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1. INTRODUCTION .

An operator T in a Hilbert space ¥ is said to be of type w if the spectrum is
contained in the sector § w=16EC | |arg(| < w} and the resolvent satisfies a bound
of the type _:_Hun,CIHM_ < ow_._m_xH forall ¢ with |arg¢| = p andall b > w. Let

us suppose for now that T is one-one with dense range.

Such an operator has fractional powers TS and, if w< x/2, penerates an
analytic serni-groap {exp(-iT)}. See [3} for detafls. However it may or may not
happen that it generates a oc..mHQ.E *_H.Hm | s €R} of bounded operators. It was
shown by Yagi that the operators T for which H,mm € £(¥) are precisely those for
which the domains of the fractional powers of T (and of _H* ) are the complex
interpolation spaces between .ﬂ and KT) (and between ¥ and sﬁ.*: . They are

*
also precisely those operators for which T and T satisfy quadratic estimates [4].

It is shown in this paper that another equivalent property is the existence of an

maﬁmmv functional caleulus for p > o (where mm denotes the interior of mc_ ).

In writing up this paper ii seemed useful to have a precise definition of the
operators f{T) for functions which are analytic (but not necessarily coﬁ&m& on mw_.
and for operaters T which do ot necessarily satisfy quadratic estimates. Such a
definition Is given in section &, where it is shown in what sense formulae of the form
(fedT) =f(T)g(T) hold. Tt appears that the basic properties of the semigroups
{exp(~tT)} and of the fractional powers T® can be derived more simply in this way

than vsual,

The material in this paper hag two heritages. One is operator theory, in which
area we use results of Kato, Yagi, and many others; the other is harmonic analysis,

where the power of quadratic estimates has been recognized since the Littlewood-Paley

theory appeared and the theory of g-funetions was developed by Zygmund and his
followers. In particular Stein has explored the relationship of quadratic estimates with
multiplier results (which concern the functional caleulus of mlua\&a . The motivation
for this paper is to better _Emmimbm the functional calculus of WLQ\ Q.N_ " where 7
is a Lipschitz curve in the complex plane, though in fact this material is only briefly
alluded to in the last section. This builds tipon the work of Calderén, and of Coifman
and Mayer.

Thanks are due to Michael Cowling, who has been studying similar problems. in
H_wlmwmamm_ and to Raphy Coifman, Carlos Kenig, Yves Meyer, James Picton-Warlow,
Werner Ricker, Wesley Wildman and Atsushi Yagl, all of whom have contzibuted to

my understanding of these topics.

2. OPERATORS

Throughout this paper ¥ denotes a complex Hilbert space. By an operator is
meant a linear mapping T : WT) » ¥ where the domain HT) is a linear subspace of
%. The ronge of T is denoted by (T) and the nullspace by MT). The norm
of T is the {possibly infinite) number . .

NT)| = sup{Tuff | we AT}, |jul| =1} .

We say that T i3 bhounded if AT) =% and ||T]| < w, and denote the algebra of all
bounded operators by £(¥). Wecall T densely—defined if HT) is densein %,
and closed ifits praph {{u,Tu) [ue NT)} is & closed subspace of ¥ = %.

When new operators are constructed from old, the domains are taken to he the

_wHWmmﬁ for which the constriction makes sense. For m.meEm,

"I5+T) = AS) N KT,
WET) = {ue AT) | Tue %S)},




and, if T is one-one,
AT =)

Wewrite ScT if M5)cHT) and Su="Tu for ail weMS). So §=T if and only
if ScT and TcS. Notethat

{8T)U = §(TU) ,
S(T+U) 2 ST + SU ,
(S+T)U =SU + TU ,

5-S5co,

and, if S is one-one,
S7UScIand S5,

We remark that if B is bounded and T is closed then the following operators
are closed: B, TB, B lr (if B is one-one) and T L (if T is one-one).

*
The adjoint of a densely-defined operator T is the operator T with largest

domain which satisfies

*
<Te,v> =<u,T v>

for all ueAT) and ve SE_J . We remark that T mmaommnpua H_H_;J* H H_H_JL

if T is one-one and has dense range.

The resolvent set p(T} of T is the set of all Ae€ for which {T-XI) is
one-one and H_HJ/U:H €L(X). The spectrum o{T) of T is the complement of
p(T), together with o if T is unbounded.

3. RATIONAL FUNCTIONS OF T
w&%cmm T is a closed densely-defined operator in % with nonernpty resolvent

set. Then T is a closed densely-defined operator for all integers n > 0. (We take

4

.1 .} Moreover, if m = n, then KT™) is a dense subspace of HTY) under the
2 2,1/2
norm ], = ] + 2?12,

m

X p denotes the polynomial p(¢) = WM owﬁw . then p(T) is defined by
=0
m
p(T)= ¥ oW_HW - This too is a closed operator with domain Mp(T}) = AT,
k=0
densein %.

If q denotes a polynomial with no zeros in o(T), and 1(¢) = p(¢) /¢y,
then we define ©(T) by ={T)= E.Hxﬁﬂ_:uw . This too is a closed densely-definad
operator with domain %T") where n = max{0, deg p - deg a}.

I r and r; “are two such rational functions and @€, then the following

identities hold:

(1) ee(T)) +x;(T) = (arsry )| ey

@ 2y (MT) = (22} (T ey

(3)  ofe(T)) = r{a(T))

(4) 1) =5’

where E(¢) = B(0)/a(¢) , B(¢) =1, ¢* and § is defined similarly.

Although the preceding paragraphs can be read quickly and appear reasonable,
it is actually quite tedious to verify every detail. For example it is easy to see that

" * :
o(T) 2x(T ), but it takes more work to get the equality. Note that. (2) includes the

statement

Xry(TI(T) = {x;)(T)) 0 Hr(T)) .

If r hasnmozeros in o(T) N €, i 15 a consequence of (2) and (4) that

(o)L =5y = /) = (ment = ey




4. OPERATORS OF TYPE w
F0<#< 7, then

Sp={z€C|z=0 or |agz| = 6}
and

mwu?mm_&%c and jargz| < 6} .

If 0< w< 7, then an operator T in ¥ is said to be of type w if T is
closed and densely-defined, o{T) C § wY {»}, and for each 4 € (w,7] there exists
tp < o such that __ﬁ_H_lnclu__ s om_m_uH for all non-zero z g mcm .

HO0<pu<m, then
Oy re. al ; s
maﬁm:v ={t; mt -+ C | f is analytic and ifll,, < w}
where [[f]| ' =sup{|f(z}| |z € mm.w , and

0, _ 0
eapTTmmsa:u [3s>0,¢20 such that

8
[£(z) ] ml_‘mln d 5 for all Nmm_ﬂ.

1+|7]

1t is straightforward to define #(T) if Pe Emmv and T is of type w, where

0< w< pg 1. We proceed as follows.
Let w< #< p andlet 7 be the contour defined by the funetion

—te , o<t <0

te'? L0¢t<cw .

Define 4(T) € L(¥) by
L) = g7 | @ ac.

This integral is absolutely convergent in the norm topology on £(%) . It is not difficult
to show that the definition is independent of #€ (wp), and that, if ¢ is a rational

function, then this definition is consistent with the previous one. We can also show

that, if % isalsoin Eﬁmmv and o€, then

) a(Y(T)) + $,(T) = (apry J(T)
(2) $1(THKT) = (4, 9)(T)
(3) o($(T)) = W(o(T))

(4) D) =HT).

Moreover, if r is a rational function which is hounded or mt and pe Emmw .
then ree eﬁmmv and

(T)Y(T) = (rgp}(T) = Y{T)r(T) .

The operator (r+$)(T) can be defined without ambiguity by
(r+¢)(T) =2(T) + %(T) .

We conclude this section with a convergence theorem.

THBEOREM Let T be an operator of type w where 0 < w < B w. Let Env be a
: 0
net in eﬁm:v such that __@,Q__S:, 0.

(a}  If there exist ¢ and 5 >0 such that EQAOH < o_ﬁmﬁin_mJuH for al
Ce mm and all @, then |, (T)] 0.

(b)  If there exist ¢, M and s >0 such that 19,(0] < el¢l® forall ¢l <1
end all & and __@QA_H_V_W =M forall o, endif ue¥, then P Thu-0.

{c)  If there exists M such that __ﬁaﬁ.:_ <M forall o andif ne®T), then
P (Th-0. .

Proof To prove (a), use the definition of @QHHV and break up the integral into three

parts corresponding to [¢| < &, 6= |[¢(| <A, and {¢| >A for & sufficiently
small and A sufficiently large, .




To prove (b) apply part (a) to the functions ¢ o  defined by
Gnn ()= C+D.1H@DAD to see that ﬂaﬁ_vz -0 for all ue XT). Then use the
uniform boundedness to obtain the result.

Part (¢) has a similar proof.

5. MORE GENERAL FUNCTIONS OF T
In this section 0 < w< p< 7 and T i3 an operator in ¥ which is not only of

type w but also one-one with dense range. Let
F(8Y) = {£: 805 € | £ is analyti K, 127E g k and
" ={f: > [ £ is analytic and |f{z)] < e{|2|"+|z|™*) for some k an c}.

For mmma_mv with |£(z)f < c(|z|5¢[2) %) define #T)
£(T) = (HT)) " ey)(T)

WH
s&mamﬁeu rlpl.mm%g + ._H_Wmoﬁmgﬁoﬁﬁ@:vahﬁasmmnmmumn:ummnaonﬁ i

while ¥(T) ¢ £{¥}) was defined in section 3. We remark that the operator 7(T)
one-one with dense range. So f(T) is a closed operator which is densely-defined

because its domain includes Z(¢{T)) as is seen by noting that

(1)) = %E@ﬁg@
= W T E)(T)
= @E .

It is not difficult to show that this definition is consistent with those of mmnEcE
3 and 4. Moreover if f, m € ﬁmov and @€, then

() o{f(T)) + £y(T) = () )(T) | g
(2) £ (TET) = T gy |
3) £1)° =KT") .

This time however there is o spectral mapping theorem. The problem is that

(T} may be unbounded even if { is bounded.

The following can be said about bounds, as iz seen by applying (2) above.
Suppose ﬁmmmmf and g=hf for some wmuﬂaf for which h(T) € £(F) . (e.s,
h=¢+1r where e .Emcv and r i3 a doﬁh&mn rational function.) Then
Ke(T)) > HE(T)) and _“ma_?__ 2 ¢lf(T)u| for all ue MET)) and some ceR.

We conclude this section, like the last, with a convergence theorem,

THEOREM Let 0<w<p<x. Let T beon operator of type w which is one—one
with dense range. Let ﬁ. ) be a uniformly bounded net in H ﬁm u , let feIl Hmov ,

and suppose, for some M < w , that

(a) IE (Tl < M,

and

(b) foreach 0< 6< A<, sup{I£,(¢)-HC)) nmmm and §< |¢| < A} 0.
Then §(T) € £(1) and £,(Tyu- €T for ol ued. So [AT)| <

Proof Let (¢)= nﬁ+0|w . Apply part (c) of the esrlier theorem to see that
(T Th = ﬁn«@xev:._ ()T =({TY(T)u for all ue¥. As #(T) has dense
range, f(T)e€ L(¥) and [f{T)|| < M. Now use the uniform boundedness to see thaf
mQﬁHF 2 f{(Th forall ue¥, |

6. COMPLEX POWERS OF T
We continue to assume that T is an operator of Qﬁm w which is one-cne with

denge range. In this case TV is also of type w.

Let &,AO = n for AeC. Foreach ), ﬁ € ﬁmou , 80 we can define a cloged
densely-defined operator T by A - w\/ﬁE - This seems o be an efficient way to
define .H_» » Tor not only is it included as part of a general functional calculus, but also

the following facts follow from the results of section 5 without further ado:




Arpb A
(1) T -
) _ A= (= i
(3) (T = (Th
(4) ATH 3 ATA) = AT

if 0< Re(p) < Re()), and

1Tl 5 oI T )] + Ju))

and

~1 .
HT el + ) < BT al < (T )
for we ATY,
The formulae usually used to define A can now be derived using the theorem
in section 4. For example, to show that,if 0 <5< 1, then

S, _ : R -8 -1
T u= _mm lim | ¢(I#T) "Tudt
=0 Y ¢ :
R-w

for all ue AT}, weapply that theorem to the net P eR defined by
¥
R -1 =
Yer(0) =4, | w0 e cag) L
! €
(Here g1 = _e 751+ L)
0

What if we drop the assumption that T is one one with dense range? We can

proceed ag follows, Let

Jamu = {i e ﬁmm,: 30) € € such that 1) - £(0)] < el¢l®

for |¢| <1 and some s > 0} .

For mmwcamv define £(T) by

10

£(T) = (1)~ {ta)(T)

where #(¢) = (1+¢)%! and k is large enough that [£(c)] < of¢|¥ for |¢| 21. u
Then  (f)(T) nmczrﬁsu +g(T) € L(%) dmnwﬁm ge¥, where g(¢) = .
G+DLT£O - C+Q1£8 . Also #T) is a bounded one-one operator with denge
range. So f(T} is a closed densely-defined operator. Now proceed as before and we
find that cvm?.wmww T} can be defined which satisfy properties (1), (3}, (4) provided
Red >0,

7. QUADRATIC ESTIMATES A
In the theory developed in section &, there is no guarantee that f(T) € £(%)
. *
when f is bounded. Indeed this is not always the case. However itisif T and T

.mm.mm@ quadratic estimates.

Let T be an operator of type w where 0 < w< p < r and let Pe ﬂmmv .

To say that T satisfies a quadratic estimate with respect to ¢ means that

{7 1ot 297 < g

for some constant q andall ve¥.

Such an estimate holds for mnw,EEm if T is positive self-adjoint with

1/2
g= :ﬁ_ [4{t) mwﬁ.ew&n”_ - It alsoholds in & lot of other interesting cases.
c.

Let us use the notations
egmmv ={ye ea@ ] 9{(t) >0 forall t € (0w)}

and

ﬁnﬁﬂvﬂ\%ﬁﬂﬂw y O<t<w.




