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ABSTRACT. We survey the application of contraction mapping argments to
selfsimilar (nonrandom) fractal sets, measures and functions. We review the
results for selfsimilar random fractal sets and measures and show how the
method and extensions also work for selfsimilar random fractal functions.

1. INTRODUCTION

Contraction mapping methods for showing the existence and uniqueness of (non-
random) selfsimilar fractal sets, measures and functions were first used in [Hut81].
In [Fal86] and [Gra87], contraction methods were used to obtain random selfsimilar
fractal sets, and in [O1s94] to obtain random selfsimilar fractal measures, by essen-
tially applying the nonrandom metrics to a.e. realisation in the random setting. In
[HR98a, HRI98b] we introduced new probability metrics for random measures which
give natural and much stronger results, including the results of [Arb91] previously
obtained by martingale techniques.

In this paper we review and extend these results. We also discuss the case of
random selfsimilar fractal functions and indicate how Brownian motion and other
stochastic processes with certain scaling properties can be included in the present
framework. (Selfsimilar integral flat chains were developed in an analogous manner
in [Hut81]; one could obtain similar results in the random setting by using the
methods reviewed here.)

Of major importance is the structure of selfsimilar fractals. For this we refer the
reader to the two books [Fal90, Fal97] and the references therein. For motivation
and diagrams we refer to these two books, the elementary survey paper [Hut99],
and the papers [Hut81] and [HR98a].

This work has been partially supported by the Australian Research Council and
the DFG Graduiertenkolleg “Nichtlineare Differential Gleichungen” (Freiburg).

2. SELFSIMILAR FRACTAL SETS

Definition 2.1. A scaling law S is an N-tuple (S1,...,Sn) (N > 2) of Lipschitz
maps S; : R” — R". We denote the Lipschitz constants by r; = Lip S;.
If K C R™ then SK C R" is defined by

SK = J Si(K).

We say K C R"™ satisfies the scaling law S, or is a selfsimilar fractal set, if

K =SK.
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In future we make the convention that all compact sets are nonempty.
The following was essentially proved in [Hut81].

Theorem 1. If S is a scaling law with r = maxr; < 1 then there is a unique
compact K* C R™ which satisfies S. Moreover, for any compact Ko C R",
k

dy(SF Ko, K*) < lr dy (Ko, SKo) — 0

—-r
as k — oo, where dy is the Hausdorff metric.
Proof. One checks that
dn(SA,SB) < rdyn (A, B),
and so S is a contraction map on the complete metric space C of (nonempty) compact
subsets of R™ endowed with the Hausdorff metric. The result follows. (I
One can obtain a random version of the above.

For this let (Q,.4,%) be the underlying probability space. If X is a random
variable (set, measure, etc.), we denote by dist X the corresponding probability

distribution on R (sets, measures, etc.). By 2 we denote equality at the probability
distribution level.

Definition 2.2. A random scaling law S = (S1,...,Sn) is a random variable
whose values are scaling laws. We write S = distS for the probability distribu-
tion determined by S.

If K is a random set, then the random set SK is defined (up to probability
distribution) by

SK = JS:K®,

where S = (S1,...,Sx), KM, ..., K™) are independent of one another and K () 4
K. If K = dist K is the probabiltiy distribution on sets determined by K, we define

SK = dist SK.

We say K (or more precisely K) satisfies the scaling law S, or is a selfsimilar
random fractal set, if

SK < K, or equivalently SIC = K.

We remark that in the previous definition the random maps 51, ..., Sy are nor-
mally not independent of one another.
One generates random sets in the following manner, c.f. [HR98a].

Definition 2.3. Beginning with a (nonrandom) set K, one defines a sequence of
random sets

SKy = U S; Ko,
SQKQ = U Si o sz KQ,
%]
S* Ky = U Si0SioS) Ko,
i,k

etc.; where §' = (57,...,Sy) fori = 1,..., N are independent of each other and of
S, the S¥ = (S{,...,S%) for i,j = 1,..., N are independent of each other and of
S and the S?, etc.
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Definition 2.4. Let C be the set of random compact sets K such that

esssup dy (K“,0%) < oo,
w

for some, and hence any, fixed compact set B C R™. By dp we mean the random
set equal a.s. to B.
Let C be the set of probability distributions of members of C, i.e.

C={dist K |KeC}.

Our goal is to show that under natural conditions there is a unique random
compact set K* € C (up to probability distribution level) which satisfies S, and
that for any initial (nonrandom) compact Ky one has S¥K; — K* a.s. in the
Hausdorff metric. In order to establish the a.s. convergence, we need the following
natural probability space for the iteration construction.

Definition 2.5. The N-fold tree of all finite sequences from {1,..., N}, including
the empty sequence (), is denoted by C' = Cy.

A construction tree (or construction process) is a map w : C' — T, where T is
the set of (nonrandom) scaling laws. The sample space of all construction trees is
denoted by Q = {w | w:C — T}.

The underlying probability space (SNI, .Z, f)) for the iteration procedure is gener-
ated by selecting iid (independent and identically distributed) scaling laws w(o) LS
for each o € C.

The following result is due to Falconer [Fal86] and Graf [Gra87].

Theorem 2. IfS = (S1,...,Sn) is a random scaling law with \ := esssup,, r* < 1
(where r* = max; r¥ = max; Lip S¥ ), then for any (nonrandom) compact set Ky,
k

esssup dy (SF Ky, K*) < 1)\

5, eSS sup dn (Ko, SKp) — 0

as k — oo, where K* does not depend on Ko. In particular, SFKo — K* a.s.
Moreover, up to probability distribution, K* is the unique random compact set
which satisfies S.

Remarks. The probability space (ﬁ, .,Z, f]) is required in order to establish the a.s.
convergence result. On the other hand, the existence and uniqueness of dist K*
does not depend on the choice of the underlying probability space (22, A, X).

One could begin with a random compact set Ky, but the limit random set K*
will no longer be independent of Ky (although it will still be independent up to
distribution). The argument is similar, except that one works in a probability space
which has (Q, A, %) as a factor.

Proof. Take (§~2, JZ, f]) as the underlying probability space.
Define
dy(E,F) = esssupdy(EY, F*)

for E, F € C. Then (C,d3,) is a complete metric space.
Define S : C — C by

(2.1) SK (w) = U Si(w) K (w),

using notation we now explain. (This will be a definition at the random set level,
not just at the probability distribution level.)

First recall that we are working with the probability space (ﬁ, .,Z, ENJ) The “top
node” w(f) of each w € Q is a scaling law which we denote by (S;(w), ..., Sx(w)).
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By K@ we mean that member of C defined by K (w) = K(w®) where w® is
w shifted by 4, i.e. w? (o) = w(i * o) for 0 € Cx with * denoting concatenation.
Loosely speaking, one can think of K as being the random set determined by K
and by the ith main branch w® of w.

Note that by construction the scaling law (S1,...,Sy) and the random sets
K® .. KWN) are independent of each other, (Si,...,Sy) 2Sand KO £ K for
each i. Thus the above definition of SK is cl?nsistent with Definition 2.2.

k /_/% . o, .
Moreover, one can see that S*Ky:=So---08§ K agrees with Definition 2.3.
One easily checks that S is a contraction map on C with contraction ratio A. In
fact

dj,(SE,SF) = esslfup dyn (U Si(w)E(i) (w), U Si(W)F(i) (W)>

< esssup (rw max dy (E(i) (w), F® (w)))
< Amaxesssup dy (E(i) (w), F® (w))
g w

= \dj,(E, F),

where the last step comes from the fact F(?) 2 B. This gives the claims in the first
paragraph of the theorem.

Since SK* = K*, where SK* is defined as in (2.1), we see by taking the dis-
tribution of each side that dist K* satisfies S in the sense of Definition 2.2. We
next show the uniqueness of a probability distribution satisfying S, regardless of
the underlying probability space.

For this define

&3 (€, F) = nf{d;(E,F) | EL & FLFY.

It is straightforward to check that (C,d};) is a complete metric space, and that
S : C — C, where the operator S is defined in Definition 2.2.
We claim

dy; (SE,S8F) < Md3; (€, F)

and so S is a contraction map. To see this, choose F; 4 &, F; L Ffori =
1,..., N, such that the pairs (E;, F;) are independent of one another and such that
di; (€, F) = d5,(E;, F;). Choose (Si,...,5n) is independent of the (E;, F;). The
proof of the above inequality is now similar to that for dj,. This establishes the
rest of the theorem. |

3. SELFSIMILAR FRACTAL MEASURES

It is usually more convenient to work with measures rather than sets. This leads
to more useful metrics, and for applications such as to image compression it is
convenient to consider “grey-scales”.

Extensions of the results in this section, and further details of proofs, can be
found in [HR98a, HRI8b]

We first extend Definition 2.1.

Definition 3.1. A scaling law S (with weights) is a 2N-tuple (p1,S1,...,Dn, SN)
of positive real numbers p; such that > p; = 1, and of Lipschitz maps S; as before.
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If 1 is a Radon measure on R”, then the measure Sy is defined by
N

Sp=">Y piSip,
i=1
where S;pu is the usual pushforward measure. We say p satisfies the scaling law S,
or is a selfsimilar fractal measure, if

Sp = p.
Definition 3.2. For p > 0 let

M, = {M
The minimal metric £, on M, is the complete metric defined by

G, v) =inf{ (BIX ¥ )3 | x Ly Lo}

- inf{ (/ |z =yl dvy(z, y)) "

where A denotes the minimum of the relevant numbers and 7;y denotes the i-th
marginal of v, i.e. projection of the measure v on R™ x R" onto the i-th component.

It will be convenient to extend the second form of the definition to ¢,(p,v) in
case u and v have equal masses other than one.

w is a measure on R™, pu(R"™) = 1,/|x|p dp < o0 } .

Y = M 7T2’7:1/},

Suppose « is a positive real, S : R — R™ is Lipschitz, and v denotes the
maximum of the relevant numbers. Then for p > 0

1 _ 1
& o, av) = ol (u,v),
OV (1 + posvr + va) <OV () 4+ BV (g, ),
Cp(Sp, Sv) < (Lip 8"y (1, v).

The first follows from the definition by setting v = ¢y where 7 is optimal for (u, ),
and the third by setting v = S75. The second follows by setting v = 1 + 2 where
~; is optimal for (u;,v;), and by also noting (a + b)? < a? + b if a,b > 0 and
0<p<l1.

The following theorem was proved in [Hut81] in case p = 1 by using the Monge-
Kantorovich metric, and essentially in [BDEG88, BDEGS89] in general by using
Markov process arguments. The simple argument here gives additional information
concerning the rate of convergence.

Theorem 3. IfS = (p1,51,...,pn, SN) is a scaling law with \, == >, p;r? < 1 for
some p > 0 then there is a unique measure u* € M, which satisfies S. Moreover,
for any po € M,,

as k — oo.

Proof. 1t is straightforward to check that S : M, — M,. Moreover,
BV (Sp, Sv) = 4V (Zpisim Zpisﬂ/>

< il (Sip, Siw)

<3 prt e 1)
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from the properties of £,. Hence S is a contraction map with contraction constant

1
Ap " This implies the theorem. (]

Remarks. Since ([ |z[P du)l/p — exp [log|z|dp as p | 0, it follows that

My := U M, = {p ‘ w(R™) = 1,/10g|m|du<oo}.
p>0

Since Ay/? | [L; 77" asp | 0, it follows that if ], r¥* <1 (i.e. >, pslogr; < 0), then
there is a unique measure p* € My which satisfies S. Moreover, for any pg € My,
SFug — p* in the weak sense of measures as k — oo.

It also follows that the p* in the theorem is unique in the larger class M.

Since /\}1,/ P 1 max;r; as p T oo, we can regard Theorem 1 as a limit case of
Theorem 3. More precisely, if max; r; < 1 in Theorem 3 then spt p* is compact and
is the unique compact set satisfying (S1,...,Sn). Moreover, if spt po is compact
then spt S¥ g — spt p* in the Hausdorff metric sense.

Analogous to Definition 2.2, one has the following.

Definition 3.3. A random scaling law S = (p1,51,--.,Pn,Sn) is a random vari-
able whose values are scaling laws. We write & = dist S for the probability distri-
bution determined by S.

If u is a random measure, then the random measure Sy is defined (up to proba-
bility distribution) by

Su=Y_ pSin,

where S, M, ..., u™) are independent of one another and (¥ 4 w. P =distpu
we define
SP = dist Sp.

We say u (or more precisely P) satisfies the scaling law S, or is a selfsimilar
random fractal measure, if

S 4 W, or equivalently SP = P.

One can now proceed in a manner analogous to that for random sets.
Fix p > 0. Beginning from any ;o € M, one defines a sequence of random
measures

Spo = Y piSi o,
SQNO = Zpipé-si ° 5; Ho,

0.
Suo =Y pipip) Sio S0 S o,
4,5,k
etc.; with independencies analogous to those in Definition 2.3.
The following analogue of Theorem 2 extends results of Arbeiter [Arb91] estab-
lished with the use of martingale theory, c.f. [HR98b].

Theorem 4. If S = (p1,51,...,pN,SN) is a random scaling law which satisfies
Api=EY pir? <1 and EY p;|Si(0)]P < oo for somep > 0, then for any pro € M,
k
1 . Ap 1
Ev £8(S" o, p*) < pﬁ E¥ (110, Spio) — 0 p>1
L=Xp
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k

A
Ely(S" 1o, 1) < 71— Elp(110,Spao) — 0 0<p<1
—\p

as k — 0o, where p* does not depend on pg. In particular, S¥puy — p* a.s. in the
sense of weak convergence of measures.

Moreover, up to probability distribution, p* is the unique unit mass random
measure with E,, [log|z|dp® < co which satisfies S.

Proof. The proof is analogous to that in Theorem 2.
One defines

MP{M

For p,v € M, define

w1 a random measure with pu(R™) =1 a.s., Ew/ ||P dp (z) < oo } .

1
ES 0 (ue, 1) p=>1
E l,(n?,v?) 0<p<Ll

03(n,v) = {

Then one can check that (M, EI*,) is a complete metric space, and using the various

independencies, that S : M, — M, and is a contraction map with contraction
LN
constant )\{,’/\ . Now argue as in Theorem 2 to establish the claims in the first
paragraph.
For the uniqueness of dist * satisfying S, define a metric on the set M, of
probability distributions of members of M, by

Kok . * d d
6P, Q) =inf{ L(u,v) | p=P,v=0}.
Then (M, £;*) is a complete metric space and S is a contraction map with con-

Il
traction constant A\j . The result follows. (|

Remarks. In a manner analogous to the remarks following Theorem 3, by let-
ting p | 0 one can deduce existence, uniqueness and convergence results provided
E>, pilogr; < 0and E), p;log|S;(0)] < co. By letting p T oo we can consider
Theorem 2 as a limit case of Theorem 4.

One can also replace the condition Y p; = 1 a.s., implicit in Definition 3.3, by
E Y p; = 1. Similar results still hold, but the proofs involve a number of new ideas,
see [HR98D).

4. SELFSIMILAR FRACTAL FUNCTIONS

For simplicity we consider functions f : I — R™ where I C R is a closed bounded
interval. (One can easily consider more general domains in R™ for m > 1, as in
[Hut81] in the nonrandom case.)

Let I = I U---UIy be a partition of I into disjoint subintervals. Let ¢; : I — I;
be increasing Lipschitz maps with p; = Lip ¢;. (Note that ). p; > 1, and if the ¢;

are affine then >, p; =1.) If g; : I; = R" fori=1,..., N define | |, g; : I — R™ by

(|T| 91')(33) =gj(z) forxz el

Definition 4.1. Let S = (Sy,...,Sn) be a scaling law (as in Definition 2.1). For
f:I —R"defineSf: I — R"” by

i
We say f satisfies the scaling law S , or is a selfsimilar fractal function if

f=Sf.
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Definition 4.2. For 0 < p < oo let
Lo ={f:1—R"|esssup|f| < oo},

Lp:{f:IHR"|/|f|p<oo} 0 < p < oo,

The metric d,, on L, is the complete metric defined by
doo(f, 9) = esssup | f(z) — g(2)],

%/\1
dp(f,g)</|fgp> if 0 < p < 0.

Let A\oo = max;r; and A, = Zi pirf for 0 < p < co. One easily obtains the
following.

Theorem 5. IfS is a scaling law with A\, <1 for some 0 < p < oo then there is a
unique f* € LP such that f* satisfies S. Moreover, for any fo € LP,

k
deo (S fo, f*) < % doo(fo,Sf0) — 0

dp(S* fo, [*) € 7 dp(f0.Sfo) =0 0<p<oo

as k — oo.

Proof. Simple calculations show

doo(SF,Sg) < Aood(f,9),  dp(SF,Sg) < M\ dy(f.g) for 0 < p < oo,
]

Corollary. Suppose Aoo < 1. Let a and (3 be the fized points of S1 and Sy respec-
tively and assume S;(8) = Sit1(a) fori=1,...,N —1.

Then f* is continuous and f*(a) = a, f*(b) = B where I = [a,b]. Ifa = ap <
ap < - <any=>band I; = [a;_1,a;] for each i, then f*(a;) = S;(8).
Proof. S preserves continuity and the conditions f(a) = z9 and f(b) = zn, while

dso is complete on the set of continuous functions.
Hence

fH(ai) = (Sf)*(a;) = Sio f* o ¢ (ai) = Sio f*(b) = Si(2n) = 2.
[
Remark. Tt follows from the definitions that if f* is selfsimilar as in Theorem 5 then
spt f[I] (= f[I] if f is continuous as in the Corollary) is the selfsimilar compact

set in Theorem 1, and the pushforward measure fgu £'|I of f applied to Lebesgue
measure restricted to I is the selfsimilar measure in Theorem 3.

As before one has a random version.

Definition 4.3. Let S = (5,...,Sy) be a random scaling law (as in Defini-
tion 2.2). If f : I — R™ is a random function, then the random function Sf is
defined (up to probability distribution) by

Sf=||Sio Moo,

where S, f® ..., f®™) are independent of one another and f() 4 f- U F=distf
we define

SF = distSf.
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We say f (or more precisely F) satisfies the scaling law S, or is a selfsimilar
random function, if

Sf 4 f, or equivalently SF = F.
One now proceeds in a manner analogous to before.

Fix 0 < p < 0o. Beginning from any fy € L, one defines a sequence of random

functions

(4.1) Sfo=||Siofood; ",

S?fo=| |SioSiofood; o,
i,J
S3 fg = |_| SioS;oS,ijofoqul;l o¢;10¢;17
.5,k
etc.; with independencies analogous to those in Definition 2.3.
We then have the following analogue of previous results.

Theorem 6. If S = (S1,...,SNn) is a random scaling law which satisfies either
Ap = EX pir? <1 and EY pi|Si(0)]P < oo for some 0 < p < oo, or satisfies
Aoo 1= esssup,, max; r; < 1 and esssup,, max; |S;(0)| < oo, then for any fo € Ly,
)\Ic
ess Sup dog (S* fo, f*) < ——— esssup doo (fo,Sfo) — 0

Evdi(S* fo, ) < - E»d?(fo,Sfo) — 0 0<p<oo

Ed,(fo,Sfo) — 0 0<p<l1

k *) < P
]Edp(S fO?f )— 1_)\1)

as k — 0o, where f* does not depend on fo. In particular, Sk fo — f* a.s.
Moreover, up to probability distribution, f* is the unique function such that

E [log|f*| < oo and which satisfies S.
Proof. Let

Lo = {random f:I—R"|esssup esssup |f“(z)| < o0 },

Lp{randomf:IHR” Ew/|f“’|p<oo} 0<p<oo.

For f,g € Ly, define
esssup,, doo(f“,9%) p=o00
1
d,(f,9) = EGdp(f<, 9%) 1<p<x
Eody(f°,9%) 0<p<l
Then one can check that (L,, d;) is a complete metric space, and using the various
independencies that S : L, — L, is a contraction map with contraction constant

ia1
Aso, OF )\{,’A if p < co. Now argue as in Theorem 2 to establish the claims in the

first paragraph.
For the uniqueness of dist f* satisfying S, define a metric on the set £, of prob-

ability distributions of members of LL,, by

& (F,G) =t {di(f,9) | fEF, 926}
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Then (L,, d;*) is a complete metric space and S is a contraction map with contrac-

LAl
tion constant Ao, or Aj  if p < o0.
Note that

{random f:I—-R"

E/log|f|<oo} U L

0<p<oco
The result follows. |

The random version of the previous corollary is established similarly.

Corollary. Suppose Ao := esssup, max;r; < 1 and esssup, max;|S;(0)] < oo.
Let S1 and Sy in (4.1) have random fized points o and (3 respectively, and assume
Si(B) = Siy1(a) a.s. fori=1,...,N —1.

Then f* is continuous a.s. and f*(a) = «a, f*(b) = O where I = [a,b]. If
a=uag<a; <---<ay=>bandIl; =[a;_1,a;] for each i, then f*(a;) = S;(8) a.s.

We next briefly indicate how the previous framework can be modified to include
Brownian motion. It will be clear that the ideas can be considerably extended, but
we leave details for elsewhere. In [Gra91], using different notation, it was shown
that Brownian motion can be characterised as the fixed point of a scaling operator
analogous to the following setting. Here we show that moreover one has contraction
maps at the random process and distribution level.

For each a > 0, let B%(¢) denote Brownian motion in R characterised by

B*(0)=0 a.s.,

B(t+ h) — B*(t) £ N(0,ah) fort>0and h >0,
where N (a,0?) denotes the normal distribution with mean a and variance o2.

Let X“ :[0,1] — R be the corresponding constrained Brownian motion given by
X*0)=0as, X*1)=1as.

w(3) £3(03)

by a standard property of Brownian motion.
Next fir p € R.
Consider Brownian motion X
X(1/2) =p.
Let S1,52 : R — R be the unique affine transformations characterised by
51(0) = O, 51(1) = SQ(O) =D, 52(1) =1.

In particular,

| ya(1y_,> whichis just X< further constrained by
(3)=p

Let
r1:=Lip Sy = |p|, 719 :=LipSy=|1-p|.
Then

Xy )25 0x>T(2t), tel0,1/2],

(3)=p
essentially since scaling time by 2 and distance by r; (because of composition with
S1) means the variance of Brownian increments is scaled by 2r%. Similarly

a d 3
X ‘Xa(%):p(t) = S0 X2 (2t —1), te[1/2,1].
Next let I = [0,1] and define
¢1 I*)[O71/2]7 ¢1(5):5/2a
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¢2 I — [1/2v 1]7 ¢2(5) = (5 =+ 1)/23
It follows that

2 (o3
a d 2,2 _
X xaqymp = L S0 X* 007, te(0,1]

i=1

Motivated by the above, now let p® be a random point in R with distribution
N(0,/2) (this is just the distribution of X*(1/2)).

For each a > 0, let S* = (5§, S%) be the random scaling law obtained by defining
(58%,5%) from the random point p® in the same manner (S;,S52) was previously
defined from the fixed point p. Since p® is a random point whose distribution
depends on «, the distribution of the random scaling law S® likewise depends on «.
Let r® = Lip S for ¢ = 1,2 and 7 = max{r{,r$'}. Write S for {S*| a > 0}.

It follows for each o > 0 that

2 o 0
(4.2) x| |seo xT Y o g1
i=1

where S* = (5S¢, 5%) is first chosen as above, and then after conditioning on S¢,
X < x w7 and X W(Z)
another. We emphasise that even for fixed «, the X
r$ = Lip S§*.

Thus the family of constrained Brownian motions (or Brownian bridges) { X¢ |
a > 0} satisfies the family of scaling laws S = {S* | @ > 0} in a manner general-

ising Definition 4.3.
For random functions

sz (1) d 3507 .
2(rf)? £ X 2097 are chosen independently of one

sz (@) .
2777 depend on S via

o) = f“(a,t) : (0,00) x I - R

such that
supa~/2E, / |9 (a, t)] dt < oo,
o I
and similarly for g, define

& (f.9) = supa~V2E, / £ 1) — g° (a0, 8)] dt.

The factor /2 is the appropriate one to capture the scaling behaviour of Brow-
nian motion.

In the following, with some abuse of notation, we suppress w and write f(«,t) =
fot) for fY(a,t) = f<%(t). Motivated by (4.2), we define up to distribution

2 o (4
)" £ | seo s

=1

—1
O¢i 9

where S* = (S¢, 5%) are first chosen as before, and then after conditioning on S¢,

Sz (1) - oz (2) 30T .
choose f201)* 4 2007 and f209)7 4 f209% independently of one another.
To turn this into a definition at the random variable level (rather than just the dis-
tribution level), one needs an analogue of the previous tree construction so that the

choices of the f2"
are maintained.

w7 () . . .
%" are determined by f, and so that the same independencies
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Assuming this has been done, in order to obtain a contraction map, compute for

a>0

a—aE/I|(Sf)(a,t) ~ (Sg)(a1)| dt

<a iE

2 . 2 .
Usros™aor = st o™ ogr

i=1

sz ( ez () 1
< _51[43 ‘ 2(&) 2(7 ) ‘ n_1
- ( Z / f as |¢] 5
<a —%_ / jrE @) e ©
I
= 7% /fQ(r“)Q —QW
by definition of fz(ra)z( g g>? )

-31 @ : * . "

Saz 9 ZET a)2 d*(f,g) by definition of d

|
QL
*
—~
ol
~—

Taking the sup over @ > 0 gives the contraction. Existence and uniqueness
results follow.

[Arb91]

[BDEGSS]

[BDEGS9)

[Falg6]
[Fal90]
[Fal97]
[Gras7]
[Gra91]
[HR98a]

[HR98b)

[Hut81]
[Hut99]

[Ols94]
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