Twenty years’ analysis of the
Binary Euclidean Algorithm*
Dedicated to Tony Hoare

on the occasion of his
departure from Oxford

Richard P. Brent

Computing Laboratory
Oxford University

15 September 1999

“Presented at a Symposium in Celebration of the
Work of Tony Hoare, Oxford, 13-15 September 1999.
Copyright ©1999, R. P. Brent. rpb183t

Abstract

The binary Eucli eanal rih i a arian

he cla ical Eucli eanal rih a i
iiin an ulilicain ece by er
i en ially a er han he cla ical

al rih nabinary achine

ill e cribe he binary al rih an
cniei aeraecaebehaiur n

ar icular ill e cribe herecen 1ic ery
an err r hich a ein icu e
recen re ul rii e allee an e cribe a
nu erical ¢ uain hich eri e a
C n ec ure allee eci al lace

nr ucin

The binary Eucli ean al rih

ir r ulain 1 rih
i ry
n inu u el

necure e irical re ul
n her r wlain 1 rih
eul era r

elainbe een he era r
ie in
allee ¢ necure an re ul
u erical re ul
Trac in nan err r

ral

nclui n an en r ble

hya a er na era ecaeanaly i
al rih

Tny arean b hhaeaninere in
Eucli eanal rih an ince he wublicai n
hi a e n uic r T nycanhar ly
eny an in ere in he a era e ca e analy i
al rih lhuhTny r e he
uic r inhi uuwal hruh
an c¢ n incin  anner hereal i ni cance
uic r i i e cellen
beha i ur Tny a ella are hi alar e
ar hi aeri e e he a era e
ca e analy i uic T

er nally reer ea r ince unli e

uic r 1 ha wuaran ee r caei e
b un 1 r ie er he

r cee in aer a rienie ere ina
ear cnerain ha Tny a cl ely
in le in he ic ery ea T e an

illia erein he a er illia

un hea r henTny un a uicer r



nanycae 1ienT ny in ere

caeanalyi ycncluin a

cnier hea era eca e beha i

Eucli ean al rih
n nuhan rii e allee
e hin relai ely ne

in a era e
ha h ul
ur

r una ely han

ha

ay ab u he

n hecla ical Eucli eanal rih

1 en e 1

are iieine er

al en e he yaic aluain he

iieineer 1ie he reae
uch ha

in e er

The i ea he Eucli eanal rih i
a i he iiin erain
hecla icalal rih bu reain 1

I an aerae cae

ea u e ha heal rih i1 le ene

n a binary c u er iiinbya er
i eay n aricular ea u e ha he
hi ri h unil erain

re ui alen ly
hile e en

canbe er r € incn an i ealhuh
ie al ul be u cien

There are e eral al
e ne heal rih iey
he lar e er ii
ri liciy ea u e ha
iieine er
I in iai lie erin
al rih ienin nuh

i er inae 1ihre

i hen el e

e ui alen ay

a e acc un
in hein u
an are

he

ul

The binary Eucli eanal rih i a ribue

il er an Ter ian un ubli he an
ein eer i ee bac
al a ara hecla ical Eucli ean
al rih nu h u e aranlain
a r cenury hine e e
nh re uccea racin 1 e
er
hal in i ible a e hal
her ie rie n he
en ina ran henu era r
an ubrac he aller r he
rea er

e ea unilb hnu ber are
e ual

i liy ih hic n alue

Thi 1 ery uchlie 1 rih



ece beha i ur
1l ha au i

Thi a r a e
herei a u aryin

T analy e hee
I rih e can
e

hecla icalal rih

in y a er an
nu h 1 eiin
u e ha heiniialin u
I rih areuni r lyan in e en enly
i ribue in aar r here rici n
ha hey are e be he alue
a er ierain e
e .
in
a
an le be he r babiliy i ribuin
unc i n in heli i a Thu
r
R. P. Brent, nalysis of the Binary uclidean lgo
rithm,
.. Traub, editor , cademic Press,

)

e ork, 19 |3 1-355.

r e

e a e he lauible bu n
he alue ih

a u in ha al ae

r babili y a e
i lau ible becau e
e en n he lea

herea hec ari
he ini can bi

he e be al

al a e
i ni can bi an
na e e en n

ne ul e ec

in e en en

allee does not need to make this assumption. Her

results ill be mentioned later.

nier hee ec e an e can
a u e ha al
hen i ran 1 e
n —— —
in
11 ha i

Thu  he recurrence r

an

i eren ia in he recurrence r e b ain
r he r babiliy

r ally a recurrence

eniy

The recurrence r aybe ri ena

i hecae a

hich ill be e ne

here he era r
re eneral era r

la er




b ain

n vy a er aenu erical an analy ic ecan i liy hee re in r
e 1 ence ha cnere ali iin
i ribuin a an ha
cnere hecrre n in r babiliy
) . here
eniy n e ha i
a e in he era r )
u in hee i ence ii h nin y
) .a er ha h.e € ec'e nu ber in inerainby ar e b ain an
ierain I rih i . 1 a euialen e re in
here i acn an
e ne by
In In
an r y irec r ee nu h hir
eiin
illbeueul re rie I rih in he era T u e ulin he analy i
I in euialen r uin eu a cal he binary Eucli eanal rih are e ne
n ui able unci n ace by
u e
al
n hee eniin i ac le ariable an
he era r arecalle uelle era r They
are linear era r acin ncer ain unci n
] ace
allee h acnnecin
be een 1 rih an ¢ ninue racin The ca e i ar icular in ere
aceram T enc e hee ec neierain  heinner
_ hile 1 I rih an enc e
he e ec neierain he uer |hile

here i

an

1



rih ie aniner reain

en e a inr uce in y
a eran a eneralie by allee e a in hecae hein u eniy
a inr uce by allee e hall call i hene ecuin he inner
hile 1 I e by hee chan e an
he an ran r hi eniy e er
bycnierin he r ierain hi 1
I e by hee chan ei hel
er ina e e ee ha he ran r e eniy
i 1ienby
The era r arecl elyrelae a he
I in reul h
here he r er arie i ihu an
e chan e an he ec n arie i ane chan e
ccur
n al ebraic r e a 1 1enin he
r cee in
The 1 in The re ieai le 1l i eiaely r The re ha i
relai n hi be een an The r
ii eiaer e a an he eniin
he era r
hen
Thu i i a e in he era r
hen i a e in he era r r
arecen re ul allee e n ha
acin nacerain ary ace ha a
uni ue iie inan i le el en alue
u be acn an ulile he
crre nin eienuncin r ie
1 r he e niin
an e ha e

hec ni ency
i en bel

hichi ueul r r in
hee re in r



in her era r alleerecenly r e
ha
In
here 1 an ner e in ie
an Thi i he
nlye re in r hich ha beenri r uly
r e
ecau e canbe r e ha e nice ec ral
r erie hee i encean uni uene u
calin canbe r e ri ruly
nuhue r ur
n runaely nuhan
allee u e inc aiblen ain ehae

I e allee ih heece in ha e
n a ue henr aliain

e here i heli iin r babiliy
eniy c necure ei a ab e allee
ee nuh hir eiin
c necure ha

In

re ui alen ly ha

In

allee r e hec necureun er he
a u in ha he era r ali e a
cerain ecralcn iin

in ani r e en he icreiain
eh y a er an he

acae ih hee ui alen re han
eci al lace rin reciin e
c ue heli iin r babiliy eniy
hen an The re ul ere
The e are belie e bec rrec ly r un e
alue

allee ¢ n ec ure i ha

In
The ¢ ue alue aree 1ih In
eci al

n vy a er clai e ha r all
an
1
here an are analy ic an re ular
in he i e er

e enin hecae

The err r a  eare unn ice unil
hen n nuh a reiin Iu e in
re arain r ublicain he hir eiin
nuhec ue hecn an u in
recurrence r he analy ic unc i n an
an ¢ ue irec ly u in  he
e nin in e ral an recurrence r
ur ¢ uain 1iaree in he h eci al

lace nuh un

bu un



era urry e ail e race n he

err r a un in e en enly an a he
a eie ihin hur by la le an
allee

The urce he err ri illu rae by

e a y a er hichi rn
an crrece in he luin e

ner uiablecniin ecana ly he
ellinin eri n r ula b ain

lyin  he e re ul

nuh hir eiin

The a uncin
e ne by

ieay ee ha i
hen he ellin ran r i

h e ellin ran r i in
hen e n
a a re i ue
in
r Thi ie
1 — 1 - -
here
in
In inh In

i a ey all eri ic uncin

r real

n e a y a er

he er 1 a ie

E enially he le hereala i a

In

erei n re

ecau e herei ue a hen nreal le are
iny han he inh er in he

en ina r nu erical ¢ uain

er T e uin inle reciin ain in
arih eic 1 n re eal heerr r

n fact, the incorrect result as obtained ithout us

ing ellin transforms. f had used them probably

ould ha e obtained the correct result

uin re ul
reci i n by

u e ul

unrea nably hi h
re han ne eh can be

all icre ancie h ul bee laine n

inre



ince allee
a era e beha i ur

recen r

analy i he

he binary Eucli ean

al rih ha ari ru wunain e er
e in ere in en ue in re ain
rea le e hebinary Eucli ean
era r ha e a uni ue iie inan
i leei en alue alleeha r e he
crre nin reul rher era r
nre e1i ae he ee C n er ence
a u in e i e nee re
in r ain n he ecru ha can

be r e
in ica e ha he ub

reli inary nu erical re ul

inan ei en alue

Than

n nuh

an e en y

eiin
rii e
c rre

re ul

hili e

allee

renc ura in e ¢ rrec
re ul r he hir
r icu in an

n encere ar in her un ubli he

la le

ellin ran r

ur her e ail

he ne

an C nec ure

rhi e cellen n e

re ul reene in

n

are a ¢ le cnuae air hi lec ure illa ear in a Technical e r
ih
allee ha r e relae re ul r e her
al rih arian he Eucli ean al rih
al rih rc uin he ac bi y bl
bu anyanal u wue in re ain en
r C S
ichar ren naly i he inary
Eucli ean 1 rih
Traub e i r ca e ic
re e r
are uic r
nal. E nuh
hir eiin i n eley
enl ar
rii e allee Thec le e analy i he
inary Eucli ean 1 rih
rin er erla
rii e allee yna ic he binary
Eucli eanal rih unc i nal analy i an

era r




