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1. In tro duction

We introducethe classof V-variable fractals. This solvestwo major problemspreviously
restricting further applications of Iterated Function System (IFS) generatedfractals,
the absenceof �ne control on local variabilit y and the absenceof a fast algorithm for
computing and accurately samplingstandard random fractals.

The integer parameter V controls the number of distinct shapesor forms at each
level of magni�cation (Figures 4, 6). The caseV = 1 includes standard deterministic
fractals (Figures 1, 2, also the fern and lettuce in Figure 4) generatedby a single IFS
and homogeneousrandom fractals (c.f. Hambly 1992, 2000 and Sten
o 2001). Large
V allows rapid approximations to standard random fractals in a quanti�able manner,
and the approximation is to not one,but to a potentially in�nite sequenceof correctly
distributed examples. The construction of V-variable fractals is by meansof a fast
Markov Chain Monte Carlo type algorithm. In particular, one can now approximate
stndard random fractals, together with their associated probability distribution, by
meansof a fast forward algorithm.

A surprising but important fact is that each family of V-variable fractals, together
with its naturally associated probability distribution, forms a single superfractal
generatedby a single superIFS, operating not on points in the plane (for example) as
for a standard IFS, but on V-tuples of images. Furthermore, dimensionsof V-variable
fractals are computable using products of random matrices and ideas from statistical
mechanics. We implement a Monte Carlo method for this purpose.

Sincethe mathematically natural notion of a V-variable fractal solves two major
problemspreviouslyrestricting wider applications,weanticipate that V-variable fractals
shouldleadto signi�cant developments and applicationsof fractal models. For example,
IFSs provide models for certain plants, leaves,and ferns,by virtue of the self-similarity
which often occurs in branching structures in nature. But nature also exhibits
randomnessandvariation from onelevel to the next | no two fernsareexactly alike,and
the branching fronds becomeleavesat a smallerscale.V-variable fractals allow for such
randomnessand variabilit y acrossscales,while at the sametime admitting a continuous
dependenceon parameterswhich facilitates geometricalmodelling. Thesefactors allow
us to make the hybrid biological models in Figures 4, 9. Becauseof underlying special
code trees (Barnsley, Hutchinson and Sten
o 2003a) which provide the fundamental
information-theoretic basisof V-variable fractals, we speculatethat when a V-variable
geometrical fractal model is found that has a good match to the geometry of a given
plant, then there is a speci�c relationship betweenthesecode treesand the information
stored in the genesof the plant.

In this paper we describe the algorithm for generatingV-variable fractals, explain
the notion of a superfractal, and show how to compute the dimension of V-variable
fractals in casea uniform open set condition applies. In order to make the ideasclearer,
and hopefully facilitate the application of thesenotions to non-mathematicalareas,we
have avoided technicalities and illustrated the ideas by meansof a number of model
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examples,but the generalconstuction and results should be clear.
In Barnsley, Hutchinson and Sten
o (2003a) we survey the classical properties

of IFSs, develop the underlying theory of V-variable code trees and establish general
existenceand other properties for V-variable fractals and superfractals. In Barnsley,
Hutchinson and Sten
o (2003b) we prove the dimensionresults for V-variable fractals,
for which we heregive an informal justi�cation.

2. Iterated Function Systems

By way of background we �rst recall the conceptof an IFS via the canonicalexample
of the Sierpinski triangle S (approximated in the bottom right panel of Figure 1),
which has beenstudied extensively (seeFalconer 1990,1997and Hambly 1992,2000)
both mathematically and as a model for di�usion processesthrough disordered and
highly porous material. The set S has three components, each of which is a scaled
imageof itself; each of thesecomponents has three sub-components, giving nine scaled
imagesof at the next scale,and so on ad in�nitum. A simple observation is that if
f 1; f 2; f 3 are contractions of spaceby the factor 1

2 with �xed points given by the three
vertices A1; A2; A3 respectively of S, then the three major sub-components of S are
f 1(S); f 2(S); f 3(S) respectively and

S = f 1(S) [ f 2(S) [ f 3(S): (1)

Figure 1. Convergentor Backward Process. Beginningfrom any set (�sh) T0,
iteratesT1 = F (T0), T2 = F (T1),. . . convergeto the SierpinskiTriangleS. Shown
are iteratesT0; T1; T2; T3; T4; T8.

The collection of maps F = (f 1; f 2; f 3) is called an Iterated Function System(or
IFS ). For any setT onesimilarly de�nes F (T) = f 1(T) [ f 2(T) [ f 3(T). It is not di�cult
to show that S is the unique compact set satisfying (1) . Furthermore, beginning from
any compact set T0, and for k � 1 recursively de�ning Tk = F (Tk� 1), it follows that
Tk convergesto S in the Hausdor� metric as k ! 1 , independently of the initial set
T0 (Figure 1). For this reason,S is called the fractal set attractor of the IFS F and
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this approximation method is called the convergent or backward process, c.f. Hutchinson
(1981).

An alternativeapproach to generatingS is by a chaotic or forward process(Barnsley
and Demko 1985),sometimescalledthe chaosgame(Figure 2). Begin from any point x0

in the planeand recursively de�ne xk = bf k(xk� 1), whereeach bf k is chosenindependently
and with equal probability from (f 1; f 2; f 3). With probability one the sequenceof
points (xk)k� 0 approaches and moves ergodically around, and increasingly closer to,
the attractor S. For this reasonF is called an iterated function system. If instead the
bf k are selectedfrom (f 1; f 2; f 3) with probabilities (p1; p2; p3) respectively, where each
pi > 0 and p1 + p2 + p3 = 1, then the sameset S is determinedby the sequence(xk)k� 0,
but now the points accumulate unevenly, and the resulting measure attractor can be
thought of asa greyscaleimageon S, or probability distribution on S, or moreprecisely
as a measure.In this case(f 1; f 2; f 3; p1; p2; p3) is called an IFS with weights.

Figure 2. Chaotic or Forward Process. Beginningfrom any initial point and
randomlyandindependentlyapplyingf 1, f 2 or f 3 producesthe SierpinskiTriangle
as attractor with probability one. Shown are the �rst 10,000and 100,000points
respectively.

Theseideasand resultsnaturally extendto generalfamiliesof contraction mapsand
probabilities. Even with a few a�ne or projective transformations, one can construct
natural looking images(seethe initial fern and lettuce in Figure 4).

IFSs have been extended to study the notion of random fractals. SeeFalconer
(1986),Graf (1987)and Mauldin and Williams (1986);alsoHutchinsonand R•uschendorf
(1998,2000)where the idea of an IFS operating directly in the underlying probability
spacesis used.

3. Construction of V-variable fractals

We now proceedto the construction of V-variable fractals. This can be understood in
the model situation of two IFSs F and G, with F asbeforeand with G having the same
�xed points A1; A2; A3 but with contraction ratios 1

3 instead of 1
2. We emphasisethat

the following construction is in no sensead hoc, but is the natural chaotic or forward
processfor a superfractal whosemembers are V-variable fractals as we seelater.
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Figure 3. Forward algorithm for generatingfamiliesof V-variablefractals. Shown
are levels1 (top), 2 and3 in the constructionof a potentially in�nite sequenceof
5-tuplesof 5-variableSierpinskiTriangles.For eachbu�er from level2 onwards,
F or G indicateswhichIFS wasused,and the input arrows indicatethe bu�ers to
whichthis IFS wasapplied.

One beginswith arbitrary sets,one in each of V input bu�ers at level 1 (Figure 3
whereV = 5, colour coded to indicate the maps involved, and Fig. 6 whereV = 2). A
set in the �rst of V output bu�ers (level 2, Figure 3) is constructedas follows: choose
an IFS F or G with the preassignedprobabilities P F or PG respectively; then apply
the chosenIFS to the content of three bu�ers chosenrandomly and independently with
uniform probability from the input bu�ers at level 1, allowing the possibility that the
samebu�er is chosenmore than once(thus one is performing uniform sampling with
replacement). The resulting set is placed in the �rst bu�er at level 2. The content of
each of the remaining bu�ers at level 2 is constructed similarly and independently of
the others at level 2. Theseoutput bu�ers then becomethe input bu�ers for the next
step and the processis repeated,obtaining the bottom row in Figure 3, and soon.

The construction producesan arbitrarily long sequenceof V-tuples of approximate
V-variable fractals associated to the pair of IFSs (F; G) and the probabilities (P F ; PG).
The degreeof approximation is soon, and thereafter remains,within screenresolution
or machine tolerance (Figure 6). The empirically obtained distribution of V-variable
fractals over any in�nite sequenceof runs is the samewith probability one and is the
natural distribution as we explain later. The generalisationto the caseof a family of
IFSs (F 1; : : : ; F N ) with associated probabilities (P 1; : : : ; PN ) is straightforward; also
sets can be replacedby greyscaleimagesor more generally by coloured sets built up
from primary coloursif IFSs with weights are used(Figure 9).
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Figure 4. 2-Variable Fractals. In the �rst \Squares and Shields"example,the
number of componentsat eachlevelof magni�cationis 1,4,16,64,. . . , but at each
levelthereare at mosttwo distinctshapes/formsup to a�ne transformations.The
actualshapesdependon the level. In the secondexampleof fractal breeding,fern
and lettuce fractal parentsare shown with four possible2-variableo�spring. The
two IFSs usedare those generatingthe fern and the lettuce. The associated
superfractal is the family of all possibleo�spring together with the naturally
associatedprobability distribution.

The V-variability can be understood as follows. In Figure 3 the set in each bu�er
from level 2 onwards is composedof three component parts, each obtained from one
of the V = 5 bu�ers at the previous level; at level 3 onwards sets are composedof
9 smaller component parts each obtained from one of the V bu�ers two levels back;
at level 4 onwards sets are composed of 27 smaller component parts each obtained
from one of the V bu�ers three levels back; etc. Thus at each level of magni�cation
there are at most V distinct component parts up to rescaling. In general, for a V-
variable fractal, although the number of components grows exponentially with the level
of magni�cation, the number of distinct shapesor forms is at most V up to a suitable
classof transformations (e.g. rescalings,a�ne or projective maps) determined by the
component maps in each of the IFSs (F 1; : : : ; F N ) (Figure 4 �rst panel, Figure 6). If
parts of the V-variable fractals overlap each other, the V-variabilit y is not so obvious,
and fractal measures(greyscaleor colour images) rather than fractal sets (black and
white images)are then more natural to consider.

4. Superfractals

The limit probability distribution on the in�nite family of V-variable fractals obtained
by the previous construction is independent of the experimental run with probability
one as we explain later. As noted previously, an initially surprising but basic fact
is that this family of V-variable fractals and its probability distribution is a fractal
in its own right, called a superfractal, and the construction processfor the generated
collection of V-variable fractals turns out to be the forward or chaotic processfor this
superfractal, seealsoBarnsley, Hutchinsonand Sten
o (2003a). For largeV, V-variable
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fractalsapproximate standardrandomfractals and their naturally associatedprobability
distributions in a quanti�able manner,providing another justi�cation for the canonical
nature of the construction, seeBarnsley, Hutchinson and Sten
o (2003a,b). Although
there was previously no useful forward algorithm for standard random fractals such as
Brownian sheets,one can now rapidly generatecorrectly distributed families of such
fractals to any speci�ed degreeof approximation by using the previously described fast
forward (Monte Carlo Markov Chain) algorithm for large V. The number of required
operations typically grows linearly in V as only sparsematrix type operations are
required.

The superfractal idea can be understood as follows. The processof passingfrom
the V-tuple of setsat onelevel of construction to the V-tuple at the next (Figures 3, 6)
is given by a random function F a : H V ! H V , whereH V is the set of all V -tuples of
compactsubsetsof the plane R2 or of someother compactmetric spaceasappropriate,
and where a belongsto someindex set A . All information necessaryto describe the
chosenF a at each level in Figure 3 is givenby the chosenIFSsfor each bu�er at that level
(namely G; F; G; F; F acrosslevel 2) and by the arrows pointing to each bu�er at that
level (indicating which three bu�ers at the previous level are usedfor each application
of F or of G), seealsothe captionsin Figure 6. Each F a hasa certain probability P a of
being chosen,this probability is induced in the natural manner from the probabilities
PF and PG of selectingF or G. The F a are contraction mapson H V in the Hausdor�
metric, with contraction ratio equal 1

2, and in generalthe contraction ratio of F a equals
the maximum of the contraction ratios of the individual mapsin the IFSsbeingused. In
particular, the superIFS (F a; Pa; a 2 A) is an IFS operating not on points in R2 as for
a standard IFS but on V-tuples of setsin H V . From IFS theory applied in this setting,
there is a unique superfractal set and superfractal measurewhich with probability one
is e�ectively given by the collection of V-tuples of V-variable fractals together with the
experimentally obtainedprobability distribution arising from the previousconstruction.
SeeBarnsley, Hutchinson and Sten
o (2003a)for detailed proofs.

5. Examples of 2-variable fractals

We begin with 2 IFSs U = (f 1; f 2) (\Up with a re
ection") and D = (g1; g2) (\Do wn"),
where

f 1(x; y) =
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The corresponding fractal attractors are shown in Figure 5.
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Figure 5. Up (green)andDown (red) attractors

Figure 6 shows the �rst 20 steps in the construction of a sequenceof pairs of 2-
variable fractals from the two IFSs U and D. The initial pair of input �gures can be
arbitrarily chosen,herethey are each the sameand consistof four leaves.

For the �rst step in the construction (producing the contents of the secondpair of
bu�ers) the IFS U = (f 1; f 2) was chosen,f 1 was applied to the previous left bu�er L
and f 2 was applied to the previous right bu�er R; the secondbu�er was obtained by
applying U with f 1 and f 2 both acting on the right bu�er R at the previousstep. Thus
the �rst step in the construction can be described by U(L; R) and U(R; R) respectively;
seethe caption below the secondpair of screensin Figure 6. The secondstep is given
by D(R; R) and D(R; L), the third by U(L; R) and D(R; L), the fourth by U(R; R) and
D(L; L), and so on from left to right and then down the page.

Initial Sets

U(L; R) U(R; R) D(R; R) D(R; L)
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U(L; R) D(R; L) U(R; R) D(L; L)

U(R; R) D(L; R) D(R; L) U(R; R)

D(R; R) D(R; R) D(L; L) D(R; L)

D(L; R) D(L; L) U(R; R) D(R; L)

U(R; R) D(R; L) U(R; R) D(R; L)

U(R; L) D(R; R) U(L; R) D(R; L)

D(L; L) U(R; R) U(R; L) D(L; L)
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D(L; R) D(R; R) U(R; L) U(L; R)

U(L; R) U(L; L) U(R; R) U(R; L)

Figure 6. A sequenceof pairsof (approximate) 2-variable fractals (from left to
right and then down the page).

In each casein this particular example, for each bu�er at each step, either U or
D was chosedwith probability 1

2. For each bu�er, the (in this casetwo) input bu�ers
chosenfrom the previouslygeneratedpair of bu�ers werealsoeach chosenaseither L or
R with probability 1

2, and the samebu�er is allowed to be selectedtwice. After about
12 iterations, the imagesobtained are independent of the initial imagesup to screen
resolution. After this stagethe images(or \necklaces") can be consideredas examples
of 2-variable fractals corresponding to the family (U;D) of IFSs with associated choice
probabilities ( 1

2; 1
2).

The pair of 2-variable fractals obtainedat each stepdependson the previouschoices
of IFS and input bu�ers, and will vary from oneexperimental run to another. However,
over any su�cien tly long experimental run, the empirically obtained distribution on
pairs of 2-variable fractals will (up to any prescribed resolution) be the same with
probability one. This follows from ergodic theory and the fact that the construction
processcorresponds to the chaosgamefor an IFS (operating here on pairs of images
rather than on single points as does a standard IFS). As discussedin the previous
section, we call this type of IFS a superIFS. The collection of 2-variable necklaces
obtained over a long experimental run should be thought of as a single superfractal,
and the corresponding probability distribution on necklacesshouldbe thought of as the
corresponding superfractal measure.

In Figure 7 we have superimposed the members of a generatedsequenceof 2-
variable fractal necklaces.By virtue of the fact that, asdiscussedbefore,the probability
distribution givenby such a sequenceapproximatesthe associated superfractal measure,
the imagecan be regardedasa projection of the superfractal onto 2-dimensionalspace.
The attractors of the individual IFSs U and D are shown in greenand red respectively.
The projected support of the superfractal is shown on a black background but, inside
the support, increasingdensity of the superfractal measureis indicated by increasing
intensity of white.
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Figure 7. Superfractalprojectedonto 2 dimensionalspace.

In Figure 8 areshown a fern and lettuce generatedby two IFSs,each IFS consisting
of 4 functions. In Figure 9 is a sequenceof hybrid o�spring, extending the examples
in Figure 4. The colouring was obtained by working with two IFSs in 5 dimensional
space,with the three additional dimensionscorresponding to RGB colouring. The two
IFSs used project onto two IFSs operating in two dimensional spaceand which give
the (standard black and white) fern and lettuce attractors respectively. The 2-variable
o�spring were coloured by extending the superfractal construction to 5 dimensional
spacein a natural manner.

Figure 8. Lettuceand fern attractors.
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Figure 9. A sequenceof fern-lettucehybrid o�spring.

6. Computation of Dimension for V-variable Fractals

An important theoretical and empirical classi�cation of fractals is via their dimension.
We �rst show how to compute the dimensionsof V-variable Sierpinski triangles. As we
discussin the next section,the method generalises.

Associated with the transition from the k-level set of V bu�ers to the k + 1 level is
a matrix M k(� ) de�ned for each � as follows. Entries of M k(� ) are initialised to zero.
For the set in the vth output bu�er at level k + 1 oneconsiderseach input bu�er w used
in its construction and adds r � to the wth entry in the vth row where r = 1

2 or 1
3 is

the corresponding contraction ratio. The construction of M k(� ) can be seenin passing
from level 1 to level 2 and from level 2 to level 3 in Figure 3, giving respectively:

M 1(� ) =

2

6
6
6
6
6
4

1
3�

1
3�

1
3� 0 0

0 2
2� 0 0 1

2�

0 1
3�

1
3� 0 1

3�

1
2� 0 0 2

2� 0
0 0 1

2�
1

2�
1

2�

3

7
7
7
7
7
5

; M 2(� ) =

2

6
6
6
6
6
4

1
2�

1
2�

1
2� 0 0

1
3� 0 1

3�
1

3� 0
0 0 1

3�
1

3�
1

3�

1
3� 0 0 0 2

3�

0 0 2
2� 0 1

2�

3

7
7
7
7
7
5

:
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The \pressure" function


 V (� ) = lim
k!1

1
k

log
�

1
V




 M 1(� ) � : : : � M k(� )





�

(2)

exists and is independent of the experimental run with probability one by a result of
Furstenberg and Kesten (1960), seealso Cohen (1988) for the version required here.
(By kAk we mean the sum of the absolutevaluesof all entries in the matrix A.) The
factor 1=V is not necessaryin the limit, but is the correct theoretical and numerical
normalisation, as we seein the next section. (SeeFengand Lau (2002) for another use
of Furstenberg and Kesten type results for computing dimensionsof random fractals.)
In caseV = 1,


 1(� ) =
�

1 �
�
2

�
log3 �

�
2

log2 (3)

from the strong law of large numbers.
It can be shown, seeBarnsley, Hutchinson and Sten
o (2003b), that for each V


 V (� ) is monotonedecreasing.In this examplethe derivative lies between� log2 and
� log3, corresponding to the contraction ratios 1

2 and 1
3 respectively, seeFigure 10.

Moreover, there is a unique d = d(V) such that 
 V (d) = 0. This is the dimensionof the
corresponding V-variable random fractals with probability one. The establishment and
generalisationof this method usesthe theory of products of random matricesand ideas
from statistical mechanics,as we discussin the next section.

d(infty)d(5)d(2)d(1)

a

g(a)

±0.04

±0.03

±0.02

±0.01

0

0.01

0.02

0.03

1.23 1.24 1.25 1.26 1.27

Figure 10. Graphsof the \p ressure" function 
 V (� ) for V = 1, 2, and 5
respectively, from left to right.
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It was previously known that the dimension of homogeneousrandom Sierpinski
triangles (V = 1) is 2log3=(log2 + log3) � 1:226, seeHambly (1992, 2000), and that
the dimension of standard random Sierpinski triangles (V ! 1 ) is the solution d of
1
23

�
1
2

� d
+ 1

23
�

1
3

� d
= 1, or approximately 1.262, seeFalconer (1986), Graf (1987) and

Mauldin and Williams (1986). In particular, (3) is in agreement when computing d(1).
For V > 1 we used Monte Carlo simulations to compute 
 V (� ) in the region of the
interval [d(1); d(1 )], with the computed valuesshown (Figure 10). Thesevalueshave
error at most .001at the 95%con�dencelevel, and from this oneobtains the dimensions
d(2) � 1:241, d(5) � 1:252 (Figure 10). The computed graphs for V > 1 are concave
up, although this doesnot show on the scaleof Figure 10.

7. Analysis of Dimension results for V-variable Fractals

In order to motivate the following analysis,considera smooth curve or smooth surface
having dimension1 or 2 respectively. It is possibleto cover each \e�cien tly" (i.e. with
little overlap) by sets of small diameter such that the sum of the diameters raised to
the power 1 or 2 respectively is very closeto the length, or to the areadivided by � =4,
respectively. However, if any power � > 1 or 2 respectively is usedthen the limit of this
sum, as the maximum diameter of the covering setsbecomesarbitrarily small, is zero.
For any power � < 1 or 2 respectively the limit of the sum, as the maximum diameter
becomesarbitrarily small, is in�nit y.

In the caseof the construction of 5-variable Sierpinski fractal triangles, we seethat
if onebeginsthe construction processwith 5 copiesof a triangle T as indicated (Figure
3), then the contents of each bu�er at later stageswill consist of a large number of
tiny triangles which approximate and cover the \ideal" or limiting 5-variable Sierpinski
fractal triangles. (Note that what is obtained after k stepsis only an actual 5-variable
Sierpinski fractal triangle up to k levels of magni�cation.) One can check that the sum
Sk

v (� ) of the diameters to the power � of the triangles in the v-th bu�er at level k is
given by the sum of the entries in the v-th row of the matrix M 1(� ) � : : : � M k(� ).

Using (2) it is not too di�cult to show that lim k!1
1
k logSk

v (� ) alsoexists for each
v and equals
 V (� ), independently of v, with probability one. (The argument relieson
the existenceof \necks", wherea neck in the construction processoccursat somelevel
if the sameIFS and the samesingle �xed input bu�er is usedfor constructing the set
in each bu�er at that level.) One can show (Barnsley, Hutchinson and Sten
o 2003b)
that 
 V (� ) is decreasingin � and deducethat there is a unique d = d(V) such that

 V (d) = 0 (Figure 10). From this and (2) it follows that

� < d =) 
 (� ) > 0 =) lim
k!1

Sk
v (� ) = lim

k!1
exp(k 
 (� )) = 1 ;

� > d =) 
 (� ) < 0 =) lim
k!1

Sk
v (� ) = lim

k!1
exp(k 
 (� )) = 0:

It is hence plausible from the previous discussionof curves and surfacesthat the
dimension of V-variable Sierpinski triangles equals d(V) with probability one. The
motivation is that the covering by small triangles is very \e�cien t".
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The justi�cation that the dimension is at most d is in fact now straightforward
from the de�nition of (Hausdor� ) dimension of a set. The rigorous argument that
the dimension is at least d, and henceexactly d, is much more di�cult, seeBarnsley,
Hutchinson and Sten
o (2003b). It requires a careful analysis of the frequency of
occurrenceof necksand the constructionof Gibbs typemeasureson V-variableSierpinski
triangles, analogousto ideasin statistical mechanics.

Similar results on dimension have been established much more generally, see
Barnsley, Hutchinson and Sten
o (2003b). For example,supposethe functions in each
IFS are similitudes, i.e. built up from translations, rotations, re
ections in lines, and a
singlecontraction around a �xed point by a �xed ratio r (both the point and the ratio r
may depend on the function in question). We alsorequire that the IFSs involved satisfy
the uniform open set condition. In the caseof 5-variable Sierpinski fractal triangles
constructedfrom the IFSs F = (f 1; f 2; f 3) and G = (g1; g2; g3) this meansthe following.
There is an open set O (the interior of the triangle T) such that f 1(O) � O, f 2(O) � O,
f 3(O) � O, and f 1(O), f 2(O), f 3(O) haveno points in common,and such that analogous
conditionsapply to the mapsg1, g2, g3 with the sameset O. Under thesecircumstances
one constructs the matrices M k (� ) and the pressurefunction 
 V (� ) as before and it
follows that the solution d(V) of 
 V (d) = 0 is the dimensionof the corresponding V-
variable fractals with probability one.

8. Generalisations

Many generalisationsare possible.
The number of functions M in each of the IFSs F n = (f n

1 ; : : : ; f n
M ; pn

1 ; : : : ; pn
M ) may

vary. The maps f n
m need only be mean contractiv e when their contraction ratios are

averagedover m andn accordingto the probabilities pn
m andPn respectively. Neither the

number of functions in an IFS nor the number of IFSs needbe �nite; this is important
for simulating variousselfsimilar processes,including Brownian motion, seeHutchinson
and R•uschendorf (2000). The mapsf n

m may be nonlinear, and many of the results and
arguments, including those concerningdimension,will still be valid. The set maps f n

m

neednot be induced from point maps; this is technically useful in extending results to
the casewhereM is not constant by arti�cially adding set mapsf n

m such that f n
m (A) is

always the empty set. It could alsobe important in applications to modelling biological
or physicalphenomenawherethe objectsunderconsiderationarenot naturally modelled
as setsor measures.Bu�er sampling neednot be uniform; bu�ers could be placedin a
rectangular or other grid, and nearby bu�ers sampledwith greaterprobability, in order
to simulate various biological and physical phenomena.

An IFS operateson R2, or more generally on a compact metric space(X; d), to
produce a fractal set attractor; a weighted IFS producesa fractal measureattractor.
We have seenin this paper how a family of IFSs operating on (X; d), a probability
distribution on this family of IFSs, and an integerparameterV , canbe usedto generate
a (super)IFS operating in a natural way on (H(X)V ; dH ), where H(X) is the space
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of compact subsetsof X and dH is the induced Hausdor� metric. In the caseof a
family of weighted IFSs, the inducedsuperIFS operateson (P(X)V ; dM K ) whereP(X) is
the spaceof unit massmeasureson X and dM K is the induced Monge Kantorovitch
metric. In either case there is a superfractal set (consisting of V-variable sets or
measuresrespectively) together with an associated superfractal measure(a probability
distribution on the collectionof V-variablesetsor measures).There is alsoa fast forward
algorithm to generatethis superfractal.

We can consider iterating this procedure. Replace (X; d) by (H(X)V ; dH ) or
(P(X)V ; dM K ), take a family of superIFSs, an associated probability distribution, and
a new parameter W. To speculate; if a superfractal may be thought of as a gallery of
a new classof fractal images,can one use someversion of the iteration to produce a
museumof galleriesof yet another new classof fractal images?

9. Conclusion

There appear to be many potential applications, which include both the extensionof
modelling possibilities to allow a controlled degreeof variabilit y wheredeterministic or
random fractals have beenpreviously applied, and the rapid generationof accurately
distributed examplesof randomfractals | previouslynot possibleexceptin very special
cases.
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