Hodge decompositions on weakly Lipschitz do-
mains

Andreas Axelsson, Alan MCIntosh

Abstract. We survey the Ly theory of boundary value problems for exterior
and interior derivative operators di, = d + kieon and dx, = § + k2egu on a
bounded, weakly Lipschitz domain Q C R", for k1, k2 € C. The boundary
conditions are that the field be either normal or tangential at the boundary.
The well-posedness of these problems is related to a Hodge decomposition of
the space L2(Q2) corresponding to the operators d and §. In developing this
relationship, we derive a theory of nilpotent operators in Hilbert space.

1. Introduction

The aim of this paper is to survey and further develop the Hilbert space theory
of boundary value problems (BVP’s) for the exterior (d) and interior derivative
(6) operators in a bounded domain Q C R™ with a boundary ¥ = 9Q of minimal
regularity. The BVP we have in mind is the following. Given a (j — 1)-vector field
G € Ly(Q; AV71) which is kp-divergence free, i.e. d;,G = 0, find a j-vector field
F € Ly(Q; A9) such that

dip, F=0 in Q,
(1) 0, F'=G in Q,
vaf=0 onX.

Here f := F|y and v denotes the outward pointing unit vector field on 3. Thus
the boundary condition v A f = 0 means that F is normal on the boundary.
The differential operators are the zero order perturbations di, = d + kiegn and
0k, = 0 + kaeg of the operators d and ¢ defined in Section 2, where k; € C are
the wave numbers and eg € Al is the time-like vector. An important property of
these operators is that they are nilpotent, i.e. dﬁl = 5,%2 =0.
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Example 1.1. When j = 1 and k1 = ks = k, the BVP (1) is essentially the Dirichlet
BVP for the Helmholtz equation (A + k2)U G, where U : Q — A? = C. To see
this, let F' = diU = VU + keoU so that

6k F = 61.diU = (A + K*)U = G.

Since u = Uly, = 0 implies that f is normal, i.e. v A f = 0 on X, we see that the
two BVP’s are equivalent. Note that since G in this case is a scalar function, the
condition dz, G = 0 is automatically satisfied.

Similarly, the Neumann problem corresponds to (1) with tangential boundary
conditions, i.e. v 4 f = 0.

Example 1.2. When n = 3 and j = 2, the BVP (1) coincides with the electro-
magnetic BVP for time-harmonic (% = —iw) Maxwell’s equations with frequency
w € Cand Q= = R?\ Q being a perfect conductor. Assuming that € is composed
of a linear, homogeneous, isotropic, possibly conducting material with permittivity
€ > 0, permeability u > 0 and conductivity o > 0, we consider the electromagnetic

field

F = \/e.(—ieg) A (Ere1 + Eaes + Ezes)

+ ﬁ(Bleg Aes+ Baoegner + Bsepneg) :  — N RA,

where E and B are the electric and magnetic fields and €, := € + ic/w. If we let
k1 = ke = k = w\/e.u, then Faraday’s induction law and the magnetic Gauss’ law
combine to dpF = 0 whereas Maxwell’szmp‘ere’s law and Gauss’ law combine
to 0pF = G, where the four-current G = \/’? peo — /1 satisfies the continuity
equation §,G = 0.

In this paper we investigate BVP’s from the point of view of splittings of
function spaces following our earlier work Axelsson-Grognard-Hogan—MCIntosh
[4], Axelsson [2] and [1]. The splittings relevant to this paper are Hodge type
decompositions of the Hilbert space Ly(€; A). For simplicity, assume ko = —k;°.
Then the operators dk a and 6y, o are adjoint, where dk a denotes dj, with
normal boundary conditions and Ok, 0 denotes dy, without boundary conditions
in €, as in Definition 4.1. Consider the following diagram.

LQ(Qa /\) = R(akg,ﬂ) - \@ N((Sk?z,ﬂ) N N(d/ﬂ,ﬁ) 2 R(dkhﬁ)

La(%A) = R(0ky,0)

What is needed here is to prove a Hodge decomposition, i.e. that the space
N(dk,,0) NN(d,, g) of “harmonic forms” is finite dimensional and that the ranges
R(dk,,0) and R(d,, 5) are closed, or equivalently that R(I') is a closed subset of
finite codimension in the null space N(I') for both choices dx, o and dy, g for I.
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Note that Fredholm well-posedness of the BVP (1), put into operator theo-
retic language means that

Oz, t N(dy, ) — N(dkz,0)

is a Fredholm map. Clearly this holds if we have a Hodge decomposition as above.
The Hodge decomposition in the case k1 = ko = 0 for a general weakly Lipschitz
domain is due to Picard [21], and the extension to the case ko = —k;€ is straight-
forward. Although the Hodge decomposition is not valid for general ki, ko € C,
nevertheless the BVP (1) is well-posed in the Fredholm sense. Indeed the following
result will be proved in Section 4.

Theorem 1.3. Let & C R™ be a bounded weakly Lipschitz domain, as in Defini-
tion 2.1, and let k1, ko € C. Then R(dx,.0) and R(d,, ) are closed subspaces of

finite codimension in N(dy,,0) and N(dy, ) respectively. The maps

(2) Okz,0 + N(dy, ) — N(dks,02)
(3) dy, 5 N(Oks,0) — N(dy, )

are Fredholm maps with compact Fredholm inverses.

For the Hodge decomposition with tangential boundary conditions, i.e. with
Ok, and dkl,ﬁ replaced by 6,62’5 and dy, . as in Definition 4.1, the corresponding
result holds.

W.V.D. Hodge’s pioneering work on harmonic integrals on Riemannian man-
ifolds during the 1930’s was published in his book [12]. The splitting of a dif-
ferential form into its exact, coexact and harmonic parts, now referred to as the
Hodge decomposition, was in this book proved using Fredholm’s theory of linear
integral equations. The connection between splittings of function spaces such as
the Hodge decomposition and boundary value problems in potential theory was
early recognised by Weyl [27]. Here it was shown how the classical Dirichlet mini-
mum principle could be replaced by the construction of orthogonal projections in
Hilbert space.

In the present paper, we treat Hodge decompositions from a purely first
order, operator theoretic point of view. By first order we mean that the focus is
on nilpotent operators (see Definition 3.1 below) such as the exterior derivative d
and not on the Hodge-Laplace operator A = dd + dd. An early investigation along
these lines is Friedrichs [8], where the operators d and § were introduced as closed
unbounded operators. Other references we would like to mention are Kodaira [14],
where the weak Hodge decomposition (14) appears, and Gaffney [9] and [10] which
introduced the a priori estimate

(4) [Ellwy S NAF| L, + 16F |y + [[F]l,-

For a domain with boundary, we discuss this inequality in Theorem 4.10. For
further early literature on the Hodge decomposition, we refer to Chapter 7 in
Morrey [20].
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On a domain with non-smooth boundary, the Gaffney—Friedrich inequality
(4) is in general not valid. The first proof of the Hodge decomposition on domains
with non-smooth boundaries without using (4) is Weck [26]. The extension to
general weakly Lipschitz domains is due to Picard [21].

Returning the Example 1.2, we remark that the standard approach to the
Maxwell BVP uses the Maxwell operator M acting on a pair of divergence-free
vector fields. An investigation of M on domains with non-smooth boundary, from
the point of view of the Weyl decomposition (essentially the Hodge decomposition
of vector fields) can be found in Birman-Solomyak [5], [6]. They show (in the
language of the present paper) how M constitute part of the elliptic Dirac operator
Dg: from Example 4.6.

For further literature on the connection between Hodge decompositions and
BVP’s, we refer to Schwarz [23] in the case of smooth domains and to Mitrea—
Mitrea [17] in the case of strongly Lipschitz domains.

The key idea in this paper is that not only do we treat Hodge decomposi-
tions from a pure first order point of view, but we show that by investigating the
“half-elliptic” operators d and ¢ separately, one can easily prove the Hodge decom-
position on a domain with weakly Lipschitz boundary. Indeed, it is not necessary
to use the given adjoint § operator in proving that R(dq) is closed and of finite
codimension in N(dg). As in Remark 3.12, we may equally well choose to work
with the adjoint given by a metric in which Q has a smooth boundary.

The first step in the proof of Theorem 1.3 uses the duality theorem 3.3 from
general operator theory. As we show in Proposition 3.11, this duality result proves
that the maps (2) and (3) have the same properties concerning closed range and
compact inverse. The second step in the proof of Theorem 1.3 is Lemma 3.13, where
we use the basic differential geometric fact that the exterior derivative is indepen-
dent of the Riemannian metric, here given in the form of Proposition 2.6. These
two steps show that the general case of a weakly Lipschitz domain in Theorem 1.3
can be reduced to the case of a smooth domain ). This reduction technique has
been used by Picard [21]. We also provide some basic density results for the d and
0 operators in Proposition 4.3 and construct extension maps in Proposition 4.8. Fi-
nally, we survey three different ways to prove Theorem 1.3 under certain additional
regularity and topological assumptions on .

e Theorem 4.10: The classical Gaffney—Friedrichs a priori estimate tech-
nique, which gives optimal W3 (£2; A) regularity for fields in D(dg) ND(dq)
if the domain has a smooth boundary.

e Theorem 4.13: The boundary integral equation method, which gives op-
timal regularity W21 / 2(Q; A) in the class of strongly Lipschitz domains by
using Rellich estimates.

e Theorem 4.17: A path integral method for a star shaped domain. This
method, which is based on the classical Poincaré lemma, seems new. Al-
though it does not give optimal regularity, it has the advantage of being
entirely explicit.
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2. Preliminaries

Throughout this paper Q = QT C R™ denotes a bounded open set, separated from

the exterior domain 2~ = R"” \ﬁJr by a weakly Lipschitz interface ¥ = 9Q+ =
00~ defined as follows.

Definition 2.1. The interface X is weakly Lipschitz if, for all y € 3, there exists a
neighbourhood V;, 3 y and a global bilipschitz map p, : R — R" such that

Ot NV, =p,RL) NV,
YNV, =p,(R"H NV,
Q" NV, =p,(R")NV,.

In this case 2 is called a bounded weakly Lipschitz domain.

If p: R" — R" is a global bilipschitz map, then p(R"~!) is called a special
weakly Lipschitz surface/interface and p(R’) are called special weakly Lipschitz
domains.

By Rademacher’s theorem, a weakly Lipschitz surface 3 has a tangent plane
and an outward (into ) pointing unit normal v(y) at almost every y € X.

Example 2.2. We now give two examples of weakly Lipschitz surfaces which are
not strongly Lipschitz, i.e. not locally the graph of a Lipschitz function.

(i) Let po : S"~! — S"~1 be a bilipschitz homeomorphism of the unit sphere.
Consider the conical surface

Y= {x ¢ R"\ {0}; z/|z| € po(S" ' NR" 1)} U {0}.

The natural parametrisation here is p(rw) := rpo(w), 7 > 0, w € ™71
Using the identity |rw—1"w’|? = |r—7'|>+rr'|w—w'|?, it is straightforward
to show that p : R®™ — R" is a bilipschitz map. Thus ¥ is a weakly
Lipschitz surface.

An important special case is the “two brick” domain, defined as the

interior of
{(z,y,2) e R’ ;y <0, 2<0}U{(2,y,2) e R* ;2 <0, 2> 0}.

Indeed, the intersection with the unit sphere S? is a two dimensional
strongly Lipschitz domain. Nevertheless, the boundary of the two brick
domain is not locally a graph of a Lipschitz function around 0.

(ii) Let a; > 0 and e 2"ay < a1 < as and consider the logarithmic spiral

Q= {rew r>0,0eR, are? <r< a2€70} c R%
To see that € is a special weakly Lipschitz domain, define the maps
ps(x,y) := (zcos(slnr) — ysin(slnr), zsin(slnr) 4+ ycos(slnr)),

where 72 = 22 + %2, or in complex notation p, : z — ze***l. We see that

PsOPt = Psit, s, t € Rand that |[V®p,| < C. In particular p_; : R? — R?
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is a bilipschitz map. Since
N=p_1({z € C;lna <arg(z) <lnas}),

this shows that €2 is a special weakly Lipschitz domain. But clearly 012 is
not locally a graph of a Lipschitz function around 0.

In this paper we make use of the three differential operators d, § and D as
described below. These operators act on functions F' : £ — A which take values
in an exterior algebra A, sometimes referred to as (multivector-)fields. Boundary
traces and fields on ¥ will be written with small letters, for example f. We here
use the complexified exterior algebra

A=AcR"™ =A@ Al .. .@Ant!

for R™ spacetime. Let {es ; s C {0,1,...,n}} be the standard basis for AcR"*!.
Here eg € Al is interpreted as a (imaginary time-like) vector and the space of j-
vectors AJ is the span of {e; ; |s| = j}. Furthermore, let (-,-) denote the standard
complex bilinear pairing, u® denote component-wise complex conjugation and ™
denote involution. Concretely, if we expand the multivectors u, v € AcR™! as
u=>  uses and v =) vseg, then

(u,v) = Zusvs,
u’ = Zu‘;es,
u = Z(—l)‘sluses.

Definition 2.3. Introduce the counting function o(s,t) := #{(si,t;) ; s; > t;},
where s = {s;}, t = {t;} € {0,1,...,n}. Basic complex bilinear products on the
algebra A are the following.

i e exterior product of two basis multivectors e, and e; is
i) The exter: duct of two basi ltivect d e i
€s NEp = (fl)g(s’t) esut if sNt =0 and otherwise zero.

(ii) The left (right) interior product w v (u L v) is the unique bilinear (non-
associative) product for which (u_z,y) = (x,ury) and (zLu,y) = (z,yru)
respectively for all u, z, y € A. The action on two basis vectors es and e,
is

€s 1€ = (*1)0(8’“5) Ct\s» EtLEs = (*l)g(t\s’S) Ct\s>

if s C t and otherwise zero.
(iv) The Clifford product of two basis multivectors e; and e; is

es e = (=1)7Y e ny,

where A denotes the symmetric difference when acting on index sets. When
there is no risk of confusion we will use the standard short-hand notation
uv := u A v for the Clifford product.
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Proposition 2.4. For a vector a € A* and for general multivectors u, v and w € A
the following hold.

(5) uas(wow)=(wAru)sw

(6) aru=asut+anu

(7) asu=-ura=1i(asau—u" ra)
(8) aru=u"ra=3i(anu+u” ra)
(9) as(unrv)=(asu)rv+u A(aisv)

These basic geometric algebra identities are essentially well known and we
omit the proof. Here (5) is the associativity property of the interior product. The
formulae (7) and (8), which are inverse to (6), are sometimes referred to as Riesz’
formulae. The formula (9) is the derivation property for the interior product. A
classical example of (9) is when a, b = w and ¢ = v are vectors in a three-
dimensional space. Using the Hodge complement u~ := u Jej23 (usually called the
Hodge star xu), and the vector product b x ¢ = (b A ¢)*, we get the well known
identity

—ax (bxec)=ai(bnrc)={(a,b)yc— (a,c)b.

Throughout this paper we make use of the nabla symbol V = Z?zl e;j0;. We

recall that the products A, 1 and A induce differential operators

dF(z) ==V A F(x) = ej A (0;F)(x),

I

1

J

0F(x) =V i1F(z)=">) € 1(0,F)(x),

-

1

J

3

DF(x):=VaF(z) =Y ¢ a(0;F)(x) =dF(x)+ 6F(x).

In the same spirit we also denote the full differential of F by V® F(z) => e; ®
(0;F)(z) € R”® A. Here the formal adjoint of the exterior derivative operator d is
the negative of the interior derivative §; this differs from the standard convention.
Sometimes we refer to d as (generalised) curl and to § as (generalised) divergence.
The (elliptic) Dirac operator D = d+4 is formally skew-adjoint. Here D is a square
root of the Hodge—Laplace operator A = dd + dd.

The most important property of the differential operators d and ¢ is that
they commute with a change of variables if we change the direction of the field in
an appropriate way.

Definition 2.5. Let p: U — V be a diffeomorphism between two open sets U and
V' C R™. Denote by P, the Jacobian matrix of p at € U and extend this linear
map T, R"™ — T},;)R" to a a-isomorphism p : A — A such that Bx(eo) = eg and

p (€ nonei) = (pei)n...n(p e€i)
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if {i1,...,ix} € {0,1,...,n}. To a field F : V — A we associate the pullback
p*F : U — A and push forward p7'F : U — A of F as follows.

(0" F)(2) = (0, (F(p(@)),  (p7"F)(@) = (p,)" (F(p(2))).
For convenience, we also define the reduced push forward

pitF = J(p)p; tF U — A,
where J(p)(z)(e1 A...nen) =p (e1A...Ae,) denotes the Jacobian determinant.

Proposition 2.6. If p and F' are as in Definition 2.5, then we have commutation
properties

(10) d(p*F) = p*(dF), 571 F) = L (6OF),

and homomorphism properties

(11) P (FAG)=p"Fnp G, p. {(FAG)=p ' Fap'G,
(12) p*(F1G)=p,'F 1p*G, p: (FLG) =p*F 1p;'G.

In particular, if F+ := F LJeo1.., denotes the complement of F, then p* (FL) =
(P F)*-.
Proof. Note that we have the two pairs of adjoint operators
P, TeR" — TR, ()" Ty R" — T:R",
and
pe i La(Us A) — La(V5A), - p": La(ViA) — La(U5 M),

if Vp, Ve p~ ! € Lo. The identities d(p*F) = p*(dF), p*(F A G) = p*F A p*G
and p; Y(FAG) = p;1F A p; G are well known facts from the theory of differential
forms. The remaining identities follow by duality. O

In order to treat Stokes’ type theorems in a unified way, we record the fol-
lowing theorem, here referred to as the boundary theorem.

Theorem 2.7. Let V be a finite dimensional linear space and let F : Q — V be a
function in Q smooth up to X = 0Q with boundary trace f := F|x.. Then we have

/ v(y) ® F(y) do(y) = / vV F(z) dr,
b Q

where the integrand is R™ @ V' wvalued, v is the outward pointing normal and do is
the scalar surface measure.

Remark 2.8. (i) Note that, via a limiting argument, the boundary theorem can be
extended to less regular functions.

(ii) Recall that this theorem is universal in the sense that for any given finite
dimensional linear space W and bilinear form L : R® x V' — W, L can be lifted
to a linear map L : R" @ V' — W. Applying this to the formula in the boundary
theorem gives the special case [, L(v(y), f(y)) do(y) = [, L(V, F(x)) dz.
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We end this section with a discussion, preliminary to Section 4, about natural
boundary conditions for d and 6. Let F' : 2 — A be a multivector field in €2, smooth
up to ¥, and extend it by zero to a field F, on R™. If o denotes the surface measure
on X, it follows that in distribution sense we have

d(F,)=dF|lqg— (va f)o and 6(F,) =0d0F|q— (v f)o.

For example, the first identity follows from the boundary theorem, using V = AQA
and the linear map L: R"®@ (A®A) = C:a® (F ® G) — (ar F,G), since

(VAFZ,@)z—/<F,qu>>:/

Q Q

(VAR®) - [(at.9),

b

for any ® € C§°(R™; A). Thus, requiring that d(F.) € La(R™;A) means that

dF € Ly(Si A) and that v A f = 0, i.e. the field F is normal to X. Similarly,

requiring that 6(F,) € La(R™; A) means that 6F € La(Q; A) and that v 4 f = 0,

i.e. the field F' is tangential to ¥. We note that each boundary condition refers to

half of the components (in the full exterior algebra A) of the field vanishing on .
When F € Ly(Q;A) and d(F,) € La(R™; A), although the field F' is normal

to X, it does not necessarily have a well defined normal component v 1 f on 3. To

see this, consider the vector field

Py o 1/CI+1) <o < 1/(2),
Tlo ye)<m < 1ei- 1),

locally around =z = (2/,x,) = 0. Then F, € Lajo.(R™A) and d(F,) = 0, but
clearly F' does not have a well defined trace.

Similarly, control of F' and 6(F,) is not enough for defining the tangential
part of the trace.

3. Nilpotent operators in Hilbert spaces

In this section we develop the operator theory for a nilpotent operator I'. This is
then applied to the d and ¢ operators in Section 4.
Recall the following basic spaces associated with a linear operator A : H; —
‘Ho between Hilbert spaces H;.
Domain D(A) := {z € H; ; Az is defined}
Null space N(A) := {z € D(A4) ; Az =0}
Range R(A) := {Ax ;z € D(A)}
Graph G(A) := {(x, Az)' € H1 ® Ha ; x € D(A)}
If A; and A, are two linear operators, then we write A; C As if G(A1) C G(As).

Definition 3.1. An operator I' : H — H in a Hilbert space H is said to be nilpotent
if it is closed (i.e. G(T") is closed), densely defined (i.e. D(T") is dense in H) and if
R(I') € N(T). In particular, I'? C 0.
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Recall that N(A) always is closed in H; for a closed operator. For a nilpotent
operator I' in H, we have inclusions

(13) R(T) c R(I") c N(T') ¢ D(T") C H.

Note carefully that R(I") may not be closed. Our main work will be to prove that
R(T) is closed when T is one of the d and § operators in .

From (13) we also see that I' acts as a bounded nilpotent operator I' : D(I") —
D(T"), where D(T") is a Hilbert space with the graph norm ||x||2D(F) = ||z||>+||Tz?.

Definition 3.2. Let A; : H1 — Hs and Ay : Ho — H; be two linear operators. We
say that Ay and Ay are (maximal) adjoint operators if

G(Al) = {(x,A1$)t EHLDHy;x € D(Al)}
IG(Az) = {(—Azy,y)' € Hi®Ha ; y € D(A2)}

are orthogonal complements in H; & Hsa, where I(x,y)! := (—y,z)'. In particular
both A; and Ay are closed, densely defined operators, and if z € D(A;) and
y € D(A3), then (x, Agy) = (A1, y).

Given a closed, densely defined operator A in H, we define G(A*) := (IG(A))*.
Since A is densely defined, G(A*) is the graph of a closed linear operator A*, and
since A is closed it follows that A* is densely defined. We say that A* is the
(maximal) adjoint operator of A.

A fundamental result for adjoint operators is the following, which for example
can be found in Kato [13].

Theorem 3.3. Let A and A* be adjoint closed, densely defined Hilbert space opera-
tors. Then R(A)* = N(A*) and R(A*)* = N(A). Moreover, R(A) is closed if and
only if R(A*) is closed.

Corollary 3.4. If T" is a nilpotent operator, then so is I'*.
Note that a nilpotent operator acts
I:NT)t =R(T*) — R(I") € N(I),
where the restriction of I is injective. Thus N(T') is at least “half” of H.

Proposition 3.5. Let I' be a nilpotent operator in a Hilbert space H, with adjoint
I*. For each o € C with |a| = 1, let the corresponding swapping operator be
I, ;=T + o™ with domain D(I1,) := D(I') N D(I'"*). Then we have H-orthogonal
decompositions

(14) H= R(T*) @ (N(T*) N N(I)) @ RT),
(15) D(T) = (D(T) N R(T¥)) @ (MI'*) N () & R(T),
(16) D(I™*) = R(T*) @ (MI™) N NI)) & (D) N R(T)),
(17)  D(IIa) = (D(T) NRT*)) & (NIT*) N NT)) & (D) N R(T)).
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The swapping operator is a closed, densely defined operator in H with null space
N(II,) = N(T) N N(T*) and range R(Il,) = R(I') & R(T*). The adjoint of 11, is
aIl,. Thus I1y is a self adjoint operator and I1_1 is a skew adjoint operator.

The swapping operator 11, is unitary equivalent to both /aIly and —Il,. In
particular, the spectrum o(Il,) is contained in the line \/aR and it is symmetric
with respect to 0.

Proof. From Theorem 3.3 we obtain the two orthogonal splittings

H =R(T*) @ N(I') = N(T*) @ R(T).

Using (13), we get inclusions R(I'*) € N(I'*) and R(I') € N(I"). Therefore taking
the intersection of the two splittings gives (14). Now write

Hy == R(I*) = N(I)* ~ H/N(T),

Ho = N(I™) "N(T') ~ N(I')/R{T) ~ N(I'*) /R(T™),
Ha = R(D) = N(I*)* ~ H/N(T™),

and let P; denote the orthogonal projection onto H;. To prove the decomposition
(15), note that the inclusion D is trivial. For the opposite inclusion, decompose
xz € D(T") with (14) as * = x1 + xo + x2, where z; € H;. Since 2 € R(T") C D(T)
and zg € N(I'™) N N(T") € D(T") we deduce that 1 = x —zg — 22 € D(T).

The decomposition of D(I'*) follows similarly, and taking the intersection of
(15) and (16) yields (17).

To determine N(II,), note that the inclusion D is trivial and C follows since
R(T") and R(I'*) are orthogonal. For R(II, ), the inclusion C is trivial. On the other
hand if y = Ta; + o™z, then y = I, (Pix; + Poxs) where Py + Prxg €
D(T) N D(T™).

We now show that II, and a°Il, are maximal adjoint operators. First note
that (Il,z,y) = (x,aI,y) if z, y € D(I1,), i.e. G(II,) and IG(aCIl,) are orthog-
onal. To prove that G(Il,)* C IG(a‘Il,), let (—z,y)! € G(II,)* and decompose
Yy = y1 + Yo + y2 with (14). We see that y; € R(I'™*) € D(I'*), yo € N(I'*) N N(T") C
D(I'*) N D(I") and y, € R(I') C D(I). To verify that y, € D(I'*), let 2 € D(T') and
calculate

(Tz,y2) = (Il Pz, y2) = (o Prz,y) = (x, Py 2).
This proves that (y2, P12)t € (IG(T'))* = G(I'*). Similarly it follows that y; € D(T)
and thus y € D(IL,).
That II, is closed and densely defined now follows from the adjointness of

1, and a°Il,, (or can be verified directly). Furthermore, note that for any g € C,
|B8] = 1 we have

Ho(Pr+ Py + B°Py) = (P1 + Po + BPa) Tl gey2q.-

The case 8 = —1 show that II, and —II, are unitary equivalent, and the case
B = \/a shows that II,, and /all; are unitary equivalent. O
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Remark 3.6. We have chosen the name “swapping operator” since we have the
following mapping diagram

H = RIYH_® NINNI) @ RT)
r* r
H = RI*)- & NIHNNT) &  RT),

in which II,, swaps the subspaces R(I'*) and R(T).

We now investigate when a nilpotent operator is maximal in the sense that
it is “half elliptic”. More precisely we make the following definitions.

Definition 3.7. Let A : Hy — Hs be a closed, densely defined operator between
Hilbert spaces. We say that A is a Fredholm operator if the null space N(A4) and
the cokernel Hs/R(A) are finite dimensional and the range R(A) is closed (which
follows from dim(Hs/R(A)) < o0).
Proposition 3.8. Let A : Hy — Ho be a closed, densely defined operator between
Hilbert spaces. Then A is a Fredholm operator if and only if there exist bounded
operators Ty, Ty : Ho — Hy and compact operators Ky : H1 — Hy and Ko : Hy —
Ho such that R(Tz) C D(A) and

TlA:I+K1 on D(A)CHl,

AT2 =I+K2 on Hg.
In this case, the following are equivalent.

e The embedding D(A) — H1 is compact.
o The left inverse Ty is compact.
e The right inverse Ty is compact.

The Fredholm inverses Ty and Ty satisfies Ty + T1 Ko = Ts + K1 T5.
Two references on Fredholm operator theory are Schechter [22] and Kato [13].

Definition 3.9. Let A : H; — Hs be a Fredholm operator between Hilbert spaces.
We say that A is diffuse if its domain D(A) is compact in H;, or equivalently if it
has a compact Fredholm inverse.

Definition 3.10. Let I" be a nilpotent operator in a Hilbert space H. We say that
T' is a Fredholm-nilpotent operator if the reduced operator

I':H/NT) — N(T)
with domain D(T') := D(I')/N(T) is a Fredholm operator. If " is a diffuse Fredholm
operator, then I is said to be a diffuse Fredholm-nilpotent operator.
Proposition 3.11. Let I' and 11, be as in Proposition 3.5. Then the following are
equivalent.

(i) T is a Fredholm-nilpotent operator.
(#") T* is a Fredholm-nilpotent operator.



Hodge decompositions on weakly Lipschitz domains 13

(ii) 1, 4s a Fredholm operator.

When this holds, T" induces a Hodge type decomposition (or splitting) of H, i.e.
H=RI") @& (NIT*)NNT)) & RT),

where the ranges R(T*) and R(T) are closed and N(T*)NN(T') is finite dimensional.
If in addition N(T*) N N(T') = {0}, then the splitting is said to be exact.

The equivalence of (i), (i') and (ii) remains true if “Fredholm(-nilpotent)
operator” is replaced by “diffuse Fredholm(-nilpotent) operator”. In this case, we
also have the following.

(iii) The spectrum o(Il,) is a discrete set consisting of eigenvalues only.

(iv) If Ty is a bounded, nilpotent operator such that TTo+ToI' =0 on D(T') =
D(T' +Ty), then the perturbed operator T' + T is also a diffuse Fredholm-
nilpotent operator.

Proof. Split H = H1 ® Ho ® Hz as in the proof of Proposition 3.5.
Theorem 3.3 shows that (i) and (i') are equivalent since

Ho = N(I') NR(I")* = N(I'*) N R(I"™)*.

Furthermore, since I' : Hy — Hs and I'* : ‘Hs — H; are adjoint operators, it
follows that (I'*)~1 = (I'"1)* : H; — Ha is compact if and only if T=1 : Hy — H;
is. Therefore IT" is a diffuse Fredholm-nilpotent operator if and only if I'* is.

Note that since R(I") and R(I'*) are orthogonal, they are both closed if and
only if R(Il,) = R(I'™*) & R(T") is closed. As N(II,) = Ho = H/R(Il,) it follows
that (i) and (i') are equivalent with (ii). Moreover D(Ily) = D(I™*) @& Ho @ D(I),
so II, is a diffuse Fredholm operator if and only if both I and I'* are diffuse
Fredholm-nilpotent operators.

The discreteness result (iii) follows from the identity
(V—a—- A"t (V—a—-T,) "= (V-a- A" \-T,)(V—a—-T,)*

which shows that (A—TI,,) fails to be invertible if and only if (v/—a—\)"! € o(K).
But since K := (y/—a —II,) ! is compact, its spectrum is discrete.

To prove (iv), let II,, and IT/, be swapping operators corresponding to I" and
I + T'g. Then D(II,,) = D(I1,) is compactly embedded in H. Lemma 3.14 below
now shows that I' + I'g is a diffuse Fredholm-nilpotent operator. O

Remark 3.12. An important observation here is that the statement (i) is indepen-
dent of which Hilbert norm on H we are using (as long as it induces the same
topology), whereas in (¢') and (ii), the adjoint operator I'* and II, depends on the
scalar product.

We finish this section with two techniques to establish Fredholm-nilpotence
of a given nilpotent operator I'.
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Lemma 3.13. Let H and Hy be two Hilbert spaces and consider the diagram

T
-

H . Ho

Tk

<
H . Ho,
s

where I' and Ty are closed, densely defined operators in H and Hy respectively and
T and S are bounded maps such that T'S = Iy. If TTy C I'T and ST C T'yS, then
we have the following.

(i) If Ty is a nilpotent operator, then so is T.
(ii) If T'g is a Fredholm-nilpotent operator, then so is T.
(ii) If Ty is a diffuse Fredholm-nilpotent operator, then so is T.

The proof of this intertwining lemma is straightforward and we omit it.

Lemma 3.14. Let 11, be a swapping operator as in Proposition 3.5. If the embedding
D(I1,) — H is compact, then 11, is a diffuse Fredholm operator with index zero.

Proof. Consider the operators
(18) M —11, : D(II,) — H.

Since o(Il,) C v/aR by Proposition 3.5, (18) is an isomorphism when A ¢ \/aR.
Now observe that AI : D(II,) — H is a compact operator. Thus I, : D(Il,) — H
is a Fredholm operator with index zero. ]

4. Hodge decompositions for d and

In this section we apply the general theory for nilpotent operators from Section 3
to the following d and § operators in a bounded weakly Lipschitz domain €.

Definition 4.1. (i) Let dg and dg be the closed, nilpotent d and § operators
(without boundary conditions) in Ly (€2; A) with natural domains, i.e.

D(dg) := {F € Ly( A) ; dF € Lo( M)},

and similarly for dq.

(ii) Let dg (d with normal boundary conditions) and dg (0 with tangential
boundary conditions) be the closed, nilpotent d and § operators in  with
domains

D(dg) :={F € La(S; A) 5 d(F2) € La(R™;N) },
D(0g) :={F € La(S5; A\) 5 6(F%) € Loa(R™; M)},

where F, € Ly(R™; A) denotes the zero-extension of F' to R™.
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Remark 4.2. If F' € D(dg), then F' is normal to ¥. The nilpotence of dg shows
that not only is dgF' curl free, it is also normal to ¥. Similarly, if F' € D(dg), then
F is tangential to X. The nilpotence of dg5 shows that not only is d5F divergence
free, it is also tangential to X.

Examples of nilpotent operators considered in this paper are, for each wave
number k € C, the four operators

di.o = do + keon,  Okq = 0 + keo,
dk,ﬁ = dﬁ + kegn, 6k,§ = (Sﬁ—f— keo .
Obviously we have dk,ﬁ C dy,o and 5,675 C 6k,0-

Proposition 4.3. The operators do and dg have cores (i.e. a subset of the domain
which is dense in graph norm)

Co®(R™;A)|a C D(da), Co° (2 A) C D(dg)
respectively. In particular, the inclusions
d(CER™ Nlo) © Rida),  d(CF (1)) € Ridg)
are dense. We also have dense subspaces
{Fla; F € CR™A), suppdF CC Q" } C N(dq),
{F € Cg° (S5 A) 5 dF = 0} C N(dg).
The same holds true when d is replaced by 9.
Before giving the proof, we note the following important corollary.

Corollary 4.4. The two operators dg and —éq are adjoint in the sense of Def-
inition 3.2 and so are dg and —dg. For the zero order perturbations we have
dz Q = —(S_kc,Q and dlt,Q = —57,0(,’5.

Proof. Consider the first pair. By Definition 3.2 we need to prove that G(d*ﬁ) =
G(—dq), where G(dg;) = IG(dg)*.
To show d5 C —dgq, let (U, F)" € G(d5). Then in particular

/ (U, dD*) — / (F,0°) for all @ € C2°(Q) € D(dg).
Q Q

Thus —dqU = F € Ly(2; A) in distribution sense, which proves (U, F)! € G(—4q).

Conversely, to show d*5 D —dq, by Proposition 4.3 it suffices to prove that
IG(dg) and {(®, —0a®)" ; ® € C°(R"; A\)|q} are orthogonal. If U € D(dg) and
® € C°(R™; N)|q, we get

/Q@,dﬁUC) _ /n<c1>,dU§> - /n<—5<1>,U§> :/Q<—5Qc1>,UC>.

This shows that dg and —dq are adjoint. The adjointness of dg and —dg follows
similarly. Moreover, since (A + T)* = A* + T* whenever A is a closed, densely
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defined operator and T is a bounded operator, this proves the rest of the corollary.
O

To prove Proposition 4.3, we use Lie flows t — aj and t — o?;*l constructed
as follows.

Lemma 4.5. There exists a family a; : R™ — R™ of bilipschitz maps (all being
identity outside a compact set), |t| < T, with the following properties.

w(@cQ, 0<t<T,
a(Q) 2 Q, -T <t<0,
o F = Fllpy®nin) — 0, t—0, FeLyR"A),
|6 F — Fllpymeny — 0,  t—0, F € Ly(R™A).

Proof. Let Q C Uj»v:OVj and p; : R" — R", j = 1... N, be the local bilipschitz
parametrisations from Definition 2.1 and let Vy CC 2 be contained in the interior.
Let By := B(0,1) C By := B(0,2) be concentric balls. We may assume that
¥ C UNp;By and that pjBy CC Vj, j =1...N. Let n € C§°(R") be such that
0<n<1,9n|p, =1and ng~p, = 0. Define for [t < T the translation map
O : R" — R": 2 — x + n(|z|)te,,

let o == pjof; Opj_1 and extend to identity outside V; and let oy := a¥ o...0q}.
Obviously the required mapping properties for a; holds.

For the Lie pullback flow, if ajF = (a})*G where G = (a2)*...(a])*F
then

i F = Fllymosny < 101G = Fllaan) + 101G = Fllywen
< ||(O(%)*G - GHLZ(V1§/\) + HG - F||L2(V1;/\) + ||G - F”Lz(Vf;/\)'
Thus it suffices to show that ||(ad)*F — F|lz,v;;n) — 0. But (essentially) since
translation is Lo continuous, this follows from
()" F = Fllyvyn) S 1B (05 F) = (05 F) Lo in) — 0.
The proof of the La-continuity of the reduced push forward flow is similar. O
Proof of Proposition 4.3. Let ns(z) := s~ "n(z/s) be a mollifier. For F' € D(dq),
let 0 < s << t and define approximating fields
Foyi=ms* (O‘:Fz)'

Then [|Fs ¢ — Flloag) = | Fse — FlL, + (dF) st —dF| L, — 0 as s,t — 0. Further-
more, if doF' =0 and 0 < s << t, then dF;; = 0 in a neighbourhood of Q, due to
Proposition 2.6.

On the other hand for F' € D(dg), let 0 < s << —t and define approximating
fields F ; as above. Then Fy; € Cg°(S5A) if 0 < s << —t and ||Fs ¢ — Fl|p(a,) — 0
as s,t — 0. Furthermore, if dgF' = 0 then dgF,; = 0. O
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Example 4.6. Using Proposition 3.5, we form the corresponding swapping opera-
tors I1_;.

(i) If T’ = dg;, then the (Hodge-)Dirac operator on Q2 with normal boundary
conditions is

Dg: = d§—|— 0Q.

Note that D?2 L = dgdq + dadg is the Hodge-Laplace operator with relative (gen-
eralised Dirichlet) boundary conditions. For a scalar function U : Q@ — A®, we have
D, U = dqdgU, and U € D(dg) incorporates the boundary condition Uy, = 0
since all scalars are tangential.

(ii) T = dg, then the (Hodge—)Dirac operator on Q with tangential boundary
conditions is

Dg) :=dq + 55.

Here the Hodge—Laplace operator with absolute (generalised Neumann) boundary
conditions is D?zll = dodg + dgda. Note that for a scalar function U :  — N0,
we have D?z U = 0qdaU, and dqU € D(dg) incorporates the boundary condition
U = (1, VU|x) =0.

(iii) As is well known, the null spaces

N(Dgq:) = N(dg) N N(da) = N(DG.),
N(Dgqi) = N(do) N N(6g) = N(Dg)

of the Dirac operators Dg. and Dgq; can be identified with the de Rham co-
homology spaces of 2 with normal (relative) and tangential (absolute) boundary
conditions, and are thus determined by the global topology of 2. However, we are
here mainly interested in how the local regularity of the boundary ¥ influences
the Fredholm properties of the Dirac operators Dg: and Dg.

We now turn to the proof of Theorem 1.3 and show how to reduce to the
case QQ = B, where B is the unit ball in R™. The proof that Dg: and D¢ are
diffuse Fredholm operators is deferred to the end of this section. It follows from
either Theorem 4.10, Theorem 4.13 (combined with Lemma 3.14) or Theorem 4.17
(combined with Proposition 3.11).

Proof of Theorem 1.3. (i) We first consider the unperturbed case k1 = ko = 0. By
Proposition 3.11 it suffices to show that Dq. is a diffuse Fredholm operator. Using
Definition 2.1 we see that there exist bilipschitz maps p; : B — Q;, j =1,..., N,
where B denotes the open unit ball in R", such that Q2 = Ujv:1 Q;. Furthermore
we may assume that p; extends to a bilipschitz map between slightly larger open
sets. Choose a smooth partition of unity {7;} such that suppn; CC R"™\ (Q\ ;)
and Y507 =1 on Q.

Assuming that Dy is a diffuse Fredholm operator, it follows from Propo-
sition 3.11 that dz is a diffuse Fredholm-nilpotent operator. We may now apply

Lemma 3.13 with H = LQ(Qj; /\), H(] = LQ(B;/\), A= dﬁj’ A() = dE’ T= (p;l)*
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and S = pj = T~ since Proposition 2.6 proves that T and S intertwine A and
Agp. This shows that dﬁj is a diffuse Fredholm-nilpotent operator.

Applying Proposition 3.11 again with I' = dﬁj shows that DQ]+ is a diffuse
Fredholm operator. Localising, we can now prove that the Dirac operator D1 is
a diffuse Fredholm operator. Indeed, if T; are compact Fredholm inverses to DQJ_L
respectively as in Proposition 3.8, then a compact Fredholm inverse to Dq. is

T(F) = ZU;'TJ(WF)

Similarly one can show that the Dirac operator D is a diffuse Fredholm
operator.

(ii) To prove that the map (2) is a diffuse Fredholm map for general k;
and ko, note that (i) above and Proposition 3.11(iv) with T' + Ty = d_uq and
I'* +T'§ = —0k, o shows that we have a Hodge decomposition

LQ(Q; /\) = R(5k27Q) [S2) (N((st,Q) n N(d—k§,§>) () R(d—kg,ﬁ)

and that 0, 0 : N(d_kgﬁ) — N(dk,,0) is a diffuse Fredholm map. In particular
N(dk,.2)/R(0k,,0) is finite dimensional, and similarly N(d,, 5)/R(d,, 5) is finite
dimensional. Thus it suffices to prove that

Oz, * R(dy, 5) — R(0ks,0)
is a diffuse Fredholm map. Consider the following diagram

P, kg,
R(dy, 5) —= R(d_i5 5) 2% R(6ky.0)

\ @
P
Okg,Q

N(0k,.0) ——

)

where P; and P, denotes the associated orthogonal projections. To show that
5k2)QP1|R(dklvﬁ) = 6k2)Q|R(dk1’ﬁ) is a diffuse Fredholm map, we first prove a priori
., o) Note that (i) above and Proposition 3.11(iv) show that
any F € R(dkl,ﬁ) has a potential F' = d; U where the map F'+— U is compact.
This gives

estimates for Pi|r(q

Tk :/Q<P1F,FC> (PyF, (dy, 5U)°) :/Q<P1F,FC> (kS + E) eo 4 F,US).

Dividing by ||F|| gives the a priori estimate ||F| < ||PF|| + ||U||. This shows
that dx,,0(N(d,, g)) is closed and that N(6k27Q|N(dkl ) is finite dimensional. Now

Lemma 4.7 below shows that the cokernel N(dy,,0) © dx,,aN(d,,, 5) is finite dimen-
sional, which completes the proof. ]
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Lemma 4.7. The deficiency indices of the maps (2) and (3) are
a0k, 2|N(d,,, o) = dim(N(dk, 0) N N(d), 5))
ﬂ(5k2,Q|N(dklﬁ)) =
a(dy, alne, o)) = Am(N(k,,0) N N(dy, 5))
Bldy, alNGr, o)) = Am(N(O—kg.0) N N(d,, ) + dim(R(5-x;,0) N R(dfk;ﬁ)).

For any k1 and ks these indices are finite. Moreover, if the wave numbers are non
zero and arg(k1) + arg(k2) # 0 mod 2, then N(dy,.0) N N(dy, 5) = {0}

Proof. (i) Using Theorem 3.3 we get identities
N(dkz 0In(a,, o)) = N(Oks.0) N N(dy, o)
N(0ks,0) © O, aN(dy, ) = N(0k,.0) N d:}cgﬁR((S,ki,Q)
= N(dk,.0) NN(d_j 5) © R(0r,,0) N d:}cmR(é_km),

which gives the deficiency indices for 5]{;2)Q|N(dk1’ﬁ). Similarly for dk17§|N(5k219).
(ii) The a priori estimate in (ii) in the proof of Theorem 1.3 above shows
that dim(N(dx,,0) N N(dkl,ﬁ)) < oo for all k1, ko € C. To prove that the space
N(dk,,0)NN(dy, ) vanishes unless k1 and k5 have the same direction, write I' = dg;,
'™ = —dq, o = ep A () and T = eg 1 (+). The algebraic property we use here is
that not only is I'T'yg + I'qI' = 0 but also I'*T'g 4+ I'oI"* = 0, which follows from the
derivation property (9). Assuming (I'+ k1 Tg) F = (=I'* + ko) F' = 0, we calculate

0= (F,(I*T 4+ ToI"*)F) = (TF,T\F) + (T4 F,*F)
= —ki|[ToF||* + k5| T F|*.

This shows that F' = 0 under the assumptions on k; and ks since I'y induces an
exact Hodge decomposition. O

Another way of reducing to the case of a smooth domain with Lemma 3.13
is to use the extension maps constructed in Proposition 4.8 below. Let B C R”
be a ball containing 2, let xq : La(B; A) — L2(€2; A) be the restriction map and
pick a d-extension map eq : La(2;A) — La(B;A) as in Proposition 4.8 below.
Then, modulo a partition of unity, Lemma 3.13 applies with H = La(Q; A), Ho =
LQ(B;/\), A=06qg, Ag=6p, T = xq and S = eq.

Proposition 4.8. Let xq : Lo(R™;A) — La(2;A) be the restriction operator and
let K D Q be a compact set. Then there exists a bounded extension operator eq :
L2 (Q;A) — La(R™; A) such that
(i) xaeq = identity on La(2;A).
(i) supp (eqF) C K for all F € Ly(2; A).
(iii) drneq — eqdq extends to an La(5A) — La(R™; A) bounded map. In
particular, eq restricts to a bounded map

eq : D(do) — D(dg»).
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(iV) EQ(Fl +eg A FQ) =eql1 +egneqFs.
The same holds true when d is replaced by 0.

Proof. Let @ C U Vj, n; € Cg°(V)), Zév njlo =1 and let p; : R" - R", j =
1... N, be the local bilipschitz parametrisations from Definition 2.1 and Vy CC 2
be contained in the interior.

(i) We first note that it suffices to construct an extension map ¢ : La(R}; A) —
Lo(R™; A) acting on fields supported in (p}lsupp n;) NR™. Indeed, this gives lo-
cal extension maps ¢; = (p}l)*apj» : Lo(V; N5 A) — Lo(Vj; A), extending fields
supported in suppn; N Q to fields compactly supported in Vi, j=1,...,N. Then
we can construct eq as

N
(19) EQF = 770F+Z€j(7]jF).

j=1
Moreover, from the construction of € below and Proposition 2.6, d commutes with
¢; and thus

N

(20) (drrcq — cada)F = (dno) A F+ Y e;((dn;) n F).
j=1

Clearly, both (19) and (20) define Lo-bounded operators.
(ii) To construct the extension map € : La(R/}; A) — La(R™; A), consider the
stretched reflections

ri (2, =) — (2, kxy,).
By Proposition 4.3, it suffices to consider G € C§°(R"™; /\)‘Ri' If we decompose
G(z) = G1(z) + e, AGa(z), e, 1G; = 0, into parts tangential and normal to R" ™1,
then the pullbacks are given by r;G(2', —x,) = G1(2/, kxy,) — ken, A Go(2', kxy),
and we see that both tangential and normal parts of the field

é — G, Tn >0,
© 3G = 213G, x, <0,
are continuous across Y. We can assume that suppn; is small enough so that
supp G C pj_le if suppG C (pj_lsuppnj) N R_ﬁ Now define € := 3r} — 2r3.
The proof for § is analogous. We here use the reduced pushforwards (F,;*I)F =

—kF) + e, n Fs. O

Remark 4.9. (i) We see that in a natural way D(dg) C D(dr») and
D(dqa) = D(dr~)/N(xa).

Proposition 4.8 shows that xq : D(drn) — D(dq) is surjective and that eq :
D(dq) — D(dr~) embeds D(dq) as a complement of N(xq) in D(dg»).
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(ii) From expressions (19) and (20) we obtain norm estimates

N o ()]l e W)l
HEQH[Q(Q;/\)HLZ(Rn;/\) S 1+ Z ( sup ﬁi(m) ( sup _J—Op))
=1 Naeo vy VI03)@) ) N\ wevi | L1 (07 ) (y)

I, ealll Lo@:n) = La®msn) S IV0ll0ot

al 2, (@)llop 25 W) llop
sup  ——— sup —2—— || V1;]l 0,

Jj=1
leallbda)—Didrn) < lleally@in)—La@nin) + Id alllLo@in) —Lo@®nin) s

where Bj(m) : A — A denotes the a-homomorphism which extends the Jacobian

matrix and J(p;) is the Jacobian determinant.

We end with a discussion of various ways to prove that the Dirac operators
Dq. and Dg are diffuse Fredholm operators under certain additional regularity
and topological assumptions on . First we recall the standard proof in the smooth
case. Both here and in Theorem 4.13 we use Lemma 3.14, which shows that it
suffices to prove that D(dg) N D(dn) and D(dq) N D(dg) are compactly embedded
in Lo (Q, /\).

Theorem 4.10. Assume that 2 is a bounded open set with C?-regular boundary X.
Then

D(Dg.) = D(dgs) 1 D(Sa) = WA (5 A) 1= {F € WA A) 5 01 f = 0},
D(Dg) = D(dg) N D(6g) = Wy (Q;A) :={F € W} (s A) ;v 1 f =0},
In particular, D(dg)ND(6q) and D(do)ND(dg) are compactly embedded in La(S2; A).

Moreover, if {vi,...,vn_1} is an ON-frame on X of directions of principal
mward curvatures K;, then we have the Weitzenbick formulae

_ > fswi@lvi(y) » f(y)?, F € D(Dgu),
/ ‘V@F / |dF | +|5F( )| {Z fz m(y)\vi(y) Jf(y)|2, Fe D(DQ”).

Remark 4.11. (i) Note that when ¥ is convex, but not necessarily C?, then x; > 0
and we obtain the inequality [, |V ®@ F(z)]* < [, |[dF(z)|* + |6F (x)|? if either
vaf=0orv.if=0.See Mitrea [18] for generalisations of this result.

(ii) Consider also the special case of the Laplace equation as explained in
Example 1.1. If U is in the domain D(Ap) of the Dirichlet Laplacian in 2, then
the gradient F':= VU € D(Dgqu. ). The Weitzenbock formula now reads

/|V®VU /\AUP (n—1) /H

where H is the (inward) mean curvature of X, since for normal vector fields |v;a f| =
|vs||f| = |f|. This formula is known as Kadlec s formula, see p.341 in Taylor [24].
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Proof. We here only give the proof for Dg.1, since that for D) is similar.
(i) Assume that F € W} (Q1;A) € D(Dg.). Using the boundary theorem 2.7,
we obtain identities

[ Ve r? R ar) = [ (v,

Q >
/|dF|2+<F,5dFC>:/(f,quF°|g>:0,
Q >

/ GFP? 4 (F, doF<) = / (v 7 6F°5),
Q >

where F denotes the function on which the differential operator V is acting. Thus,
subtracting the last two equations from the first gives

/ Ve PP = / (dF? + |§F2 / (fv 7 F¥ls) + (f (v, V) E¥]).
Q Q >

Using the derivation property (9) and that v A f = 0 and 9,,v = K;v; we rewrite
the boundary integral as

/ (v £ F%ls) — (f (v, V) E¥]g) = — / .V 5 (v n )
) >

n—1 n—1 1
= - i N\ UV A ,C = CA V) A cy Jus A 2.
_ ;/; Fovn 00, f) ;/; £, (Do) 1 £9) E/z“' /l

Since ¥ is of regularity C?, k; are continuous on ¥ and thus the Sobolev trace
theorem shows that the inclusion iq : W3 (Q1;A) — D(Dgu1) is a bounded semi-
Fredholm map.

(ii) What is left to prove is that the inclusion is surjective. Note that since
eoDq1 is a self-adjoint operator by Proposition 3.5, we have that D1 + ieg :
D(Dgqr) — La(2; A) is an isomorphism (for any weakly Lipschitz domain). Thus
it suffices to prove that D1 +ieg : W (15 A) — Lo is surjective.

One way to prove this is to perturb the given domain to a domain with an
isometric double, e.g. the upper half T% := {r € R" ; 0 < 2, < 1}/(2Z + 1)"
of the flat n-torus T" := R"/(2Z + 1)™ as in Taylor [24]. Since the problem is
local, it suffices to prove that if p; : Q = Qp — Q; is a continuous family of C?
diffeomorphisms, where Q; is a C? domain in 7™ for ¢ € [0,1] and ©; = T7,
then Do + ieg : W3(Qa;A) — La(Q0; A) is an isomorphism. From (i) we have a
continuous family of semi-Fredholm maps

pi(Das +ieo)(p;y )" = dg, + pida, (p; )" +ieo : Wa (273 A) — La(Q03 A),

since pullbacks preserves normal boundary conditions, and since [p},d] : Wi — Ly
depends continuously on ¢. Perturbation theory [13] now shows that it suffices
to prove that D pn). + e : W3 ((T7)*5A) — Lao(T75 A) is surjective. Note that
Dpn +ieg : W (T™ A) — La(T™; A) is an isomorphism. We see that, given any
G € Ly(T™; A) with supp G C T, there exists F € W3 (T™; A) such that (Dgn +
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ieg)FF = G. Now the anti symmetrised field F — r*F, where r : T} — T3 is
the isometric reflection, belongs to W3 ()45 A) and (d 4+ & + ieg)(F — r*F) =
G —r*G = G in T} since d commutes with r* and § commutes with 7,1 = r* by
Proposition 2.6. This finishes the proof. O

For non-smooth ¥, not only the source function F' := Dq. U influences the
regularity of U € D(Dq. ), but also X. A standard example, see e.g. Grisvard [11],
is the following.

Example 4.12. Consider a bounded domain 2 C R? whose boundary ¥ is smooth
except at 0 where it coincides with Ry U e “R,. Let U : R?> — A® be a scalar

function in 2, smooth up to the boundary except at 0, such that U(z) = ra sin(Z20)
around 0 and Uly = 0. Define

F(z) = VU(z) = Zra~(sin(Z0)7 + cos(Z0)0),

for z around 0, where # and # denotes the radial and angular unit vector fields.
Then the estimate |F| < ra ™" shows that F' € D(dg)ND(dq), whereas the estimate

s
128 | ~ ra~? shows that

OF |2 b=
FI2 00 > ’7 >/ 2a =2y dr.
H ||W21(Q) _\/Q ar ~ 0 oo rar

But in the non-convex case o > m the right hand side is infinite so that F' ¢
W3 (Q; A). However, one can verify that || F||,,1/2 < oo for any 0 < o < 27.
2

For a strongly Lipschitz domain, we use the Ly(X;A) theory of boundary
value problems. This uses the Rellich estimate technique, which was first applied
by Verchota [25] to the Laplace equation. This technique was later extended to the
full Dirac operator by MCIntosh-Mitrea [16] and MCIntosh-Mitrea—Mitrea [15].

Theorem 4.13. Assume that § is a bounded, strongly Lipschitz domain. Then we
have continuous inclusions

D(Dg.), D(Dgy) € Wy (95 1).
In particular, D(dg)ND(6q) and D(do)ND(dg) are compactly embedded in La(S2;A).
Proof. Consider the map Dq1 +ieg : D(Dg1) — La(€2; A), which is an isomor-
phism since egDgq. is self-adjoint, and the dense subset
S:={F eD(Dgq.); (Dqr +ieg)F € CF (K A)} C D(Dga).

It suffices to show that we have a continuous inclusion S — VV21 / 2(Q; A). Given
G = (Dq1 +ieg)F € C§°(Q; M), let Fy := (Drn +1ieg) G € C°(R™; A) and form
its tangential trace v A fo € L2(X; A). We now apply the Rellich Ly(X; A) theory of
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boundary value problems on strongly Lipschitz domains, see [1] for more details,
which shows the existence of a field Fj : 2 — A such that

(D +ieg)F1 =0 in
vAafi=vafy on x
[E 172 00 & 1V A foll La(iny
dFy,6F, € Wy (4 A) C La( A).
Now let F' := Fy — F;. We see that
[Eolly12(0,0) S 1F0llw@in) S NGl Lain) = 1Fllomy,.)
1 g2z g0y = 1 A follLominy S 1E0lwg@in) S I oy, 1)
Moreover dF’, 6F' € Lo(Q;A) and va f/ =vafo—vafi =0. Thus FY € D(Dg.)N

Wzl/Q(Q; A) and (Dqr +ieg)F' = G = (Dgx +ieg)F. Thus F = F’' € W21/2(9§ A)

Remark 4.14. In the proof above we used the fact that
112 ny = il

when (D + ieg)F1 = 0 in Q. This result is presented in Fabes [7] with an incom-
plete proof which is corrected in Mitrea—Mitrea—Pipher [19]. See also [3] for an
alternative correction.

Note that Theorem 4.13 is more constructive than Theorem 4.10 in the sense
that F’ is found by solving the boundary equation v A fi = v A fo. However, if
one is only interested in solving for example doU = F, where F € N(dg), with a
“good inverse” in the sense that F' +— U is an Lo compact map, then this can be
done much more explicitly using path integrals as we now explain.

Lemma 4.15. Let Q@ C R™ be an open set with a smooth retraction Fy : Q —
F:(Q) C Q top € Q such that Fy = I, Fy:Fs = Fis for 0<t,s <1 and Fo =p. If
0 = dFi/dt|i=1 is the vector field with flow Fs, then for smooth fields F in Q we
have the path integral formulae

1
Flz) =V (/0 0(z) 2 Fr F(x) %) iV AF =0 and Fly =0,

1
F(x):VJ(/O 0@) nF F@) ™). iV 2F =0 and Fly =0,

One can prove this lemma by using Cartan’s formula
LoF = L(FiF(2)|i=1 =VAOIF)+03(VAF)

for the Lie derivative of the differential form F and using the homomorphism
formulae from Proposition 2.6. For more details, see for example Taylor [24].
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Example 4.16. Let 2 be star shaped with respect to 0 and Fi(x) := tx. Then for
a smooth j-vector field F': 2 — AJ we have the path integrals

1
F(l’):V/\(/ tjfliF(m)dt), fVAF=0andj>1,
0

1
Fz) =V, (/ t”*j’leF(tx)dt), ifV, F=0andj<n-—1
0

Indeed, using the derivation formula (9) and that Y e; A (e; 2 F'(tx)) = jF(tx),
one can directly verify that V a (z o F(tz)) = jF(tz) + t 2 (F(tz)).

In particular, a curl free vector field F' has a scalar potential given by the
path integral U(z) = fol(sc,F(tx))dt and a divergence free vector field F' has a
bivector potential U(x) := fol t" =2z A F(tz)dt € A2 In classical notation in R?,
the latter translates to F' = —V x UL if U(z)*t = fol te x F(tx)dt.

A third way to prove that the Dirac operators are diffuse Fredholm opera-
tors uses an Lo version of the classical Poincaré lemma. We here only consider

fields with values in AR™ = A? @ ... @ A™. The extension to spacetime setting is
straightforward.

Theorem 4.17. Let 2 C R"™ be a star shaped strongly Lipschitz domain. Let 0 <
€ < R < oo be such that B(0,¢e) C Q C B(0, R) and such that ) is star shaped with

respect to each p € B(0,¢€). For 1 < j <n, let TG) denote the integral operator

(220  TOF() = /Q (2 y) s F() ky(asy)dy,  F € Lo(@5 0,

where k; denotes the kernel

1 i—1
‘ . y—x\ tITdt
ki(,y) '_/0 e+ l—t)(l—t)”H

for some fized n € C§°(B(0,€)) with [n = 1. In particular
suppk; C {(z,y) ; y € conv (B(0,€),z)},

where tonv denotes the closed convex hull, k; is smooth off the diagonal {x = y}
with estimates

[ (@, 9)] < 5 lnlloo (R + €)"

|z —y|"
and T defines a compact operator Ly(Q; A7) — La(Q; A1), Then T := 0@
TO @ .. .oTM™ : Ndg) — Lo (2 AR™)/N(dg) is a compact Fredholm inverse to
dqo. Thus dg is a diffuse Fredholm-nilpotent operator.

The corresponding result for dq holds true as well.

Proof. Assume that F € C§°(R™; A7) and supp (V A F) N Q = ) as in Proposi-
tion 4.3. We define

TUF(x) =/n(p)dp(/oltj‘l(x—p)JF(ert(x—p))dt),
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which by using Fubini’s theorem and the change of variables y = p + t(x — p)
becomes (22). Since [ = 1, it follows from Example 4.16 that doTW) F = F.

The estimates off supp k; and |k;(z,y)| are straightforward to verify. Since
the full kernel for TU) has the estimate < 1/|z —y|*!, Schur’s lemma shows that
TW) defines a compact operator Ly (€ A7) — La(Q;AT71).

We can now apply Proposition 3.8 with Hy = Lo(2; A)/N(dq), Ha = N(dg),
A=do, ' =T =T=0TM a...aT", K, =0 and K, = orthogonal pro-
jection onto scalar constants, which shows that dg is a diffuse Fredholm-nilpotent
operator. O
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