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SOME EFFICIENT ALGORITHMS FOR SOLVING SYSTEMS OF
NONLINEAR EQUATIONS*

RICHARD P. BRENTY}

Abstract. We compare the Ostrowski efficiency of some methods for solving systems of nonlinear
equations without explicitly using derivatives. The methods considered include the discrete Newton
method, Shamanskii’s method, the two-point secant method, and Brown’s methods. We introduce a
class of secant methods and a class of methods related to Brown’s methods, but using orthogonal
rather than stabilized elementary transformations. The idea of these methods is to avoid finding a new
approximation to the Jacobian matrix of the system at each step, and thus increase the efficiency. Local
convergence theorems are proved, and the efficiencies of the methods are calculated. Numerical results
are given, and some possible extensions are mentioned.

1. Introduction. We are interested in comparing iterative processes for ap-
proximating a solution x* of a system f(x) = 0 of nonlinear equations. If x,, x;, - - -
is a convergent sequence of vectors with limit x* € R", then the order of convergence
p is defined by
(1) p = lim inf (~log x, — x*|)'".
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It does not matter which of the usual vector norms is used in (1). Other definitions
of order may be given (see Ortega and Rheinboldt (1970, Chap. 9), Voigt (1971),
and Brent (1972b, § 3.2)), but (1) is adequate for our purposes. We only consider
processes for which p > 1, and in this case p is the same as the R-order of Ortega
and Rheinboldt (1970).

If w; is the amount of work required to compute x; from x;_; and other
results which may have been saved from previous iterations, then the efficiency E
of the process is defined by

E 3
2 E — lim inf [1°&¢ loig Ix; — x*))
iz Zj: W
In particular, if there exists w = lim;_ , w; > 0, then E = (log p)/w is the logarithm
of the “efficiency index” of Ostrowski (1960, § 3.11). The w; may be measured in
any appropriate units: we mainly use function evaluations, i.e., evaluations of f.

Consider iterative methods M and M’ with orders p, p’ and efficiencies E, E'.
For simplicity, suppose that the w; are bounded and the lower limits in (1) and (2)
may be replaced by limits. Our justification for the term “‘efficiency” is that method
M requires E'/E times as much work as method M’ to reduce ||x; — x*| to a very
small positive tolerance. Thus, if factors such as the domains of convergence, ease
of implementation, and storage space required are comparable, the method with
the higher efficiency is to be preferred, and this is not always the method with the
higher order. (As a trivial illustration, consider taking every second iterate of M
as an iterate of M’, so X; = x,; and w; = w,;_; + w,;. Then p’ = p? > p, but
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E' = E.) Various authors have studied the efficiency of algorithms for finding zeros
of functions of one variable, e.g., Traub (1964), (1971), Feldstein and Firestone
(1969). Apart from the work of Shamanskii (1967), which is summarized in § 2, we
do not know of other studies of the efficiency (as distinct from order) of algorithms
for functions of several variables.

In §3 we describe a class {Si/k =1,2,---} of “Newton-like” methods
(Dennis (1968)) for solving systems of nonlinear equations. S, is the “two-point
secant” method of Ortega and Rheinboldt (1970, §§ 7.2 and 11.2), Korganoff
(1961), Robinson (1966), Schmidt (1966), and Voigt (1971). The idea of methods
S,,8; etc. is to use the same approximation to the Jacobian of the system for
several Newton steps in an attempt to increase the efficiency.

In § 4 we describe an interesting class {T;|k = 1,2, - - -} of methods based on
orthogonal triangularization of an approximation to the Jacobian. T; is similar
to Brown’s method (Brown and Conte (1967)), the main difference being our use
of orthogonal transformations instead of elementary stabilized transformations
(Wilkinson (1965, § 3.47)). T,, Ty etc. use the same approximate factorization of
the Jacobian for several Newton steps, in much the same way as the methods
suggested by Brown (1968) (we call these Brown’s modified methods to avoid
confusion with his earlier method).

Local convergence theorems, proved in §5, show that method S, gives
convergence with order at least pg(k) = 3(k + /k* + 4), and T, gives convergence
with order at least p(k) = k + 1, under fairly weak conditions on f. Using these
results, we choose k (depending on n) to give methods of optimal efficiency.

In § 6 we compare the efficiencies of several methods, including the discrete
Newton method, Brown’s methods, and the methods S, and T;. In computing the
efficiencies of the various methods we count only function evaluations and ignore
overhead. Since the methods considered may be implemented with an overhead
of O(n) operations per evaluation of each component f{(x,, -- -, x,) of f(x), this
approximation is reasonable if the Jacobian J of f is dense. Our conclusions may
be invalid if J is sparse and the components f; are easy to evaluate.

It is shown that methods S, and T, are more efficient than the discrete Newton
method or Brown’s (unmodified) method, provided k is suitably chosen. This
conclusion is supported by some numerical results given in § 7. Finally, in § 8,
we mention how the idea of maximizing efficiency can also be applied to classes
of methods for minimizing functions and finding eigenvalues.

2. An illustration: Shamanskii’s method. Before becoming too involved in
technical details, we consider a simple example. For k = 1, let N, be the Newton-
like method for which x;., ; is generated from x; in the following way :

1. For a sufficiently small step size h; (of order [f(x;)||), compute the matrix
J; whose jth column is J.e; = (f(x; + hie;) — f(x;))/h; forj = 1,2, ---, n. (Heree; is
the jth column of the identity matrix.)

2. Perform k “Newton iterations” with the approximate Jacobian J; (assumed
nonsingular), ie., define x;, , = y; x, wherey; o = x;,andy; ; = yij—1 — Ji 'f(yi;j-1)
forj=1,2---,k

Traub (1964, § 11.3) and Shamanskii (1967) have shown that, under certain
conditions, method N, gives a sequence which converges to a zero of f with order
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at least k + 1. If the h; are chosen sufficiently small, conditions similar to those
given in Ortega and Rheinboldt (1970, § 10.1.7) ensure that the order is exactly
k + 1. Each iteration after the first requires n + k evaluations of f, so, neglecting
computations other than evaluations of f, the efficiency of the method is

log (k + 1)

E(Ng = n+k

In particular, the usual discrete Newton method (N,) requires n + 1 evaluations
of f per iteration, and has efficiency E(N,) = log 2/(n + 1).

If E(N,) attains its maximum value (over positive integers k) of E,(n) at
k = ky(n), then the optimal method from the class {N;, N,, ---} is N, . Note
that the optimal value of k depends on n. In Table 1 we give ky(n) and Ey(n)/E(N,)
for various values of n.

The table shows that, for all n = 1, the method N, is more efficient than
the usual discrete Newton method N,. For n = 1 the difference is only slight, as
pointed out by Ostrowski (1960, Appendix G), but the difference is appreciable
if n > 1. For example, if n = 100 and a very accurate solution is required, then
N, uses about 3.9 times more function evaluations than N;,. In practice the
difference is not so marked, because very high accuracy is seldom required, but
the optimal method may be expected to use less function evaluations than N,
does.

TABLE 1
The efficiency of Shamanskii’s optimal

method N, compared with that of the
usual discrete Newton method N ,

n kn(n) E(n)/E(N,)
1 2 1.06
2 3 1.20
3 3 1.33
4 4 1.45
5 5 1.55
10 7 1.94
20 11 243
50 22 3.20
100 37 3.87
1000 225 6.39

3. A class of secant methods. Suppose that £ = 1 and x,, X are distinct
approximations to a zero x* of the system f(x) = 0 of n nonlinear equations in n
unknowns. We shall describe an algorithm S, which, under certain conditions on
f and the initial approximations x, and xg, generates a sequence (x;) with limit x*,
If x; and x; have been generated, then x;,; and x},, are found in the following
way: Iff(x;) = 0, then x;, ; = X},; = X;; otherwise:

1. Find an orthogonal matrix Q; such that

(3) X; = X; + hQe,,

where h; = ||x; — x;|. (We always use the Euclidean vector norm, and the induced
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matrix norm, unless otherwise specified.) For example, Q; may be found as an
elementary Hermitian, i.e., a matrix of the form +(I — 2uu!), where |u;] =1
(see Householder (1964), Parlett (1971), and Wilkinson (1965)).

2. Find the matrix 4; whose jth column is 4,¢; = (f(x; + h,Q.e;) — f(x;))/h; for
j=1,---, n. Note that an evaluation of f can be saved, by using (3), when j = 1
and f(x}) is known.

3. Perform k Newton iterations with the approximate Jacobian J; = 4,0/,
ie., lety; , = x; and compute

Yij=VYij-1 —Ji lf(yi,j—l) forj=1,---,k

4. LetX;; =Yy and X;y g = Yip— 1.

The method S, requires n + k — 1 evaluations of f for each iteration after
the first. S, is the two-point secant method, and reduces to the usual secant method
if n = 1. The idea of method S, for k > 1 is to perform several Newton iterations
(each requiring only one evaluation of f) for every new approximation to the
Jacobian, in an attempt to increase the efficiency of the method. The idea is not
original, but our determination of the optimal value of k from the results of § 5
appears to be new.

4. A class of methods based on orthogonal triangularization. In this section
we describe a class { T;|k = 1} of methods which depend on the sequential evalua-
tion of individual components f(x) of f(x) at certain points x. Some compo-
nents are evaluated more often than others, so, for purposes of comparison
with methods which evaluate all components equally often (such as the methods
N, and S,), we assume that n component evaluations are equivalent to one
function evaluation. This assumption may be unfair to the methods T, if some
components are easier to evaluate than others, for then it can be arranged that
the “easy” components are evaluated more often than the “difficult” components.
On the other hand, it may be easier to evaluate f(x) at one point x than to evaluate
fi(x), .-+, f(x,) at distinct points x,, ---, x,. Thus, for particular systems of
equations our comparison may be biased either way, and the reader should bear
this in mind.

Method T, is similar to Brown’s method (Brown and Conte (1967), Brown
and Dennis (1972), and Brown (1969)). Brown’s method reduces an approximate
Jacobian of f to triangular form, using stabilized elementary transformations (i.c.,
Gaussian elimination with partial pivoting), whereas T, uses orthogonal trans-
formations (either plane rotations or elementary Hermitians: see Givens (1958),
Householder (1964), and Wilkinson (1965)). The use of orthogonal transformations
gives greater numerical stability and simplifies the local convergence proof of § 5,
but approximately doubles the overhead.

For k > 1, method T, is the same as T;, except that each factorization of an
approximate Jacobian is used k times before a new approximate Jacobian is
factored. Brown (1968) independently suggested a similar modification of his
method. In§ 5 we show how to choose k to maximize the efficiency of these methods.

Suppose that, after the ith iteration, we have an approximation x; to x*,
an orthogonal matrix Q;, and a positive step size h;. (Initially x, and h, are given,
and Q, = I.) Method T, generates x;,,, Q;+, and h;,, in the following way.
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(A geometric interpretation is given after the formal description.)
L LetQ;, = Q;andy,;, o = X
2. Forj=1,---,ndosteps 3to 5.
3. Compute

0

1
;= . ff(yi,j,o + hiQi,jej _fj(yi,j,o)

1

FWiso + hQuien) — f{¥is0)

4. Find an orthogonal matrix P, ;, of the form
|
p (ﬂr_llx_u_—_n_i_o__)
L= -
0 | Pi,j
such that P,-T,ja,-,j =s;e;, where s;; = *|a;;||. (For example, Pi,j may be an

elementary Hermitian, or a product of n — j plane rotations.)
5. Compute Qij+1= Qi,jPi,j and Yij+1,0 = Yijo — Si,_jlfj(yi,j.O)Qi,j+ 1€j-
6. Form=1,---,k — 1dostep 7.
7. Lety; 1m = Yin+1.m—1 and, forj=1,--- n compute

-1
Yij+1,m = Yijm — Sij fj(yl',j,m)Qi,H 1€j-
8. LetX;11 = Yint1h—15Qiv1 = Qins+1,and

h _ _Sf1lf1(xi+1) if fi(x;i44) # 0,
i sufficiently small otherwise.

(We must ensure that h;,; # 0. In practice this is not difficult: if the stopping
criterion is ||x; — X;4 ]| <t for some positive tolerance ¢, then we may take
hivy = tif |s; fi(xie ) < )

To make the formal description more comprehensible, we now give a geo-
metric interpretation. If x; is an approximation to a zero of f, take y; ; o = X;
and evaluate f; aty; , , and a sufficient number (n) of nearby points to obtain a
linear approximation to f; . If the conditions of Theorem 2 (§ 5) are satisfied, this
linear approximation vanishes on a flat (i.., a translated linear subspace) V; of
dimension n — 1. Let y, , , be the point in ¥ closest in Euclidean distance to
Yi1,0- (In Brown’s method y,, o — ¥; 0, must also be parallel to a coordinate
vector.) Now evaluate f, aty; , o and a sufficient number (n — 1) of nearby points in
V, to obtain a linear approximation to f, on V;. This linear approximation vanishes
on a flat V, of dimension n — 2. Let y; 3 o be the point in V, closest to y; , o, etc.

For method T; (or Brown’s unmodified method) the next approximation to a
Z€r0 1S X; 4| = Y;n+1,0- FOor method T, (k = 2) an “iterative refinement” process is
used to improve the approximation y; ; ; = ¥;,+1,0- First fi(y;,1) is evaluated,










































