent a priori estimates of the displacement error. We will
show furthermore that the conditions are verified by all five cases
presented in Section 3.

The problem is approached by eliminating the discrete stress and
strain from the formulation. This static condensation can be per-
formed as Sy, and D), are defined locally on each element. The pro-
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cess applied to (2.8) yields a displacement-based formulation of the
following form: find uy € V}, such that

(Qne(vn), ChQne(un))o = L(vh), wvn € Vi, (5.1)

where @, is a suitable local projection and Cp, is some positive-definite
symmetric operator. The symmetry results from the symmetry in
(2.8). We note that the operators as well as the displacement depend
on Sy, Dy, and a. For simplicity of notation, we do not indicate this
dependence.

The derivation of the optimal a priori estimate is based on the
construction of a Fortin interpolation operator [11], which is shown
to satisfy an approximation property. Then a set of assumptions on
the operator Cy, together with the use of the approximation property
of the Fortin interpolation operator, permit the a priori result to be
obtained.

By analogy with the situation pertaining to the Stokes problem
and the use of the Q1—Fy element pair, we assume that the trian-
gulation 7;, has a macro-element structure and that there is a local
checkerboard free subspace M} C M, (cf. [13]). The space M; is the

orthogonal complement of M}, which is spanned by the local checker-
board modes (Figure 4.1 (d)). Moreover, we assume that the pairing

(v, M, ) satisfies a uniform inf-sup condition, where
V]f = {’Uh eV ’ (diV’Uh,qh)o =0, q € M];L} ,

and that both subspaces M, » and V;’ satisfy suitable approximation
properties [6,13]. In the following, we assume that w is the solution
of (2.1)—(2.4), uy, is the first component of the solution of (3.2), and
we set W := [H%(£2) N H}(02))%.

We recall that Fortin’s interpolation operator I f : W — V)? for
the stable Stokes pairing (V}?, M i) is given by the problem of finding

(Ifw,py) € V¥ x M} such that

(VIﬁwa vZh)(] + (le Zhaph)(] = (V’LU, Vzh)o, zp € K]j ’

. . 5.2
(dleﬁw,qh)o = (divw, gn)o, qn € M} . (5.2)

Lemma 5.1 Under the regularity assumption (2.6), the operator If
satisfies the approximation property

[ — Tully + Al div e — Iy (div I u) o < Ch|fllo

where IT}, is the L?-projection onto ]\/Zh.
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Proof Using the stability of the saddlepoint problem (5.2) and (2.6),
the upper bound for ||u — It u||; is standard. There exists a @ € W
such that divue = diva and |||z < C|| divul|;, see, for example, [2].
Observing the definitions of V}’ and of I ,f , we find that

(div I} w, gn)o = (div I} @, gn)o, an € My,
and thus ITy(div It w) = IT},(div IT @). In terms of (2.6), we obtain

| divw — Iy (div IEw)||o = || div e — [T, (div IE @) ||
< ||div(@ — Iy @)|lo + || div @ — IT, div @l
< C(la - Iyal + hlal-»)

) C
< Ch|divul|; < XthHO :

In this section, we provide some assumptions on ()}, and C;, under
which optimal a priori estimates for (5.1) can be established. These
assumptions can be easily verified for all given examples.

Assumption 5.2 The following assumptions are essential for -
independent constants in the a priori estimates: for vy, € Vp,

5.2(i) |le(vp)[§ < C(Qne(vn),CrQne(va))o;

5.2 (1) (Qne(vn),ChQne(wn))o = (€(vn), ChQre(wn))o, wp € Vi;

5.2(iii) H(Cth—HhC)E(’Uh)HQ < CH(Id—Hh)E(’Uh)HQ, where Hh 18
the component-wise and element-wise L*-projector onto piecewise
constant functions.

We note that Assumption 5.2(iii) is not met by the standard displace-
ment based formulation.

Theorem 5.3 Under the Assumptions 5.2(i)-(iii) and (2.6), the up-
per bound

lw = unlly < Chlfllo

for the discretization error holds, where C < oo is independent of A

and h.

Proof In a first step, we bound ||v, — up||1, vy € Vj, in terms of
|lvp, — ull1. Using Korn’s inequality and Assumptions 5.2(i)—(ii) and
(2.5), we find that

lon — unl} < Clle(vn, — un)|§ < C(Qre(vh — un), ChQre(vr, — un))o
= C ((e(vn — un),ChQne(vn))o — (€(vn — up),Ce(u))o)
< Cllvy, — upl1|ChQre(vy) — Ce(u)|lo -
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In terms of Assumption 5.2(iii), the triangle inequality, the properties
of I, and Lemma 5.1, we obtain

lw —wnlls < C(|(CrQ1 — IT1C)e(TFu) o
+ [[C(IT he(Ifu) — e(w))llo + [lu — I} ull1)
< C(\|| I (div TEw) — divul|o + ||e(w) — IThe(u)]|o
+ [lu — I uly) < Chl|fo -

Next, we consider the operators C; and ), in more detail. We
start by constructing an orthogonal decomposition of S} in the form

Sp=S; @S},
where
Sﬁ::{TESh| Ct € S}
and S} is the orthogonal complement of Sf.We note that S! C
devy, Sy, sphy S, C S5, and tr(sphy Sp) = tr S}.
Assumption 5.4 For any Tz,wz € St,
(T}, wh)o = (tr 7 trwh)o .

It is straightforward to verify this assumption for all our Cases
I-V. For Case III, we find S] = {0}, and for all other cases, S} is
spanned locally by the basis A in (3.1). Focusing on this basis, we
let 7, wp € StD be given by 7p,, = ay, Thy, = 0T, Thy, = Thy, = 0,
Why, = CY, Whyy = dT, Wpy, = Why, = 0. Then tr 7, = ay + b2 and
tr wp = ¢y + dz. Using the definition of the reference element we find
that

(%hv‘bh)o;f( = %(ac + bd) = (tr%h,tr&:h)o;f( ,
so that Assumption 5.4 is satisfied for all cases I-V .
Next, we characterize the discrete elasticity operator Cj,.

Lemma 5.5 (a) Under the Assumptions 3.1(i)-(ii) and 5.4, and for
o # —1, the operator Cp, is given by

24
Chep = CPSﬁeh + :P‘gﬁeh .

(b) Under the assumptions S, = Dy, and 5.4, and for o ¢ {—1,—2},

Ap(p+N)?*(2 +a)
A2+ u(2p 4 30 (2 + «)

where Pg}cl. and PSZ are orthogonal projections onto the spaces Sj,

Crep = CPSﬁeh + PSfleh ,

and Sfl, respectively.
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(¢) The operator Qy, is given by Qre(vy) = Ps,e(vy,) for both cases
(a) and (b), and the displacement-based formulation (5.1) is equiv-
alent to the three field formulation (3.2).

Proof The main idea of the proof is to use the orthogonal decomposi-
tion of S} as given above and to apply static condensation. In the case
that Assumptions 3.1(i)—(ii) hold, Lemma 3.2 yields o} = Cd},. In
terms of the decomposition given above, we can write o, = o + 0'2,
of € S5, of € S!. Using d), = C~loy, in the second equation of
(3.2), we get (e(up) — dp, 7r)o = 0. The orthogonal decomposition
of T, € S, with 7, = 7§ + 7} yields (e(up) — dp,75)o = 0 and
(e(up) — dp, 7)o = 0 from which using Assumption 5.4, we obtain

2p
— fyPSiE(uh) . (5.3)

oy = CPS}cLs(uh), and o}, = 1

We point out that 0 < 2v < 1 independently of \. If S, = Dy,
the first equation in (3.2) yields Pg, (B,(Cdy — o)) = 0. Using the
decomposition for dy,, we find that d;, = d5, + d,, dj € Sy, d, € St,
and

Ps; (Ba(Cdj, — 05)) =0, Pg; (Ba(Cdj, — 0},)) = 0.
Using the fact that C7 € S in Pse (Bo(Cdj, — 07,)) = 0, we have
¢ =C1o§. (5.4)
Assumption 5.4 in Pge (Bo(Cdj, — &%) = 0 yields

¢ Atylap—N)

d;, = VICES) oy, - (5.5)

In terms of (5.4) and (5.5), we can eliminate dj and d}, from the sec-
ond equation of (3.2). The elimination of dj, gives o, = CPsce(us),
and by means of (5.5), we obtain

Ap(p + 2?2+ a)
A2+ p(2p 430 (2 + o

Remark 5.6 The theoretical analysis requires that the discrete space
Sy, be a subset of Sy. This requirement does not present computa-
tional difficulties, since by using the bigger space S, := Sy ®span {1},
dim S, = dim S, + 1, we find that (P e(vp),1)o = (e(vn), 1)o =
(divop, 1) = 0, vy € V3. Thus @y, can be locally computed on each
element K € 7}, according to

0'2;1 = )Ps}tle(uh) . (5.6)

Qne(vp) = Py e(vp) € Sp, vp €V
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Remark 5.7 The operators specified in Lemma 5.5 are also well de-
fined for the cases @ = —1 and o = —2. Thus the displacement based
formulation (5.1) can be extended to these cases. The well-posedness
of (5.1) for « = —2 depends on S}, (see also Section 7).

In a next step, we provide sufficient conditions such that Assump-
tions 5.2(i)—(iii) are satisfied.

Assumption 5.8 sph, Sh\K CZICShy, KeTy.

By construction all our cases satisfy Z C Sj|,, and sphy, Sth =
Py(K)1 C Z. Thus Assumption 5.8 is satisfied for all our cases. We
note that Assumption 5.8 guarantees that the best approximation
error in the L?-norm of the space S; C Sy, is of order h.

Lemma 5.9 Assume that Assumptions 3.1(i), 4.2(i), 5.4 and 5.8 are
satisfied. If either the Assumption 3.1(ii) or Sy, = Dy and 0 < ¢g <
w2+ o) < Cy < oo hold, then the Assumptions 5.2(i)—(iii) are sat-
isfied.

Proof For both cases, we have the displacement based formulation
(5.1) with CpQre(vy) = CPSEE('Uh) + 0, A, a)PS}tls('vh), where

2
O(p, \, ) == 1—” in the first case, and
-

Ap(p+N)*(2 + a)
A2+ p(2u+ 3N (2 + a)
Since in both cases 6 is positive and bounded independently of A from
below, Assumption 4.2(i) yields

(Qne(vn), ChQne(vn))o
= (Psge(vn),CPsge(vn))o + 0(u, A, a)(Pst e(vn), Psie(vn))o
> C(Ps,e(vp), Ps,e(vh))o = Clle(vn) |3

O(p, \, ) == in the second case.

with a A-independent constant C'. Assumption 5.2(ii) is satisfied as a
result of Q, = Ps, , and C,Qre(vy,) € Sp. Now, we turn our attention
to 5.2(iii). Assumption 5.8 yields tr(Pse — ITp)e(vy,) = 0, and thus

(Crn@n — CII1)e(vn)=CPsce(vn) + 0(u, A, a) Pst e(vp) — CIT pe(vp)
=24u(Psce(vp) — ITpe(vp)) + 0(p; A, o) Pst ().

Since 6(p, A\, ) is bounded independently of A from above, it suffices
to show that

I(Psg — ITp)e(vp)llo < C(Id — ITy)e(vn) o (5.7)
[ Pste(vn)llo < Cll(Id — IIy)e(vn)llo -



22 B.P. Lamichhane et al.

To prove the first inequality in (5.7), we start with the identity
I(Pse —Id)e(vp)|[§ = ((Pse —Id)e(vp), (Pse — I +IT,—Id)e(vy))o -
By definition of Pge and Assumption 5.8, we find that
(Psg—IIp)e(vp) € Sp, and ||(Psg —Id)e(vp)|lo < [|(ITn—Id)e(vn)]o -

Hence the first inequality in (5.7) results from the triangle inequality.
Using ITpe(vy) € S5, and the orthogonality of S§ and S}, the
following upper bound is obtained:

1Pst e(vn) |3 = (= Psie(wp), (Id — Pst — Id + ITj)e(wvp))o
< [[Ps: (vn)lloll(Id — ITy)e(vn)llo -

Now, we show that Assumptions 5.2(i)—(iii) are satisfied for all our
cases. To do so we use Lemma 5.9. We recall that Assumptions 3.1(i),
4.2(i), 5.4 and 5.8 are satisfied for all our cases. Moreover Assumption
3.1(ii) holds for Case II, Case III and Case V and Dy, = S}, holds for
Case I and Case IV.

Remark 5.10 Lemma 5.9 provides sufficient conditions such that the
displacement based formulation (5.1) is well defined and yields A-
independent optimal a priori estimates. We recall that for Cases I
and IV, the choice of « is crucial. Setting o = A/p will result in
volumetric locking whereas the case a = 0, for example, will give good
numerical results. For the A-independent estimate, the assumption
0 <cg < (2+a) <Cj < oo is essential. We remark that this
condition on « is weaker than Assumption 4.2(ii).

To conclude this section, we show that the well known @Q1—Fy
saddlepoint problem can be analyzed as a special case of the extended
Hu-Washizu formulation.

Lemma 5.11 Case IV with o = —32)3\——:25 1s equivalent to the penalized

Q1-Fy saddlepoint problem (Stokes)

211(e(vn),€(un))o + (divon, pp)o = l(va), vn €V,
(div wn, qn)o — x(Prsan)o =0, qn € M}, .

Proof By static condensation, we can eliminate the pressure from the
saddle point problem and arrive at

QM(E(Uh), E(Uh))o—i-)\(ﬂh div vy, I}, div ’uh)o :E(vh), v, €V .
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Using the given «, we show that (5.1) is equivalent to the above
equation. With the given «, we get Cp1 = CPSﬁTh + QuPS}tlTh.
Hence

(Qne(vn), ChQre(un))o
= (Psge(vn), CPsce(un))o + (Pst e(vn), 2uPst e(un))o
= 2u(Ps, e(vn), Ps,e(un))o + A(tr Psce(vp), tr Psee(un))o
= 2M(PSh€(vh)a Pghé‘(uh))o + )\(Hh div vy, I}, div ’uh)o .

Finally, the result follows by using the fact that Pg,e(vy,) = e(vy)
for Case IV.

Remark 5.12 The choice a = —%125 does not satisfy Assumption

4.2(ii), but it does satisfy the bound 0 < ¢4y < (24 ) < Cy < .

6 A priori results for the stress

The results of the previous sections show that the lack of stability
resulting from the presence of a checkerboard mode is confined to
the stress, and does not affect the displacement. In this section, we
establish an optimal a priori result for a post-processed stress.

Let (up, dp, o) be the unique solution of the modified Hu-Washizu
formulation (3.2), and recall that the discrete stress can be written
in the form

oy, = devy oy + sphy o, = devy o + prl, pp € Mh .
Define the post-processed stress o} by
o; =devyon +pil, p; = Iipn ,

where II} is the L?-projection onto the checkerboard-free subspace
M;.
h

Theorem 6.1 Under the Assumptions 4.2(ii), 5.2(i)-(iii), 5.4, 5.8
and (2.6), the A-independent error bound

lo = allo < Chllfllo

holds for stress.
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Proof We start by eliminating the strain from the saddlepoint prob-
lem (3.2), to obtain a modified Hellinger-Reissner two-field formula-
tion. Using (5.3), (5.6) and the definition of 8(u, A, ), we find that

a(on, mn) — (e(un), 7)o = 0, Th € Sh
(e(vn).on)o =Ll(vp), vn €V,
where
1
d(o‘h,Th) = (Cglo'h,Th)o with Cnghzcilps}cLTh—i-mpszTh .

We define S; and VhL such that the orthogonal decomposition of
Sp=S;®M@1,and V), = V;? EBVhL holds, respectively. Then, we have
(e(v3),qi1)o = (divvy,qi)o = 0, vy € V2, g € M;'. Moreover,
since pj € My, a(pp1,73) = (C;, ' (pp1), 75)o = (C ' Pse (pj1),73)o =
0, and hence a(oy, 75) = a(oy, T3). -

Using the orthogonality between S} and M;'1 and observing that
(e(v}),prl)o = (e(v}),p;1)0 and a(op, T3) = a(oy, T3 ), we find that

(o}, up) € (S; x V) satisfies
&(UlszlSz) - (E(uh)’TfL)O =0, Tlsz € S}i ) (6.1)
(e(v}),o3)o =/l(vy), wv;eVy.

The bilinear form a(-, -) is not uniformly in A coercive on Sj x S;. We
recall that Sfl C devy, Sy, and decompose 73 according to 7 = T4 +
Th, 75 € S¢, Tl € Sh, and ¢ according to 7§ = devy, 7§ + sphy, 7.
Due to Lemma 4.1 and using the fact that 6(u, A\, ) is uniformly
bounded from above, we obtain

-~ S S — Cc C 1
a(ry,mh) = (C 17';” Th)o + W(TZa TZ)O

3 1
> (C L devy, T4, devy T4 )o + WHT}ZH(Q)

> (|| devy 51§ + [17413)
> cl| deva (7§, + T3)II5 = ¢l devn T35 -

To establish an upper bound for the norm of 77, we have to consider
sphy 77 in more detail. Definitions of sphy, devy, and S} yield that

sphy 73 = th 2q;, = trsphy Th € Ms Since (V}?, Ms) forms a stable
Stokes pairing, we can find v? o € vy such that

(ah, divog:Jo = 2[lg3lId,  [lvg: [l < Cllgillo -
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and the discrete spherical part of 77 can be bounded by

Isphi 74112 = 2043 = (a5, div 05, )o = (ah1, &5 )o
= (sphy T;i,s(vss))o
= (75, e(vg:))o — (devy 73, €(vg: ))o
< (Th,e(vg:))o + Cll devh 74 [[ol| sphn 75 [lo -

Applying Young’s inequality, we obtain

1733 = Il spha 753+ | devi, 7113 < € (75, w3y )0 + alri 7))

(6.2)
Replacing 73 by 75 — o and using the second equation in (6.1), the
first term in the upper bound of (6.2) can be estimated by

(75, = oh, €W —p;))o = (75, = 0, 6(vge _p2))o + (07 — o, €(vge 2 ))o

<|lmi = alollh — aillo -

To bound a(1} — o}, T} — o}), we have to use the first equation in
(6.1). This gives

a (T}, — O, T — O})

=" Tha Th — oh)o — (e(un), 7h — oh)o

=(C, 't —Clo Ti — o)+ (e(w) —e(un), 7 — o})o
<l O'hHo(HC 75, = C ol + [le(u — un)llo) -

Combining the last two estimates with (6.2), we find that

75— aillo < CUIC o — ¢ ri o + o — 7o + lle() — e(un) o) |

(6.3)

Since S5;, C S, C S; Assumption 5.8 guarantees that the best ap-

proximation error in the subspace Sj NS} satisfies infrs esenss |5 —

ollo < Chl|fllo. In terms of Theorem 5.3, the triangle inequality in
combination with (6.3) yields

Jo=ailo < (. inf  llr = 7illo+ le(w) el ) < Chlflo-

We recall that Cj, restricted to Sy, is identical to C.
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7 Numerical examples

In this section, we illustrate the performance of the formulation dis-
cussed in the preceding sections in some numerical tests. In particular,
we show the locking free response in the incompressible limit of the
proposed formulation by comparing the results with the analytical
solution and the results obtained from the standard (1-displacement
approach. All examples are in two dimensions, and based on four-
noded quadrilateral elements with standard bilinear interpolation of
the displacement field. Furthermore, we assume isotropy and plane
strain. The implementation is based on the finite element toolbox
UG, [3]. In our two examples, we use the modified Hu-Washizu for-
mulation (3.2) and apply static condensation.

Ezample 1: Cook’s membrane problem In this popular benchmark
problem [20,17,15], we set {2 := conv{(0, 0), (48, 44), (48, 60), (0,44)},
where conv¢ is the convex hull of the set £&. The left boundary of the
tapered panel (2 is clamped, and the right one is subjected to an
in-plane shearing load of 100N along the y-direction, as shown in
Figure 7.1(a). The material properties are taken to be E = 250 and
v = 0.4999, so that a nearly incompressible response is obtained. The

16| 100N ———
] ' 1000

o 10

A

Fig. 7.1. (a) Cook’s membrane problem with initial triangulation; (b) the square
beam problem with a mesh of four squares

vertical tip displacement at the point T is computed for the different
cases in Table 3.1, for different levels of uniform refinement, starting
with the initial triangulation shown in Figure 7.1 (a). As can be seen
from Table 7.1, the standard displacement approach and standard
Hu-Washizu formulation (o = A\/u) with stress and strain spaces
given in Cases I and IV exhibit locking whereas all other cases show

rapid convergence. We also observe the coarse mesh accuracy of Cases
II and III.
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Table 7.1. Vertical tip displacement at point T, Example 1

1

a=2 « independent a= a=—7 Q1-Po

1
lev | Q1 MI II 11T \% I A% I vV
2.00 | 2.00 | 4.00 | 4.58 | 3.15 | 2.93 | 2.70 | 3.18 | 2.82 | 3.01
2.07 | 2.08 | 540 | 5.64 | 442 | 418 | 3.76 | 4.53 | 3.97 | 4.31
2.10 | 2.12 | 6.73 | 7.02 | 6.24 | 593 | 5.60 | 6.20 | 5.83 | 6.28
222|759 | 752 | 717 | 7.00 | 6.85 | 7.13 | 6.97 | 7.21
232 | 254 | 7.59 | 7.68 | 7.53 | 7.45 | 7.40 | 7.50 | 7.45 7.55
2.84 | 339 | 7.69 | 7.73 | 7.67 | 7.63 | 7.62 | 7.66 | 7.64 | 7.68
4.03 | 494 | 7.74 | 775 | 773 | 771 | 770 | 772 | 7.71 .73

i
1
I

DU WN| =[O
[N}
—
ot

Ezample 2: Square beam  In the second example, we consider the
domain {2 := (0,2) x (0,2), which is fixed in the z-direction at the
point (0,2) and fixed in both directions at the origin. A linearly vary-
ing horizontal force is applied in the z-direction along the boundary
x = 2, with resultant point forces p = 1000 at (2,0) and p = —1000 at
(2,2) (Figure 7.1 (b)). This problem has also been considered in [23].
In Table 7.2, we present the vertical tip displacement at the point
A := (2,0) for E = 1500 and for different values of Poisson’s ratio
v, where v1,v9,v3 and vy are given by 0.4,0.49,0.499 and 0.4999,
respectively. The exact vertical displacement at A is 4(1 — v/?).

Table 7.2. Vertical tip displacement at point A, Example 2

a= % « independent a= % a= 7% Q1-Po
v Q1 I 11 111 A% I v I v
vi | 264 | 2.80 | 3.36 | 4.07 | 3.13 | 3.04 | 2.85 | 3.13 | 2.92 3.45
ve | 0.75 | 0.76 | 3.04 | 3.74 | 2.86 | 2.39 | 2.27 | 2.60 | 247 | 3.23
vs | 0.09 | 0.09 | 3.00 | 3.70 | 2.83 | 2.30 | 2.19 | 2.53 | 241 | 3.20

vy | 0.01 | 0.01 | 3.00 | 3.69 | 2.82 | 2.29 | 2.18 | 2.53 | 240 | 3.20

As in the previous example, the standard displacement approach
and the standard Hu-Washizu formulation with Cases I and IV show
the locking effect whereas all other cases exhibit stable behavior.
In particular, Cases II, V and @Q1—Fy give better numerical results.
Furthermore, the numerical results from Case II are almost exact.

To illustrate the dependence of the numerical solution uy on «a, we
show in Figure 7.2 the absolute error of the vertical tip displacement
at A versus a/2. The left picture shows the Case IV and the right
pictures shows the Case I. We set £ = 1500 and v = 0.4999. As can be
seen from Figure 7.2, the locking effect increases with . We note that
B, is singular for a = —1 but the displacement based formulation
(5.1) with Qp, and Cj, given as in Lemma 5.5 is well defined. Therefore,
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we use formulation (5.1) to compute the displacement here. For a =
—2, we find that Cp, =0 and (She = 83 = (S3)¢, and (S})° =T.

Thus Case 1V reduceshto Case 111, whereas for the Case I Assumption
5.2(i) does not hold locally for this special choice of a.

absolute error
© o o P
S [} oo [ N
absolute error

o
)

0] 0
-1 -0.5 0 0.5 1 -1 -05 0 0.5 1
al2 al2

Fig. 7.2. Error of the vertical tip displacement at A versus § € [—1, 1], Case IV
(left) and Case I (right)

8 Concluding remarks

In this work we have carried out a detailed analysis of a generalized
Hu-Washizu formulation, of which the classical formulation is a spe-
cial case. The generalization takes the form of a one-parameter family
of formulations. Attention is paid to the question of well-posedness
and convergence in the incompressible limit, and it is clear from a pre-
liminary analysis that the classical Hu-Washizu formulation is not the
appropriate setting in which to carry out such an analysis.

The first key outcome of this work is a result on well-posedness of
the generalized formulation, subject to conditions on the spaces Sy,
and Djy. Furthermore, the discretization error is shown to satisfy a
best approximation bound. -

For the choices of bases considered here the pair (V},, M}) does
not satisfy a uniform inf-sup condition, in that Mh contains checker-
board modes. Nevertheless it is shown that subject to conditions on
a discrete elasticity operator and the choice of the parameter «, the
displacement does satisfy a A-independent optimal error estimate.
Thus the lack of stability resulting from the checkerboard mode is
confined to the stress. A A-independent optimal error bound on the
post-processed stress is derived.

Two numerical examples are presented. These illustrate the lock-
ing behavior that occurs in the incompressible limit when the condi-
tions on the bases and on « necessary for stability are not met. The
results also illustrate the good behavior that is achieved otherwise.
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A more extensive set of numerical examples is presented in [10], in
a context the equivalence between various mixed and enhanced for-
mulations is clarified. In that work the presence of the checkerboard
modes in the stress is also illustrated.
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