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Abstract

We consider a non-symmetric saddle point problem having a par-
ticular structure. A mixed finite element method based on a Petrov-
Galerkin formulation is analyzed within the framework of the non-
symmetric saddle point problem. As a result, we obtain a robust
and efficient numerical scheme for nearly incompressible linear elas-
ticity using linear finite elements. A numerical example is provided to
demonstrate the robustness of the approach.
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1 Introduction and abstract setting

It is well-known that low order finite elements based on standard displace-
ment formulation exhibit a locking effect when applied to nearly incompress-
ible problems [T, 2]. A standard remedy for this problem is to work with
mixed methods introducing some extra variables leading to a saddle point
problem [3,4]. Here we consider a simple mixed formulation in displacement-
pressure form [, and apply a Petrov-Galerkin formulation for the pressure
equation. The pressure equation is discretized using different trial and test
spaces, where the bases of the trial and test spaces form a biorthogonal sys-
tem. This results in a diagonal mass matrix for the pressure equation, and
it is easy to statically condense out the pressure inverting a diagonal matrix.
We have proposed this formulation in the recent work [B] as an alterna-
tive approach to the method based on primal and dual meshes. However,
the mathematical analysis presented in that study covers only the case of
primal and dual meshes. We note that the method based on primal and
dual meshes results in a symmetric saddle point system, whereas the Petrov-
Galerkin formulation for the pressure equation yields a non-symmetric saddle
point system. The novel idea of this paper is to show the well-posedness of
this formulation by combining the results on the non-symmetric saddle point
problem [6, [7, 8] and the stability result of mini-element [9].

We start with an abstract setting. Let V', W, P and @) be Hilbert spaces
with inner products (-, -)v, (-, -)w, (+,-)p and (-, -)g, respectively. Let a(-,-) :
VXW =R bi(+,) : WxP =R, by(+,-) : VxQ — R,and ¢(+,-) : PxQ — R
be bilinear forms. We consider a non-symmetric saddle point problem with
penalty: given f € W’ and g € @), find (u,p) € V x P so that

a(u,w) + bi(w,p) = f(w), w e W,

ba(u,q) — telp,g) = gla), a € Q, (1)

where t is a positive small parameter, and W’ and @)’ denote the space of
continuous linear functionals on W and @), respectively. We are interested
in analyzing the well-posedness of the problem () when ¢ — 0. There are
a number of publications devoted to the analysis of this problem in different
particular forms. For example, when b(-,-) and by(-,-) are the same, and
V =W and P = @, see references [3, 4]. The case with ¢ = 0 is analyzed
by Nicolaides [6] and Bernardi et al. [7], whereas the case with V = W,
P =@ and ¢t = 1 is considered by Ciarlet et al. [8]. We show the stability of
the problem () by combining the ideas presented by Ciarlet et al. [§] and
Bernardi et al. [{]. To this end, we assume that the bilinear forms af(-,-),



bl('a ')7 52(', ) and C(-, ) satisfy

la(v,w)] < a|v|lv]wllw, veV,weW,

bi(w,p)] < billwllwlpllp, weW,peP, )
b2(v,q)] < bafjvflvllalleg. veEV.gEQ,

e )l < clpllellale. reP,qe@,

where a, by, by and ¢ are continuity constants of the bilinear forms af(,-),
b1(+, ), ba(+,-) and c(-, -), respectively, and || - [[v, || - [lw, || - ||, and || - || are
induced inner products from the associated norms.

We define Uyy C W and Uy C V as

Uy = {weW: b(w,p)=0, pe P},
UV = {UEV: b2<U7Q):07q€Q}7

and assume that

a(v,w)

SUPweUy, Tl > OCHU”V, veUy,
SUP,evy, Gg)(v, w) > 0, w € Uy \{0}, 3)
SUD,ew ||115;1|l|)"/€) > ﬁl”pHpa JAS P7

b2(v,9) >

Paldlle,  q€@

SUPvev Ty

hold for some constants «, 31,32 > 0, where the supremum is taken only
over the non-trivial elements of the underlying sets. In order to show the
existence and uniqueness of the problem ([Il), we need the following theorem,
which is proved by Nicolaides [6] and Bernardi et al. [7].

Theorem 1. Let assumptions @) and @) be satisfied. Then for any f € W’
and g € @', there exists a unique solution (u,p) € V X P to the saddle point
problem of finding (u,p) € V x P so that

a(u,w)+ bi(w,p) = flw), w (4)
bz(u, Q) = g(q) ’ q

which satisfies the following stability estimates:

lullv < By (1+a"a)llgla +a I fllw, Iplle < B (1w +allullv) . (5)

The existence and uniqueness of the problem ([) is then established by the
following theorem. Although we use non-symmetric formulation in contrast
to the work of Ciarlet et al. [8], the proof of this theorem is similar to that
of 8, Theorem 3.2].



Theorem 2. Let assumptions @) and @) be satisfied, and
§:= 678 a(l +ata)te < 1. (6)

Then for any f € V' and g € @', there exists a unique solution (u,p) € VX P
to the saddle point problem () satisfying the following stability estimates:

1 . - Ba(1 + a~ta)
Iplle < —lpllp. lullv < lafly + T

tc . _
<— 1Ble, (7

where (@, p) is the solution to #) and satisfies the bounds

lallv < 6,1 (1 +a™ a)llglle +a I fllwe s 1Bl < B (1 fllwe + allallv) -
Proof. Letting po = 0 € P, we define a sequence {(u,,p,)} for n € N by

a(unJrlu U})+ b1<w7pn+1) = f(’lU)’ weW

b2 (Un+1 q) = g(q)+tclpn,q), q€Q. (8)

The sequence is well-defined from Theorem [M, and for n € N we have

a(un—I—l - una'w)+ bl(wapn-i-l - pn) = 07 weWw (9)
ba(Un1 — Un, ) = te(pn —Pn-1,9), q€Q.

Theorem [M yields the existence and uniqueness of the solution of (@) with
the estimates

ﬁz_i(l + a~ta)tel|pn — poillp
B al|tngr — unllv

||un+1 - unHV

10
”pn+1 —anP ( )

<
<
and hence

1Prs1 — pallp < 8785 a1l + o ta)tc |lpn — poillp < 8" millp.  (11)

Now taking n € N and an integer m > n, we have

m—1 m—1 n
[Pm — pallp < ZZ; [pi+1 —pillp < ;5i’\p1’\P STz 5le”P7 (12)

which shows that {p,} is a Cauchy sequence, and so converges to a p € P.
The stability estimate for p can be obtained by taking n = 0 in ([[Z). Using
the first inequality of (I0) and the estimate ([[1l), the sequence {u,} can be
shown to be a Cauchy sequence, and stability estimate for u can be obtained
similarly as for p. The uniqueness and other details can be worked out as in
the work of Ciarlet et al. [8, Theorem 3.2]. O

4



Our primary concern is to find a robust approximation scheme based on
linear finite elements and simplicial triangulation for the nearly incompress-
ible elastic problem. In particular, we are interested in a mixed scheme where
the pressure variable can easily be eliminated and obtain a formulation based
only on the displacement variable.

Let Q ¢ R? with d € {2,3}, L*(Q) be the space of square-integrable
functions defined on 2 with the inner product and norm being denoted by
(-,-)o and || - ||o, respectively, and L§(Q) := {p € L*(Q) : [,pdz = 0}. The
space HJ () consists of functions in H'(2) which vanish on the boundary
in the sense of traces. To write the weak or variational formulation of the
boundary value problem, we introduce the space V' := [Hg()]¢ of displace-
ments with inner product (-, -); and norm || - ||; defined in the standard way;
that is, (u,v); = Z?Zl(ui, v;)1, with the norm being induced by this inner
product. A mixed formulation of the linear elastic problem is given by intro-
ducing pressure as an extra variable leading to penalized Stokes equations

M]. Defining p := Adivu, a mixed variational formulation of linear elastic
problem is: given ¢ € [L*(Q)]¢, find (u,p) € V x L3(Q) such that

A(
B(

,v) + B(v,p) = {(v), v € V,
,q) — 3C(p.q) = 0, q € L§Q),

where A(u,v) = 2u [, e(u) : e(v)dz, B(v,q) = [,divvgdz, C(p,q) =
Jopqdz, and £(v) := [, f - vdx. Here, A and p are Lamé parameters, e(u)
is the strain of the displacement defined as e(u) = 1(Vu + [Vu]”) and f is
the prescribed body force. The existence and uniqueness of the solution of
the problem ([3)) can be shown by using a standard theory of saddle point
problem [3, H].

- (13)

2 Finite element discretization

We consider a quasi-uniform triangulation 7, of the polygonal or polyhe-
dral domain €2, where 7}, consists of simplices, either triangles or tetrahedra.
Making use of the standard linear finite element space S; defined on the
triangulation 7j

Sp={ve H(Q): v, € P(T), T € Tp,}

and the space of bubble functions

By, :={bp € HY(T) : br|,, = 0, and /dex>O, TeT,},

T



we introduce our finite element space for the displacement as V;, = (S, @
Bp,)¥N V. The bubble function on an element 7' can be defined as by(z) =
eI Api(x), where Api(z) are the barycentric coordinates of the element
T associated with vertices xpi of T, ¢ = 1,---,d + 1. The constant c¢,
is computed in such a way that the value of the bubble function at the
barycenter of T is one. Let N be the number of nodes in the finite element
mesh, and {41, -, on} be the finite element basis of Sj,. Starting with the
basis of Sy, we construct a dual space @y, spanned by the basis {1, -+, un}
so that the basis functions of S, and @)}, satisfy a condition of biorthogonality
relation

/Mi¢jd$:0j5z‘j,cj7é0,1§Z}j§N, (14)
Q

where ¢;; is the Kronecker symbol, and c; a scaling factor, which can be
chosen so that fT widr = fT ¢; dr. Hence, the sets of basis functions of
Sp and @), form a biorthogonal system. The basis functions of ), can be
constructed locally on the reference element 7' so that basis functions of Sy,
and (), have the same support [B]. We also need a subspace of S, and a
subspace of )5, having zero average on {2 defined as

Sg:I{UhEShI/

Q

vpdr =0}, QY :={q €Qy: /qhd:c:()}.
0

The first equation in ([3)) is discretized by using a Galerkin formulation,
and the second equation is discretized by using a Petrov-Galerkin formula-
tion. The Petrov-Galerkin formulation is chosen so that the pressure solu-
tion is taken from S, whereas the test functions are taken from @,. Hence
the discrete formulation of variational equation ([[3)) can be written as: find
(wn, pr) € Vi, x SP such that

A(up,vn) + Bi(vw,pn) = L), vy € Vi,
BQ(uhth) - %C(phaqh) = 07 qn € Q?La

where the bilinear forms B;(-,-) : V;, x S} — R and By(+,-) : Vi, x Q% — R
have different domains of definition but are defined exactly as the bilinear
form B(-,-) in (3). The goal of choosing the Petrov-Galerkin formulation for
the pressure is to obtain a diagonal matrix corresponding the bilinear form
C(+,-) so that the degree of freedom corresponding to the pressure variable
can be eliminated easily.

We show the existence and uniqueness of the solution of the mixed for-
mulation (&) using Theorem

The continuity of the bilinear form A(-,-) on Vi, x V', of By(+,-) on Vj, X
SY and By(-,-) on V;, x Q% and of C(+,-) on SY x QY is straightforward. By

(15)
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using the Korn’s inequality, it is standard that the ellipticity of the bilinear
form A(-,-) holds on V', x Vj,. It remains to show that the uniform inf-sup
condition holds for the bilinear form B (-,-) on V;, x S7, and for the bilinear
form By(+, ) on V7, x QY. As it is well-known that the bilinear form B, -)
on V', x SP satisfies the inf-sup condition uniformly with respect to the mesh-
size [9], we turn our attention to prove a uniform inf-sup condition for Bs(-, -)
on Vi x QY. That means we have to show the existence of a constant 5 > 0
independent of the mesh-size such that

B
sup 2 (’Um Qh)

> Bllanllo, an € Q. (16)
vV, |vnl

To this end, we define an operator I, : Q9 — SY mapping every element
pn = > cipti of QY to the element ¢, = D7 ¢;¢; of S). Using the fact
that fT o¢idr = fT,ui dr, 1 <1i<d+1, we have fT opdr = fT I,¢p dx, and
hence the operator is well-defined.

For the reference triangle or reference tetrahedron, using Gauss divergence
theorem, we have the following identity for any bubble function by € By,

T T

Using (1), we can show the following properties of the operator Ij,.

Lemma 3. Given v, € V), we can construct an element vy, € V', so that
there exists a constant ¢ > 0 with

1wy < cllvally, Bo(On, an) = Ba(vn, Inan) , qn € Q1 (18)
and there exist two constants ¢y > 0 and ¢y > 0 with
cillgnllo < Hranllo < callgnlfo- (19)

Proof. We start with

By(vp, qn — Ingn) = / divvy, (qn — Ingn) do = Z / divvy, (gn — Ingn) do
Q TET, T

for v, € Vj, and q;, € Qg. Let v, = s, + b, with s, € S;‘f, and b, € B,Cf.
Then

Bs(vn, qn — Ingn) = Y / divsy, (gn — Ingn) dz + / divby, (gn — Ingn) dz .
TeT), T T



Using the fact that divsy is constant in each element 7', the first integral in
the right side of the above equation is zero, and hence

Bs(vh, qn — Ingn) = Ba(bn, qn — Inqn) -
As g, € QY can be written as g; = Zf\il qifti, We obtain

N N
By(b, qn) = ZQZ/ divby, pi;dz, and  Ba(by, Ingn) = Z%/ divby, ¢; dz
=1 7S i=1 VS
where S; denotes the support of ¢; or u;. Since by belongs to the space of
bubble functions, restricted to an element 7', it can be written as b, = arbr
for some constant vector ar. Now we decompose the integrals inside both

sums into each element

N
By (b, qn) = Z%ZGT'/V()T/MCZJ%
T

=1 TCS;
N

By (b, Ingn) = Z%ZGT'/V()T(bidxa
i=1  TCS; T

and use the property of a bubble function () to get
By(bn, qn) = (d + 2) By (bn, Ingn) -

Hence defining v, := s, + ﬁbh, and noting that s, and by, are linearly inde-

pendent the first condition ([I§)) is proved. The second condition ([[d) follows

easily by using the fact that ||I,qx||3, ||qn|l? and Zﬁl q?h? are equivalent,

where h; is the local mesh-size at the i-th node of 7. O

An easy consequence of the above lemma is the following theorem.

Theorem 4. The finite element pair (V5,, Q%) satisfies the inf-sup condition
(5.

Proof. Let q, € @Y, and I;,q, € Sy. Since the pair (V,SY) satisfies the
inf-sup condition, we can find an element v, € V', satisfying

Bo(vn, Ingn) > cl|Ingnlls, and [|valli < |l Inganllo-

Hence, using the properties (I8) and () of the interpolation operator Ip,
we can find an element v, € V;, with

By(0n, qn) = Bo(vn, Ingn) > | Inanlls > cllanll?

and
[onllr < cllvnlly < cllIngnllo < cllgnllo-



Thanks to Theorems Pl and @], the following corollary holds, see references
61, 12, 3, [10].

Corollary 5. The discrete problem ([H) has exactly one solution (wp,pp) €
V5, xSY, and there exists a constant ¢ independent of Lamé parameter \ such
that

[wnlls + [lpallo < ¢l Flo-

Furthermore, if (u,p) is the solution to the problem (), we have the fol-
lowing error estimate uniform with respect to \:

lw = wnlls + llp = pullo < e inf - flu — wplly + ¢ inf ip = gnllo,
VreVy Qhesh

where the constants ¢y and cy are independent of the mesh-size.

Using the standard approximation properties of the spaces V;, and S, it
is easy to see that the approximation to the displacement converges to the
exact solution with O(h) in H'-norm.

3 Numerical results

In this section, we illustrate the performance of the formulation discussed
in the preceding sections in a numerical example [T1] showing a comparison
of different formulations using L?- and H'-norms. Here, the exact solution
u = (up,ug) is

sin (7 ) sin (7 y)

w(z,y) = sin(2my) (~1+cos (2ma)) + —— "=,
us(z,y) = sin(2wz) (1 —cos(27y)) + sin (Wf)jlj\l (Ty)

with A = 2499666.644443238 and p = 500.0333355557037 (corresponding
Poisson ratio and Young’s modulus are v = 0.4999 and E = 1500) so that a
nearly incompressible response is obtained. We compute the solution by tak-
ing () as a unit square, where the right hand side and the Dirichlet boundary
conditions are computed by using the exact solution. We have shown the
discretization errors with respect to the number of elements in Figure [l As
can be seen from Figure [l, the standard approach locks completely, whereas
we get very good numerical approximations with our approach and mini-
element. However, we note that our formulation is more efficient as we can
reduce the problem to the displacement-based formulation by inverting a
diagonal matrix.
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Figure 1: Error plot versus number of elements, L?-norm (left) and H!'-norm
(right)
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