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ABSTRACT.

We develop some connections between interpolation theory and the theory of bounded
holomorphic functional calculi of operators in Hilbert spaces, via quadratic estimates. In
particular we show that an operator T of type w has a bounded holomorphic functional
calculus if and only if the Hilbert space is the complex interpolation space midway be-
tween the completion of its domain and of its range. We also characterise the complex
interpolation spaces of the domains of all the fractional powers of T, whether or not T
has a bounded functional calculus. This treatment extends earlier ones for self-adjoint and
maximal accretive operators. This work is motivated by the study of first order elliptic
systems which are related to the square root problem for non—degenerate second order
operators under boundary conditions on an interval. See our subsequent paper [AMCN].

§1. Introduction.

It is often of interest to know whether an operator T of type w in a Hilbert space
‘H has a bounded H., functional calculus. This is related to the property of whether
T satisfies quadratic estimates in ‘H . Indeed T does have a bounded H., functional
calculus if and only if the quadratic norm

lullr = {/OOOHW)uH? %}%

is equivalent to the given norm of H (where v is a holomorphic function which decays
at 0 and oo .) This result of M¢Intosh [M¢2] was based on earlier work by Yagi [Y1].

It was shown in these papers that these properties hold if and only if the domains
of the fractional powers of T interpolate by the complex method. In this case H 1is the
complex interpolation space midway between the completion Dr of its domain D(T)
under the norm || Tu ||, and the completion Ry of its range R(T) under H T 1y H :
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A principal result of the current paper, Theorem 4.2, is that | u ||, is the norm of
this complex interpolation space midway between Dp and Ry, whether or not T has
a bounded H., functional calculus.

A consequence is the fact that if two operators S and T satisfy D(S) = D(T) with
| Su|| ~ || Tul]] and R(S) = R(T) with H S~y H ~ H T 1y H , then |ullg =~ |[ul-
Therefore, if T satisfies the quadratic estimate |[u ||, < cl|u]|, then |[ulg <c|lu]l.
We also present a more direct proof of this result as Theorem 3.1.

These results also hold for operators of type S, which have spectrum in the union
of two sectors. In this case they can be used to show how known quadratic estimates
d

for the operators a- and b% imply quadratic estimates for a particular system T,

which in turn give the bound ||Lzul|; ~ |42, for all u € H'(R), originally proved
by Kenig and Meyer [KM]. Here a,b € Loo(R) with Re a > £ and Re b > x for some
k>0,and Lu=—ai(b%%).

In order to prove such a bound when L includes lower order terms and is defined
under boundary conditions on an interval, we need a further development of the con-
nections between quadratic estimates, interpolation spaces, and fractional powers. Such
connections are developed in this paper, while the application is presented in a second

paper [AMCN].

The results of this paper have a long history, so that it is not possible to give credit
for all the underlying ideas. First, there is the operator theory developed in the study
of semi—groups as well as fractional powers. Then there is the harmonic analysis related
to Littlewood—Paley estimates as developed by Stein and many others. This is related
to the interpolation theory initiated by Calderéon, Lions and Peetre, and to the theory
of Sobolev and Besov spaces.

These concepts all lie behind the main interpolation results, Theorems 4.2 and 5.3.
Although these theorems include many known results as specific cases, they are, so far
as we are aware, new as stated, as are the consequences presented in Theorems 7.3 and
8.5. Our interest stems from the fact that they provides a useful tool for the study of
functional calculi of operators in Hilbert spaces.

Let us describe the contents. We review the basic background on operator theory in
Section 2. In Section 3 we present a direct approach to obtaining quadratic estimates for
an operator from known estimates for a related operator. This material is re-obtained
and strengthened from the point of view of interpolation theory in Section 4. In Section
5 we characterise the real interpolation spaces of domains of fractional powers, while we
show in Section 6 that these are the same as the complex interpolation spaces.

We turn our attention in Section 7 to applying this material to a class of operators
obtained from multiplicative perturbations of positive self-adjoint operators. In Section
8 we show how to extend these results to operators of type S, , whose spectrum is in the
union of two sectors, since that is what is needed for the motivating example in Section 9
and its generalisation in [AM¢N]. We describe in Section 10 some results connecting the
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square root problem of Kato to quadratic estimates for related operators. We conclude
in Section 11 with some peturbation results.
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dr~ dx
quadratic estimates for the Cauchy integral on Lipschitz curves.
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Whenever it is stated that two Hilbert spaces H and K are equal, H = K, it is
implied that their norms are equivalent. Often we write a statement such as “X C )
with || u Hy <c¢||lu||ly 7 concerning two normed spaces X' and ) to mean that “X C Y
and there exists a constant ¢ such that || u Hy <c|lul|ly forall ueX”.

62. Operators of type w, functional calculi and quadratic estimates.

Here is a brief survey of some known results about functional calculi and quadratic
estimates of operators of type w in a Hilbert space, as developed in the papers [Y1],
[M€2] and [M€Y]. See the lecture notes [ADM¢] for a more detailed presentation of the
material in this section, and for further references.

Throughout this paper H denotes a complex Hilbert space. By an operator in H
we mean a linear mapping T : D(T) — H whose domain D(T) is a linear subspace of
H . The norm of T is the (possibly infinite) number

[Tl =sup { |Tull:uweD(T), lul=1}.
We say that T is bounded on H if D(T) ="H and ||T| < oco. The Banach algebra
of all bounded operators on H is denoted by L(H). We call T closed if its graph,
{(u,Tu) :u € D(T)} is a closed subspace of H x H.

The spectrum o(T) of T is the set of all complex A\ for which (T —\I)~! ¢ L(H),
together with oo if T ¢ L(H) .
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For 0 <w < p < 7, define the closed and open sectors in the (extended) complex
plane C:

St = {C€C:]arg(| <w}U{0,00}
Spr = {CeC:(¢#0,|arg(| < pu}.

A closed operator T is said to be of type w if o(T) C S,4+ and for each p > w
there exists C), such that

T =cn™ | < Culd™, (& Sur

Traditionally, such operators are called type (w, M) where M = sup{ |¢| H (T + €01 H :
£ >0} [K1]. See [T] for basic results. For a treatment closer to our needs, see the
lecture notes [ADM€], in which the notation type S, is used in place of type w .

We remark that every one-one operator T of type w in H has dense domain
D(T) and dense range R(T) ={Tu:u € D(T)} [CDMY]. If T is not one-one, then
H =N(T)® Ho where N(T) is the nullspace of T and Hy is the closure of R(T),
and moreover, the restriction of T to Hg is a one—one operator of type w in Hg. So
the general theory can readily be reduced to that of one—one operators. The direct sum
@4 is in general not orthogonal.

In investigating the holomorphic functional calculus of T', we employ the following
subspaces of the space H(52+) of all holomorphic functions on 53+ .

Hoo(Syy) = { F€H(S, ) [ fllo < o0}
where || £l =sup{ [f({)[:C €5, },
U(Suy) = { ¥ e H(S,,): [R(Q)] < CICP A+ [¢]*) 7" for some €, s >0 }
and
F(Syy) = { feH(S,y): [f(O < C(¢I7" + [¢]*) for some C, 5> 0},

so that
U(S,y) C HoolSpy) C F(S,y) C H(S.y)

Every one—one operator T of type w in ‘H has a unique holomorphic functional
calculus which is consistent with the usual definition of polynomials of an operator. By
this we mean that for each p > w and for each f € F(52+) , there corresponds a closed
operator f(T) in H . Further,if f,g € F(52+) and a € C, then

af(T)+9(T) = (af +9)(T)lpscr))nD((aft9)(T))
g(TVA(T) = (gf)T) |psr))np(a)(T)) -
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In particular, if ) € \I/(Sg_i_) then (T) = 27” Js(T —CI)~14p(¢) d¢ € L(H) where
the integral is on the unbounded contour 5 = {¢ = ret® . r > 0}, parametrised
clockwise around S,4 , and w < 6 < p.

Note that, if f is a function which can be expressed as f(¢) = a(¢+1)"  +8+4(()
with o, € C and ¢ € \I/(SS+), then f(T) € L(H). For example, when w <
5, then, taking f.(¢) = e™*¢ | we see that e™*T € L(H) if |argz| < 5 —w. By
the properties of the functional calculus, —T7 generates the holomorphic semigroup

{e=*T : |arg(2)] < T — w}.

Of concern to us is the question whether, for every function f € Hoo(52+), the
operator f(T) € L(H) with [|f(T)|| < cul|f||loc - When this holds, we say that T has
a bounded Ho functional calculus in H . This holds if and only if the given norm ||ul|
on H is equivalent to the norm ||u||r which we now define [M¢2].

Given a non—zero function ¢ € \I/(SS+) , let 1 (¢) = ¥(t(), and define the norm

lullr = {/Ooo||¢t<T>u||2 %}%

on the space of all those v € H for which the right hand side is finite. Complete this
space under the norm ||u||r to form the Hilbert space Hyp. It is an important fact
that different choices of ;1 and ¥ give rise to equivalent norms, and to the same space

Hr . Further, |[f(T)ullr < cullfllocllullr for all f € HooS,,) MY, ADMC].

Let T be the dual of T' (also a one—one operator of type w ) in a Hilbert space K
which is related to H by a bilinear or sesquilinear duality (u,v). (If X =H and the
duality is given by the inner product (w,v), then T” is the adjoint T*.) We remark
that |[(u,v)| < c|lu|;|[v HT, for all w e H, v € K. To see this, choose a function
(DN \I/(Sg_i_) such that fo )4 =1 and write

s

where ¥(() = ¢(¢) when the pairing is sesquilinear, and > = t» when the pairing
is bilinear. Indeed more is true, as was essentially proved in [M¢Q)], and explicitly in

[ADMc¢]:

/0 (el Thu, ToTYo) 2| < cllullp]ollp

Theorem 2.1. Let T, T’ be one—one operators of type w in a dual pair of Hilbert
spaces H, K such that (Tu,v) = (u,T'v) for all v € D(T),v € D(T'). Then

(Hr,K7) is a dual pair of Hilbert spaces under an extension of the same pairing.

Consequently Hr C H with |ju|| < ¢||ul|lr if and only if K C Kq with
[lofl < e[lo] -

Inequalities of this kind are referred to as quadratic estimates and have long played
a role in harmonic analysis. The main result of the paper [M¢2] is that T has a bounded
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H., functional calculus if and only if it satisfies quadratic estimates. Here is a precise
statement.

Theorem 2.2. Let T be a one—one operator of type w in ‘H,andlet 0 <w < pu < 7.
Then the following statements are equivalent.

(a) HT:H,‘
(b) H C Hr with ||[u||lr < ellul|| and K C K with |[v]|r < c|lv]];

(¢c) f(T) € L(H) and | F(T) | < el fllo forall fe HolSy,).

We remark that (c¢) holds for one value of p if and only if it holds for any other
value. Thus it is unambiguous to say that an operator T which satisfies (¢) has a
bounded H., functional calculus in H, without specifying the angle p. The next
result is an easy one which is stated for later use.

Proposition 2.3. Let T be a one-one operator of type w in H,let 0 <w < pu<m,
and let V be an isomorphism from H to a Hilbert space K. Then S = VIV ™! is
type w in K and f(S) = VAT)V! forall f e F(52+). Moreover, Ks = VHr
with ||u|lp = || Vullg. Hence Kg =K if and only if Hr =H .

We conclude this section with some comments about self-adjoint and accretive
operators.

An operator T in H is called self-adjoint if T = T*, in which case (Tu,u) € R
for all w € D(T). If in addition, (Tu,u) > 0 for all non—zero u € D(T), then T
is positive self-adjoint. Such an operator is a one—one operator of type 0 and satisfies
Hr = H. Indeed T has a Borel functional calculus with bound 1. In particular,

| (T <) fllo forall fe Hoo(52+) and all ¢ > 0.

An operator T in H is called mazimal accretive if Re(Tu,u) > 0 and
Reo(T) > 0. Such an operator is type 7. If, in addition, T is one-one, then
Hr = H, and indeed T has a bounded H., functional calculus with bound 1. That is,
| F(T)|| < || fllo forall fe Hoo(52+) and all ¢ > 7. (Actually, a one-one operator

T of type 7 satisfies || f(T)|| < || fllo if and only if it is maximal accretive.)

Given w < 7, let us call A a bounded w-accretive operator on H if A € L(H)
and |arg(Au,u)| < w for all u € H. For such an operator, o(A) C S,y . We shall
often consider bounded invertible w -accretive operators A, meaning in addition, that
A has a bounded inverse, or, equivalently, that Re (Au,u) > x|l u H2 for some k> 0.

The numerical range of an operator A is {(Au,u) : ||u|| = 1}. An operator

A € L(H) is a bounded invertible w -accretive operator on H for some w < I, if

and only if the closure of its numerical range is a compact subset of the open right half
plane.
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§3. A direct approach to quadratic estimates.

Let us present various ways in which quadratic estimates for one operator can be
deduced from quadratic estimates for a related operator. The first result, modified for
operators of type S, , is precisely what is needed for the application in Section 9. We
follow it with a strengthened version which is more in the nature of an interpolation
result.

Theorem 3.1. Let S and T be two one—one operators of type w in H.

(i) Assume that D(T) C D(S) with ||Sul| < ¢|Tu]|, and D(S*) C D(T*) with
| T*v|| < c||S*|. If HC Hr with [[ullp < c|lu]l, then H C Hs with |[ullg <
]

(ii) Assume that D(T) = D(S) with || Su|| ~ ||Tu||, and D(S*) = D(T*) with
| T*v ||~ || S*v||. If H=Hr with ||u||;~ | u]|, then H=Hs with ||u|l¢~ | u]l.

Proof. (i) For w < p < w, choose ¢ € \I/(Sg_i_) such that fooo dT" =1 and

ISYRRTICIS \I/(SS ) also where (z) = 20 (2) and ¥ (2) = 26(2) = Zfl (2

Note that ¢,.(z) = f (2 ﬂ and r% r(2) = —=(2). Slnce gbt(S*) and
&¢(T) converge strongly to I as t— O and to 0 as t — oo, the fundamental theorem
of calculus gives

it = - [ T (6y(S s $4(T)u) d

/ w, S(T)u) + (de(S*)u, o(T)u)} £
X

(tS* e (S )u, du(Thu) %t + / T (Gu( S, T (Tu) &

< {7 el %}%{/Oooutwt(T)uH?%}%
+{/0 |7 34(S™ u H“f}l{/ | ett) HZ?}%
< [lonl e { [ fone}
\ )
ol [l { e}
< Zefulls |y
< lullgfull (since Jlufly <cflu]) .

Therefore ||u|| <" u]|

g« and so, by Theorem 2.1, ||u|lg < || u] -
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(ii) This follows on applying the above estimate twice, first as stated, and then with S
and T replaced by S* and T*. O

Remark. The assumptions on D(T*) and D(S*) can be replaced by assumptions on
R(T) and R(S). In fact, R(T) C R(S) with H S~y H < cH T 1y H if and only if
D(S") € D(T') with ||T'v|| < ¢]|| S'v|| where S’ and T’ denote duals of S and T
with respect to any duality.

Let us present a second version of the above result which includes these replace-
ments, and is strengthened as well. In this form it becomes an interpolation theorem.
In the next section we shall see that Hp is a real interpolation space midway between

Dr and Rr.

Theorem 3.2. Let S and T be one-one operators of type w in Hilbert spaces
‘H and K respectively, and let V be a bounded linear map from K to H. Sup-
pose that VD(T) C D(S) with ||SVul| < ¢||Tul|, and VR(T) C R(S) with
H S Wu H <ec H T 1y H . Then VK7 C Hs with ||Vu|lg < | ullp.

Proof. Let S’ denote the dual of S in some dual Hilbert space K'. Proceeding as in
the above proof, we obtain

|<U7VU>| =

[ s Vel < o< sl
for all w € H and v € K'. Therefore, by Theorem 2.1,

V
S T
o U [l ]ls

Here is a consequence which is useful in practice. See [AMCN].

Corollary 3.3. Let S and T be one—one operators of type w in Hilbert spaces H
and K respectively, and suppose there exist bounded linear transformations V : K — H

and W :H — K such that WV = Ix,

VD(T) C D(S) with ||SVul|| < ¢||Tull , and
VR(T) C R(S) with HS_1VUH < CHT_luH , and
WD(S) C D(T) with || TWu| < ¢l Sul| , and
WR(S) C R(T) with HT_lT/VuH < CHS_luH )
If S has a bounded H,, functional calculus in ‘H , then T has a bounded H,, func-

tional calculus in K .



FUNCLIIONAL CALCULL AND INTERPFOLATIOIN J

Proof. By Theorem 2.2, Hg = H with equivalence of norms. Combining this with
Theorem 3.2, we find that VK¢ C H with ||[Vu| < ¢ |Jullp, and WH C Kr with
| Wullp < ||u|l. Therefore

Ky K with [[u]| = [WVu| < [[W[|[Vul < W] [lully and
KCKr with Jullp = [WVullp < IVl < V]l -
Thus K7 = K. The result follows on again applying Theorem 2.2. [

64. Quadratic estimates and interpolation theory.

Throughout this section and the next, T' denotes a one—one operator of type w in
a Hilbert space H, where 0 < w < 7. In them we develop the connection between
interpolation theory and quadratic estimates, thus re-deriving and strengthening the
results in Section 3.

For each s € R, define the quadratic norm

lully, = {/ |+~ (T —}

where ¢ € ‘I’(SS+) has sufficient decay at 0 and oo to ensure that the function ¢~°¢(()
of ( 1is also in \I/(Sg_i_). Let Hr s be the Hilbert space with this norm, formed by
completing the set of all w € H for which ||u ||, is finite. In particular, Hro = Hr
with || HT7O = ||u||p . It is straightforward to mé)dify the theory for the case s =0 to
obtain the following facts.

Theorem 4.1. Let T be a one—one operator of type w in ‘H and let s € R. Then

(1) different choices of p and i give rise to equivalent norms ||u ||, , and to the same
space Hr s ; |

(i) F(T) € L(Hr.,) for all f € Haul(S0) with || F(Thulpy < eusll Fllc el

(iii) if T" is dual to T with respect to a dual pair (H, K) of Hilbert spaces, then
(Hr,s, K1v.—s) is a dual pair of Hilbert spaces under the same pairing;

(iv) If S=VTV™', where V is an isomorphism from H to another Hilbert space K ,
then Kss=VHr, and ||u HT,s ~ || Vu Hs,s .

We come now to the main result which relates quadratic estimates to interpola-
tion theory. We follow the real interpolation method of Lions and Peetre as presented
in Chapter 3 of Bergh and Lofstrom’s book [BL] though we abbreviate the symbol
(H, K)a,z2 for the usual real interpolation space to (H, K)o . Later we shall remark
that these spaces are identical to the complex interpolation spaces [H, K], .

Recall that Dr is the completion of the domain D(T) under the norm || Tu ||
and that Ry is the completion of the range R(T) under H T 1y H . These spaces are
compatible in the sense that each is continuously embedded in a larger Banach space

X . For example, we could choose X' = Ry, where ¥(() = (*(1+(*)72.
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Theorem 4.2. Let T be a one—one operator of type w in ‘H . Then
Hr = (R, Dr)

1
2

with equivalence of norms. More generally, if 0 < o <1, then Hr20a-1 = (R7,D71),

Proof. We prove the first statement and leave the generalisation to the reader.

Let w € Hy C Dr+Ryr . Recall K(t,u) = inf{H T ug H + || tTur || @ w=wup+ ul} )
For ¢ with sufficient decay at 0 and oo, normalised so that fooo Y(t) % =1,
choose ug = foﬁ Y (Thu dT—T and u; = f; Y (Thu 7, where ¥,.(¢) = ¥(7().
Let ¥ ©(¢) = ¢ [ 0-(O) & and M(¢) = ¢ [ () & so that ¢ K(#2,u) <
e @]+ s o]

Then, using the K—method of interpolation, v € (R, Dr): with norm

1
2

HUH%J( — {/0 t_llX’(t,U)z % } — {2/0 t_ZI((t27u)2 % }
(0) (1) 2 ul?
2 lean ]+ ey« )

cllully  (since @, ) € B(SE,)) .

IA

Jul| +

IA

Use of the J-method, together with the equivalence of the two methods, gives
the reverse inequality, as we now show. With respect to the functional J defined by
J(t,v) = max (H T 1o H [T H) , the interpolation space (Rz,Dr): has norm

2

lully , = inf{{/ooo Tl }

For a particular decomposition u = fooo u(t) % with w(t) € DrN Ry, write u(t) =

v i(T)w(t) where w(t) = (VET) Yu(t)+vt Tu(t) and (() = ((1+¢%)~! . Therefore,
applying Schur’s lemma,

:u:/oou(t)%, u(t)EDTﬂRT} )

2
dr
T

lelly= 4 | eveim [t

3 [T [ e 4

<o [T am | s [T lwmeom 4} [Ty

< c/ tTl I (tu(t))? L
0

2
dr

T
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The integral bounds on (¥ 7% 7)(T) are obtained by contour integrals as in Lemma
E of [ADM¢].

On taking the infimum over all decompositions of u , we conclude that (Ry, Dr). C

Hr with

1
2

lullp < ellully ;- O

Remark. An adaptation of this proof leads to the identities

Hro = (H,Dr), and Hr o = (H, Rr),

)

when 0 < o < 1. These characterisations of Hr, and Hr _, as interpolation
spaces are due to Komatsu [Koml, Kom2, Kom3]. In the case when w < 7, such
characterisations were also obtained by Berens and Butzer [BB1] and by Grisvard [G1].
See also Sections 3.5 and 3.6.5 of [BB2]. In these papers, specific quadratic functionals
are used. Our more general approach to quadratic estimates allow us to simplify the

exposition and to interpolate between Ry and Drp .

The significance of Theorem 4.2 is that it provides a method for determining whether
T has a bounded H., functional calculus. Indeed this is equivalent to H being interpo-
lated midway between Ry and Dp . For both statements are equivalent to Hy = H .

Remark. The authors mentioned above all consider real interpolation in Banach spaces
as well as in Hilbert spaces. We do not do so here, because in Banach spaces the property
of T having a bounded H., functional calculus is related to complex rather than to
real interpolation. Some results along these lines are contained in [CDM¢Y] and in [Y2].

As an initial application, we present an alternative proof of Theorem 3.2 and hence

of Theorem 3.1.

Proof of Theorem 8.2. By assumption, V € L(Dr,Ds) and V € L(R1,Rs), and so,
by interpolation, V € L(Hr,Hs). O

65. Fractional powers of operators.

Our aim now is to give a fuller version of Theorem 4.2 involving fractional powers of
T . For each a € C, the powers T are defined by T = f,(T), where f,(() = (*.
These are one—one closed operators on H with dense domain D(T) in H . Properties
to be expected of powers follow from the identities for a functional calculus. This
definition is consistent with those employed by other authors.

Proposition 5.1. For all a« € C, T® is an isomorphism from H7 Rea to Hr with
| Tl =~ ||u HT,Rea I Hr =H, then Dro = HTRea -
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Proof. For 1 with sufficient decay at 0 and oo,

il = { [ lemesmrea 4

= {/0 Ht_a@bt(T)U“z %} = HUHT,Rea '

The final statement follows from the estimates |[|[T%u|| ~ || T%u ||, ~ || u HT,Rea . O
The first part of the following result is well known [K1], [T].

Proposition 5.2. If 0 < o < T, then T is a one-one operator of type aw , and
Hra = Hr . More generally, if s € R, then Hra o = Hras -

Proof. Suppose p > w and A ¢ Squq . Then
(=D~ = A= PNFE T+ gy |
where

Y€)= ACT =N T (CH AT = (ACH AT CNCT = N)THE+ A=)

On expressing ¥(»)(T) as a contour integral as described in Section 2, we have

1
[ven@ | = g“A(T—CI)_lﬂ/}(A)(C)dCH < c/ﬁ\m)(o\ g <e

where the constant ¢ is independent of A when |arg(\)| > ap. (Prove this first for
|A| = 1, and then use the scale invariance o x)(s¢) = ¥(x)(¢), s > 0, to handle other
values of A.) Therefore

(T = AD)7Y]| < e N7

That T is one-one, we leave to the reader.

Given ¢ € \I/(Sg_i_), then ¥(®)(¢) = ((¥) € \I/(Sgu_i_) provided au < 7, so we

can take

e = { [Tz 2} = va{[ fuen £} =

where we set t = 7%. Thus Hre = Hr. O

In the following material we write D, in place of Dp. for notational convenience.
That is, the Hilbert space Dy, is the completion of the domain D(T*) of the power T°
under the norm || T%u || . In particular, Dy = Dy under the norm || Tu ||, Dro=H,
while Dy _1 = Rt under H T 1u H .

We are now ready for the main result of this section. As before, each pair of spaces
considered is compatible.
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Theorem 5.3. Let T be a one—one operator of type w in H. Let s,t € R, s #
t,0<a<1l. Then

HT,S—I—a(t—s) = (DT,sapT,t)a

with equivalence of norms. In particular, Hro = (H,D7), and Hr—o = (H,R7),
and Hr2a—1 = (R7,Dr), and Hro = (R7,Dr)1 . Moreover,

1
2

Hrsta(t—s) = (Drs, Hrye), = (Hrs, Drye), = (Hrs, Hrt), -

Proof. Proceed as before. The final statement is a consequence of the reiteration theo-
rem. For example, on choosing 7 >t and v = (t — s)(7 — s)~! | we have

(DT,S 5 HT,t)a - <DT737 (DT,S 5 DT,T),Y> = (DT,S 5 IDT,T)Q,Y = HT,S—l—a(t—s) .o

«

On combining this interpolation result with Proposition 5.1, we obtain the following
fact.

Theorem 5.4. Let T be a one-one operator of type w for which Hr = H. Then
the spaces Dr , interpolate by the real method.

We shall see in a moment that these spaces also interpolate by the complex method.
This result dates back to the early days of interpolation theory in the particular case
when T is positive self-adjoint. In the case when T is maximal accretive, it was first
proved by Lions [L]. For general operators of type w satisfying Hp = H , see [Y1, M2].
The result follows from the boundedness of the imaginary powers 7%, s € R (which is
a particular case of T having a bounded H., functional calculus) and the three lines
theorem.

Another consequence of Theorem 5.3 is the following result of Yagi [Y1]. Recall
that T denotes the adjoint of T using the given inner product on H .

Corollary 5.5. (i) Suppose there exists s > 0 such that ||T*°u|| < ¢||Tu|| for all
w e H. Then Hr CH C Hre and ||ul|p < ci|lu|l < eo|lu|ly for all w. Suppose
further that there exists t > 0 such that ||[T'u]| < ¢ H Ty H . Then Hr =H.

(ii) Suppose (H , Dr), = (H , Dr+), for some s >0. Then Hr =H.

Proof. (i) By completion of the appropriate spaces, we have Dp s C Dr« ., and, by
duality, Dy _s C D« —s. Therefore, by interpolation, Hr C Hp+ and | ul|p. <
cs || ||y, from which it follows that || u H2 = (u,u) < calfullp] vl T)2
and hence, by Theorem 2.1, that ||u |

e < caca(|[u]

e e ful
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(ii) By Theorem 4.2, Hp s = Hry« s, and, by duality, Hr s = Hyp« —s. Therefore,
applying Theorem 5.3, Hp = Hrp+ . Now proceed as before to conclude that Hp =
H. O

Yagi used this result to show that, if L is an m ’'th order elliptic operator with
smooth coefficients on a smooth domain €, such that T'— I = L 4+ Al is type w in
H = Ly(2) for some positive A\, when defined using appropriate smooth boundary
conditions, then Hr = H. For then (H , Dr), and (H , Dr«), are both precisely
the Sobolev space H*™(Q2) when 0 < s < ﬁ, as was shown previously by Grisvard
[G2].

66. Real and complex interpolation of Hilbert spaces.

It is time to observe that the real interpolation spaces of Theorem 5.3 are equal to
the corresponding complex interpolation spaces. Indeed there is always an equivalence
between real and complex interpolation for pairs of Hilbert spaces whose intersection is
dense in each of them. This is a special case of a result of Peetre [P].

As Peetre’s aims are much more general, it may be worth presenting a direct proof
of this fact. The result is well known when one space is densely embedded in the other.

See e.g. ppld1-143 of [Tr].

Here and elsewhere [H, K|; denotes the usual complex interpolation space.

Theorem 6.1. Suppose that ‘H and K are two compatible Hilbert spaces with inter-
section HNK dense in ‘H and dense in K . Then

H,K]ls = (H,K)s, O0<s<l1.

Proof. Let ¥V = HNK . There exists a positive self-adjoint operator S with domain V
in the Hilbert space H such that ||u||x = ||Sul||y for all v € K, and thus K = Dg.
Therefore, by the known results for self-adjoint operators,

[Hv IC]S = [H, DS]S = DS,s = (H, DS)S :(H, IC)S

The existence of such an operator S can be seen as follows. The positive sesquilin-
ear form J{u,v] = (u,v)x with domain ¥V xV in the Hilbert space H is closed, meaning
that V is complete under the norm J[u,u] 4 (u,u)y . Therefore the operator L asso-
ciated with J is a positive self-adjoint operator [K]|. Now let S be the positive square
root of L. Then D(S) =V and J[u,v] = (Su,Sv) for all u,v €V as claimed. O

As a consequence of this result, the interpolation spaces in all the preceding results
can be taken as complex interpolation spaces.
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§7. Special classes of operators.

Aside from maximal accretive operators, the operators of type w which are most
commonly encountered are multiplicative perturbations AS or SA of positive self—
adjoint operators S by bounded invertible w -accretive operators A. The important
thing to note is that they do not necessarily have bounded H., functional calculi [M€Y].
In other words, there exist such operators S and A for which Has # H.

In practice, a lot of work can be involved in proving the quadratic estimates required
to obtain Hp = H for specific operators.

Here are some results which are automatically satisfied by operators AS and SA,
starting with the known fact [M¢2] that they are of type w.

Proposition 7.1. Let T = AS and T = SA, where S is a positive self-adjoint
operator in ‘H , and A is a bounded invertible w -accretive operator on ‘H. Then T

and T are one—one operators of type w . Here D(T) = D(S) and D(T)= A"'D(S).

Proof. For ¢ ¢ S,y and u € D(T) we have
AT 1T = chul Jull > (AT = CDu,u)| = |(Su,u) - c<A—1u,u>|

(Su,u)
al| 2 - 2 ] di s

A=y, u)
because (Su,u) >0 and (A 'u,u) € S,4 . Hence, for some constant ¢,
(T = Chull 2 dist(¢, Sur) 1w
so that (T — () is one—one with closed range.

The dual of (T'— (I) with respect to the pairing (u,v)4 = (A~ u,v) of H with
itself, is (7" — (I) where T' = A*S. Since T’ has the same form as T, we also have

(@ =Tl = dist(C.Sas) Jull -

Thus R(T — (I) =H. It follows that ¢ € p(T) and

c

H (T - CI)_l H < dist(C,Sw+) :

Therefore T is type w.

The result for T is obtained by taking adjoints (using the given inner product),
with A* in place of A. O

Remark. If the condition on S is relaxed to the statement that S is a one—one
maximal accretive operator with numerical range in S, where v < 7 —w, then T
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and T are one-one operators of type w + v . This is proved in a similar way by first
obtaining the estimate
c

diSt(Cv S(w-l—u)-l—)

for all ¢ ¢ S(w4u)+ - There is a similar estimate for the resolvent of T .

NT =D <

We know that Hs =H, so that Hs, = Ds,, for all s € R. Let us determine the
interpolation spaces for T in terms of these spaces when we can.

Theorem 7.2. Let T = AS where S is a positive self-adjoint operator in ‘H , and A
is a bounded invertible w -accretive operator on ‘H. If 0 < s <1, then Hr, = Ds
with HuHT78 ~ || S°u||, while, if =1 < s < 0, then Hps = ADs s with HuHT7S ~
H SsA 1y H .

Moreover, if T = SA and if 0 < s <1, then Hp,s = A™'Dg, with |[u],, ~
| S*Au ||, while, if =1 <s <0, then Hy,s =Dss with [[ullp, ~|S*ul.

Proof. Since Dr = Dgs, interpolation gives Hr, = Hss = Ds, when 0 < s < 1.
Moreover, Rt = ARgs and clearly H = AH so, interpolating again, Hr, = AHs s =
ADs, when —1 < s < 0. The proof for T is similar. O

This theorem informs us what Hyp , is, for every value of s € (—1,1) except for the
most important value s = 0. Note that Dsg = H = ADgso. Nevertheless, as noted
above, there exist operators S and A for which Hro=Hr #H.

Remark. In the case when A is a bounded positive self-adjoint operator (i.e. w =
0) then Hy = H because T is itself self-adjoint with respect to the inner product
(u,v)a = (A7 u,v) on H.

We conclude this section by stating an important result which depends on the
understanding of interpolation provided by Theorem 5.3. See [AM¢N] and [M¢N] for
applications.

Theorem 7.3. Let T = AS where S is a positive self-adjoint operator in ‘H , and A
is a bounded invertible w -accretive operator on ‘H , and let r > 0. Define T, = AS" .
Then T, is a one—one operator of type w and Hr, = Hr . Similarly, if T = SA and
T,=5"A, then Hy =Hr.

Proof. By Proposition 7.1, T, is a one—one operator of type w. Choose a positive
number s so that s <1 and rs < 1. Then Hr, s = Dsrs = Ds,rs = Hr,rs . Also
Hr, —s = ADsr _y = ADs _,s = Hr,—ps . Therefore

Hr, = [HTT,S,HTT,—S]% = [HT,rsaHT,—rs]% = Hr. O
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68. Operators of type 95, .

There is a straightforward generalisation of the theory of operators of type w to
operators with spectrum in the union of two sectors. Let us review this, and record
some analogues of the preceding theory in this case.

For 0 <w < p < 7, define S, = —S,4 and 52_ = —52+. Then define the

closed and open double sectors S, = S,-US,+ and 52 = 52_ U 53+ , and the function
spaces

U(S)) C Hwo(S)) C F(S)) C H(S))

on them.

Let 0 <w < Z. Anoperator T in H is said to be of type S, if o(T) C S, and,
for each p > w,

(T =< || <CulcI™, (&S

The results of Sections 2 and 3 generalise directly to the case when T is a one—one
operator of type S, , with the following modifications.
(1) The functions @ used to define the norms ||« ||, are not identically zero on either
sector.
(ii) The unbounded contour ¢ used in the formula (T') = # Js(T = CI)~1ep(¢) d¢
when ¢ € \I/(Sg_i_) , consists of four rays from the origin in 52 which enclose S, .
(iii) The only powers of T which we consider are integer powers.

We shall not write out the results in detail, though we draw attention to the fact
that, if ©>w, then || f(T)ullp <cull fllo||wl|lp foral fe HOO(SS) . As before, T
has a bounded H,, functional calculusif and only if Hpr = H . In such a case it follows
that ||sgn(T)u|| < c¢|lu|] where sgn is the holomorphic function on S7 defined by
sgn(z) =1 when z € 57, and sgn(z) = —1 when z € 5] .

Also define |T|, = (T?)z . (Note that |T'|, is not equal to the operator |T'| used
in the polar decomposition of operators except when T is self-adjoint.)

Proposition 8.1. Let T be a one-one operator of type S, in H. Then T? is type
2w and |T|, is type w. Moreover, Hyp| = Hr> = Hr.

Proof. For 1 > w and ( ¢ Saut, then +y/C ¢ S,, so (T* — ()™t = (T —/{I)™!
(T++/CI)™' € L(H) and H (T* —¢I)~t H <c,? |C|_1 . Therefore T? is type 2w, and
by Proposition 5.2, |T'|, is type w.

The identity Hp| = Hrpz follows from Proposition 5.2, while Hy2 = Hyp is proved
in a similar way. [

Let us draw attention to the fact that such proofs repeatedly use the equivalence of
the norms ||u ||, defined with different choices of .
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An important consequence of our theory is provided by the following result. It is
applied in Theorem 9.1, and also in the paper [AMCN].

Theorem 8.2. Suppose that T is a one—one operator of type S, in H with the
property that Hp =H . Then D(|T|,) = D(T) with |||T|, u|| ~ || Tu|.

Proof. A consequence of the assumption that Hp = H is the fact that sgn(T) € L(H) .
The result then follows from the identities |T'|, = sgn(T)T and T =sgn(T)|T|,. O

The interpolation results of Sections 4 and 5 can also be adapted to the case when
T is a one-one operator of type S, . In this case we define the spaces Hr , for all
values of s € R, but only consider the powers T° when s is an integer. Note that if

p>w and s € R, then || f(T)u HT,s <eps || Flloll v HT78 for all f € HOO(SS) :

Theorem 5.3 remains true for those values of s and t for which it makes sense.
Moreover Hr sta(t—s) = [Pir)..s » Dir. o]

o

Here are the analogues to Proposition 7.1 and Theorem 7.2, obtained by dropping
the positivity assumption on 5.

Theorem 8.3. Let T'= AS and T = SA, where S is a one—one self-adjoint operator
in ‘H and A is a bounded invertible w -accretive operator on ‘H. Then T and T are

one—one operators of type S,,. Here D(T) = D(S) and D(T) = A"'D(S).

If 0 <s<1,then Hr,=Dss with ||ullp, ~[[[S]"u]l, while, if -1 <s<0,
then Hrs = AD|g),s with ||ull, ~ |[|S|" A7 u]].

Moreover, if 0 < s <1, then Hyp = A"'Ds, with |[u|;, =~ | |S]” Au||, while,
if —1<s<0, then Hys=Ds) s with ||ullp, ~ || 1S]P ]|

Let us also state a variant of Proposition 8.3 for use in [AMCN].

Proposition 8.4. Let T = AS where A and S have the properties specified in
Proposition 8.3, let B € L(H) , and let © > w. Denote inf{ ‘(A_lu,u)‘ Nl = 1} =
k>0.If (¢S, and |C| > % H A™'B H cosec(p —w), then (T + B —(I) has an inverse
in L(H) and

HT+B—¢n™ | < 267 A7 | cosec(u —w) [¢] 7" -

The same result holds with T = SA replacing T provided the condition on ¢ ¢ S, is
replaced by |(]| > % H BA™! H cosec(p — w) .
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Proof. For ¢ ¢ S, and u € D(T), then

ATHHHT + B = ¢cDull full = [(ATH(T + B = (Tu, u)]
> [¢Isin(p — o) (A uyu)| = AT B[ [|ulf?
> r¢lsin(p —w) |lu]’

\%

provided H AT'B H < 1g|(]sin(pu — w). Now proceed as in the proof of Proposition
7.1.

We conclude with a result similar to Theorem 7.3.

Theorem 8.5. Let S be a one—one self-adjoint operator in ‘H, and A a bounded
invertible w -accretive operator on H . Then H g2 = Has and Hezy = Hsa .

Proof. Let T = AS and Ty, = AS? Choose a number s such that 0 < s < 1. Then
HT273 = D|S|273 = D|S|,28 = HT725 . AlSO HT27_3 = AD|S|2, = AD|S|7_23 - HT7_23 .
Therefore

—38

Hp, = Hrys, Hry —s)y = [Hros, Hr—2s]s = Hr

1 1
2 2

as required. [

§9. First order systems and square roots of second order differential opera-
tors in Ly(R).

Here is the result which stimulated the current investigation.

In this section 0 < w < 7/2, and a and b denote bounded w -accretive func-
tions on R with bounded reciprocals, meaning that a, b, %,% € Lo(R,C) and
|argal, |argb| < w. The operator of multiplication by b is a bounded invertible
w -accretive operator on H = L2(R), as is multiplication by «.

First consider the operator —ib% in H = Ly(R) with domain D(—ib%) =
HYR) = {u € Ly(R) : & € Ly(R)} where the derivative is in the weak or dis-
tributional sense. The operator —i% with domain H'(R) is a one-one self-adjoint

operator. Thus, by Proposition 8.3, —ib% is a one—one operator of type S, in H.

For this operator it is well known that H_‘b i = L2(R). This is the same as

Ydr

having quadratic estimates for D, = —id% in Ly(~), where the Lipschitz curve ~ in
C is parametrised by z = g(x) and Z—g = % . These results are intimately connected

with the L, boundedness of the Cauchy integral C., on Ly(v) which was first proved
by Calderén [C] when Reg(z) =2 and |[Imb]||_ is small, and by Coifman, M¢Intosh
and Meyer [CMM] in the general case. There are now many proofs of this fact. See
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[McQ)] for a treatment of the connections between such estimates and the holomorphic
functional calculus of D. . There is also some discussion of this in [ADM¢].

Second, consider S = —@addx @ —ib% in K = Ly(R)& La(R). There is no essential
change, and so we find that Ks =K.

Third, consider

Now B = {g b} is a bounded invertible w -accretive operator on K, while
0 —47 .. "
D = d de is a one—one self-adjoint operator. So, by Proposition 8.3, T
_Z_
dz

is a one—one operator of type S, . Clearly D(T) = D(S) with ||Tul| ~ || Su|| and
R(T) = R(S) with H T 1y H o~ H S H , where S is defined in the previous para-
graph. Therefore, by the analogue of Theorem 3.1 for operators of type S, , K7 =K.

The application that we have in mind is the following result of Kenig and Meyer

Theorem 9.1. Suppose that a and b are functions with the properties given above,
and let L denote the operator in H defined by Lu = —a%(b‘;—;) with domain D(L) =

{ue HY(R): b € Hl( )}. Then L is one—one of type 2w in Ly(R), its square root
L= has domam D(L )= H'(R), and ‘L%u H o~ ‘ g—; H2 for all v e HY(R).
2

—alpd
Proof. By Proposition 8.1, T? = [ AT i d ] is type 2w in K and
0 _bEaE
d g dyi
e R S
0 (—bﬁaﬁ)i

Applying Theorem 8.2 and the fact that K¢y = K, it follows that D(|T|,) = D(T) and
T, vl ~||Tul forall we D(T).
Therefore —aibi is type 2w in Ly(R), and H —bdi)%u H H du H (and of
(—b-L

course

H H H as well). O

dx 1:

The fact that this result can be deduced from the same quadratic estimates as those
already known for —ib% , was first proved by Pipher using direct arguments involving
integration by parts. Her work led us to state and prove Theorem 3.1, the key idea of
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which is the first expression for | u H2 , which is a reformulation of her more explicit
formula.

We remark that the interpolation spaces for the operator T' are K7, = HS(R) b
H*(R) when 0 < s < 1, and Kp, = aH*(R) & bH*(R) when —1 < s < 0. Here
H?*(R) denotes the homogeneous Sobolev space. This is a consequence of Theorem 8.3

and does not depend on quadratic estimates for —ib% . These are only needed for the
key case s =0.

Let us record a related result of independent interest. It is a consequence of the
fact that K72 = K1 = K and the diagonal nature of T?.

Theorem 9.2. The operator L = —a%b% defined in Theorem 9.1 satisfies Hy = H .
Thus L has a bounded H., functional calculus in Ly(R).

For a more comprehensive treatment of these topics, see [AMN].

§10. Remarks about sesquilinear forms and square roots.

Let J be the sesquilinear form in ‘H given by
Ju,v] = (ASu, Sv) , wu,v €Y =D(S)

where S is a positive self-adjoint operator in H , and A is a bounded invertible w -
accretive operator on H for some w < 7/2. Then J is a regularly accretive form
in H, and the operator associated with it, namely L = SAS, is a maximal accretive
operator of type w [K]. (The operator associated with a sesquilinear form J on V x VY
is the operator L in H with largest domain D(L) C V which satisfies (Lu,v) = J[u,v]
forall w € D(L) and all v €V .)

Actually every regularly accretive form can be represented in this way, provided

Ju,u] #0 when u #0.

It is a consequence of the fact of L being maximal accretive, that H; = H , and
that Drpi=Hp 1 = [H,DL]% with equivalence of norms.

The operator T = AS is type w, as was shown in Proposition 7.1. We indicate
now how quadratic estimates for T are related to the square root problem for .J.

The square root problem for a particular regularly accretive form J is the problem
of determining whether D(L%) = )V with either the equivalence || L3u |+ ||| =~
|| Su||4]||w]| or the stronger equivalence || L3u | = || Su||. This question was originally
posed by Kato for all forms [K2], though an example of a form for which it does not
hold was subsequently presented in [M€1].



FASCUAL AUSOOLRKR, ALAN MYINTOUSH AND ANDREA NAOMOD

Theorem 10.1. Suppose that J,S,A,L and T have the properties specified above.
Then Dy = Hra with || L3u | = lullp, = ||Tully. Consequently the following
statements are equivalent. 7

(i) VC D(Lz) with |[L2u| < e | Sul

(ii) Hs1 = Ds C Hry with || u HT,l < e Sull

(iii) H C Hr with ||u|lp < ez u||

(iv) Hr« CH with ||u|| < callw ]|

(v) D(L*z) C V with || Su| < ¢s|| L*>u|| where L* = SA*S.

The relationship of the constants to each other depends only on w and || Al || A~

I

It follows that D(L%) =V with | L3u || = || Su|| if and only if T has a bounded

H., functional calculus in H .

Proof. The operator T? is type 2w and Dy= = Dy , so D
[H,DTQ]% = Hr,1 . The other statements follow. O

= [vaL]

1
2

=

L

The fact that ¥V € D(Lz) if and only if D(L*2) C V is due to Lions [L] and Kato
[K3]. These statements are also equivalent to D(L*z) C D(Lz).

For example, if S is the operator § = —i% acting in H = L2(R) with D(S) =
Yy = H! (R) and b is a bounded w -accretive function on R with Re b > k > 0 as
in Section 9, then we re-derive the known equivalence of —ib% having a bounded
H., functional calculus with the square root problem for the second order operator

— _dyd
L= dxbdx'

An interesting corollary of this theorem and Theorem 7.3 is the following result. It
provides a way to derive estimates for the square root of one operator from those of a
related operator. See [AT] for an application.

Theorem 10.2. Suppose that J,S, A, L and T have the properties specified above
and let r > 0. Define the related regularly accretive form J, by J.[u,v] =
(AS"u,S™) , u,v € V, = D(S"). lIts associated operator is L, = STAS". Then
V C D(L3) with ||L3u|| < c||Sul| if and only if V, C D(L,?) with ||L,%ul| <
c|STul| .

Proof. Both statements are equivalent to the statement that Hasr = H with
lullggr = [l O

§11. Some perturbation results.

In this section we show that if an operator satisfies quadratic estimates, then so do
certain related operators. These results are all useful in applications. See [AMCN].
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Proposition 11.1. Let T be a one—one operator of type w in H, and let x > 0.
Then T+ vl is type w with [[ul|qp . < e{||u|lp+u|}. Moreover, if Hy =H,
then Hyyor =H.

Proof. Tt is easy to see that T + I is type w. Let us use ¥(¢) = (¢ +1)~?% in the
definition of [|u|[; and |[w |/, so that

Vllppns = { [ @ n —}
0

- {/Oo Ht(TJr’ff)(tTerIJr])—?uH2 %}5

< {/ | F2(DHTCET + )2 | %}%
+ c{/OOOHqu ()t + 1)2)? %}%

< ctlfully + 1wl

where f(() = tc:i% , because
IAT) | = |(tT + DT +tel + )7 || = || T = te(tT +tsI + I)7' | < c .

It Hy = H, then H C Hpryyxr with HUHT—i—nI < c¢|lu]|. Further, Hr« = H, so
H C Hoxgnr with || u] Tegpnr S C ||w] . Therefore, by Theorem 2.1, Hripr =H. O

Here are other ways to obtain quadratic estimates for one operator from those for
a related operator.

Proposition 11.2. Let T = SA and Ty = (S+1)A, where S is a positive self-adjoint
operator and A is a bounded invertible w -accretive operator on ‘H . If Hp = H with
[ully ~ |[ull then Hr, =H with ||u|lg, ~[[u]l.
Proof. First note that, if « € D(T'), then

[Tull + llull = [[(T—(T+DTHT+Duf + Jull < c|(T+Dul .
So D(T +I)=D(Ty) with

T+ Dull ~ [Tull+ vl = |SAu|[+ || Au]| ~ [[Tiu] .

Similarly, D((T + I)*) = D(Ty) with |[(T + I)*u|| =~ || Tyu ]| .

Recall from Proposition 11.1 that Hpi; = H with [Ju|[;,; = ||u||. Therefore,
by Theorem 3.1, Hpy = H with [[ully = [[u]. O
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Lemma 11.3. Let S be a one—one self-adjoint operator in ‘H , and let A be a bounded
invertible w -accretive operator on H . Suppose that Hea = H with |[ul|g, =~ ||u]|.
Then Hsoax =H with ||u|lgq = |Ju]l.

Proof. Apply the analogue of Proposition 2.3 for operators of type S, to see that
Has = H, and then the analogue of Theorem 2.1 to obtain the result. [

Theorem 11.4. Let S be a self-adjoint operator in H such that || Su|| > || u]| for
all we D(S), andlet A be a bounded invertible w -accretive operator on H . Suppose

that Hea =H with |[ul|g, = || ul||. If U is another bounded invertible w -accretive
operator on ‘H , such that U = A+ X +Y where X, Y, SX and SY* are all bounded

on H, then Hsy =H with |ullsy ~||u]l.

Proof. (i) First consider the special case when Y = 0. Then
[SUu|l = [[SUufl+lu]l = [|SAu||+[Ju] = [[SAu]

and

[(SU) v |~ [[Svl ~ [[(SA) ]
so, by the analogue of Theorem 3.1, Hsy = H with |ullgy =~ ||u].

(ii) Next consider the special case when X = 0. By Lemma 11.3, Hgax = H.
Now apply part (i) to U* = A* +Y™* to obtain Hsy» = H. Apply Lemma 11.3 again
to conclude that Hsy = H.

(iii) Let us now consider the general case. Let C be the closed convex hull of the
numerical ranges of A and U , and choose an integer n large enough that C,, = {z+( :

zeC,|(] < @} is also a compact subset of the open right half plane. Let

Up = A+EX 4+ Ey = 2=b44 2 0<k<n, and
Vi = A+ HIX 42y = h+1X, 0<k<n-1.

The numerical range of each operator Uy is a subset of ', and so the numerical range
of each operator Vj is a subset of ), . Thus they are all bounded invertible p -accretive
operators for some p < 7.

Therefore parts (i) and (ii) can be applied repeatedly with X and Y replaced by
%X and %Y respectively. First, by (i), we find that Hsy, = H , then by (ii) we get
Hsu, = H, and again using (i) we get Hgy, = H . Proceeding in this way, we conclude
that Hsuy = Hsy, = H. (The reason for not taking just two steps, is that A + X
might not be accretive.) O
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