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We consider finite element methods based on simplices t@ $b/ problem of nearly incompressible
elasticity. Two different approaches based respectivalyl@aal meshes and dual bases are presented,
where in both approaches pressure is discontinuous andecatatically condensed out from the sys-
tem. These novel approaches lead to displacement-basedrdtar finite element methods for nearly
incompressible elasticity based on rigorous mathemdiaalework. Numerical results are provided to
demonstrate the efficiency of the approach.
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1. Introduction

Low order finite elements based on quadrilaterals, hexahedsimplices exhibit a poor performance
when applied to a nearly incompressible elasticity prolsleiithis poor performance is well-known to
be the locking effect, that means, they do not converge tmifowith respect to the Lamé parameter
A. There are many approaches to overcome this difficulty. Govéoas remedy for such problem is
to work with higher order finite elements. For example, int68oVogelius (1985), it is shown that
working with theh-version finite elements of order higher than three on a adéssangular meshes
locking in linear elasticity can completely be avoided. @a bther hand, in BabuSka & Suri (1992a),
it has been shown that theversion can never be fully free of locking in rectangularsimes no matter
how higher-order finite elements are used in the sense thapsimal convergence rates are observed.
For the mathematical analysis of the locking effect, wertdeBabuska & Suri (1992a,b). An another
approach is related to working with mixed methods. The lirdasticity problem can be formulated as
a mixed formulation in many different ways, see Brezzi & Fo(l.991); Braess (1996, 2001); Arnold
& Winther (2002). The general approach in these mixed foatiohs is to introduce extra variables
leading to a saddle point problem. The essential point isrtwepthat the method is robust for the
limiting problem, which is the Stokes problem. Treatingpii€ement and the 'mean pressure’ as two
independent field variables, one of the mixed formulatisngiven by Herrmann (1965), which is also
known as the reduced form of Hellinger-Reissner principléne Herrmann principle has also been
extended to nonlinear hyperelastic problems in Reissnetl&rif1989); van den Bogest al. (1991);

de Souzeet al. (1996); Piltner & Taylor (1999). Other mixed formulatiora fnonlinear elasticity are
introduced in Gatica & Stephan (2002); Gatieal. (2007), see also Carstensen & Funken (2001);
Brink & Stephan (2001); Carstensen al. (2005). The approaches based on the bilinear or trilinear
displacement and piecewise constant pressure are oftentaiserercome the volumetric locking in
nearly incompressible elasticity, see Hughes (1987); Bi&#Fortin (1991); Braess (2001). Separation
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of volumetric and deviatoric response leads to the so-@dliébar method for linear and nonlinear

elasticity, see Hughes (1987); Nagtegatadl. (1974); Simeet al. (1985). The approach based on mixed
formulations has a close link with reduced integration sth& see Belytschko & Bachrach (1986);
Brenner & Sung (1992). Nonconforming finite element methioage also been analyzed for linear

elastic problems leading to the uniform convergence in gely incompressible case, see Falk (1991);
Brenner & Sung (1992); Leet al. (2003); Brenner (1993, 1994).

Most popular methods with low order finite elements basedoom-foded quadrilaterals or eight-
noded hexahedra are the methods associated with the eniamtcef the strain or stress field. The
method of enhanced assumed strain is derived by Simo & Rif#8) using Hu-Washizu formulation
and has become a popular approach in overcoming these Hiégcaf standard elements in linear and
nonlinear elasticity (Simo & Armero (1992); Sineb al. (1993)). The method of mixed enhanced strain
approach introduced in Kasper & Taylor (2000a,b) is alsceasn Hu-Washizu formulation. The
rigorous mathematical analysis of these approaches caoupel in Braes®t al. (2004); Lamichhane
et al. (2006).

The mixed enhanced formulation is also extended to singblineshes in Taylor (2000). However,
the formulation in Taylor (2000) is derived by using mineglent requiring that the pressure variable is
continuous. Similarly, the finite calculus formulation tzso been shown to perform well for simplices
for incompressible solids in Onag¢¢ al. (2004). There are a large number of publications devotdado t
analysis of average nodal pressure element based on sésipdiee e.g., Bonet & Burton (1998); Guo
et al. (2000); Bonetet al. (2001); de Souza Netet al. (2005). Although there are many approaches
proposed to solve a nearly incompressible elasticity gmlbdn simplices, a few approaches are based
on rigorous mathematical analysis. For example, the mixsglatement-pressure formulation and
the non-conforming approach analyzed in Brenner & SungZ)1 88 based on rigorous mathematical
analysis. However, the mixed formulation requires an u-stable pair for the displacement and
pressure, and working with discontinuous pressure, highder finite elements should be used. On
the other hand, the low order non-conforming approach shioelmodified to fulfil the discrete Korn’s
inequality (Falk (1991)). Hence, our approach is motivatedbtain a simple displacement-based low
order method with rigorous mathematical analysis.

In this paper, we consider a discretization scheme similah¢ approach based on enforcing a
constant pressure field over a patch of triangles or tetrai{@bnet & Burton (1998); Guet al. (2000);
Dohrmannet al. (2000); Bonetet al. (2001); Pireset al. (2004)). This type of scheme is introduced
in Bonet & Burton (1998) and is called average nodal presimmaulation. It is extremely easy to
implement such scheme in the existing codes and has manpdperties. The idea of using average
nodal pressure formulation can be traced back to finite velschemes, where control volumes are built
by using a finite element mesh (Bank & Rose (1987); Evéithgl.(2002)). We combine the idea of finite
volume element method with the mixed finite element methagptace the continuous pressure with
the discontinuous one and analyze the average nodal pedssonulation under the framework of mixed
finite elements. In particular, we consider the nearly inpoessible linear elastic problem and discuss
the stability of the finite element formulations. The an@ysdone by taking into account the primal and
dual meshes, where the respective variables: the disptteand the pressure are defined. The analysis
shows that the average nodal pressure formulation doesatistysthe uniform inf-sup condition and
it is necessary to enrich the displacement space with buibbkgions as in the mini-element (Arnold
et al.(1984)) to obtain a stable formulation. Using the pieceadiizear polynomial space enriched with
a bubble function per element for the displacement, we shawthe inf-sup condition holds uniformly
for the discontinuous pressure defined on the dual mesh. @gred of freedom corresponding to the
pressure variable can be statically condensed out fromytsters leading to a simple displacement-
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based formulation. The implementation is made easy usiadjrikarity of the displacement field and
an interesting property of the bubble function on the cdiotume.

We also present a next approach based on primal and dualwhggsis alternative to the average
nodal pressure formulation. In this approach, the solujwerce and the test space for the pressure are
different leading to a scheme like Petrov-Galerkin. Theigoh space for the pressure is discretized by
using the standard linear finite element basis whereas wthastual basis to discretize the test space
for the pressure. The dual basis can be locally construdeddilyg a diagonal mass matrix. As in the
average nodal pressure formulation the pressure can lieafitatondensed out from the system. The
inf-sup condition follows easily by using standard arguisert-urthermore, this idea paves a general
way to show that many formulations based on primal and duahe®can be written as formulations
based on primal and dual bases. In particular, this is usafyiroblems where the construction of dual
meshes is complicated.

The structure of the rest of the paper is organized as folldwshe next section, we briefly recall
the standard and a mixed formulation of linear elasticitgcti®dn 3 is devoted to the mathematical
analysis of the discrete problem. Using the fact that the-element introduced in Arnolét al. (1984)
satisfies the uniform inf-sup condition, we show that thefam inf-sup condition also holds for the
discontinuous pressure as far as we work with the dual meshdgressure. In Section 4, we introduce
the alternative approach based on dual bases, and nunresa#is are presented in Section 5. Finally,
we draw conclusion in the last section.

2. The boundary value problem of linear elasticity

This section is devoted to the introduction of the boundalye problem of linear elasticity. We con-
sider a homogeneous isotropic linear elastic material bmzbyipying a bounded domai@ in RY,
d = {2,3} with Lipschitz boundary . For a prescribed body fordes [L2(Q)]%, the governing equilib-
rium equation inQ reads

—divo =f, (2.2)

where o is the symmetric Cauchy stress tensor. The stress tenserdefined as a function of the
displacementi by the Saint-Venant Kirchhoff constitutive law

o= %‘K(Dqu[Du]T), (2.2)

where% is the fourth-order elasticity tensor. The action of thesgtity tensorg” on a tensod is defined
as
o=%d:=A(trd)1+2ud. (2.3)

Here,1 is the identity tensor, andl andu are the Lamé parameters, which are constant in view of the
assumption of a homogeneous body, and which are assumedgoshe displacement is assumed to
satisfy homogeneous Dirichlet boundary condition

u=0 on TI. (2.4)

We are interested in the nearly incompressible case, whiglesponds td being very large.
Standard weak formulation.

We will make use of the spa¢&(Q) of square-integrable functions defined@mwith the inner product

and norm being denoted Ky, -)o and | - ||o, respectively. The spaded(Q) consists of functions in
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H1(Q) which vanish on the boundary in the sense of traces. To viete/eak or variational formulation
of the boundary value problem, we introduce the spdce- [H3(Q)]¢ of displacements with inner
product(-,-); and norm| - ||; defined in the standard way; that g, Vv); := 3 (U, vi)1, with the norm
being induced by this inner product.

We define the bilinear form(-,-) and the linear functiondl(-) by

A:VXV =R, Auyv) = [oFe(u):e(v)dx
0:V R, lv) = [of-vdx

Then the standard weak form of linear elasticity problemsi$alows: given/ € V’, find u € V that
satisfies
A(u,v)=4(v), veV. (2.5)

The assumptions off guarantee tha(-,-) is symmetric, continuous, and-elliptic. Hence by using
standard arguments it can be shown that (2.5) has a uniqueosoll € V. Furthermore, we assume
that the domair is convex and polygonal or polyhedral such that [H2(Q)]9 NV, and there exists
a constan€ independent ok such that

[[ull2+Alldivuljs < C]fllo- (2.6)

The a priori estimate (2.6) has been shown in Brenner & SuB8ZJ)Lfor the two-dimensional linear
elasticity posed in a convex domain with polygonal boundseg Kozlovet al. (2001) for the three-
dimensional case with convex domain and polyhedral boyndar

Mixed formulation. As pointed out in the introduction, the linear elasticitpblem can be recast
into different mixed formulations. The easiest mixed fofation is given by introducing pressure as
an extra variable, which leads to penalized Stokes equatidefiningp := A divu andL%(Q) ={qe
L?(Q) : [oqdx= 0}, a mixed variational formulation of linear elastic probl¢m5) is given by: find
(u,p) € V x L3(Q) such that

bug) - cpa = 0 g € L§Q), ‘
where
a(u,v) 72;1/ v)dx b(v,q): / divvgdx andc(p,q) / pgdx

We note thap € L%(Q) because of the homogeneous Dirichlet boundary conditibe.bilinear forms
a(,"):VxV—=R,b(-,"):VxL3(Q)— Randc(,-): L3(Q) x L3(Q) — R satisfy the followinghree
conditions of well-posednesssee Brezzi & Fortin (1991); Braess (2001).

1. The bilinear forma(-,-) is continuous, symmetric and elliptic &y := {ve V: b(v,q) =0,q¢
L3(Q)}, i.e., there existsp > 0 such that

a(v,v) > ag||v||1, v € Vo.

2. The bilinear formb(-,-) is continuous and satisfies the inf-sup condition, i.e rettexistsBy > 0
such that
b(v,q)

inf SUpi/Bo, # 0, [|ql[o # 0.
ity S gl = P VIl # 0 lal
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3. The bilinear forne(-, ) is continuous, symmetric and positive semi-definite, i.e.,
c(0,0) > 0, g€ Lj(Q).

Hence, the problem (2.7) has a unique solution which depenatinuously on the right hand side, see
(Brezzi & Fortin, 1991, Section 11.1.2) and Braess (1996§ Wéte that the bilinear foria-, -) is elliptic
not only onVg but also on the whole spate

3. Finite element discretizations

We consider a locally quasi-uniform triangulatiof of the polygonal domai®, where %, consists of
simplices, either triangles or tetrahedra. We will uggto denote the set of all nodes or verticesZf

A= {i:iis avertex of element € %}, andN := #.4,.

Fori € 4, X will denote the geometrical coordinates of the veriteand the vertex will also be
identified with its geometrical coordinatgs A dual mesh7;* is introduced based on the primal mesh
h so that the elements of," are called control volumes. We introduce the dual mesh bynargd
scheme for a triangle. For each triangular elenert 7, with verticesxr1,Xr2 andxys, we select a
pointct insideT, and select three poinks 12, Xr23 andxya: in each of the three edgesdf Connecting
cr to these points on edges by straight lines, a triangle isldivinto three quadrilatera@@i, 1 <i < 3,
see the right picture of Figure 1. Each quadrilat&al shares a vertex;i of a triangleT, 1 < i <

3, and hence corresponds to the verkex of the triangleT. For each vertex € .4, we select a
set of trianglesZ := {T € %, : T shares the vertei¥ and form a set of quadrilateral®; := {Q:

Q corresponds to the vertéxof the triangleT, T € .7i}. The control volumeV; corresponding to the
vertexi is defined a3/ := Ugec 2,Q, and we callyj = ViNV;. We also usé&/;i to denote the control
volume corresponding to the vertgy of the triangleT. The collection of these control volumes then
defines a dual mesh, see Figure 1. In Figure 1, the empty €iddaote the midpoints of the edges,
whereas the filled circles denote the centroids. We pointi@ita similar construction can be followed
for a tetrahedro selecting four points each on four faces, four points on fxges and a poirty
insideT.

XT31

Fic. 1. Primal and dual meshes with verticgsand x;, the interfacey; of Vi andV; and the triangleT divided into three
quadrilaterals in 2D case

We call the control volume mes# " locally regular or locally quasi-uniform if there exists asitive
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constantC > 0 such that
CI < M| <h, Vie &,

whereh; is the maximum diameter of all elemeritss 7. The quantityh; also denotes the local mesh-
size at theé-th node of.%,. Among many ways to introduce a regular dual megh, depending on

the choices of the poirgr in an elemenT € 7, and the points on its edges or faces, we use a popular
configuration in whicker is chosen to be the barycenter or centroid of an elefents;,, and the points

on the edges or faces are chosen to be the midpoints of the edégees off . It can be shown that, if
his locally regular, i.e., there is a const&hsuch that

CH < |T|<h;, Te %

with hy = diam(T) for all elementsT’ € %, then this dual mest¥;* is also locally regular. Le§, be
the standard linear finite element space defined on the triatign 7,

Sii={ve HY(Q): v, € 24(T), T € %},
and its dual volume element spa§e
Si={peLf(Q): py € Zo(V), V€ F'}.

Let p; be the nodal value of, at the vertex € 44, 1 <i <N. Then,p, = ziNzlui(g if phe€ S and
ph = ZiN:1 pixi if pn € S, whereq are the standard nodal basis functions associated withdtiein
andy; are the characteristic functions of the voluxhe

Defining the space of bubble functions

Bn:={br e Hl(T) : bT‘{7T =0, and/Tdex> 0, Te %},

we introduce our finite element space for the displacemémﬁas [Shép Bh]d. In particular, we consider
two types of bubble functions. The first one is the cubic balfbhction defined on an elemehtwith
centroidcr asbr(x) = cbl'lidjll)\Ti (x), whereAi (x) are the barycentric coordinates associated with the
vertexxri, and the constart, is defined in such a way that(cr) = 1. The second type of bubble
function can be defined by partitionifiginto d 4+ 1 elements by joining the centroid of the triangle or
tetrahedrofm with its vertices and defining a piecewise linear functioagihg zero boundary condition
on dT, and satisfyindir (cr) = 1, see Girault & Raviart (1986); Brezzi & Fortin (1991); Qteaoni &
Valli (1994).

Then, the finite element approximation of (2.7) is defined aslation to the following problem:
find (un, pn) € VB x §; such that

a(Un,Vh) +b(Vh,pn) = £(Vh), Vh € V§,

3.1
b(un,an) — $¢(Pn,Gh) = O, G € S (3.1)

To establish a priori estimates for the discretizationmsrave consider the saddle point formulation
(3.1) of the elasticity problem and apply the theory of miXiite elements. In particular, we have
to check thehree conditions of well-posednesgiven in the previous section. The continuity of the
bilinear forma(-,-) on VE x VB, of b(-,-) on VE x S and ofc(,-) on §; x S; is straightforward. By
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using the Korn’s inequality, it is standard that the ellifiti of the bilinear forma(-, -) holds onVﬁ X Vﬁ.
Itis also trivial to see thad(-,-) andc(-,-) are symmetric, and(-, -) is positive semi-definite. It remains
to show that the uniform inf-sup condition holds for the tdar formb(-,-) on VE x S;. That means,
there exists a constafit> 0 independent of the mesh-size such that

sup b(Vh, 0n)

vpeve [Vnlle

> Bllanllo, oh € S (3.2)

In the first step, we show that the average nodal pressureufation presented in Bonet & Burton
(1998) does not satisfy the inf-sup condition making it eis¢to enrich the space of linear displace-
mentVy, with bubble functions. The average nodal pressure fornmds obtained from (3.1) by
replacing the space of displacem&fﬁt with Vy, := [S]9. We start with theP;-P; finite element pair,
which is well-known to be unstable (Girault & Raviart (198Byezzi & Fortin (1991); Quarteroni &
Valli (1994)). Assume thapn € SN L3(Q) with p, = SN ; pi@. We introduce an operator

Ih:SNL3(Q) — S

with
/T(ph* Ihpn)dx=0, T € F.

If the dual meshy;" is constructed by using the barycenters of triangles caltetra and the mid-points
on the edges or faces, the operdtas a standard interpolation operator with

N
Ihph: Pi Xi
i; i Xi

see Ewinget al. (2002). Then, it is easy to see that there exist positivetaotsC; andC, with

Callphllo < [lIhPnllo < C2||phllo-

Furthermore, we have
b(Vh,phflhph):/ divVvh (Ph— Inpn) dx= ;/diVVh(phlhph)dX
Q St YAl
Using the fact that divy, is constant in each elemehte %, we obtain

b(Vh, Ph—ThPn) = ) diVVh\T/(ph—|hph)dX=0.
TED T

Thus for anyp, € S N L%(Q), we obtainlypn € § so thatb(vh, pn) = b(vh, Inpn). Hence, without
enriching the displacement space, no uniform inf-sup dmrdcan be shown.

In the next step, starting with the stable p@itS, S, NL3(Q)), see Arnoldet al. (1984), we show
that the pai(VE, S;) also satisfies the uniform inf-sup condition. The crucidhpof the analysis is the
possibility to define an interpolation operator (Ewietgal. (2002))

I S — SiNL3(Q)
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satisfying the following properties: givan, € Vﬁ, we can construct an elemerjf ¢ Vﬁ so that there
exists positive constan® andC, with

Vil < CallVhllz,  b(vh,an) = Cob(vh,liah), oh € S, (3.3)

and there exist positive constaisandc, with

c1l/anllo < [[Indhllo < c2]|ah]lo- (3.4)

In the following, we use generic constartandC. They do not depend on the mesh-size and do not
degenerate wheh — co,

THEOREM 3.1 Assume that the interpolation operalpisatisfies the equations (3.3) and (3.4). Then
the finite element paifVE, ;) satisfies the inf-sup condition (3.2).

Proof. Let p, € S. With the definition of the interpolation operator, we haye, € S,NL3(Q). Since
the pair(VE,$,NL3(Q)) satisfies the inf-sup condition, we can find an elenvgnt VE satisfying

b(Vh, 1;0n) > C|[1;;0nl13, and||va|[1 < C||I5ah]lo.

Hence, using the properties (3.3) and (3.4) of the intetjmsizoperator;, we can find an element
v, € VB with
b(v}y,Gh) > CB(Vh, I50n) > Cll1chnll§ > Cllcnll5,

and
[Vhll1 < Cllvnll2 < C[Ifahllo < Cl|thllo-

Hence, the proof follows. O
Assume thaf is either the reference triangle or reference tetrahednoaf is a positive constant
with 8 := Jsbsdx Suppose thal € % is a triangle or tetrahedron with vertices, 1 <i<d+1,
whereT' € .4, andVyi are the control volumes associated with the vertiges It is easy to see that
d(T NV4i) can be decomposed intal2ine segments in 2D andd2polygonal domains in 3D, where
d-line segments ad-polygonal domains lie inside the elemd@ntand the rest lies on the boundaryTaf
We denote thesa-line segments od-polygonal domains lying inside the elemdnby y%i ,1<j<d.

LEMMA 3.1 If My is the Jacobian of transformation from a physical eleretat the reference element
T, Jr :=detfMr) and6, j == j'yjA_ b; do, then we have for Ki<d+1
T!

d
Obr @ dx= — 63 0GM= L, and/ Obrdx=Jr S 8 A;M-L,
/T bra TUaM; v by Tgl LinjMy

wheref; are the normals to the line segments or polygonal domﬁjn& < j < d, written as row

vectors inRY, and@,1 < i < d+ 1, are the linear finite element basis functions corresponttirthe
reference elemerit.

Proof. Observing

frDbT(quZ./I‘_D(ngq)dX*/rbTD(qua
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we use Gauss theorem and the fact thhat= 0 ondT to obtain
/ Obr @dx= —/ br Ogdx
JT T
Sincellq is constant ofT, we have
/ DbT(gdx:fD(n/ bt dx
T T

The first result follows by transforming the eleménto the reference elemeit For the second resullt,
we start with the transformation @finto T, and apply the Gauss theorem to get

. d
Oby dx— / be do ;ML
./I'ﬂVTi bT JT JZl y%i i T

Finally, the second result follows by using the definitiorépjf. O
By directly computing the relevant quantities on the refieeeelement, the following identity can
easily be verified for both types of bubble functions.

d
—D(g:aza,jﬁj, (3.5)
=

whereaq is a constant depending on the bubble function.

LEMMA 3.2 Using Lemma 3.1 in combination with equation 3.5, we have
/Dququ:aé/ Obt dx
T TV

In the following, we have assumed that our bubble functidises the relation (3.5), which is
verified for two types of bubble functions. We note that theuteof Lemma 3.2 can be extended to any
symmetric bubble function.

LEMMA 3.3 Assume that the dual mesHj* is constructed by using the barycenters of triangles or
tetrahedra and the mid-points on the edges or faces, andutitdebfunctions satisfy 3.5. Then, the
interpolation operato’ : S, — $,NL3(Q) defined by

N
han =S aia
2,9

satisfies the conditions (3.3) and (3.4), whexe- ZiN:1QiXi €S,

Proof.
Here, it is easy to check that for agy € S, we have

/T(qh— Ihoh)dx=0, T € %

so that[, (g — I}:0n) dx = 0, and hencé:qg, € L3(Q). We start with the definition of the bilinear form
b(-,-) so that forvy € VB andan € S, we have

b(Vhth*IﬁQh):/QdiVVh(Qh*IﬁQh)dXZ > /TdiVVh(CIh*IGQh)dX
: TeES"
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Now, Vi, = s, + by with s, € $ andby, € Bﬂ. With this decomposition of},, we have
b(Vh, th — 1hGh) = Zﬁ / divsh (o — Ipgn) dX+ / divbp (gh — I50n) dx
TeRIT T

Using the fact that dig;, is constant in each element the first integral in the right side of the above
equation is zero. Therefore, we obtain

b(Vh, Gh — In0h) = b(bh, Gh — 1n0h)-

AssumingS := suppg, for by, € [By]9, we can write

N . N
b(bn, 0 = -/divbd and b(bp,17q,) = -/divb dx
(bn, th) i;ql-vi hdx, (bn, I dn) i;% . h@

Since by, belongs to the space of bubble functions, restricted to emehtT, it can be written as
by, = arbt for some constant vectay. Now, we decompose the integrals inside both sums into each
element

N N
b(bn.g) = S G a~/ Obrdx, and b(by, i) = S g a~/DbT dx
(bn,an) i;ChTé T v, X, (Pn, InTn) i;ChTé T | Cbra

Definingvy, := sy + a6by, and using the result of Lemma 3.2, we get

b(Vh, dh) = b(Vh, InGh)-

Sinces, andby, are linearly independent, amdd is a positive and fixed constant, it easily follows that
[IVis|l1 < C||vn||1 proving the first condition (3.3). The second condition {3odlows easily by using the
fact that||1;:gn|3, [|an||3 ands N ; ?h? are equivalent, wher is the local mesh-size at tlith node of
T O
Hence, the bilinear forma(-,-), b(-,-) andc(-,-) satisfy allthree conditions of well-posedness
on the discrete subspac¥§ and S, given in Section 2, and therefore, the discrete problem) (3.1

well-posed and the following theorem holds, see Brezzi &Rqd991); Braess (1996).

THEOREM 3.2 The discrete problem (3.1) has exactly one solutignpn) € VE x S, which is uni-
formly stable with respect to the dataand there exists a constahtndependent of Lamé parameter
such that

lunll1+ [IPnllo < Cl[fllo.

The convergence theory is provided by an abstract resulitahe approximation of saddle point
problems (Brezzi & Fortin, 1991, Section 11.1.2).

THEOREM3.3 Assume thafu, p) and(up, pn) be the solutions of problems (2.7) and (3.1), respectively.
Then, we have the following error estimate uniform with esEoA:

lu — ulr + P — oo < C<infBIU—VhI1+ inf |p—Qh||0>- (3.6)
OheS,

VheVp
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Since the spacvﬁ contains the space of piece-wise linear polynomials witipeet to the primal
mesh.%;, andS;, contains the space of piece-wise constant functions withaet to the dual mest”,
Theorem 3.3 yields the linear convergence of the energy wbthe error with respect to the mesh-size
if ue [H?(Q)).

REMARK 3.1 We point out that the node-based uniform strain elemf@ntsimplices introduced in
Dohrmanret al. (2000) can be recovered by defining the displacement fielh@ptimal mesh and the
stress field in the dual mesh in the Hellinger-Reissner prolf finding(up, o) € Vi, x S such that

Jo € ton:Thdx —[p&(up):Thdx = O, The S,
[o £(vh) : on dx — Jaf-vndx Ve Vi

whereS;, := [S]9%9. However, the coercivity of the bilinear form does not hofdfarmly in this case.

In the rest of this section, we briefly recall how the schemrelmimplemented for a nearly incom-
pressible elasticity problem in the displacement-basedtitation. From the second equation of (3.1),
we can writep, = S ; pixi with

A
MM

Hence, after condensing out the pressure from the fornoulatie arrive at a problem of finding, € VE
so that

pi O-updx

N A . .
a(up,vh) + Zm ( O uhdx) ( O -vhdx) ={4(Vh), Vh € Vﬁ. (3.7)
=1 Vil \VVi JVi

Since the solution of equation (3.7) is the same as the solufj of the saddle point problem (3.1), the
discrete solution of (3.7) converges linearly to the exatut®on in the energy norm independently of
A.

We point out that since the displacement is enriched wittblufunctions diw}, is not constant in
each element. However, using the result of Lemma 3.2, we lfiatd t

‘D-bthZTzs/ D-bthZTzS/ aT-Ddex:—ETzSaT-D(nJT.
N & JTom S /TV aq,c

Hence, there is no difficulty in computing the pressure-dbuation of the bubble function. After elim-
inating the degree of freedom corresponding to the pressniable, the static condensation of the
bubble function becomes difficult during the assemblingpss. However, if the control volum@g|,

1 <i <N, are computed a priori, the coupling between the pressutehanbubble can be separated,
and the degree of freedom corresponding to the bubble furgtian be statically condensed out from
the system during the assembling process.

REMARK 3.2 The scheme can also be implemented in the framework dfesadint problem as in the
case of mini-element. In this case, the algebraic formutetif the problem can be written as

(8 %)(2)=(5)

whereA, B andC are matrices associated with the bilinear formgs-), b(-,-) andc(-,-), respectively,
andfy, is associated with the linear fornds). However, in contrast to mini-element, the mai@xs
diagonal and the degree of freedom corresponding to theymesan easily be condensed out from the
system leading to a positive definite formulation.
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4. Alternative approach based on dual bases

Here, we show that we can also work with the space construmtettlial basis functions instead of
a dual mesh to obtain the diagonal structure of the m&trix (3.8). We start with the space of the
standard linear finite element functioBsspanned by the bas{s,--- , ¢h} and construct a dual basis
Mn spanned by the basigu,---, un} so that the basis functions & andM;, satisfy a condition of
biorthogonality relation

[ modx=c;8, ¢ #0,1<i,j<n, @)
Q

wheren ;= dimM;, = dim§,, §;j is the Kronecker symbol, argj a scaling factor. This scaling factoy

can be chosen as proportional to the gsespp;|. It is easy to show that a local basis on the reference
elemenfl can be easily constructed so that the equation (4.1) holqsidily, for the reference triangle
T:=={(xy): 0<x0<Yy,x+y< 1}, we have

f1:=3—4x—4y [1p:=4x— 1, andfiz := 4y — 1,
and for the reference tetrahedrbn= {(x,y,z) : 0 < x,0<y,0< zx+y+z< 1}, we have
fl1:=4—5x—5y—5z [l :=5x—1, andfiz :=5y— 1, fi5 ;= 52— 1.

Then, the finite element approximation of (2.7) is defined aglation to the following problem: find
(Un, Pn) € VB x $,nL3(Q) such that

a(Un,Vh) +b(Vh,pn) = £(Vh), Vh € V§,
b(Un,dn) — +¢(Pn,Gh) = O, G € M.

We point out that the trial space is spanned by the continlingar finite element basis functions,
whereas the test functions are not continuous. Howeverppeoach is conforming ad, c L2(Q).
Because of the biorthogonality relation (4.1) between thgidbfunctions ofg, and My, the matrixC

in (3.8) is diagonal, and therefore, static condensatioih@fpressure can be done as before. We note
that the Petrov-Galerkin discretization is used for thespuee as the trial and test spaces are different
resulting in a non-symmetric saddle point system. By reseto the mini-element, it is possible to show
that both the pair¢VE, S,) and(VE, M) satisfy the inf-sup condition. Sin ?jll;fli =1,itiseasyto
prove that the spaddy, contains all piece-wise constant functions with respetiiéamesh?;, see also
Kim et al.(2001). Hence, all spacé&, Vﬁ andMy, have optimal approximation properties. Therefore,
combining the ideas of Braess (1996) and Nicolaides (19B@)nardiet al. (1988), stability of the
discrete system (4.2) and the optimal approximation ptgpafithe discrete solution can be shown.
Details of the mathematical analysis will be presentedsisee.

4.2)

5. Numerical Results

In this section, we illustrate the performance of the foratioh discussed in the preceding sections
in some numerical examples. In particular, we show the luogfree response in the incompressible
limit of the proposed formulation by comparing the resulithvwhe analytical solution and the results
obtained from the standard displacement approach and thiesteiment formulation. We point out that
the continuous pressure space is to be used in case of theelminent, whereas we use discontinuous
pressure space so that the degree of freedom correspoondimg pressure can be statically condensed
out to obtain the system only based on the displacement.ndisgpisotropy in all examples, the two-
dimensional test examples are computed with plane straimggstion.
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ExamMpPLE 1: COOK'S MEMBRANE PROBLEM This is a popular benchmark problem for the nearly
incompressible elasticity, see Simo & Rifai (1990); Kiess& Reddy (2001); Kasper & Taylor (2000a).
Let Q :=con¥{(0,0),(48,44),(48,60), (0,44)}, where cony is the convex hull of the set. The left
boundary ofQ is clamped, and the right one is subjected to an in-planersigeimad of 100N along
they-direction, as shown in the left picture of Figure 2. The miatgroperties are taken to k= 250
andv = 0.4999, so that a nearly incompressible response is obtaifleel.vertical tip displacements

48
.T i
—©- dual mesh
s dual b:
19 1008 -

—¥— standard

44

vertical tip displacement at T

10" 107 10°
number of elements per edge

FIG. 2. Cook’s membrane problem with initial triangulationf(Jend the vertical tip displacement versus number of efemper
edge

at the point T computed using different finite element foratioins are presented in the right picture of
Figure 2, for different levels of uniform refinement, stagtiwith the initial triangulation shown in the
left picture of Figure 2. As can be seen from the right pictof&igure 2, the standard displacement
approach exhibits extreme locking whereas all other amg@mshow rapid convergence. We can see
that both of our approaches perform equally well as the mli@ment approach.

EXAMPLE 2: RECTANGULAR BEAM. In this second example, we consider a linear elastic beam of
rectangular size subjected to a couple at one end, as shdwiguire 3. Along the edge= 0, the hori-
zontal displacement and vertical surface traction are. z&rthe point(0,0), the vertical displacement

is also zero. The exact solution is given by

u(x,y) = 1 v

We setlL = 10,| = 2, E = 1500,v = 0.4999, andf = 3000. We have shown the setting of the problem
in Figure 3, and the discretization errors with respect éorthmber of elements are presented in Figure
4. As can be seen from Figure 4, the standard approach lockpletely, whereas we get very good
numerical approximations with primal-dual approachesmaird-element.

EXAMPLE 3: THICK WALLED SPHERE UNDER INTERNAL PRESSURE In this numerical example,
the proposed formulation is tested for volumetric lockinghe three-dimensional case. A thick walled
sphere having internal radius= 7.5mmand external radius = 10mmsubjected to a uniform internal
pressure® = IN/mn? is considered (Timoshenko & Goodier (1970); Kasper & TayRi00a)). The
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FiG. 3. The rectangular beam with initial mesh and problemrsgtti

10°
-1
§ § 10 ¢
: P )
o, 107 T S
—©—dual mesh —©—dual mesh
—‘ﬁ'—du_a_l base _,| —*—dual base
—&—mini 10 °F —8— mini
107} —¥—standard —¥— standard
- - o) ---0(h)
10° 10° 10 10° 10° 10
number of elements number of elements

FIG. 4. Error plot versus number of elemeritd;norm (left) andH™-norm (right), rectangular beam

linear elastic material is assumed with modulus of elagtigi= 250N /mn?, and different Poisson’s
ratiosv as shown in Table 1. Only one octant of the sphere is disegktiz shown in the right picture of
Figure 5 with symmetrical boundary conditions. The radigpthcement (with respect to the analytical
solution given in Timoshenko & Goodier (1970)) at point A @nepared using different discretization
schemes in Table 1. As expected, standard finite elemenislebking in the incompressible range of
v, while all other formulations show a good behavior.

TABLE 1 The radial displacement at A for thick walled sphere

Poisson’s ratiov dual mesh dual base mini Py exact
0.490000 0.022404 0.022394 0.022425 0.024205 0.022276
0.499000 0.022014 0.022001 0.022038 0.028152 0.022407
0.499900 0.021975 0.021962 0.021999 0.024972 0.022421
0.499990 0.021971 0.021958 0.021995 0.013638 0.022422
0.499999 0.021971 0.021957 0.021995 0.004587 0.022422

6. Conclusion

We have presented two finite element approaches based oal@mi dual meshes and primal and
dual bases to solve the problem of nearly incompressibktieity. Working with the space of linear

finite elements enriched with bubble functions for dispfaeats, we have shown that the uniform inf-
sup condition holds for both cases. Since the degree of draefr the pressure can be statically
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A

z X

FiG. 5. Domain with triangulation for Example 3

condensed out from the system in both cases, the resulthepse is based only on displacements.
The numerical results show that both approaches perforrallgquell as the mini-element approach.
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