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Factorization of the Eighth Fermat Number
By Richard P. Brent and John M. Pollard

Abstract. We describe a Monte Carlo factorization algorithm which was used to factorize the
Fermat number Fg = 2256 4 1. Previously Fg was known to be composite, but its factors
were unknown.

1. Introduction. Brent [1] recently proposed an improvement to Pollard’s Monte
Carlo factorization algorithm [4]. Both algorithms can usually find a prime factor p
of a large integer in O(p'/?) operations.

In this paper we describe a modification of Brent’s algorithm which is useful
when the factors are known to lie in a certain congruence class. To test its
effectiveness, the algorithm was applied to the Fermat numbers F, = 22 41,
5 < k < 13. The least factors of all but F,; were known [2], and Fg was known to be
composite. The algorithm rediscovered the known factors and also found the
previously unknown factor 1,238,926,361,552,897 of Fg.*

2. The Factorization Algorithm and a Conjecture. To factor a number N, we
consider a sequence defined by a recurrence relation

x, = f(x;_y) (mod N), i=12,...,

where f is a polynomial of degree at least 2, with some suitable x,. One variant of
Brent’s algorithm computes GCD(x; — x;, N) for i =0, 1, 3,7, 15,... and j =
i+1,...,2i+ 1 until either x; = x; (mod N) (in which case a different f or x,
must be tried) or a nontrivial GCD (and hence a factor of N) is found. As in [1], [4]
we can reduce the cost of a GCD computation essentially to that of a multiplica-
tion mod N, and this is assumed below.

If nothing is known about the factors, we normally choose a quadratic poly-
nomial x? + ¢ (c # 0, —2). However, it is conjectured in [4] that the expected
number of steps for Pollard’s algorithm can be reduced by a factor Vm — 1 if the
factors p are known to satisfy p = 1 (mod m) and we use a polynomial of the form
x™ + c. This conjecture is equally applicable to the algorithms of [1].

We sketch the informal argument leading to the conjecture. Suppose we are
given a function g(x) on a set U of p elements and define a sequence of elements
by x; =g(x;_y), i=1,2,.... Suppose that the elements of the set S =
{Xgs - - - » X,_,} are distinct. For a random function g, the probability that the next
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* The epigram “I am now entirely persuaded to employ the method, a handy trick, on gigantic
composite numbers” may appeal to readers who wish to memorize this factor.
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