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Chapter 1

PROJECTION AND INTERPOLATION BASED
TECHNIQUES FOR STRUCTURED AND | MPULSIVE
NOISE FILTERING

Bishnu Lamichhane and Laura Rebollo-Neira
Aston University
Birmingham B4 7ET, United Kingdom

Abstract

In this chapter we present the relevant mathematical backgkto address two
well de ned signal and image processing problems. Namélg,droblem of struc-
tured noise ltering and the problem of interpolation of siisg data. The former is
addressed by recourse to oblique projection based teamighilst the latter, which
can be considered equivalent to impulsive noise lterirgytackled by appropriate
interpolation methods.

1 Introduction

Structured noise ltering is a particular problem of signal separation, iickvtne subspaces
hosting the signal components are assumed to be known and complemertiasy. tie
Itering can be realized in a straightforward manner by recourse to an wblijojection
onto the subspace where one of the signals belongs, and along thesulbgsting the
other components. A number of signal processing applications in whichriiggure is
of assistance are discussed in [1].

Oblique projectors were introduced early [2, 3]. Recently there has ®eenewed in-
terest in their properties [4—6]. As a very small sample of the publicationserning sig-
nal processing application of oblique projections we could mention [7-4L®fortunately,
given two complementary subspaces, it is not always possible to canatrugnerically
stable oblique projector onto one of the subspaces and along the otheratigle between
such subspaces is small, the numerical errors in the calculations are nthgnideyield,
thereby, an oblique projector of poor quality. In relation to the problentrattired noise
ltering this may cause the failure to correctly lIter the noise. Neverthelesshéf sig-
nal component one wishes to discriminate belongs to an “unknown' stédbgpahe given
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one, and the construction of the oblique projector onto such smaller sugh&paumeri-

cally stable, the problem of discriminating the signal component can be dramed into

the one of nding the right subspace. This has motivated the adaptive @@bNptching

Pursuit approach for signal separation [11], extended in [12]. afipgoach is effectively
implemented by recursive equations for adapting oblique projectors mijéa].

Impulsive noise is characterised by a linear combination of very shargspikhis
type of noise can be regarded as a particular case of structured moise some situa-
tions its Itering could be accomplished by techniques used for structuresaé nblowever,
especially forimages, impulsive noise can be effectively handled aséeprif interpola-
tion of missing data or “image inpainting' [14, 15]. This problem has beereaddd from
different points of view [14, 16, 17]. Here we focus on a method basedcattered data
interpolation [18,19]. The interpolation is realised by using Delaunay tulatign [20,21].
Interpolation methods based on Delaunay triangulation have been prignapptied to im-
age processing in [22, 23].

The chapter is organised as follows: For the convenience of the sealldhe ele-
mentary mathematical terms used throughout the chapter are de ned in S2cthdore
advanced technical terms are de ned in the sections where they areuioéwdSection 3
discusses oblique projectors in the context of structured noise lteringtid®e4 provides
the basic mathematical background relevant to polynomial and piecewisepaby inter-
polation in one and two dimensions. Delaunay triangulation technique for iethtiata
interpolation is discussed in the same section. Such a technique is applied tolilerp
of Itering salt and pepper impulsive noise from an image.

List of Symbols
We shall use standard set-theoretic notation
[; v 5 2

to denote “union’, “intersection’, “subset of', “proper subset @felong(s) to', respectively.
For the set¥; andV,, the sefv2 V; : v62/g is denoted by nV,.
The following standard notations and symbols will be used without de ningitbg-

plicitly:

set of all positive integers
set of all integers
eld of all real numbers
eld of all complex numbers
. eld of real or complex numbers
=) . imply (implies)
0 . ifand only if
! . mapsto

m O 0N Z
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The Kronecker symbol is given by

1 ifi= |

dij = .
0 otherwise.

The characteristic functiong of a setSis de ned as

1 ifx2S

cg(X) =
s 0 otherwise.

The absolute value of a numb&R F is indicated agaj.
Ifa2 R
a ifa O

3= a ifa<O:

If a2 C its complex conjugate is denoted Ayandjaj? = aa:
Note: Bold faceis used when a terminology is de nettalics are used to emphasise a
terminology or statement.

2 Elementary De nitions

A vector spaceover a eld F is a setV together with two operations vector addition,
denotedv+ w2 V for vyw 2 V and scalar multiplication, denotedv2 V for a2 F and
v2 V, such that the following axioms are satis ed:

1. vtw=w+vvw2V.
2. ut(v+w)=(u+v)+w, uyvyw2 V.

3. There exists an elemen®0V, called the zero vector, such that 0= v, v2 V.

Ea

There exists an elemewt2™V, called the additive inverse of such thatv+ V=
o,v2V.

a(bv)=(abyv, a;b2 Fandv2 V.

o O

a(v+ w)= av+ aw, a2 Fandvw2 V.
7. (a+ b)v=av+ bv a;b2 Fandv2 V.
8. Iv=v, v2 V, where 1 denotes the multiplicative identityFn

The elements of a vector space are calledtors A subsetS of a vector spac®/ is a
subspaceof V if it is a vector space with respect to the vector space operatioNs.of
subspace which is a proper subset of the whole space is cafiempar subspace Two
subspace¥; andV, arecomplementaryor disjoint if V1\ V, = f0g.

The sum of two subspacaé andV, is the subspac¥ = V;+ V; of elementsy =
vi+ Vo, v1 2 Vq; v 2 Vs If the subspace¥; andV, are complementary}y = V1 + V, is
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calleddirect sum and each elememt2 V has a unique decomposition= vi + vo; v1 2
Vl; \%) 2 Vz. ~
LetV; andV; be vectors spaces. A mappiAg V1! Vs alinear operator if

A(v+w) = Av+ Aw,  A(av) = aAy,

forallvw?2 V; anda2 F. V; is called thedomain of A andV, its codomainor image If
the codomain of a linear operator is a scalar eld, the operator is calieéar functional
onVi. The set of all linear functionals o is called thedual spaceof V;.

Theadjoint of an operatoA: V;! V., is the unique operatdk satisfying that

bAgr; 0ol = hgg; A gai:

If A = Athe operator iself-adjoint. i
An operatorA: V1! Vs has arinverseif there existsA 1: V5! V; such that

NN AN 11 .
A A=y, and AAl=1y;

whereIA\,1 andIAV2 denote the identity operatorsVh andVs, respectively. By @eneralised
inversewe shall mean an operatéf satisfying the following conditions

~

AATA = A
ATAAT = AT

we mean an element M of the formagvi+  + apv,, witha 2 F;i= 1;::::n.

Let Sbe a subset of element . The set of allinear combination®f elements o5
is called thespanof Sand is denoted by sp&n

A subsetS= fyvigl, of V is said to bdinearly independentif and only if

avi+  +awv,=0; =) a=0i=1:::;n

A subset is said to binearly dependentif it is not linearly independent.

Sis said to be dasisof V ifitis linearly independent and sp&+ V. Thedimension
of a nite dimensional vector spac¥ is the number of elements in a basis ¥t The
number of elements in a set is termed tiaedinality of the set.

Letfvigl, be abasis foV. Forv= ajvi+ ;anvnlet fi(v) :V | F be de ned by

filvy=q; i=1::;n

nate functionalsonV with respect to the basfs;g ;.
We denote thepace of polynomialsof degreem2 N onR by

n m ) (0]
Pn(R)= p:p(¥)= Q ax; x2R :
i=0

Such a space is a vector space.
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Given a compact intervdd; b] we de ne apartition of [a;b] as the nite set of points
D= fxglo;n2 N; suchthat a= xg< x;< < X, = b

An inner product on a vector spac¥ is a map fromV to F which satis es the fol-
lowing axioms

1. hyvi O;v2V,andhjvi=0() v=0:
2. lw+wzd=hzd+hwza; vwz2 V:

3. hvaz = ahvz;vz2V anda?2 F.

4. hvwi = hwvi: vw2 V.

A vector spacd/ together with an inner produbt; i is called arinner product space
Two vectorsv andw in an inner product space are said todsthogonal if hv,wi = O:
Two subspace¥; andV, are orthogonal itvy;voi = 0 for all v; 2 V; andv, 2 V;.

The sum of two orthogonal subspacdés and V- is termedorthogonal sum and will be

indicated asV = V1 V,: The subspac¥; is called theorthogonal complementof V;

in V. Equivalently,V; is the orthogonal complement ¥% in V.

A norm k k on a vector spac¥ is a function fromV to R such that for every,w2 V
anda 2 F the following three properties are ful lled

1. kvk 0O;andkvk=0() v=0.
2. kawk = jajkvk:
3. kv+ wk k vk+ kwk:

A vector spacé&/ together with a norm is calledreormed vector space

Two vectorsv andw are said to berthonormal if they are orthogonalandjjvjj =
fiwjj = 1:

TheEuclidean spaceR" is an inner product space with inner product de ned by

Gy = XY+ 1 XY

kxk = hXi 2 = (X% + 120X0%) 2 = (jxj2+ 20+ jxajd) 2

The spaceL?[a;b] is an inner product space of functions fanb] with inner product

de ned by 7
b

hoyi = x(©)y(t) dt
a
and norm
. Lo 2
kxk = hx;xi 2 = jX(t)j*dt
a

The spaceCX[a; b] is the space of functions da;b] having continuous derivatives up
to orderk 2 N. The space of continuous functions fanb] is denoted a€°[a; b).
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3 Signal Representation, Reconstruction, and Projection

Throughout this chapter signalis considered to be an element of an inner product space
H with norm induced by the inner produdt, k = h; i 2. Moreover, for the problems to

be addressed we assume that all the signals of interest belong to someinnéesibnal
subspacd/ of H spanned by the sét; 2 HgM ;. Hence, a signal can be expressed by a
nite linear superposition

¥
f=a cvi;
i=1
where the coef cientg;; i = 1;:::;M, are inF.

We callmeasurementor sampling to the process of transforming a signal into a num-
ber. Hence aneasureor sampleis afunctional Because we restrict considerations to
linear measures the associated functional is linear. Accordingly, makangfiiesz theo-
rem[24] we can express a linear measure as

m= hw fi forsome w2 H:

We refer the vectow to asmeasurement vector

ment vectow;, we have a numerical representationfads given by
m = hwi; fi; i=1:::;M:

Now we want to answer the question as to whether it is possible to recans2u¢ from
these measurements. More precisely, we wish to nd the requirements wietmees-

hwi; fi; i = 1;:::;M, as coef cients for the signal reconstruction, i.e., we wish to have
M M
f=acvi= ahw;fiv: Q)
i=1 i=1
By denoting
M
E= a4 vitw; i; (2

i=1

where the operatiohw;; i indicates thaE acts by taking inner products, (1) is recast
f=Ef:
As will be discussed next, the above equation tells us that the measureroemswe; | =
An operatorE : H !V is a projector if it isidempotenti.e.,
E?=E:

As a consequence, the projection is oR(¢E), the range of the operator, and aldNdE),
the null space of the operator. Let us recall that

R(E)= f f; suchthatf = Eqg, g2 Hag:
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Thus, if f 2 R(E), o X

Ef= E’g= Eg= f:
This implies thaE behaves like the identity operator for &I2 R (E), regardless oN (E),
which is the subspace & de ned as

N (E)= fg; suchthattg= 0; g2 Hg:

It is clear then that to reconstruct a sigrid2 V by means of (1) the involved measurement

projector ontdV . Notice that the required operator is not unique, because there exigt man
projectors ontd/ having differentN (E). Thus, for reconstructing signals in the range of
the projector its null space can be chosen arbitrarily. However, the padlesbecomes ex-
tremely important when the projector acts on signals outside its range. A pg@oojector,

to be discussed below, is the orthogonal one. WNdit) happens to be equal i (E)?,
which indicates the orthogonal complementR{E), the projector is calledrthogonal
projector ontoR (E). This is the case if and only if the projectorsslf adjoint

A projector which is not orthogonal is called ablique projector and we need two
subscripts to represent it. One subscript to indicate the range of thetorged another to
represent the subspace along which the projection is performed. ltenpeojector onto
V alongW? is indicated a&y, - .

The particular casévv? corresponds to aorthogonal projectoand we use the special
notationR, to indicate such a projector. When a projector o¥tds used for signal pro-
cessingW? can be chosen according to the processing task. The examples belowti#ustr
two different situations.

Example 1. Let us assume that the signal processing task is to approximate a 5@l
by a signalfy, 2 V. In this case, one normally would chookg = R, f because this is the
unique signal iV minimising the distanc&f fy k. Indeed, let us take another sigmgl
inV andwriteitasg= g+ R, f R, f. Sincef R, f is orthogonal to every signal i
we have

kf ok?=kf g+R/f R/ fk?=kf R,/ fk’+ kR, f ok?
Hencekf gk is minimised ifg= R, f.

Example 2. Assume that the signdl to be analysed here is the superposition of two sig-
nals,f = f;+ f,, each component being produced by a different phenomenon wetovant
discriminate. Let us assume further thfat2 V and f, 2 W? with V andW? disjoint
subspaces. Thus, we can obtainsay, fromf, by an oblique projector ontd and along
W? . The projector will map to zero the componédatto produce

fl = EVW'-’ f:

3.1 Constructing Oblique Projectors for Structured Noise Hltering

Example 2 discusses the fact that a signal component can be discrimir@atedriother
components by an oblique projection. In this section we will focus on the lazinatruc-
tion of such a projector.
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GivenV andW? disjoint, i.e., such that
V\ W? = fog;

in order to provide a prescription for constructiégw.o we proceed as follows. Firstly we
de ne Sas the direct sum dof andW? , which we express as

S=V+W?:
LetW =(W?)? be the orthogonal complement¥{? in S. Thus we have
S=V+W?=W W?;

where the operation indicates the orthogonal sum.
Considering thatvigM , is a spanning set fo¥ a spanning set fo/V is obtained as

A~

U=V By-vi=Ryvi; i= 1M

Denoting asfeg!; the standard orthonormal basis FY, i.e., the Euclidean inner
producthe; eji = dij, we de ne the operatorg : FM ! V andU :FM! W as

"o ~_ o
V=avhe;i; U= g uheg;i:

=1 i=1

Thus the adjoint operatot$ andV are

M M
V =gehy;i; U =gehy;i:

m

-
o
=

It follows thatRyV = U andU By = U henceG:CM! CM de ned as:
G=UvVv=0U

is self-adjoint and its matrix representati@,has elements

From now on we restrict our signal space to$esince we would like to build the oblique
projectorE,\y» ontoV and alongV? having the form

M
Eyw? = a vibw; i: (3)
i=1
Clearly for the operator to map to zero every vectoMif¥ vectorsfwigM, must span

W = (W?)? = spariug!,. This entails that for eacl; there exists a set of coef cients
fbi;;gil ; such that

M
wi= g biju; (4)
i=1
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which guarantees that evevy is orthogonal to all vectors iV’ and thereforaV? is
included in the null space (ﬁVW? . Moreover, since every signaj say, inScan be written
asg= gy + gy» With gy 2 V andgy» 2 W?, the fact thaky > g = 0 impliesgy = O.
Henceg= gw-, which implies that the null space E{/W') restricted tdSisW? . In order
for Ey\y- to be a projector it is necessary tIE@Wo = Eyw~. As will be shown in the
next proposition, if the coef cients;;; are the matrix elements ofgeneralised inversef
the matrixG de ned above, this condition is ful lled.

Proposition 1. If the coef cients p; in (4) are the matrix elements of a generalised inverse
of the matrix G, which has elements; & hv;u;i;i;j = 1;:::;M, the operator in(3) is a
projector.

Proof. For the measurement vectors in (4) to yield a projector of the form (3),dhe-c
sponding operator should be idempotent, i.e.,

M M M M o
a 4 a avb: i AUy Vini bpmbum; 1 = a a Vvibijhuj; i (5)
n=1m=1li=1j=1 i=1j=1
De ning
M M
B= 4 4 ebijhe;; i (6)
i=1j=1

and using the operatovsandU |, as given above, the left hand side in (5) can be expressed
as
VBU VB U (7
and the right hand side as o
VB U : (8
Assuming thaB is a generalised inverse @ V) indicated a8 = (UV)T it satis es (c.f.
Section 2) o A
BUV)B =B; 9
and therefore, from (7), the right hand side of (5) follows. SiBce= (U V)" = Gt and
G = G, we haveB= G'. Hence, if the elements; determlnlngB in (6) are the matrix
elements of a generalised inverse on the matrlx representatlm tife corresponding
vectorsfwigl ; obtained by (4) yield an operator of the form (3), which is an oblique
projector. O]

Property 1. Let EVW? be the oblique projector onty and alongW? and Ry, the or-
thogonal projector ont&V = (W ?)?. Then the following relation holds

RvEvw? = Ry:
Proof. Ey - given in (3) can be recast, in terms of operatoandU , as:
Eyw? = V(U W0 :
Applying If\N both sides of the equation we obtain:
RvEvw? = RyVU WU =0 v'U =0@W U)o ;

which is a well known form for the orthogonal projector ofRgU) = W. O
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Notice that the operative steps for constructing an oblique projectorcaligadent to
those for constructing an orthogonal one. The difference being ttggneral the spaces
sparfvigM, =V and spafwigM, = W are different. For the special case= vi, i =

Example 3. Suppose that the chirp signal in the rst graph of Figure 1 is corrupted b
impulsive noise belonging to the subspace

W? = sparfy;(t)= e 10000 005)% ¢ o 1]g7%9:

The chirp after being corrupted by a realization of the noise consisting pltses taken
randomly from elements &V? is plotted in the second graph of Figure 1.

Consider that the signal subspace is well representad given by

V = sparivis 1(t) = cospit; t2 [0;1]gM5>:

In order to eliminate the impulsive noise from the chirp we have to compute thaumeeas
ment vectors‘vwgilzog, here functions of 2 [0;1], determining the appropriate projector.
For this we rst need a representation ah?, which is obtained simply by transforming
the setf y;g?2 into an orthonormal set. Since the given g{g?2] is linear independent
its orthogonalisation can be achieved bsem Schmidtor Generalised Gram Schmidt
procedure. For the extension to include the non-linear independentseses|[25]. The cor-
responding codes can be found at [26]. Using the orthonormal bagi#’] for W? the
orthogonal projector onto this subspace is the operator

200

FA\N? = é_ OjI’Dj; i
=1
With this projector we construct vectors
200
Ui+ 1(t) = cospit g o;(t)ho;j(t);cospiti; i= 0;:::;99, t2][0;1]

=1

using a quadrature formula [27] for computing the inner products invoivate above
equations and in the elemengs;, of matrixG
Z,
Oi+1j+1= . Ui+1(t)cospjtdt; i=0;:::;99; j= 0;:::;99:

This matrix has an inverse, which is used to obtain functianét); t 2 [0; 1]gi1:0§’ giving
rise to the required oblique projector. The chirp ltered by such a projastdepicted in
the last graph of Figure 1.

Example 4. Here we deal with the image of Lena shown in the rst picture of Figure 4.
This image is an array of 512512 pixels that we process row by row. Each row is a vector
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Figure 1: Chirp signal ( rst graph). Chirp corrupted by 50 randomketapulses (middle
graph). Chirp denoised by oblique projection (last graph).

noise passes through a channel characterised by a given idtaxing 100 columns and
512 rows. The model for each rdf 2 R%12 of the noisy image is

|i0= li + Ah;;

where eacln; is a random vector iR, The image plus noise is represented in the middle
graph of Figure 4. In order to denoise the image we consider that emely 2 R>'?is well
represented in a subspadespanned by discrete cosines [28]. More precisely, we consider

CTNECNE %00,

V= = ; ;
span X = cos o .

The space of the noise is spanned by the 100 vectd®s'ificorresponding to the columns
of the given matrixA. The image, after being Itered row by row by the oblique projector
ontoV and along the space of the noise, is depicted in the last graph of Figure 4.

Figure 2: Image of Lena ( rst picture). Image plus structured noise (faigitture). The
image obtained from the middle picture by an oblique projection (last picture).

Notice that the oblique projector ont6 is independent of the selection of the spanning
set forW. Thus, one has a number of possibilities for expressing the oblique tmojec
Although all the forms are theoretically equivalent, they may not alwaysbeerically’
equivalent. This feature is illustrated in the next example.

Example 5. Consider thalW? is as in Example 3 an¥ is also as in that example but
with M = 250 which, as illustrated by the experiment below, makes the constructioa of th
corresponding oblique projector numerically unstable.
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We consider four theoretically equivalent ways of computing vecﬁwrg250

i) w = éfsgg. juj, wheregj;; is the(i'j) -th element of the inverse of the matrx
having elementsg;;j = hu;;vji; i, j = 1;:::;250.

ii) Vectorsfvv.g,25‘1) are as in i) but the matrix elements Gf are computed ag;.j =
hui uis ;= 1500 1, 250.
iif) Orthonormalisingf ug2? to obtainf g;g2?, vectorsf wig2>? are then computed as
250
wi = a §i;ja;;
=1
with g;;j = hgi;vjisi;j = 1;:::;250.
Iv) Same as in iii) buty;;j = ho;uji;i;j = 1;:::;250.
We test the numerical quality of the corresponding projectors by comptrénfpllowing
guantities

K(Ey w2 2 )oK
a) maxpy . w2 % kgk & 0,

b) max, v kE""l{# kvik 6 0,

c) maxszwo W°Sk ksk 6 0.

The quality of the projector is indicated by the quantities a), b), and c), wéholld be
small if the numerical representation of the projector is accurate. All thjegiors produce
equivalent results for quantity c). Nevertheless, there is a signi cidfdarence between
case iii) and the others with respect to the quantities a) and b). Case iii)qg®dwalue of

a) and a value of b) which are 1®times smaller than the corresponding values produced
by cases i), ii), and iv).

Unfortunately, even when the subspadésandW? are “theoretically’ complemen-
tary, in practice, due to the calculations being performed in nite precisigdhraetics,
the inaccuracy in the computation of the corresponding projector may taeisailure to
correctly lter structured noise. This is discussed in [11, 12], wher@ngxles illustrating
such situations are provided. As pointed out in those efforts, the pratderbe overcome
if the signal, fy/, one is trying to discriminate from the noise, admits a sparse represen-
tation in a spanning set fov. This implies that giverfvigM ; there exists a subset of
elements characterised by the set of indlﬂ:,ersf cardinalityK < M, spanning the subspace
Vi = spariv-g 23 and such thaty, = EV w> f. Under the hypothesis that the numerical
construction OEVKW° is well posed, this projector will produce the correct signal splitting.
The problem one has to address then is the one of nding the “right' swedfx. Assum-
ing thatf vig! , is a basis fol, out of it we have '\}é' possible basis of dimensid¢t Hence
the problem of nding that of the right subspad is in general intractable. In order to
reduce complexity one can make the search for the right subspace dep®ident. An
adaptive approach is considered in the next section.
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3.2 Adaptive Pursuit Strategy and Structured Noise Filterng

Given a signaf, and assuming that the subspadé$ andV, are known, the goalisto nd
asubseV 2V suchthaky,,. f = Eyw- f. Moreover, itis assumed thet = sparivig ;
andV = spariv-g,3, whereld is a unknown subset of indices, out of the originaliiset
1;:::;M. The cardinality of] is such that the construction E(, » is well posed. This
assumptlon restricts the class of signals that can be handled by the d@pproac

Under the above hypothesis, if the subsp¥cerere known, one would have

Evwf = Egy.f= & vhw;fi: (10)
"2J

However, if the computation (ﬁVW? is an ill posed problem, which is the situation we are
consideringFy - f is not available. In order to look for the subset of indidgselding V
one may proceed as follows: Applylngw on every term of (10) and using the properties
RvEvw? = Ry andF\Nvao = PW, whereW = spariu g3, (10) becomes

Rvf=PRjf= 4 uhw,fi: (11)
"23

SinceW? is given and5W f=1f If\,v? f, the left hand side of (10) is available. We are then

in a position to look for the sét g2 3, out of the set uigM ,, in a stepwise manner. This can

be achieved by an adaptive pursuit approach, termed Optimised Ortddgatching Pur-

suit approach [29], which at each step, say the ktefi, selects the element,, , minimis-

ing the norm of the residual errkR f P\Nk+1P\N k2, whereWy, 1 = spari u-, gI 1t Uy,

andf u,g& ; is the set of elements that have been selected in the previous steps. Minimisa-
tion of kRy f Ry, Ry Tk?= kRy f Ry, fk?is equivalent to choosing the indéy 1

such that

- ihen; Rw fiij _ jhan; fij :
= e IR = O IR ok 0

with g, = up I5\,\,kun andJnJi the set of indices not selected in previous steps.

Details on the implementation of this approach and extended versions of regsenped
in [30]. Further discussions in the context of structured noise Iterirggaven in [12] and
relevant MATLAB codes are available at [31].

4 Signal Interpolation

As already mentioned, we wish to consider the problem of impulsive noiséntjespe-
cially in the case of images, as a problem of "missing data' to be addressetyhmeans
of interpolation techniques. The interpolation methods we propose ard bagearticu-
lar piecewise polynomial interpolation. However, in order to assist thesrsathfamiliar
with approximation theory, we introduce in the next two sections some basic réke e
polynomial and piecewise polynomial interpolation.
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4.1 Polynomial Interpolation

Suppose that we are given data as a satof pointsf x,giL , and a functiorf having values
fyi= f(x)gL . Suppose further that we want to approximatey a simple functiorp with
the properties

p(x)=v; 1=0;::;n (12)

A function p satisfying the properties given in (12) is said to interpolate the function
at the points x gL , and is called arnterpolant. In practice, the simple functiop is a
polynomial, a piecewise polynomial or a rational functiddifferent interpolation methods
arise from the choice of the interpolating function. If the interpolating fumasahosen to
be a polynomial, the interpolation is callpdlynomial interpolation.

A polynomial interpolation problem can be stated as: Given a set-of pairs of real

né m, the problem is over or under-determined. The following theorem holds ifn. We
refer to [32, 33] for a proof.

Theorem 1. If f xigiL 5 is a set of distinct points, for an arbitrary sif;giL , of n+ 1 numbers

Assume that we are given a functidémn [a; b], and we have an interpolating polynomial
pn of degreen on a partitionf ;gL , of [a;b]. Clearly, the functionf and the polynomial
pn have exactly the same values at the interpolation pdinti. ,. However, if we pick
some arbitrary poink 2 [a;b] which is not an interpolating point, the function valfigx)
may be quite different fronp,(X). Under the assumption that the functibris suf ciently
smooth, the interpolation error is estimated in the following theorem, the proohimhw
can be found in many numerical analysis textbooks, e.g., [27, 33].

Theorem 2. Suppose that f is afn+ 1)-times continuously differentiable real-valued
function on[a; b]. Suppose further that the interpolating poifitsgL , are distinct. Then,
forx2 [a;b],

f(n+ l)(x)

f(x)  pn(X)= W

Pn+1(X);

wherex 2 [a;b] is a function of X, anghn+1(X) = (X Xo)(X x1) (X Xa). Denoting by
Mn+ 1 the maximum value ¢f (™ D(x)j in [a; b], we can bound the above error as

100 0] P 2093 (13

Lagrange Form of the Interpolation Polynomial

The Lagrange form of the interpolation polynomial is obtained by using tigedreye basis
for the vector spack,(R).

De nition 1. A set of functionslig , is said to be a.agrange basisfor the space of
polynomialsP,(R) with respect to the set of distinct poiritg gL, if 1i(xj) = dj.
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Explicitly, the Lagrange basis functions with respect to the set of distirintgiogiL

is 8 9,
2 =
8 x x
li(X) = J
L= O
]gl i=0

In this case the interpolam, is given by

Pn(9 = & yi(9;

i=0

and is said to have the Lagrange form of polynomial interpolation.

Newton Form of the Interpolation Polynomial

Although the Lagrange form of the interpolation polynomial is suitable fronthiberetical
point of view, practically it is not the most convenient form. It is sometime$ulise start
from an interpolation polynomial of lower degree and construct highgregeinterpola-
tion polynomials. In the case of the Lagrange polynomial there is no cotigguelation
betweenp, 1 andp,. The Newton form of polynomial interpolation is designed to do that.
LetfxgiL, be a partition ofa; b] and assume that we are given an interpolation poly-
nomial p, 1 of degreen 1 for n pairs of number$ (xi;yi)gi”:o1 with pn 1(X) = Vi, 1 =

n+ 1 pairs of numbers(x;;y;)giL , as a sum ofy, 1 and a polynomial of degreewith only
one unknown coef cient depending on the set of poitgjL ;. Thus, takingg, 2 Pa(R),
we set

Pn(X) = Pn 1(X)+ dn(X):

Thereb
e f(X)  Pn 1(Xn) (14)
Pn(%n) ’

wherepn(x) = PL Ol(x X). The coef cientb, is called then-th Newton divided difference
and is denoted by

bn =

bh= flXo; %1%, n L (15)

Pn(X) = Pn 1(X)+ pn(X) f[X0; 215 Xn):

Using recursion om, we obtain the formula for the interpolation polynomial in Newton
form

Pn(X) = _éopi(X) flxo;: 5 %il; (16)

wherepo(X) = f(x0) = f[xo] = yo andpo = 1.
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The Lagrange and Newton forms yield the same interpolation polynomial due to th
uniqueness of the interpolation polynomial. The interpolation polynomial in the {@6)
is called theNewton divided differenceformula. There are many properties of the Newton
divided differences which make them computationally ef cient [27, 32].

It is interesting to compare the two forms of interpolation polynomial in terms of the
basis of the polynomial spad&,(R). The interpolation polynomial of the Lagrange form
is obtained by using the Lagrange baiigl ,, whereas the Newton form is obtained by
taking the basispig ;. In the case of Lagrange form, the coordinate functionals are simply
the function values at the given set of points whereas the coordinatidoals in the
Newton form are given by Newton divided differences.

Hermite Interpolation

If the polynomial interpolation consists of nding an interpolant which is rieegi to take
not only the function values but also the derivatives of the function gitbscribed points,
it is calledHermite interpolation .

Assume that we require the polynomial of lowest degree which interpoldteston
f and its derivatives at two distinct points, say,andx; with xo 6 x;. Thus, we have to
nd a polynomial p which ful Is the properties:

p(x)= f(x); pPa)= fAx); i=0L
Since there are four conditions, we look for a solutiof’#iR). Let

X X X Xo
lo(X) = oand 11(X) =
o(¥) — 1(¥) Xt

be the two Lagrange basis functions with respect to the parfitigrx;g. We consider the
following basis ofP3(R): Ho(X) = (x x1)2(1+ 211(X)), Hi(X) = (X X0)2(1+ 2lo(x)),
Ko(X) = (X X1)2(X Xo), Ki(X)=(X X0)%(x xq): Itis immediate to verify that

Hi(x)) = cdij; HIx) = 0; Ki(xj)= 0; KXxj)= cdij with c=(x1 o)

Hence, the required polynomial of lowest degree is simply

|
1
a feOHIM+ f)Ki(x)
i=0

p(x) =

Ol

The general Hermite interpolation problem can be posed as follows: @ipantitionD =
fx gL, of [a;b], nd a polynomial p satisfying the conditions

d! . :
d—x?(xi)zcij; j=00k 1, 0=000m (17)

where((’zjﬁ2 = pfor j = 0. At nodex;, ki interpolatory conditions are imposed, whége

might change with respect to There are in totaln= &L,k conditions. The proof of the
following theorem can be found in [32].
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Theorem 3. There exists a unique polynomial2pPy, 1(R) ful lling the Hermite condi-
tions in(17).

Example 6. We give a construction of Hermite interpolation with= 2 for all i. Let
D= fxgL, be a partition ofa; b] with n+ 1 points, and y;giL , andf zgiL , two sets of real
numbers. We wish to nd a polynomigd 2 Pa,. 1(R) so thatp(x) = y; andp{x) = z for

for Pon+ 1(R) with the properties
Hj(x) = dij; HXx)= 0; Kj(x) = 0; KXx) = dij; i;j=0;::5;m: (18)
Assuming thaf ligll , is the Lagrange basis with respect to the partifipif we de ne

HO) =[P 28060)(x - %)); Ki() = [1i(x)]*(x %)

p(¥) = & aHi(¥)+ biKi(x)
i=0

Extension to Two Dimensions

The two-dimensional interpolation is concerned with interpolating a functidawofvari-
ables. Assume th& = f (x;;yi)g\ , is a set of points iflR?, and a functiorf is given onG

with fz = f(xi;yi)gi’i o- We are interested in an interpolation problem posed in a polygonal
domainW R?2,

De nition 2. A domain or subdomainin two dimensions is an open bounded region. A
polygonal domain or subdomainis an open and bounded region whose boundary consists
of pieces of lines.

In order to state the two-dimensional interpolation problem, we need de nitbrs
convex set and a convex hull.

De nition 3. AsetS RX k2 N, is convexif for all x;y 2 S and all t2 [0; 1], the point
(1 t)x+ty2S.

De nition 4. Theconvex hullfor a set of point$s is the minimal open convex set contain-
ing G.

De nition 5. Theclosure of a domainwWis de ned by c{W) = W[ W, wherefWdenotes
the boundary of the domahv.
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A two-dimensional interpolation problem is then posed as follows: Givehat peints
G, the convex hullWw, of G and given a functiorf de ned onG, nd a functionp: cl(W)!

R with fz = p(x;Vi)gh,.

We only consider the situation for whicp is a polynomial or a piecewise polyno-
mial. If the set of point<5 has a tensor product structure, it is easy to extend the idea of
one-dimensional construction to the multi-dimensional case. A tensor grpdrtidion is
de ned as follows:

De nition 6. Assume thaby = fxgiL, is a partition of the closed intervd; b] and Dy =
fyjgiL, is that of[c;d]. Then the set of pointBy = f (x;y;)giL = is called atensor
product partition of the rectangular regiofe;b]  [c;d]. In short, we writeD,, = Dy Dy

LetDy = Dy Dy be atensor product partition f& b] [c;d]. Assume that Iligi"=0 is
the Lagrange basis &1,(R) with respect to the partitioBy, andf I:-J/g’j“:0 is that of Pn(R)
with respect to the partitioBy. Then, given the values of the functid(x; y) at the partition
Dyy, the Lagrange interpolation polynomial bx;y) with respect to the partitioByy is of
degreen in x and degreenin y, and is given by

Qo5

a o6y (y):
0j=0

If G does not have a tensor product structure, we have to solve a gldyabpual in-
terpolation problem in a non-rectangular domain or non-tensor pro@uttipn, which is
dif cult and often ill-posed [27]. Furthermore, the following remark poimtst another
limitation of the global polynomial interpolation.

Remark 1. If the function f to be interpolated is not a polynomial, the quantity
Mn+1jpPn+ 1(X)j in (13) can be very large when n is large, leading to a severe limitation
of the higher order polynomial interpolation. This problem is typically kn@asrRunge's
phenomenon and is explained by Runge's exafi2@le2] If one has the freedom to choose
the interpolating points, the expressifn.: 1(X)] can be made small by choosing the set of
interpolation points as the zeros or the maxima of a Chebyshev polyn[88i&3] How-
ever, in many interpolation problems, the set of points is already giveroaadannot use

a different set of points.

Piecewise polynomial interpolatidio be discussed in the next section provides a exi-
ble and ef cient solution to the above discussed problems.

4.2 Piecewise Polynomial Interpolation

So far we have considered the approximation of a function by a globahpoiial. This
implies that if the de nition of the function is to be modi ed at a point, the polynomial
interpolant changes globally. On the contrary, the piecewise polynomiapoléat does
not change globally if the de nition of the function changes locally.

Assume that the interpolation problem is posed in a dot&inRK with k= 1;2. The
central idea of piecewise interpolation is to decompose the dowaito non-overlapping
subdomains yielding its decomposition and de ne polynomial basis functiorecim gub-
domain.
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R @ R @

Figure 3: Four decompositions of the dom#&ihgeometrically conforming ( rst two) and
geometrically non-conforming (last two).

De nition 7. LetW RKbe a domain with k 1;2. The collection of disjoint subdomains
T with cl(W) = [ +o7¢l(T) is called adecompositionof W.

In the two-dimensional case, if the interpolant is to be at least continucaisletom-
position should be geometrically conforming.

De nition 8. A decompositioll of W R? is called geometrically conforming if the
intersection between the boundaries of any two different subdonfd@jns Ty, k 6 |,
T; T 2 T is either empty, a vertex or a common edge.

Four decompositions of the domaikiare shown in Figure 3. The two on the left are
geometrically conforming and the two on the right are geometrically non-cwiirig. In
the one-dimensional case, the subdomains are always intervals. In tirdintensional
case, only quadrilaterals or triangles are allowed.

The polynomial spacB,(T) will denote three different spaces dependingdlonf T is
an interval,

n m 0
Pn(T)= p:p¥= aax ;
i=0
if T is atriangle,
n m Y
Pn(T)= p:pxy)= a ajxy ;

i;j=0
i+] m

and nally, if T is a quadrilateral,

n m o
Pa(T)= p:p(xy)= a ajxy
i;j=0

(0]

The smoothness of the interpolation polynomial is determined by the smoothinéss o
piecewise polynomial on the boundary of two subdomains.

De nition 9. Letmk?2 Ng= N[f Og. Thepiecewise polynomial spacef degree m and
smoothness k with respect to the decomposilida de ned as

Sak(T)= f2CKW): fir2 Py(T); T2 T ;

where ft represents the restriction of the function f to the element T. The spacecef pie
wise constant function with respect to the decomposiliaa denoted by &T ).

A generalisation of a Lagrange basis to the piecewise polynomial spacedsbasis.
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De nition 10. LetG= f(x;yi)g\ , be a set of points iR?, and T be a decomposition of
W= convex hull ofG. Then, a basi$f igi’io of Syk(T) is called anodal basisof Syk(T)

One-Dimensional Case
Before constructing some examples, we introduce a decomposition indyeepldotition.

De nition 11. LetD= fxgl , be a partition of the closed interva; b], and | = ( X;; Xi+ 1)
an interval. The decompositioh = f Iiginzo1 of the open intervala; b) is calledthe decom-
position induced by the partitio of [a; b].

Example 7. Assume thal is the decomposition df; b) induced by a partitio®= fx gL ,
of [a;b]. Then,S;.o(T) is the space of linear splines on the decomposifior.et

8 X X 8 X X

<2 i x21 <2 ML fix21,
fo(X) = X1 o fa) = Xn Xn 1 and

0 otherwise 0 otherwise

8 '

3 X N1 gexol,

X X1

fi) = X K1 ooy for i=1Linn L

;Xi Xi+1

0 otherwise

The sefffig , forms a basis for the spa&.o(T). Thus, a functiors 2 S;.o(T) can be
written as

s(x) = én.cifi(x);
i=0

of S1.o(T) with respect to the partitioB. Therefore, the piecewise linear interpolation of a
continuous functiorf : [a;b]! R onthe decompositioh is obtained by setting = f(x;),
i=0::n.

Example 8. Nearest Neighbour Interpolation if&; b]: Assume that the values of a func-
tion f at the partitionD = fxgiL, are given. Associated with the partiti@ we form a

NtLl sl > — v 5 — X 1tXi s — q.....

dual partitionD = f zg" with 2y = xo, z = MAX i = 11050, andzye 1 = X, Letcy, be

tion induced by the partitioﬁ), S(T) is spanned by the basig| gL ,. Then, the nearest
neighbour interpolation of the functiohat the partitiorD is given by

NG = @ f(x)ei(x):
i=0

Example 9. Piecewise Cubic Hermite Interpolatioiven a partitionD = f xgL , of the
interval[a; b] havingn+ 1 number of points, we want to nd a piecewise polynonpatith

p(X) = Hi(¥)yi + Hi+ 1()yi+ 1+ Ki(X)z + Kis 1(Zi+1; X2 [Xi; Xi+ 1)
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with H;; Hix 1; Ki; K+ 1 asin Example 6, buf andl;. 1 are now piecewise linear polynomials
given by
X Xi+1, _ X X

(¥ X X1 10 Xi+1 X
Assume that no derivatives are provided at the partition, but only fumgatues. A piece-
wise cubic polynomial can be constructed also in this case assigning sonigesdesava-
tives of the function at the partition. The derivatives are assigned in awgay that the
resulting piecewise curve is continuously differentiable. One such exarapl®e found
in [34] and is used in piecewise cubic interpolation oAkMAB. The derivativeg, are as-
signed in such a way that the function is continuously differentiable andtitmvalues do
not locally overshoot the data values. ldebe de ned as

d=Y1 oo 1
Xi+1 X
For an inner poink;, if d; andd; ; are of opposite signs or if either of them is zexas the
local extremum. Thug is set to be zero. Ifli andd; 1 have the same siga, is set to be a
weighted harmonic mean of the two discrete slopes
1 _ 1 W1 + Wo

z witw, d 1 o

withw; = 2hj+ by 1 andw, = h; + 2h; 1. For more details see [34].

Although in the one-dimensional case a decomposition can always be ththyca
partition, this is not the case in two dimensions. Therefore, for simplicity, wielelithe
two-dimensional case into two parts depending on whether the decomposi@tensor
product structure or not.

Two-Dimensional Tensor Product Case

We start by de ning a decomposition of a rectangular domain induced bysaitgmoduct
partition.

De nition 12. LetDyy = Dy Dy be a tensor product partition of the rectangular region
[a;b] [c;d], whereDy, = fx gL, is a partition of[a;b] and Dy = fygL , is that of[c;d].
Lethj = (X:%+1) (YY), i=0inn 1 j=0;m L ThenT = flijglglotis
calledthe decomposition of the domain(a;b) (c;d) induced by the partitiomy.

Example 10. Let Ty be the decomposition ¢&; b) induced by a partitiol, = fx gL , and
Ty that of (c; d) induced by a partitiomy, = fy;giL,. Letffigl, andfj ;gfl, be bases of
Si.o(Tx) andSy.o(Ty), respectively, as constructed in Example 7Tdfis the decomposition
of the domain(a;b) ~ (c;d) induced by the partitioBxy = Dx Dy, thenfy ;g i_ o with
yij(xy) = fi(X)j j(y) forms a nodal basis fd.o( Txy) With respect to the set of poinByy.
A piecewise linear interpolation of a continuous functionR?! R can be obtained as

Ja
a a foayyixy):
i=0j=0
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Image Transformation through Interpolation

A digital image can be resized, rotated or distorted by using piecewise polghimterpo-
lation. Although the interpolation technique can be applied to any digital imagentye
consider intensity images. An intensity image is an array ofrsizen, where each element
of the array represents the intensity or gray scale of the pixel.
Associated with an imageof sizem nwe de ne a tensor product partitidDEy of the

squarg0;1] [0;1] as
and b; = 1

m 1

Dy = (aishy) inzol;'jrzol; where = —
We also de ne animage function I¢ : DQy! R in such a way that¢(a;;bj) gives the
intensity of the pixel at the poir{g;; bj).

Suppose that we are given an intensity imagé sizem n, and we want to convert
this image into another imadeof sizemy  ny. The image functior for the new image is
to be de ned on the new tensor product partition

D= (i) Pys " with 6= o andd =
The central idea of image resizing is to de ne a function on the sqiaig¢ [0;1] and
to sample it at the tensor product partitibffy. This procedure leads to the image function
lf:Dy! R.

In general, image resizing, rotation or distortion can be seen as a tnawasgion of an
image. Suppose that we are given an invertible transformattorbe applied to an intensity
image of sizean n. At the rst step, we apply the transformation to the underlying tensor
product partitiorDQy to obtain a new set of poinaﬁy, and nd a suitable rectangular region
[a;b] [c;d] which contains all the points iB,.

Let _

Dy= (Gidj) 2ol
be a tensor product partition of the regifmb] [c;d], where we want to de ne the new
image function; : Diy! R. Notice that for image resizing is an identity transformation
and therefor®}, andDZ, are the same. Sind®, has a tensor product structure, it is easy
to nd a piecewise polynomiap on[0;1] [0; 1] which interpolates the image functiop
at the tensor product partitidbﬁy (see Example 10).
Let(ci;d;) be a point in the tensor product partitiﬂﬁly with

Yi d;

At the second step, the new image functigiis obtained by settinﬁf(ci;dj) = p(x;y;) if
(xi;y;) is inside the closure of the convex hull of the set of poEﬁ}g otherwiseff(ci;dj)
is set to zero. The algorithm for image transformation is given in Algorithm ATIMB
codes are available at [31].

In Figure 4, we show three examples of image transformation by using lineapdn
lation of the test image. The top left picture of Figure 4 shows the original imagze
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Require: A digital imagel and atrarlsformatioﬁi
Ensure: A transformed digital imagé

1: Associate a tensor product partitibf, and an image functiohy : Dy ! R

2: Compute

P
D5 = 1T |, + (ib) 2 iy
3: Find arectangl¢a;b] [c;d] with D§y [a;b] [c;d]
4: De ne a tensor product partitioB}, = f(c;;dj) g 76 *of [ab] [cid], m  myis
the size of the new image
5: For each(c;;d;) 2 D, nd (x;y;) with

Xi —
Yj d;

=1 G

6: Compute an interpolation polynomiplof I on the unit square
7: De ne an image functiors : Diy! R as

p(xi;y;)  if (%;y;) 2 convex hull of D,

if(ci;di) =
(Gidy) 0 otherwise

8: The new digital imagé is then given byi(i; j) = T¢(ci; d;)

Algorithm 1: Image Transformation

512 512. The top right one is the original image rotated dfti-clockwise. The pictures
at the bottom correspond to the original image resized to 2800 (left) and to 200 200

(right).

Two-Dimensional Non-Tensor Product Case

The two-dimensional interpolation problem is more dif cult if the interpolationnp® do

not have a tensor product structure. In such a situation, the two-dinmahanberpolation

is calledscattered data interpolation There is a vast amount of literature devoted to
scattered data interpolation. We refer to [18, 19] for extensive sareeythis subject.
Here, we consider an approach based on decomposing the convek Guilhto triangles
with vertices inG and piecewise polynomial interpolation. Therefore, in what follows we
restrict ourselves to the case of piecewise interpolation on triangles. Téteefrment and
popular way of decomposing the polygonal domdiinto triangles wheWis the convex
hull of the scattered points is the Delaunay triangulation.

De nition 13. Given a sefG of points inR?, a Delaunay triangulation for G is a de-
compositionT of convex hull ofG into triangles such that no point ifs is inside the
circumcircle of any triangle in .

A Delaunay triangulation of a nite set of points in the plane is a triangulation that
minimises the standard deviations of the angles of the triangles. In this sea$2eltu-
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Figure 4. The original image of size 512512 and image rotated 4@op left and right).
Resized image of size 200500 and of size 200 200 (bottom left and right).

nay triangulation is the most equi-angular triangulation. The dual graphedDélaunay
triangulation is a Voronoi diagram for the same set of points.

De nition 14. For a setof point§&s  R2, theVoronoi diagram is the decomposition of the
plane into convex polygons such that each polygon contains exactlyemegaging point
from G and every point in a given polygon is closer to its generating point than to#rer
point in G. A convex polygonyassociated with the generating pox® G is called the
Voronoi cell for the pointx 2 G.

In other words, the Voronoi cell; for the pointx 2 G has the property that the dis-
tance from every 2 Vi to x is less than or equal to the distance frgrto any other point
in G. The circle circumscribed about a Delaunay triangle has its centre at ttex \odé
a Voronoi cell, see the right graph of Figure 5. The idea of Delaunaggulation and
Voronoi diagram is also extended to higher dimension. An ef cient algoritbr comput-
ing Delaunay triangulations and Voronoi diagrams are presented ing8&Jalso [20, 36].
A lot of interesting materials can be found in websites [37, 38].

As an example of a Delaunay triangulation and Voronoi diagram, we deset@; =
f(0:1;0:4);(0:5;0:1);(0:45,0:5);(0:3;0:6);(0:3;0:3); (0:1; 0:4); (0:9; 0:8); (0:3; 0:9);
(0:2,0:1);(0:8;0:9)g; and generate the Delaunay triangulation and the Voronoi diagram
of G,. The Delaunay triangulation and the Voronoi diagranf®fare shown in the left
and middle graphs of Figure 5, respectively. The right graph depictsittiemcircle of a
triangle with its centre at a vertex of the Voronoi diagram ( lled circle).

Example 11.Let T be a Delaunay triangulation of the set of poi@sWe construct a nodal
basisffigi'\i0 of S.0(T) with each basis functioh; corresponding to a poir(t;y;) 2 G
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Figure 5: The Delaunay triangulation of the &t(left graph). The corresponding Voronoi
diagram (middle graph). The circumcircle of a triangle with Delaunay trianigmiand
Voronoi diagram (last graph).
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Figure 6: The reference triangle and an af ne mfapfrom the reference triangle to a
generic triangle ( rst two graphs). A nodal basis functigr(last graph).

are the triangles having the common ver{exy;) as shown in the right graph of Figure
6. The key point for the construction is to de ne a reference trianglesresit is easy to
compute polynomial basis functions, and map the triangle to the actual elemeasinigyan
af ne transformation. It is convenient to choose the right-angled trialgtef (%, ) : %>
0;¥> 0; X+ y< 1g as the reference triangle.

The local Lagrange basis functions associated with three verticésfof the linear
interpolation are given big(X;§) = (1 X V¥); [x(X¥) = X; andlz(X;y) = §. See the left

(x1;y1); (X2;y2) and(xs;y3) as in the middle graph of Figure 6. The mappiigtransforms
a point in the reference triangleto a point in the actual triangl€ as follows

X—
y

X2 X1 X3 X1 )?+X1_

~ X . ~ X
- with - N :
Fr y Fr y Y2 Y1 Y3 Y1 Y Y1

The rst two graphs of Figure 6 show a reference triariglend the triangld .
If the three vertices of the triangle are not collinear, the determinant of the matrix

X2 X1 X3 X1
Y2 Y1 Y3 N1

does not vanish and henég is invertible. The three global Lagrange basis functions on
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the triangleT are then given bgi(x;y) = 1i(X;¥), i = 1;:::;3; with

X =1 X |
. = F ;
g Ty
By construction the global Lagrange basis functigrsatisfygi(x;;y;) = dij,i;j= 1;::5;3;

and are linear ifT.

Let us consider the construction of the basis funcfiprorresponding to the point
(%i;yi) in more detail. The poinfx;;y;) is a vertex of ve triangles as shown in the right
graph of Figure 6. The Lagrange basis function corresponding tcettiex(x;;y;) for each
of these ve triangles has value one at the pdixty;) and value zero on all edges of the
triangle opposite to this vertex. Lfeg be the Lagrange basis function for the triangje
j = 1;:::;5, corresponding to the poiltki;y;). The global basi$; corresponding to the

fi(xy) =
1Y) 0 otherwise

It is obvious that the basis functidn is piecewise linear anf(x;;y;) = dij. Furthermore,
the following lemma shows thét is continuous.

Lemma 1. The basis functioffi; de ned as above is continuous on the boundary of two
triangles.

Proof. Let us analyse the value of the functibnon the boundary of; andTs, which is a
line joining two points(X;;y;) and(Xi+1;Yi+1), see the right graph of Figure 6. Here, both
f 1 andf's take the values one &t;;V;) and zero atx+ 1;Yi+ 1). In between are linear. Since
there is a unique linear polynomial having this property, they have exactlyatine value
on the boundary of; andTs. O

Each vertex irG has an associated basis function which has value one at this vertex and
zero at all other vertices. This leads to a nodal bhsigi'\io of the piecewise polynomial

spaceS;o(T).

Example 12. Nearest Neighbour InterpolationThe nearest neighbour interpolation of a
set of scattered daa = f (x;;yi)gl\ , can be realised by generating the Voronoi diagram of
the setG. Assume that we are given the valu‘wgi’io of a function atG, andcy, is the

Then, the nearest neighbour interpolardf the given data is obtained as

N
p(X) = & zicvw(X):
i=0

Image Denoising through Interpolation

As an application of the scattered data interpolation, we propose a very simefhed of
denoising an image in those cases in which the noisy and pure pixels cambedg-or
example, we can identify the noisy and pure pixels in an image corrupted wWithrsh
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Require: A noisy digital imagd
Ensure: A ltered digital imagel’
1. Associate a tensor product partititli)ﬁy and an image functioty : DQy! R with the
imagel
2: Let S andS" denote the set of points with pure and noisy pixels vmfpz [ g,
respectively, andlf = Ijs
3: Compute the Delaunay triangulatidnof the set of point$&°
4: Find a piecewise interpolation polynomiabf I on the convex hull o8°

5. Let Diy = f(ci;dj)ginzlo;lj;:mg ! be a tensor produgt partition of the squfdgl] [0;1]
where we want to de ne the new image functibnfor the ltered image. De ne the
new image function : D, ! R as

(
p(ci;d;) if (c;d;) 2 convex hull ofSP

l1(ci;dj) =
r(cidy) IP(%:;9;) otherwise

where(%;yj) 2 S and is nearest t(ci;dj)
6: The ltered imagel is then given by (i; j) = I¢(ci;dj)

Algorithm 2: Impulsive Noise Removal

pepper noise. The salt and pepper noise is of impulsive nature. In asiigténage the
noisy pixels are randomly set either to white or black [15]. Here we applysctaéered
data interpolation to Iter this type of noise. An alternative approach for r@ngphigh
density salt and pepper noise is proposed in [17]. However, the mefremhitered data
interpolation based on a Delaunay triangulation is easy and ef cient.

Assume that a digital imageof sizem nis corrupted with salt and pepper noise. As
in the previous case, we associate with the image a tensor product partition
J

Dfy = f(aib)glojto; where a= ! :
and the image functioty : DQy! R.

Let S" be the set of points ilﬁJQy having corrupted pixels. Denoting I8P the set of
points where only the pure pixels of the image are located we split the imaggofuhc
into two functiond { and| P which are de ned a: ¢ = ltjo andl f = l¢jo, respectively. As
the positions of the noisy pixels are random, the poinS'ihave no structure.

The key idea for getting rid of noisy pixelsis to nd an interpolant which intéapes the
scattered data iB°. To such an end we generate a Delaunay triangulation of the scattered

points inS? and compute an interpolapton the convex hull o8°. Hencep(x;y) = pr(x; y)

for all (x;y) 2 S°. Choosing a tensor product partitiﬁ]iy: f(ci;dj)gi”:loj;:ma L we de ne

a new image functiol : D, ! R so thatit(x;y) = p(x;y) for all (x;y) 2 D,. If the point
(xy) 2 D){y does not belong to the closure of the convex hulBfwe need to extrapolate
for that point. For this, we choose one poffty) in SP, out of the nearest tx;y), and set
it(xy) = If()?;)"/). We have canned the complete denoising procedure in Algorithm 2.
Assuming that we know the image before being corrupted with noise, weage p
signal-to-noise ratio (PSNR) to compare our results with the results obtaynesirg the
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standard median Iter [16]. The peak signal-to-noise ratio (PSNR) is €é by

MAX? MAX
PSNR= 10 log, Tsé = 20 logy, pM:S'E :

whereMAX; is the maximum pixel value of the image, aM&Eis the mean square error,
i.e.,

Qoz

n
MSE= = 8 & KIO(i;]) IR(i: )k
mnZ; 2y

wherelO is the original image before corruption aild is the image recovered after re-
moving the noise.

In Figure 7, we show an example of applying the linear interpolation to remevesih
and pepper noise. The rst picture (from the left) of Figure 7 showotiginal image. The
second one shows the noisy image with noise density 50%. The third pictueeimalye
reconstructed by using the linear interpolation, and the fourth one is the ideagesed
by the median lIter. In this example, the nearest neighbour interpolationugesdthe
image which is visually equivalent to that produced by the linear interpolatide.also
observe that the image obtained by the median Iter does not differ much freqprévious
ones. However, if the noise density is increased, the median Iter doesenover even
the main feature of the image. This is illustrated in Figure 8, where we deal wisle no
density 95%. The rst picture of this gure shows the noisy image. Theoadcpicture
shows the image reconstructed by using the linear interpolation. The thiradep&ttows
the image reconstructed by using the nearest neighbour interpolatiothetast one the
reconstruction by using the median Iter. We can see that here the mediampribeiluces a
meaningless image.

The peak signal-to-noise ratio (PSNR) for two test images are given Ia Talfhe two
images we have considered are Lena ( rst picture in Figure 7) andd@eiop left picture
of Figure 4). For both images, the linear interpolation produces the b&§R R8lues for
all noise densities. The PSNR values from the nearest neighbour ilsgopcare not far
from these values. The PSNR values from median lter are acceptable sades of low
noise densities, whereas at high noise densities (above 50%) the PEMR dacrease
considerably.

Figure 7: The original image. Noisy image (noise density 50%). Image d=havith
linear interpolation and median lter.
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Figure 8. Noisy image (noise density 95%). Image denoised with linear inéiqrg
nearest neighbour interpolation and median lter.

Table 1: PSNR of the test images with various noise densities
PSNR for Lena's image PSNR for Baboon's image

Noise Density Noise Density

Method of Denois.| 30% | 50% | 70% | 90% | 30% | 50% | 70% | 90%
Linear Interp. | 38.57| 35.20| 32.12| 27.73| 26.60| 23.91| 21.76 | 19.34

Nearest Neighbout 34.43| 31.53| 29.18 | 25.61| 23.79| 21.74| 20.10| 17.89

Interp.
Median Filter 26.11| 23.68| 19.34| 9.47 | 19.01| 18.14| 17.23| 9.36

As a nal remark we would like to stress that the method of scattered data dhgign
based on Delaunay triangulation provides a promising approach to rengivaelénsity
impulsive noise. It is easy to implement and computationally ef cient. Our nuraleric
results show that linear and nearest-neighbour interpolation can curpetiie standard

median lter.
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