QUADRATIC ESTIMATES AND FUNCTIONAL CALCULI OF
PERTURBED DIRAC OPERATORS

ANDREAS AXELSSON, STEPHEN KEITH, AND ALAN MCINTOSH

ABSTRACT. We prove quadratic estimates for complex perturbations of Dirac-
type operators, and thereby show that such operators have a bounded functional
calculus. As an application we show that spectral projections of the Hodge-Dirac
operator on compact manifolds depend analytically on L., changes in the metric.
We also recover a unified proof of many results in the Calderén program, including
the Kato square root problem and the boundedness of the Cauchy operator on
Lipschitz curves and surfaces.
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1. INTRODUCTION

We prove quadratic estimates
(1) / (12152 P tde ~ [ul?
0

for all u € Ly(R™, A), where llg = d + B~'d*B is the perturbation of a Dirac-type
operator II = d + d* by an operator B of multiplication by an L., complex matrix-
valued function with uniformly positive real part. Here A is the complex exterior
algebra on R™ and d denotes the exterior derivative.

This estimate implies that Iz has a bounded functional calculus. This means
that

(2) 1F () ull S ([ f]l llull
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for all u € Ly(R", A) and all bounded holomorphic functions f : S; — C, where
S, is an open double sector

Spi={z€ C:larg(xz)| < p} with p>w:=sup|arg(Bu,u)l.
This result in turn implies perturbation estimates of the form

(3) [f (Mg ra)u = fFMp)ull S N FILAAll ]

for all u € Ly(R™, A), provided [|A]|« is not too large.

The unperturbed operator II is selfadjoint, so when B = I, (2)) holds for all
bounded Borel measurable functions f by the spectral theory of selfadjoint operators.
When B is positive selfadjoint, then Il is selfadjoint with respect to the inner-
product (Bu,v) on Ly(R™ A), so (1)) and (2) still hold by spectral theory. However
would not, were it not for the structure of the operators II, B and A. This
is because we need for all small non-selfadjoint perturbations of B in order to
deduce for small selfadjoint perturbations.

Under our assumptions on B, the operator Iz has spectrum in the closed double
sector S, = {z € C: |arg(£2z)| < w} and satisfies resolvent bounds

_1|| < ;
~ dist (X, S,)

for all A € C\ S,,. This follows from operator theory, but a proof of the quadratic
estimate requires the full strength of the harmonic analysis. Once the estimate
(1)) is proven, then (2)) follows if w <y < 7. It can then be seen that f(IIp) depends
holomorphically on B, from which follows provided A is not too large.

Our result was inspired by the proof of the Kato square root problem by Auscher,
Hofmann, Lacey, MCIntosh and Tchamitchian [2], and includes not only it as a
corollary, but also many results in the Calderén program such as the boundedness
of the Cauchy operator on Lipschitz curves and surfaces. The proof uses many of the
concepts developed over the years to prove these results in the Calderén program,
and in particular the proof of the Kato problem, but is not a direct consequence,
as the operator Il is first order, and the second order operator IIz? is not in
divergence form. Indeed, our arguments utilize only the first order structure of the
operator. This enables us to exploit the algebra involved in the (non-orthogonal)
Hodge decomposition of the first order system

Ly(R™,A) = N(d) © N(B~'d*B)
where N(d) is the null-space of d.
Combining the Hodge decomposition with (2) in the case when f(z) = z/v/22, we
obtain the equivalence
dull + ||d* Bul| = |[Mpul| = [|vIL5"u|.

The square root problem of Kato follows in the special case when B splits as Bg(z) :
AF — A* for each 0 < k < n, and for almost every z € R", with By = I and
By(xz) = A(x) : C" — C". On making the identification

d: Ly(R",A%) — Ly(R™, AY) with V:Ly(R" C)— Ly(R",C") and

d* : Ly(R™ AY) — Ly(R™ A% with —div: Ly(R", C") — Ly(R",C)
and restricting our attention to A%, we obtain

|Vu|| = ||V —divAVul|

|(Ip — AT)
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for all uw € Ly(R", C).

The choice of test—functions used in our proof of the stopping time argument in
Section [5| has more in common with that presented in the paper on elliptic systems
[4] than with [2], but the result stated above does not include the full result on
systems. To remedy this, as well as to allow further consequences, our results can in
fact be stated somewhat more generally than so far indicated, though without much
effect on the proofs. Rather than d, we consider any first order system I' in a space
Ly(R™, CY) which satisfies I'? = 0, we let IT = I' + I'*, and consider perturbations
of the type Il = I' + B[ B, where B; has positive real part on the range of I'*,
By has positive real part on the range of I', and "By B[ = 0 and I'B;B,I" = 0.
In this case there is a (non—orthogonal) Hodge decomposition of H = Lo(R™ C)
into closed subspaces:

H = N(Ilg) & R(T%) & R{) .

The quadratic estimates and functional calculus hold for v € R(Ilg) = R(I';) & R(I).

These results have implications for spectral projections of the Hodge—-Dirac oper-
ator d + dj on a compact manifold M with a Riemannian metric g. The operator
d+dy is a selfadjoint operator in the Hilbert space H = Lo(M, NT* M), and so there
is an orthogonal decomposition

H=N(d+d)®&HS &H,

where H;t are the positive and negative eigenspaces of d + dj. The projections of H
onto H; are E = £*(d + d}) where the functions £+ : S U {0} — C defined by

5i(z):{ 1  if+Rez>0

0 if +tRez <0

are holomorphic on 5;;. The subscript g denotes dependence on the metric g.

If the metric is perturbed to g + h, then the adjoint of d with respect to the
perturbed metric has the form dj ,, = B ’1d;B for an associated positive selfadjoint
multiplication operator B. The perturbation result can be transferred to this
context, thus giving

(4) 1BS ), — By ll < [1hlloo = ess supep il

provided [|h|o is not too large, where
|ha| = sup{|hz(v,v)| :v € T,M , g.(v,v) = 1}.

What tells us is that these eigenspaces depend continuously on L., changes in
the metric. Indeed the eigenspaces depend analytically on L., changes in the metric.
This result is possibly surprising in that the local formula for di ., in terms of dj
depends on the first order derivatives of h.

1.1. Acknowledgments. This research was mostly undertaken at the Centre for
Mathematics and its Applications at the Australian National University, and was
supported by the Australian Research Council. The second author held a visiting
position at the School of Mathematics at the University of New South Wales during
the final preparation of this paper, and thanks them for their hospitality.

We wish to acknowledge the contributions of Pascal Auscher and Andrea Nahmod
to the development of the connections between the Kato square root problem and
quadratic estimates for a corresponding perturbed Dirac operator. The framework
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developed in their joint paper with the third author [6] is a forerunner of that
presented in the current paper.

The key results of this paper were first presented at the Conference Analyse Har-
monique et ses Applications at Orsay in June 2003, in honour of Raphy Coifman
and Yves Meyer for their profound contributions to the theory of singular integrals
and to the Calderén program.

2. STATEMENT OF RESULTS

We begin by standardizing notation and terminology. All theorems and results
in this paper are quantitative, in the sense that constants in estimates depend only
on constants quantified in the relevant hypotheses. Such dependence will usually
be clear. We use the notation a ~ b and b < ¢, for a,b,c > 0, to mean that there
exists C' > 0 so that a/C < b < Ca and b < Cc, respectively. The value of C' varies
from one usage to the next, but then is always fixed, and depends only on constants
quantified in the relevant preceding hypotheses.

For an unbounded linear operator A : D(A) — H; from a domain D(A) in a
Hilbert space H; to another Hilbert spaces Hs, we denote its null space by N(A)
and its range by R(A). The operator A is said to be closed when its graph is a closed
subspace of H; x Hy. The space of all bounded linear operators from H; to Hs is
denoted L£(H1,Hs), while L(H) := L(H,H). See for example [19] for more details.

Consider three operators {I', By, Bo} in a Hilbert space H with the following
properties.

(H1) The operator I' : D(I') — 'H is a nilpotent operator from D(I") C H to H, by
which we mean I is closed, densely defined and R(I') € N(I"). In particular,
I'? =0 on D(T).

(H2) The operators By, By : H — H are bounded operators satisfying the accre-
tivity conditions for some k1, ko > O:

Re(Byu,u) > kp|lul|*  for all u e R(I™),

Re(Bau,u) > kollul|* for all u e R(I).
Let the angles of accretivity be

wy:= sup |arg(Biu,u)| < 7,
ueR(I™)\{0}

wy = sup |arg(Byu,u)| < 7,
u€R(I)\{0}

and set w := $(w; + wo).

(H3) The operators satisfy I*ByB1I™ = 0 on D(I'*) and I'B; B = 0 on D(I'),
that is, BoB; : R(I'") — N(I'*) and B1B; : R(I') — N(I'). This implies
that I'BYB5I" = 0 on D(I") and that I'*B; BfI™* = 0 on D(I').

In some applications, By satisfies the accretivity condition on all of H and B; =

By, ~'. In this case (H3) is automatically satisfied, and the accretivity condition for
B holds with w; = ws.

Definition 2.1. Let Il =T'+1I". Also let I'; = B1I'*B, and I'p = B;I' B} and then
let [Ip =T +T17% and II; =1 4+ T'p.
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In Section[4] specifically in Lemmald.1]and Corollary 4.3 we show that I'j; = (I'p)*
and IT; = (IIp)*, that each of these operators is closed and densely defined, and
morever that 'z and I'}; are nilpotent. The proofs of the following two propositions
are also given in Section [4] The first establishes a Hodge decomposition for the
perturbed operators.

Proposition 2.2. The Hilbert space H has the following Hodge decomposition into
closed subspaces:

(5) H = N(IIp) & R(I'y;) @ R(T) .

Moreover, we have N(Ilg) = N(I'y) N N(I') and R(Ilg) = R(I'y) & R(I"). When

By = By = I these decompositions are orthogonal, and in general the decompositions
are topological. Similarly, there is also a decomposition

H = N(IT},) & R(Tp) & R(T™).

Deﬁnltlon 2.3. The bounded projections onto the subspaces in the Hodge decom-
position are denoted by P% onto N(IIz), PL onto R(I'%) and P% onto R(T).
When Bl = By = I, these are orthogonal projections which we denote by P?, P!
and P2

We now investigate the spectrum and resolvent estimates for the operator Il1p.

Definition 2.4. Given 0 < w < p < 7, define the closed and open sectors and
double sectors in the complex plane by

So+ i={z€C:|argz| <w}U{0},
Sh,={2€C:z2#0, |argz| < u},
Sw = Sur U (=Su1),
Sp =8, U(=S,,).
Also let W(S7) denote the collection of holomorphic functions ¢ : S;, — C such
that there exist L, s > 0 so that

[2°
2)| < L—"—F—=
W( )‘ = (1 + ‘Z|28>

for all z € S57.

Proposition 2.5. The spectrum o(Ilg) is contained in the double sector S,. More-
over the operator Ilg satisfies resolvent bounds

I I 1 ’T‘
0+) ) S s

for allT € C\ S,.

Such an operator is of type S, as defined in [I, [5]. A consequence of the above
proposition is that the following operators are uniformly bounded in ¢.

Definition 2.6. For t € R (t # 0), define the bounded operators in H:
RP = (I44tllg) ',
PP = (1+’1Up%) " = LR’ + R%) = R’R”, and
Q7 = tp(1+’p*) ' = L(—R’ + RP)
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In the unperturbed case By = By = I, we write Ry, P; and Q; for R?, PP and QP,
respectively.

For an operator with the spectral properties of Proposition[2.5] it is useful to know
whether it satisfies quadratic estimates and whether it has a bounded holomorphic
functional calculus. The hypotheses (H1-3) are not enough to imply quadratic
estimates. See Remark [3.4] Thus we introduce further hypotheses which allow the
use of harmonic analysis.
(H4) The Hilbert space is H = Ly(R™; CY), where n, N € N.
(H5) The operators By and B, denote multiplication by matrix—valued functions
B1, By € Loo(R™; L(CY)).

(H6) (Localisation) The nilpotent operators I' and I'* are first order differential
operators in the sense that if n : R® — C is a bounded Lipschitz function,
then multiplication by 7 preserves D(I') and D(I'*), and the commutators

I'yy, = [I,n1], Iy, = [, nl
are multiplication operators such that there exists ¢ > 0 so that
IDvn(2)], Tgy(@)] < ¢ Vn(z)|

for all z € R™.

(H7) (Cancellation) We have [o,Tu = 0 for all compactly supported u € D(T'),
and we have [, v = 0 for all compactly supported v € D(I'*).

(H8) (Coercivity) There exists ¢ > 0 such that

[Vul| < cfHul|

for all v € R(IT) N D(IT).

Observe that (H6-7) automatically hold if I' is a homogeneous first order differ-
ential operator with constant coefficients. We now state the first main result of the

paper.

Theorem 2.7. Consider the operator llg = I' + B11'* By acting in the Hilbert space
H = Lo(R™, CV), where {T', By, By} satisfies the hypotheses (H1-8). Then Ilg
satisfies the quadratic estimate

©) | 1@ru S = [ st e~ Jul?
0 0

for allu € R(Ilg) C Ly(R™; CY).

Let us now discuss the holomorphic functional calculus for I1g. As a result of
Proposition 2.5, one can define the operator ¢ (Ilg) : H — H whenever ¢ €
W(Sy) for some p > w, in such a way that the mapping ¢ — (Ilp) is an algebra
homomorphism. This can be done as in the Dunford functional calculus by a contour
integral

@ ullls) = 5 [ AT -T1a)

i J,
where 7 is the unbounded contour {#re*®:r > 0}, w < 6 < pu, parametrised
counterclockwise around S,,. The decay estimate on v and the resolvent bounds of
Proposition guarantee that the integral is absolutely convergent and that ¢ (I1p)
is bounded. See for example [I], B, 12} 25] for a discussion of these matters.
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Remark 2.8. We note in passing that each ¢» € W(S7) which is nonzero on both

sectors defines a quadratic seminorm on H, and that they are all equivalent. In
particular, we have [°[[¢(tIlp)ul*% ~ [[7[|QPul*% for all u € H. Therefore,
under hypotheses (H1-8), we have [ [[¢(tI1p)ul*% ~ ||(I-P%)u||? for all u € H.

Definition 2.9. Suppose w < u < 5. We say that Il has a bounded S;, holomorphic
functional calculus if

(8) [PMB)[| S [[¥llee := sup{le(2)] : 2 € ST}
for all ¢ € W(Sy).

In this case one can define a bounded operator f(Ilp) with

(9) [FUIB) S 1 lloe == sup{[f(2)| : 2 € 55U {0}}

for all bounded functions f : S U {0} — C which are holomorphic on S§. The
operator f(IIg) can be defined by

(10) f(Mp)u = f(0)PRu + Jim Un(llp)u

for all u € H, where the functions v, € W(S;) are uniformly bounded and tend
locally uniformly to f on S7; see [I, [12]. The definition is independent of the choice
of the approximating sequence (¢,,). If TIg satisfies the quadratic estimate @ for

all u € R(Ilp) then it has a bounded holomorphic functional calculus. Thus we have
the second main result of the paper.

Theorem 2.10. Assume the hypotheses of Theorem and let w < p < 5. Then
lUp has a bounded S;; holomorphic functional calculus in Ly(R™; CV).

A consequence of this theorem is that there is a decomposition of H into spectral
subspaces. Let £* be the holomorphic functions defined in the Introduction. Also
let £ denote the characteristic function of {0} so that £2+£% +£~ =1 on S U {0}
and ¢°(I1p) = PY%. By Theorem [2.10] the spectral projections Ef = ¢*(Ilp) are
bounded, and by the functional calculus, P% +EL +E; = 1. This leads to part (i) of
the Corollary below. Furthermore, define the function sgn by sgn(z) = z/v/22 when
z € S and sgn(0) = 0, so that sgn(z) = £, (2)—£_(2) and hence sgn(Ilp) = Ef—Ej.
The boundedness of this operator together with the Hodge decomposition implies
part (ii).

Corollary 2.11. Assume the hypotheses of Theorem |2.7. Then
(i) there is a (non—orthogonal) spectral decomposition

H = N(lp) ® EfH & EgH

into spectral subspaces of llg corresponding to {0}, S+ \ {0} and S, \ {0},
respectively; and
(ii) we have D(I') N D(T'%) = D(Ilp) = D(+/T1*) with

Tl + [IT5ull ~ [Tpul = |V IT5l|.

Remark 2.12. If u € E5H, then u(x,t) = exp(—ty/I1p*)ug(z) is the solution of
%—?:I:HBU = ( for t > 0 which equals ug when ¢ = 0 and decays as t — oo. It is a con-

sequence of Remark [2.8] with 1(2) = zexp(—v/22) that |luol|®> ~ [;° || 2u(.,t)|/*tdt
for ugp € ExH.
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In Section [3] we use Theorem and Corollary to give a unified proof of
many results in the Calderén program, including the Kato square root problem and
the boundedness of the Cauchy operator on Lipschitz curves and surfaces. We are
not claiming that the approach adopted here is always better than the original proofs
given by the respective authors. Nonetheless, we believe there is value in seeing that
each of these results can be easily derived from Theorem [2.7, Moreover, at the end
of Section |3| we apply Theorem to Hodge—Dirac operators in Euclidean space,
and obtain Theorem [3.1Tl This result is new.

Sections [6] and [7] give further consequences and developments of Theorems [2.7]
and 2.10] In Section [6] we first demonstrate that, under the hypotheses (H1-3),
the resolvents of Iz vary holomorphically with respect to perturbations in B, as
do the operators ¥(Il5) when ¢ € W(S7). We use these results in Theorem
to show that, under all the hypotheses (H1-8), the bounded members of the func-
tional calculus of the perturbed Dirac operator, and quadratic functions, depend
holomorphically on perturbations in B. From this, we deduce Lipschitz estimates
on members of the functional calculus of the perturbed Dirac operator Ilg, and also
of the quadratic estimates of Ilg, in terms of small perturbations in B. In Section
we prove and then apply these results to Hodge—Dirac operators on compact Rie-
mannian manifolds. This enables us to establish Theorem [7.1], which gives Lipschitz
estimates for members of the functional calculus (including spectral projections) of
the Hodge—Dirac operator on compact manifolds in terms of L., changes in the met-
ric. In Appendix [A] we show that, under hypotheses (H1-3), the Hodge projections
also depend holomorphically on perturbations in B, and calculate the derivatives of
these projections.

We conclude this section with a brief outline of the idea behind the proofs of
Theorems 2.7 and [2.10] The results in Section [4] just depend on hypotheses (H1-3).
We prove Propositions [2.2] and 2.5, and show how to reduce Theorems 2.7 and
to a particular quadratic estimate . In Section 5 we prove this estimate under
all the hypotheses (H1-8). This can be considered as a type of “T'(b) argument”. In
Section [5.2] we separate out the principal part v; of the operator appearing as the
integrand in the desired quadratic estimate . This localization procedure relies
on Propositions and 2.5 the off-diagonal estimates established in Proposition
b.2] and the local Poincaré inequality together with the global coercivity condition
(H8). We estimate the principal part 7, of the operator in Section 5.3, To do this we
show that du(z,t) = |y (z)*24 is a Carleson measure, and then apply Carleson’s
Theorem for Carleson measures. This provides the desired result.

3. CONSEQUENCES

For Consequences [3.2H3.10| we employ the following special case of Theorem [2.10

o Let CN =V, @ Vs, where V; and Vj, are finite dimensional complex Hilbert
spaces, and form the orthogonal direct sum Ly(R™ CY) = Ly(R™; V) @
Ly(R™; V3).

e Let D and D* be adjoint homogeneous first order partial differential operators
with constant coefficients
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such that there exists ¢ > 0 so that
|Vu|| < ¢||Du|| forall ueR(D*)ND(D),
|Vu|| < ¢||D*ul|| for all ue R(D)ND(D").

e The operators A; : Ly(R™; V;) — Lo(R™; V;), i = 1,2, denote multiplication
by functions A; € Lo (R™; L(V;)) which satisfy the accretivity conditions

Re(A;D*u, D*u) > ky||D*ul|* for all u € D(D*),
Re(AyDu, Du) > k|| Dul|* for all u e D(D),
for some k1, ko > 0. Denote the angles of accretivity by

Wy = sup |arg(A;D*u, D*u)| < 7,
ueD(D*)\N(D*)

arg(A;Du, Du)| < 3.

Wy 1= sup
ueD(D)\N(D)

In the full space Ly(R™ CY) = Ly(R™; Vi) @ Ly(R™; V3), consider the following
operators:

[0 o . |0 D* (40 o o0
D {D O}, r= g 0], By = [0 0}, By = {0 Az].
With this choice of {T", By, By}, the operator Iz and its square become
[0 A D*A,] s [A1D*AyD 0
e = [D o | ad M= 0 DAD*Ay|
The operators I', ['* and I'}; are clearly nilpotent, with
R(I") € Ly(R™ Va) C N(I')  and

RT), R(TG) C Ly(R™ V;) C N(I™*), N(I'%).

Theorem 3.1. Assume that {D, Ay, As} are as above, and suppose wy +wq < 2u <
m.  Then the operator Ilp has a bounded S; holomorphic functional calculus in
Ly(R™; CN). Moreover
(i) the operator A;D*A;D has a bounded S5, holomorphic functional calculus
in Lo(R™ V1), and
(ii) we have D((A;D* Ay D)Y/?) = D(D) with the Kato square root estimate
1(A1 D" A, D) 2ul| = || Dul|
for all w € D(D).
(iii) If furthermore Vi = Vo =V, D* = —-D, Aj = Ay =t A andw) = wy = w <
p < 5, then iAD and iDA have bounded S;, holomorphic functional calculi
in Lo(R™; V). In particular ||sgn(iAD)|| < oo and ||sgn(iDA)|| < oo.

Proof. The hypothesis of Theorem for this Ip is satisfied, and thus by Theorem
I3 has a bounded S, holomorphic functional calculus.

To prove (i), let F': S5,, U{0} — C be bounded and holomorphic on S3,,, and
write f(z) := F(2%), z € S;U{0}. Then

_ [F(A,D*A;D) 0
f(Ilp) = 0 F(DA,D*A,)

satisfies || f(Ip)[| < [[fllce = [[Flloo, and thus [[F(A; D" A2 D)|| < [[Flco-
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The Kato square root estimate in (ii) follows on applying Corollary to u €
D(D).

Now make the additional assumptions stated in (iii). That iDA has a bounded
S9 holomorphic functional calculus in Ly(R™; V') can be seen as follows. Consider a
bounded function f : S7U{0} — C holomorphic on S;,. We find for u € Ly(R"; V),

£(TLs) mu} iy (LO? —AODAD {ziu} _ [z‘A}J(“S)ZQM}.

[FEDA) S 1) S [l -
Duality shows that iAD = (iDA*)* also has a bounded S}, holomorphic functional
calculus in Lo(R™; V'), which completes the proof of (iii). O]

Part (iii) can also be deduced from the quadratic estimates in Theorem [2.7] for
they imply that —ADAD and —DADA, and hence iAD and ¢D A, satisfy quadratic
estimates.

We now consider several consequences of the above theorem.

Thus

Consequence 3.2 (The Cauchy singular integral on Lipschitz curves). Let g :
R — R be a Lipschitz function with Lipschitz constant

L = sup 9 —9W)l
TF£y |£L’ - y'
and consider the Lipschitz graph v := {z = x +ig(z):2 € R} in C. The operator
of differentiation with respect to z € v can be expressed in terms of the parameter
r € R as
Du(z) = aDu(x) = (1 +ig'(z)) "/ ()

where a is the multiplication operator a : v(z) — (1 +ig'(x)) *v(z). Thus iD, is of
the form considered in Theorem [3.1f(iii) on making the identifications

{TL, ‘/la ‘/Qa D7D*aA1aA2} = {]-a C7 Cv %7 _%a CL7(I} .

The Cauchy singular integral operator C, on v is then given as an operator on
Ly(R, C) by (see |28, [1])

ipv/ u(y)
™ Jr (W +igy) — (z+ig(x))
Using Theorem (3.1|(iii) we deduce that iD, has a bounded S, holomorphic func-
tional calculus in Ly(R; C) when arctan(L) < p < 7. In particular ||C,[| < co. The
boundedness of the Cauchy integral C, was first proved for small L by Calderén [§],
and in the general case by Coifman—-MCIntosh-Meyer [10]. Boundedness of other op-
erators in the functional calculus of iD., have been proved by Coifman-Meyer [I1],
Kenig-Meyer [20] and MCIntosh-Qian [2§].

Cyu(x) = sgn(iD,)u(x) = (1+ig'(y))dy .

Consequence 3.3 (The one dimensional Kato square root problem). Let a €
Lo(R;C) be such that Rea(z) > x > 0 for almost every z, and denote the an-
gle of accretivity by w := ess sup|arg a(x)|. In Theorem [3.1] let

{n7 ‘/17 ‘/27 D7D*7A17A2} = {17 07 Ca %7 _%7170’}
where a is the multiplication operator a : f(z) — a(x)f(x), and suppose w < pu <

7. By Theorem (1) we deduce that —%a dd has a bounded S5, holomorphic

2 dz
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functional calculus in Ly(R;C). This can be proved by abstract methods since

444 js a maximal accretive operator, see [I]. However, Theorem (ii) proves
T dzdx ’

the Kato square root estimate in one dimension:

)2 &
for all w € H'(R). This estimate was ﬁrst proved by Coifman-MCIntosh-Meyer [10].

Remark 3.4. It is known that may fail if D and A, are not differentiation and
multiplication operators [23]. Working backwards, we find that hypotheses (H1-3)
are not sufficient to ensure that IIp satisfies quadratic estimates or that it has a
bounded holomorphic functional calculus.

Consequence 3.5. Let a; € L (R;C), for i = 1,2, be such that there exists k > 0
so that Rea;(z) > k > 0 for almost every x, and denote the angles of accretivity by
w; := ess sup| arg a;(x)|. In Theorem [3.1] let

{’I’L ‘/17‘/2’D D~ AlyAQ}_{]- C Cu dz? dz7a17a2}
where a; is the multiplication operator a; : f(z) — az(x)f(x) and suppose wy +wq <

2p < 7. By Theorem (1) we deduce that —a;--as- has a bounded S5, holo-

morphic functional calculus in Ly(R; C). This result was first proved by Auscher—
M¢Intosh-Nahmod [6] (though with p > max{wi,ws}). Further Theorem [3.1fii)
proves the estimate

1/2

I(argas )| ~ || Z |

for all u € H'(R). This estimate was first proved by Kenig-Meyer [20]. A proof
is also given in [6], using a framework which can be considered a forerunner of the
approach developed here.

Consequence 3.6 (The Clifford-Cauchy singular integral on a Lipschitz surface).
Let g : R — R be a Lipschitz function with Lipschitz constant L, and consider
the Lipschitz graph X := {(z,g(z)):z € R"} in R""'. On identifying R"™ with
A°@® A" in the complex Clifford algebra C(,,)(~ AcR™) generated by R"™, where the
generating basis {e; } satisfies the canonical commutation relation e;e;+e;e; = —26;;,
then ¥ = {g(x) + z:2 € R"}. Furthermore, let D denote the Dirac operator

Du(z) := Z ek%(aj), u:R" — Cy

This first order partial differential operator D is elliptic and selfadjoint. In Theo-

rem [3.1] let
{n,V1,Va, D, D", Ay, Ay} = {n,C), Cpy, —iD,iD, A, A}

where A is the multiplication operator A : u(z) — (1 — Dg(z)) 'u(z). In this case,
we define the operator Dy, on Ly(R™, C,)) by

Dsu(z) := ADu(x) = (1 — Dg(x)) 'Du(z)
and, parametrizing ¥ with g(z) + z, the Cauchy singular integral operator Cyx, on ¥
is given by
Cyu(z) := sgn(Dy)u(x)
_ Ep_v'/ (g(x) — ) = (9(y) = )
on Jre (ly =2+ (9(y) — g(x))?) "+

772(1 = Dg(y))uly)dy
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where o, is the volume of the unit n-sphere in R"*.

Suppose w := arctan(L) < p < 5. By Theorem [3.1|(iii) we deduce that Dy has a
bounded S}, holomorphic functional calculus in Ly(R™; C(y,)), and in particular that
|Cs|| < co. The boundedness of the Clifford-Cauchy integral Cy, follows from the
boundedness of the Cauchy integral in Consequence using Calderén’s rotation
method (c.f. [I0]). A direct proof of the boundedness of Cy, using Clifford analysis
was first given by Murray [30] for surfaces with small L, and in the general case by
MCIntosh [26]. Boundedness of the functional calculus of Dy has been proved by
Li-M¢Intosh-Semmes [22] and Li-MCIntosh-Qian [21].

In the following three consequences, the differential operator D no longer has
dense range.

Consequence 3.7 (The Kato square root problem). Let A € Lo (R"; L(C™)) be
such that Re(A(z)v,v) > k > 0 for every v € C" with |v] = 1, and almost ev-
ery z, and denote the angle of accretivity by w := ess sup, ,|arg(A(z)v,v)|. In

Theorem [3.1], let
{n,V1,Va, D, D*, Ay, As} = {n,C,C",V, —div, I, A}

where A denotes the multiplication operator A : u +— Au, and suppose w < u < 7.
From Theorem [3.1fi) we deduce that —divAV has a bounded Sy, holomorphic
functional calculus in Ly(R™; C). This can be proved by abstract methods since
—divAV is a maximal accretive operator, see [I]. More importantly, Theorem [3.1](ii)
implies the full Kato square root estimate

H(—divAV)l/QuH ~ HVUH

for all w € H'(R™). This result was proved in a series of papers by Hofmann—
MCIntosh [18], Auscher—-Hofmann—Lewis—Tchamitchian [3], Hofmann—Lacey-MCIntosh
[T7], and, in full generality, by Auscher—-Hofmann—Lacey—MCIntosh—Tchamitchian [2].
Earlier results on the Kato square root problem are due to Fabes—Jerison—Kenig [15]
and Coifman—Deng—Meyer [9], where A is assumed to be close to the identity, and
to MCIntosh [24] when Hélder continuity of A is assumed. For many more par-
tial results, see the book of Auscher and Tchamitchian [7]. This book provides an
important bridge between the one-dimensional results and the current theory.

Consequence 3.8. Let a € L (R™;C) be such that Rea(x) > x > 0 for almost
every x, and let A € Lo(R™; L(C™)) be such that Re(A(z)v,v) > k > 0 for every
v € C", |v] = 1, and almost every x. Denote the angles of accretivity by w; :=
ess sup|arg a(z)| and wy := ess sup, .| arg(A(z)v, v)|. In Theorem let

{n,V1,Vo, D, D* Ay, Ay} = {n,C,C",V, —div,a, A}

where a is the multiplication operator a : u(z) — a(x)u(z) and A is the multi-
plication operator A : v(z) — A(z)v(z). From Theorem [3.1(i) we deduce that
—adivAV has a bounded S3,, holomorphic functional calculus in Ly(R"; C) when
wy + wy < 2p < . This was proved by MCIntosh-Nahmod [27] in the case when
A = I, and by Duong-Ouhabaz [14] under regularity assumptions on A. Theo-
rem [3.1f(ii) also proves the estimate

H(—adivAV)l/zuH ~ || Vul|
for all u € H'(R™).
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Consequence 3.9 (The Kato square root problem for systems). Let W be a finite
dimensional Hilbert space and let A € Lo(R"; L(C" @ W)) be such that

Re/n(A(x)Vu(x),Vu(x))dl’ > K[| Vul)?

for all w € H'(R™; W) and some k > 0. In Theorem let
{na‘/h‘/%D?D*aAlaAQ} = {n,VV,C"@W,V,—diV,I,A}

where A is the multiplication operator A : f(z) — A(z) f(x). Theorem 3.1ii) proves
the Kato square root estimate for these elliptic systems:

| (—divAV) 2| ~ || Vul

for all u € H'(R™; W). This estimate was first proved by Auscher—-Hofmann—MCInto-
sh—Tchamitchian [4].

Consequence 3.10 (Differential forms). For n > 1, let A = @7 A" = AcR"
denote the complex exterior algebra over R™. Let B be a bounded multiplication
operator on Lo(R"™; A) with bounded inverse which satisfies the following accretivity
condition: there exists k > 0 such that for almost every z € R", we have

Re(B(x)v,v) > k||

for every v € A. Let d denote the exterior derivative, and consider the perturbed
Hodge Dirac operator D = d + B~'d*B. We further suppose that B splits over
Ly(R", A% @ -+ @ Ly(R",A") as B" @ --- @ B", and so Dp can be illustrated by
the following diagram.

Ly®R"AY =% LRvAY) -5 . L LR A
|2 |5 [z
Ly(R", A% “&= LyRr AL < LR AY

Let w > 0 denote the angle of accretivity of B, and let w < p < 7. We now apply
Theorem and Corollary with I' = d, B; := B~! and By := B, to obtain
the following new result.

Theorem 3.11. The operator Dp has a bounded S;, holomorphic functional cal-
culus in Loy(R™, A). Moreover, the operator Dp® has a bounded S3,+ holomorphic

functional calculus in Lo(R™, A). Furthermore, D(d) N D(d*B) = D(+/Dg?) with
| dul| + ||d* Bul| ~ H\/DBQu ( .

The restriction of the second and third claims to u € Ly(R"™, A%) provides an
alternative approach to the results obtained in Consequences and [3.8] though
not those of Consequence 3.9, The implications for the full exterior algebra are new
and will be developed further in Remark [7.4]
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4. OPERATOR THEORY OF llg

Throughout this section, we assume that the triple of operators {I', By, B2} in a
Hilbert space H satisfies properties (H1-3). We prove Propositions and , and
then show how to reduce Theorems [2.7] and to a quadratic estimate which will
be proved in Section

Let us start by recording the following useful consequences of (H2):

(12) |Biu|| = [|u]| = ||Bjul| for all w e R(I™);

(13) |Boul|| = ||u]| ~ ||Bsu|| for all w e R(T).

Lemma 4.1. The operators I'y := BI'"By and I'p := B3I'B} are nilpotent, and
(Tp)* =T17%.

Proof. First note that by (H3), R(I';) € N(I';;) and R(I's) € N(I's). To prove
that the two operators are densely defined, closed and adjoint, we use the following
operator theoretic fact: Let A be a closed and densely defined operator and let T" be
a bounded operator. Then T'A is densely defined, A*T™ is closed and (T'A)* = A*T™.
If furthermore ||T'u|| ~ ||u|| for all u € R(A), then TA and A*T™* are closed, densely
defined and adjoint operators. Applying this fact first with A = I'*, T' = By and
then with A =I'B}, T' = B} proves the lemma. O

We next prove a lemma concerning the operators Ilp := I' + I'}; with D(Ilg) =
D(I'") N D(I'y), and I3 := ' + I'p with D(IT;) = D(I'*) N D(I'p).
Lemma 4.2. We have
ITul| + [|[T5ul| = |[Hpul| for all we D(Ilg), and
IT*u|| + |Tpul| = [[TTu|  for all w e D(ITy).
Proof. The first estimate follows from the observation that (H2-3) implies
ITull* S 1(BeTu, Tw)| = [(Bollpu, Tu)| < [[Tpul [Tul
for every uw € D(IIg). The other claims follow by similar reasoning. OJ
We now prove Proposition and then Proposition [2.5]

Proof of Proposition[2.3. Tt is an immediate consequence of the lemma that N(Ilz) =
N(T%) N N(T).
Note that once we prove

(14) H =R(I';) ® N(I) = N(I';) @ R(T)

then the Hodge decomposition follows since R(I'f;) € N(I'j;) and R(I') € N(I') by
nilpotence. In the case By = By = I, is orthogonal since I' and I'* are adjoint
operators. To prove for a general B, it suffices to prove the four statements

H O RTE) @ N(T), H>NI%) &R,
H ORI @N(Tp), HONT*)@R(Tp),

and use duality.
Let us consider the first of these. We need to show that

ITgull + vl S Tpu + o]
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for all w € D(I';) = D(I"*Bz) and v € N(I"). This follows from
IT*Byul|? < | Re(BiI™* Byu, T'* Bou)| = | Re(Tgu + v, ['* Bou))|
< [[Ppu+o[[[T" Byul|.
For the second statement we need to show that
[oll + ITu]l < flv + Tull
for all w € D(I') and v € N(I';) = N(I'*By). This follows from
[Tul|® < [(Tu, BiTw)| = |(v + Tu, BsTw)| < [lo+ Tul| [Tyl
The third and fourth statements have similar proofs. O

Corollary 4.3. The operators Ilp and I} are closed, have dense domains, and
satisfy (Ig)* = IT%.

This is a straightforward consequence of the preceding results. We are now in a
position to prove the spectral properties stated in Section 2.

Proof of Proposition[2.5. Let f = (I+71lp)u where 7 € C\ S, and v € D(Ilg). To
prove the estimate |[u|| < || f||, use Proposition [2.2 to write

f=/fo+ fi+ fo, u=1uo+ui +uy € N(IIp) ® R(I'p) ® R(T)
and f; = By fi, u, = Byiy, where fy, iy € R(I'*). We obtain the system of equations

Jo=wo
fi = uy + 7R ug, thus by , fl = Uy + 7 Bous
fo=us+71Tuy .

These equations imply the identity

(15) —7(@iy, Byity) 4+ 7(Boug, us) = —7(f1, Biii) + 7(Baus, f) .

Let

01 = arg(uy, B1ty), and 0y = arg(Baus, usg)
so that by (H2), |301 — 36| < w. Suppose for a moment that Im7 > 0 and let
@ =arg 7. Then

| — 7(iy, Brtiy) + 7(Baug, us)|
> Im e~ (01+02)/2 (=7 (@, Brtiy) + 7(Baua, uz))
(16) = |7|sin(—361 + $602 + 1) (| (1, Bytin)| + |(Baug, us)|)
> dist (7, 5,) (|(@1, Bit)| + |(Baug, uz)|) -
Therefore, by (H2), and (16)),

~ ~ ~ T
a2 + usll? < [(, Buiin)| + (B, us)] < —10

< Tt gy (Ml + el 1)

and thus ]
-
~ < '
Jull = Bl -+ ] + ) S g 55
A slight variation gives the estimate for Im 7 < 0.
Finally, applying the proof above to I+7Il% = (I4+71l)* shows that I+7Ilp is
surjective. 0

ILF1-
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Corollary 4.4. The operator z?2 = BBy + BI*ByT is closed, has dense
domain, its spectrum O'(HBQ) 1s contained in the sector S, and it satisfies resolvent

bounds ||(1—72I152)~ 7] ; for all 7 € C\ S,

! || ~ dist (72,520 +

Such an operator is said to be of type Sy, in [I] and of type 2w in [5, [12].
Remark 4.5. Note that [ intertwines I' and ['}; in the sense that [IgI'u = I';IIgu
for all u € D(I'3I13) and I pI*u = T'Mpu for all w € D(I'Tg). Thus I1z* commutes

with both T' and ' on the appropriate domains. We find that T'PPu = PPTu for
all u € D(I') and T PPu = PPIyu for all u € D(I'y).

We saw in Definition that the operators PP and QP are uniformly bounded
in t. A consequence of this is the identity

an [ @y _ﬁlffo / (@P)'ug =3 iy (P2 = P)u=30-Fhu

for all u € H. (Verify this on N(IIp) and for v € D(IIg) N R(IIg) which is dense in
R(IIz) and use the uniform boundedness.) For the selfadjoint operator II this can
be proved by the usual spectral theory, and has the following consequence.

Lemma 4.6. The quadratic estimate

(18) |l <
holds for all u € H.
We use the following operator in the proof of Theorem [2.7]
Definition 4.7. Define, for all t € R, the bounded operators
O =ty (1+£711%) .

By Remark [1.5] ©Fu = (1+2T15%) 1T%u for all u € D(I'), and consequently
OBu = QPBu for all u € N(T).

Proposition 4.8. Consider the operator llg = I'+ B1I'* By acting in a Hilbert space
H, where {I', By, Ba} satisfies the hypotheses (H1-3). Also assume that the estimate

o dt
(19) | 1errul <l
0

holds for all uw € R(T") and some constant c, together with the three similar estimates
obtained on replacing {T', By, Bo} by {I'*, Bo, By}, {I'*, B3, Bi} and {I', B, B;}.
Then Ilg satisfies the quadratic estimate (@ for all w € R(Ilg), and has a bounded
holomorphic S}, functional calculus.

Proof. (i) We start by proving the estimate

> dt
(20) / 7 Pyl % < Jul?

for all u € R(I"). We use the orthogonal projection P2 : H — R(T") and the bounded
projection P : H — R(T'%). Since u € R(T") implies Pu € R(I"), we obtain

OF(1—-P)u=0PP*(1-P)u= QPtrQu = (1-PP)PrQu
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and thus [|©F(1—P)ul| < [|Qqul| for all u € R(T'). This with proves ([20)).

We remark that this use of the Hodge decompositions to handle the (I —F;) term
is a key step in the proof of Theorem [2.7]

(ii) A combination of with gives the estimate

o dt o dt
(21) | e = [T 1ot s ful?
0 0

for all v € R(I).
Now the hypotheses of the theorem remain unchanged on replacing {I", By, By}
by {I'*, By, B1}, in which case the estimate in becomes

o dt
| IBEB 1+ BB P S ol
0

for all v € R(I™*). Using the assumption I'B; BoI" = 0, we get
TBy(I+3(T* + BoT'By)?) ! = D(1+¢211%,) !B,

and thus, by and ,

at_ > it
|275/0 48T By L+ + BB ol

/ |0(1+42112) " By
0
Soll? S 1By

for all v € R(I'*). Hence

o dt > _ dt
| nerur = [ i aen) e 5 gl

for all u € R(I'%).
On recalling the Hodge decompositon H = N(IIp) & R(I';;) & R(I'), and noting
that Q2 = 0 on N(Ilz), we conclude that

> dt
| 1epur G s ul?
0

for all u € H.
(iii) To prove the reverse square function estimate, consider the adjoint operator
Iy, =T + B;T'Bf. From (ii) applied to II};, we get

0 o dt
| @y S ol

for all v € H. By , we have the resolution of the identity

o dt
| @ =g



18 ANDREAS AXELSSON, STEPHEN KEITH, AND ALAN MCINTOSH

for all v € R(Ilp), and thus

[ull S sup [(u,v)| =~ sup
lofl=1 lol=1

([ errtio)

_ > B B\ * %
7”?,1”151 /0 (Qru, (QF ) v) t‘

00 dt\ /2
< ([ o)
0

for all w € R(Ilp). This completes the proof that @ holds for all u € R(Ilg). This
procedure is standard, at least when N(IIg) = 0. (See e.g. [1].)

(iv) It is also well-known that quadratic estimates imply the boundedness of the
functional calculus. We include a proof for completeness.

Note that a direct norm estimate using shows that

Q7 F(Ip)QJ N = (s fr) (M)l S nlt/s) sup ||

for all ¢, s > 0, where n(x) := min{z, 1} (1 4 [log|z||). A Schur estimate now gives

o d
el [ QP F ()l

0
ds)| dt

%/OOO /Ooo(fo(HB)QSB)(QSBU) ol |

sl [T ([Tnor ) ([ wesnezaet)

> ds
< sup |2 / 105ul> % ~ sup £l
S 0 S S

2 dt

for all u € R(Ilp), which proves that Il has a bounded S}, holomorphic functional
calculus in Lo(R™; CV). O

What remains is for us to obtain the estimate under all the hypotheses (H1-
8). This is achieved in the next section.

5. HARMONIC ANALYSIS OF Ilpg

In this section we prove the square function estimate under the hypotheses
(H1-8) stated in Section 2. By Proposition , this then suffices to prove Theorems
and[2.10] This section is an adaptation of the proof of the Kato square root prob-
lem for divergence-form elliptic operators [17, 2, [4], though some estimates require
new procedures. For example, we develop new methods based on hypotheses (H5—6)
to prove off-diagonal estimates for resolvents of Ilg, as the arguments normally used
in proving Caccioppoli-type estimates for divergence-form operators do not apply.

We use the following dyadic decomposition of R". Let A = U;O:_OO Ny where
Ny i={2(k+(0,1]") : k€ Z"} if 2271 < t < 27. For a dyadic cube @ € Ay, denote
by 1(Q) = 27 its sidelength, and by Rg := @Q X (0,27] the associated Carleson box.
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Let the dyadic averaging operator A; : H — H be given by
1
Au(e) i= g = aty)dy = i [ uly)dy
Q Qf Jq

for every x € R™ and t > 0, where @) € A, is the unique dyadic cube containing x.

Definition 5.1. By the principal part of the operator family ©F under consideration,
we mean the multiplication operators 7; defined by

Ye()w = (07 w)(x)

for every w € C¥. Here we view w on the right-hand side of the above equation as
the constant function defined on R" by w(z) := w. It will be proven in Corollary

that 7, € LY¢(R™; L(CN)).

To prove the square function estimate ((19)), we estimate each of the following three
terms separately

o0 dt > dt
/ 12 Pl < / 108 Pt — 5 Ay Pl 2
(22) 0 t 0 t

dxdt

A R e A A T e

when u € R(II). We estimate the first two terms in Section and the last term
in Section In the next section we introduce crucial off-diagonal estimates for
various operators involving IIz, and also prove local Ly estimates for ;.

5.1. Off—-diagonal estimates. We require off-diagonal estimates for the following
class of operators. Denote (x) := 1+ |z|, and dist (£, F) :=inf{|zr —y| : 2 € E,y €
F} for every E, F C R".

Proposition 5.2. Let U; be given by either RE for every nonzerot € R, or PP, QF
or ©F for everyt > 0 (see Remark and Definition . Then for every M € N
there exists Cpy > 0 (that depends only on M and the hypotheses (H1-8)) such that

(23) Ul ey < Carldist (B, F) /)~ Ju
whenever E, F C R"™ are Borel sets, and u € 'H satisfies suppu C F.

Proof. First consider the resolvents R? = (I+itllz)~! for all nonzero t € R. As we
have already proved uniform bounds for R? in Proposition , it suffices to prove

(T +itT ) "l Ly(m) < Cor(t/dist (B, F))M|lul|

for all disjoint £, F* C R™, for all |t| < dist (E, F'), and for all u € H with suppu C
F.

We prove this result by induction. Proposition proves this statement for
M = 0. Assume that the statement is true for some given M € N. Write

E = {z e R" : dist (z, E) < 3dist (2, F)}
and let n : R" — [0, 1] be a Lipschitz function such that suppn C E, nlg =1 and
IVl < 4/dist (E, F).
We now use (H5-6) to calculate that
[nL, (I+itllp) "] = it R} (Dy, + Bil'y, Bo) R
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and therefore
1T +itT5) ullo(py < IIn(I+itllp)~ ul
= [|[n T, (T+atTlp) ' ul
S CotlVnllsell B ull , (2

< Cot|VnlloeCar (t/dist (E, F))M |Jul|
< CoCy(t/dist (E, F))M“HuH )

This completes the induction step and thus proves the proposition for the resolvents
RB. The result for PP and QP follows, as they are linear combinations of resolvents.
Now consider ©F = tI'y PP. We have

187 ullzo(m) < [0O7ull < L ATE] P ull + [t 50 P ul -
By Lemma [£.2] the last term is bounded by
[ pn PP ull < ||[n 1, 1] PPul| + [[nQ7 ull

and so, using (H6) and the bounds already obtained for PP and QF, we conclude
that for each M > 0,

102 ulaey S UV llell Pl 3y + 1 QP ) S (clist (B, F) /)™ ]

This completes the proof. O
A simple consequence of Proposition is that
(24) Ustllai@) < Y U (xrw)lnae) S ) (dist (R, Q) /)™ lull ey
Re; Re

whenever 0 < s < ¢t and @ € A, where Uy is as specified in Proposition [5.2] We
also note that the dyadic cubes satisfy

(25) sup Y (dist (R, Q)/t)"") <1

QEA: ReN

and therefore, choosing M > n + 1, we see that U; extends to an operator U, :
Loo(R") — Ly*(R").
A consequence of the above results with U, = ©F is:

Corollary 5.3. The functions ; € LY*(R™; L(CYN)) satisfy the boundedness condi-

tions
itk ay 1
Q
for all Q € ;. Moreover ||y Al S 1 uniformly for all t > 0.

5.2. Principal part approximation. In this section we prove the principal part
approximation ©F ~ 7; in the sense that we estimate the first two terms on the
right-hand side of . The following lemma is used in estimating the first term.

Lemma 5.4 (A weighted Poincaré inequality). If Q@ € A\, and f < —2n, then we
have

/n lu(z) — uQ|2<dist (x, Q)/t)ﬁ dz < /Rn V()| (dist (, Q)/t>2n+g de

for every u in the Sobolev space H(R™; CV).
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Proof. Without loss of generality we may assume that ¢ = 1 and that () is the unit
cube centred at = 0. By [16], p. 164] we have

| 1) = el s [ 1Vt ) dy

for every r > 1, where we write x, to denote the characteristic function of {y € R" :
ly| < r}. Integrating the above inequality over (1,00) against the measure dr” gives
the desired result. 0

We now estimate the first term in the right-hand side of (22).
Proposition 5.5. For all u € R(II), we have

o dt
| 108 P = sl § S
0

Proof. Using Proposition , estimate , Lemma and then the coercivity
assumption (HS8), we get for any v € R(II), that

1070 — veAw|* = > 167 (v — vo)l7,0)
QeN:

<> ( > {d(R,Q) /)" v — v, R)>2

QeN: Rel

S S [ Jole) ol @)y O

Qe

S [ IVt @) S el S
QeEN:

and therefore, taking v = P,u and using , that

> dt dt
JARCT TR Y M / IQuul 5 <
0 0

O

We use the following lemma to estimate the second term in the right-hand side of
(22), and also in the proofs of Lemmas and [5.12] (c.f. Lemma 5.15 of [2].)

Lemma 5.6. Let T be either II, I' or I'*. Then we have the estimate

(20) M;T“ <o (f W) /) w)

for all Q@ € A and u € D(Y).

Proof. Let t = (f, [ul)"2(f, [Tu)™/2. 1f t > 11(Q), then follows directly
from the Cauchy-Schwarz inequality. If ¢ < 11(Q), let n € C5°(Q) be a real-valued

bump function such that n(z) = 1 when dist (x, R™\ Q) > ¢, and |Vn| < 1/t. Using
the cancellation property (H7) of T and the Cauchy—Schwarz inequality, we obtain

/Tu /nTu—i—/ (1—=n)Yu /[ T]u—i-/Q(l_n)Tu
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which gives on substituting the chosen value of ¢. 0
We now estimate the second term in the right-hand side of .
Proposition 5.7. For all uw € H, we have

&0 dt
/0 AP = Dl <

Proof. Corollary shows that ||:A:]| < 1 and since A? = A, it suffices to prove
the square function estimate with integrand ||A;(P; — D)u|*. If w € N(IT) then this

is zero. If u € R(IT) then write u = 2 f Qzu . The result will follow from another
Schur estimate and (| once we have obtalned the bound

1A(P = DQy|| S min{3, £}V
for all s,t > 0.
Note that (I—P,)Q, = LQi(I—PF;) and P,Q, = Q. P, for every s,t > 0. Thus, if
t <s, then
[A(P = D[l S 1P = DQs[ S t/s,
while if ¢ > s, then
[A(Pr = DQs[| S 1RQs]l + [AQsll S s/t + ([ AQs]l-
To estimate || 4;Q;]|, we use Lemma [5.6] with and to obtain

2
Q2= 3 1) ]1 STI(1 +52112) 1

< (), ) ( / )

QReA
2
S TL
<Y (X Q)
QeN: NRel
S n TL
<25 (X @) (S am -l
QEeN: R'eNt Re/N:
S
<l
which completes the proof. [

We have now estimated the first two terms in the right-hand side of .

5.3. Carleson measure estimate. In this subsection we estimate the third term
in the right-hand side of . To do this we reduce the problem to a Carleson
measure estimate, drawing upon the “T’'(b)” procedure developed by Auscher and
Tchamitchian [7, Chapter 3]. Recall that a measure p on R™ x R™ is said to be
Carleson if ||pllc == supgen |Q ' 11(Rg) < 0o. Here and below Rq := @ x (0,1(Q)]
denotes the Carleson box of any cube ). We recall the following theorem of Carleson.

Theorem 5.8. [31], p. 59] If u is a Carleson measure on R™ x RT then

/ / Aa(@)? dialz,t) < Clllelull
R™x(0,00)

for every uw € H. Here C > 0 is a constant that depends only on n.
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Thus, in order to prove it suffices to show that

dxd
@ //R @) S £1Q
Q

for every dyadic cube Q € A. Following [2] or more precisely [4], we set o > 0; the
exact value to be chosen later. Let V be a finite set consisting of v € £L(CY) with
lv| =1, such that |, ., K, = L(CV)\ {0}, where
—v| < a} .
dxdt

(@) — < Q|

vey
v

K, = {1/ € L(CM)\ {0} : W

To prove it suffices to show that

(28) (z,t) GRQ

Ve (z)EKY
for every v € V. By the John-Nirenberg lemma for Carleson measures as applied in
[2, Section 5], in order to prove it suffices to prove the following claim.

Proposition 5.9. There exists 3 > 0 such that for every dyadic cube QQ € A\ and
v € L(CN) with |v| = 1, there is a collection {Qx}r C I\ of disjoint subcubes of Q
such that |Eq,| > B|Q| where Eg, = Q \ U, Qk, and such that

dzdt
ers, iR = < 1o

1 (r)EKy

where B, = Ro \ U,, Rq, -

Fix a dyadic cube Q € A and fix v € £(C") with |v| = 1. Choose w,w € CV
with |@| = |w| = 1 and v*(w) = w. Let ng be a smooth cutoff function with range
[0,1], equal to 1 on 2Q, with support in 4Q, and such that ||[Vngllw < § where
[ =1(Q). Define wg := ngw, and for each € > 0, let

f2 = w, — elil(1 + elillp) 'w, = (1 + €lil'y) (1 4 elillp)'w

Lemma 5.10. We have || f5 | < [Q[Y2,
dxdt
// ®BfQ6|2x— S _’Q| and
Rq

b[er ‘<C€

for every e > 0. Here ¢ > 0 is a constant that depends only on hypotheses (H1-8).

Proof. The first estimate can be deduced from Proposition and Lemma 4.2, To
obtain the second estimate, observe by the nilpotency of I'}; that

07 18 = (T+7115) T (I+elily) (I +elillp) " wg
= L(I+%11%) el (I +elillp)  wg
and therefore by Proposition [2.5] and Lemma [4.2] that

/. |@BfQ€|2dl"dt<|Q|/( ) Yl
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To obtain the last estimate, we use Lemma with ¥ =T and u = (I+€lillp) twg
to show that

V fo.— w‘ = V ell(1 +eliHB)_1wQ‘
Q Q
1/4 1/4
< €2 (][ (I +eliHB)_1wQ|2> (7[ el (1 +eliHB)_1wQ|2) <€z
Q Q

This completes the proof. |

For the choice € = ﬁ, let f§ = f§.- The above lemma implies that

1

R o> =

e (w,]é fQ> Z 5
Lemma 5.11. There exists (3,c1,co > 0 that depend only on (HI1-8), and there
exists a collection {Qr} of dyadic subcubes of @ such that |Eq,| > [|Q| where

Eo, =Q\ U, Qx, and such that

(29) Re(w,]{zlfé”)ch and ]{2/|f5|§02

for all dyadic subcubes Q" € A of Q which satisfy Ry N Eg,,, # 0, where Ef,, =
R \ Uy, Ra,.-

Proof. Fix a > 0. Let By C A be the collection of maximal dyadic subcubes S € A

of @ such that
Re (w,][ fé”) <«
S

and let By C A be the collection of maximal dyadic subcubes S € A of @) such that

1
ol > —.
fusi> o

Let {Q} be an enumeration of the maximal cubes in By U By. These are the bad
cubes. By construction we have each dyadic subcube Q" € A of Q with Rg:NEy) , #

() satisfies with ¢ = a and ¢y = é These are the good cubes. Thus, to prove
the lemma it suffices to show that for an appropriate choice of o > 0, that depends
only on (H1-8), there exists § > 0 such that |Eg,| > 3|Q].

We use the rough estimate

|Equ| > |Q\U31’ - ‘Ule-

By construction and by Lemma [5.10] we have

B = Z|S|Sa2/5|f5|s%|fg|5a|@|

SeBs SeBs
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and

%\Q!SRe(w,/ ) ZRe( / )+Re( /Q\UBlfég”)

SeBy

<a S I8+ (/ |fQ|2) Q\UJBi

SeB,
S alQ+ QI \ | B2

The desired estimate follows by a sufficiently small choice of o > 0 that depends

only on (H1-8). This completes the proof. O
We now choose o = 7-.

Lemma 5.12. If (z,t) € Ef,, and v(x) € K, then
(@) (Aufg ()| = selrn(@)).

Proof. To see the result apply the previous lemma to deduce that

v (Af5(2))] = Re (i, (Auf5(@))) = Re (0, 4S5 () > e,

and then furthermore that

e (g0 | 2 I ()| = | 24— 1450 2 0= s =
]

Proof of Proposition[5.9. By Lemma we have

dzdt dxdt
e I8 =5 [, I o () 2

Tt l‘)EKV
w w2 dxdt w2 dxdt
5// ‘@FfQ_%Atfd — —i—// |@fo‘ —~
Rq Rq

Lemma [5.10] implies that the last term in the above inequality is bounded by a
constant (that depends only on (H1-8)) times |Q)|.
It remains to show that

dxd
(30) / /R o815 gyl P2 < 1)
Q

Observe that
(31) @thé“ - %Atfég” = — (@f - %At) elil'(1 + eliHB)_le + (@tB — TA)wg .

Since €elil'(1 + elillp)'wg € R(T'), we have by the results of Sections 4 and
(specifically, part (i) in the proof of Proposition 4.8 and also and that

dxdt
// | - fYtAt) ele(l + ElZHB U}Q}2 < ”wQH2 < ’Q‘
Rq

We also have
(07 = nAwo(r) = OF ((ng — 1w)(w)
for every x € @ and ¢ > 0. Since (supp (7o — 1)w) N 2Q) = 0, then implies that

[ 15(ae - vwyaar s 2
Q
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when 0 < t <[, and therefore that

2 dxdt
[ 108 —reaguoi £ < a1
Rq
This proves and so completes the proof of Proposition . |

Proof of Theorems[2.7 and[2.10. We have demonstrated in this section that the
square function estimate (19) holds for all u € R(II) and some constant ¢ which
depends only on the bounds in (H1-8). These hypotheses are invariant on replacing
{I', By, Bo} by {I'*, By, By}, {I'*, B, B{} and {I', B}, B3}. So, by Proposition
we conclude that Il satisfies the quadratic estimate @ for all u € R(Ilp), and has
a bounded holomorphic Sj; functional calculus. O

6. HOLOMORPHIC DEPENDENCE

In this section we show that under the appropriate hypotheses, resolvents, projec-
tions, bounded members of the functional calculus, and quadratic estimates, all
depend holomorphically on holomorphic perturbations of IIz. Recall that if H
and I are Hilbert spaces and U C C is open, then an operator valued function
T:U — L(H,K) is said to be holomorphic if it is (complex) differentiable in the
uniform topology everywhere in U.

Theorem 6.1. Let U C C be open, let By, By : U — L(H) be holomorphic functions
such that By(z) and Bs(z) satisfy (H1-3) uniformly for each z € U, and let T €
C\ S.. Then the function given by z — (1 + Tllgw)) " is holomorphic on U,
the function given by z +— POB(Z) is holomorphic on U, and the function given by
2+ (llp()) is holomorphic on U for every ¢ € W(S7).

Remark 6.2. An interesting observation that arose from our consideration of The-
orem is that under its hypotheses, not only is the function given by z — P%(z)
holomorphic on U, but so too are the functions given by z +— P}B(Z) and z — P2B(Z).
This means that the Hodge decomposition is holomorphic on U.

Moreover, we have

d

(32) %P% = —PR AP — PLAPY,
d 1 0 p1 P2 1
(33) P = PRAPy — PLAP,
and
d - -
(34) EPQB = —P3A,P; + PLAPY.

Here A;(2) = £ B,(z) and Ay(z) = L By(2), and the operators PL and P% in £(H)

are defined in Appendix |A] and satisfy PL, = B,PL and P% = P%B,. The claims
of this remark are verified in the Appendix [A]

Before proving Theorem [6.1] we recall some standard results from operator theory.
The function 7' : U — L(H, K) is holomorphic if and only if it is locally uniformly
bounded (that is, uniformly bounded on each compact subset of U), and strongly
differentiable (see [19, p. 365]). Cauchy’s Theorem, and indeed many standard
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results about complex-valued holomorphic functions extend to the operator valued
setting. A suitable reference is [13], II1.14]. In particular, the following holds:

Lemma 6.3. Let U C C be an open set, and let T,,,T : U — L(H,K) be functions
with T, holomorphic for each n € N. Suppose that T,,(2)u — T(z)u as n — oo,
for every z € U and u € 'H, and that for every compact K C U there exists L > 0
such that ||T,,(2)|| < L for every z € K and n € N. Then T is holomorphic, and
moreover for every u € H, we have (T,u) and (£T,u) converge locally uniformly to
Tu and d%Tu respectively. (i.e. the convergence is uniform on each compact subset

of U.)

A sequence (T,,) C L(H) is said to converge to T" € L(H) strongly if for every
u € H we have | T,u — Tul| — 0 as n — oo. We use the fact that, for any pair of
sequences (Sy), (T,,) € L(H) with S, — S and T,, — T strongly as n — oo, where
S, T € L(H), then S, T,, — ST strongly.

Proof of Theorem[6.1. Fix 7 € C\ S?. Then

d
(35) —(14rT15) ™ = —(I47T15) " AT By(T4711g) !

- (I +THB)7lBlTF*A2(I —|—THB)71
where A;(2) = £B(z) and Ay(z) = L By(z). The fact that the above operators

are all uniformlyzbounded can be obtained from , and Lemma . This
proves the first claim. Thus {z +— (I+inllg) '}, is a collection of uniformly bounded
functions holomorphic on U. Moreover PQu = lim,, oo (I +inllp(,)) tu for all u € H.
(This is proved in a setting similar to ours in [I2, Theorem 3.8]; we also prove it as
a part of Lemma . The second claim now follows from Lemma . We now
prove the third claim. Fix ¢ € \II(SZ) The desired result can now be deduced from
the first claim and Lemma by using a Riemann sum to approximate the contour

integral representation of ¢(Ilp(;)) as in . This completes the proof. O

We now adopt the notation from hypotheses (H1-8) and consider the Hilbert
space

K =L, (R” x (0, 00), @; CN)
and for every ¢ € ¥(S7) and z € U, define the operator Sp(.)(¢) : H — K by
(SB(Z)(¢)U)($7t) = (w(tHB(z))u) (‘T)

for every u € H, t > 0 and almost every z € R".

Theorem 6.4. Let U C C be open, let By, By : U — L(H) be holomorphic functions
such that By(z) and By(z) satisfy (H1-8) uniformly for each z € U, and let w < p <
%. Then the function given by z — f(llp()) is holomorphic on U for every bounded
f:85U{0} — C holomorphic on Sy, and the function given by z +— Sp(.)(¢) is

holomorphic on U for every ¢ € W(S).

Proof. We prove the first claim. Let f be as above. Since by Theorem [6.1] the
function z — POB(Z) is holomorphic on U, we can without loss of generality further
assume that f(0) = 0. Choose a uniformly bounded sequence (1,) C ¥(Sf) that
converges locally uniformly to f on S§. By Theorem [6.1] we have each function

z +— 1,(Ilp(,)) is holomorphic on U. Moreover, by Theorem and , we
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have that 1, (IIp(.)) is uniformly bounded (with respect to n € N and z € U) and
that (Q/Jn(H B(z))) converges strongly to f(Ilp(.)) for every z € U. The first claim of
Theorem [6.4] now follows from Lemma [6.3]

We now prove the second claim. Let n € N, and define ¢ : S; — C by
Y (¢) = ¥(t¢) whenever ¢ € Sy and 1/n <t < n, and ¢ = 0 otherwise. Next let
Sk»(¥) : H — K be given by

(SheW)u)(z, 1) = (¥ (p) Ju) ()

for every z € U, u € 'H, t > 0 and almost every x € R". We deduce from Theorem
that for every ¢t > 0, the function z — 97 (Ilp(,)) is holomorphic on U, and by
Theorem that this family of functions is uniformly bounded with respect to
t > 0. This with the fact that v} is only non-zero for ¢t € (1/n,n) allows us to
deduce that the function given by z — Sp ) (1) is holomorphic on U. However, by
Remark 2.8/ we have ||Sp,) ()| is uniformly bounded over every z € U and n € N,
and that Sg(z)(@/}) strongly converges to Sp(.)(1)) as n — oo for every z € U. The
second claim now follows from Lemma 6.3, This completes the proof. O

We use the previous theorem to prove Lipschitz estimates on members of the
functional calculus of the perturbed Dirac operator Ilz, and Lipschitz estimates on
quadratic functions of IIp.

Theorem 6.5. Let H,T', By, By, k1, ko and n be as outlined in (H1-8). Fori=1,2,

Jix m; < ki, and then let 0 < w; < 5 be given by cosw; = IIEHJTm Next let w =

(@1 + @) and @ < p < 3. Then we have

2
1f(s) = fsa)ll S (A1l + 1 A2lloo) [ f1loo

for every bounded f : S;U{0} — C holomorphic on S}, and every A; € Loo(R™, L(CN))
with || Ail|oec < 1i. Moreover, given ¢ € W(S7,), we have

>0 dt
/0 [T )u = (Mg a)ull®— S (A% + [14215) el

for allu € H, and every A; € Loo(R™, L(CN)) with || Al < i
Proof. For each i = 1,2, define the functions G; : C — L(H) by z — B; + zA;,
and let
U= {z € C: |z| <min {771HA1||_1,772||A2||_1}}.
For all z € U and i = 1,2 we have
Re((B; + zA;)u, u) > (r; — ;) |ul|?
for every u € ‘H, and therefore

cos sup |arg((B;+ zA;)u,u)| A

> ——— = COSWj.
wER(T)\ {0} | Bill + mi

We conclude that G;(z) and Ga(z) satisfy (H2) with w; and ws replaced by @, and
wy, and thence by Theorem , that the function given by z + Ilg/(.) is holomorphic
on U. The first claim of the theorem then follows by Schwarz’s Lemma. The second
claim is proved by a similar argument. 0
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7. APPLICATIONS TO RIEMANNIAN MANIFOLDS

We now consider applications to compact Riemannian manifolds M with metric g.
For each x € M let AT M denote the complex exterior algebra over the cotangent
space Ty M. We then let AT*M and L, denote the bundles over M whose fibres at
cach x € M are given by ATM and L(AT;} M), respectively. We let H = Lo(AT*M)
denote the collection of Ls integrable sections of AT*M, and let Lo (Lyr) denote the
bounded measurable sections of Ly;. We let d denote the dual of d in 'H, and
consider the Hodge-Dirac operator D, :=d + dj.

Theorem 7.1. Let M be a compact Riemannian manifold with metric g, let B €
Loo(Lar) be invertible and so that there exists k > 0 such that for almost every
xr € R", we have

Re(B(x)v,v) > k||
Jor everyv € NT; M. Let w < u < 5 where

w:=ess sup gem |arg(B(z)v,v)l.
VENTE M

Then the operator Dp = d + B_ld;B has a bounded S}, holomorphic functional
calculus in H. The constant in this bound depends only on M, ||B| and k.

We begin the proof of Theorem with a localization lemma. Let p : U —
B(0,46) be a diffeomorphism (or bi-Lipschitz mapping) for some open U C M,
0 > 0. Here we let B(z,r) denote the ball in R™ with centre € R™ and radius
r > 0, where n is the dimension of M. Let p* denote the pullback by a function p.
Let ©F be as given in Definition with I' := d and Ilg := Dp.

Lemma 7.2. We have )
dt
[ 1epul? < al?
0

for every u € H with suppu C p~1(B(0,6)). The bound here depends on 0, the
hypothesis of Theorem and the gradient bounds of p and p1.

Proof. By Proposition (adapted to the setting of a compact Riemannian mani-

fold) we have that
/ OFuf* do S ]l
M\p=1(B(0,26))
and therefore that

1 1
dt dt
/ / 07 ul* do— < / Ellul* — < Jlull®.
0 JM\p-1(B(0,25)) t 0 t

It remains to show that

' B, 2 dt 2
30 L] jetup st <l
0 Jp1(B(0,26)) t

We do this by pushing the problem onto R".

Let B be the multiplication operator on Ly(R™; AcR™) that coincides with the
identity on R™\ B(0,44), and is otherwise fixed by the condition that (p~')*Dpp* =
Dy, where we write D := d+(B)~'d* B, and where d* denotes the adjoint of d under
the standard Euclidean metric. Here B = (p./J,)Bp*, where p./J, : Loy(AT*U) —
Lo(B(0,460); AcR™) is the adjoint of p* : Ly(B(0,40); AcR™) — Lo(AT*U) and p.
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denotes the pushforward and J, the Jacobian determinant of p. By our hypotheses

on B we then have B; = (B)™! and B, = B satisfy (H2,3,5) with bounds that
depend only on the hypotheses and the gradient bounds on p and p~!. By Theorem
with {T' =d, (B)™!, B} we then have

dt
(37) [ epstrD,2 7 5

where, here and after we fix v = (p~!)*u.
To complete the proof it suffices to show that
(38) 1(p~ )it Dp(I+t*Dp") " p"v — itDg(I+£*Dg") vl LaBo2s) S v

for every 0 < ¢t < 1, and that these bounds depend on the hypotheses and the
gradient bounds on p and p~!. (Indeed, we can then apply the triangle inequality
with . ) to the bound the left-hand 81de of . by a controlled constant times

|l + fo Ellul* % < [Jul|®) To see (38) holds, let 11,7, : R" — R be smooth
cut-off functions With
() = 1 ifz e B(0,(i+1)d)
TEIZ 0 ifz e R\ B0, (i 4 2)0)
and |Vn;| < 267! for : = 1,2. Observe that
(I+itDg) 'v(x) — (p)* A +itDp) ' p*v(x)

— (oYY (L+itDp) gt (oY) (L+itD)o'm — (1+itDy) (1+itDg) u(a)

= (p™")"(I+itDp) ™ p'na(L+it D) (m — 1)(I+it D)~ v(x)

— (oYY (L+itDp) g malit Dy )1 +it D) o(a)
for almost every = € B(0,26), and by Proposition [5.2 has Ly(B(0,25); AcR"™) norm
bounded by a constant multiple of ¢||Vn||||v]| < t]|v||, where the constant depends

only on the assumed constants of the hypotheses. Estimate (38) now follows by
writing QF = 5;(—RP + R%,). This completes the proof. O

Proof of Theorem[7.1. By Proposition , we need to establish (| . ) for every u €
R(I), for each case where {I', B~", B} is given by {d, B~', B}, {d}, B, B~'}, {d}, B*, (B~")*}
and {d, (B~")*, B*}. Let H be the Hodge-star operator on M and let N be the oper-
ator that changes sign of forms of odd degree. Then we have the unitary equivalence

H*(d; + BdB™")H = Nd+ B~'(Nd)*'B

where B = H*B~!H satisfies the same hypothesis as B. Consequently, all four cases
are essentially of the form {d, B~', B} which we now consider.

Since M is compact we can use Lemma [7.2{ with a standard local chart/partition
of unity argument to deduce that

/ joul* < < ful

Again because M is compact, and also because u € R(d) and thus Pu € R(D), we
can apply the Gaffney-Garding inequality (see [29, Theorem 7.3.2]) to deduce that
| Pau|| S ||DPuul|, and therefore conclude that

> dt > dt >
/ IIGtBPtUIIQ—S/ ||PtU|I2—S/ [tD Prul|* — N/ Ju ||2 7 S Ml
. t~ ) t "~/ t ) t
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This with Lemma proves and so completes the proof of Theorem (7.1, [

We now state an application of the above theorem. Given a smooth perturbation
g+ h of g we let

|he| = sup{|hz(v,v)| : v € NT,M , g.(v,v) =1}

for all z € M, and define ||h||o := sup,ey |hz|. (This norm is equivalent to the one
given in the Introduction, but more useful for our purposes.)

Theorem 7.3. Let M be a compact Riemannian manifold with metric g, let g+ h
be a measurable perturbation of g with ||h||s < 1/4, and let 0 < p < 7 be given by
p = cos~(1/4). Then we have

1/ (Dgin) = F(D)ll S M1 ool Alloo

for every bounded f : S;, U{0} — C holomorphic on S;,. The constant in the above
bound depends only on M.

Remark 7.4. Lipschitz estimates like those in Theorem [7.3] also hold in terms of
the quadratic estimates appearing in the second part of Theorem [6.5] These results
are a consequence of the deeper fact that the mapping given by z — f(Dgyi.n)
depends holomorphically on z € C when |z| < ||h]|z}. These same results hold for
any manifold bi-Lipschitz equivalent to Euclidean space, and follow by arguments
similar to those used in this section. We leave the details to the reader.

Proof of Theorem[7.3. We can implicitly define A € Lo, (L)) by the formula
(1 + A(z))u(z),v(x))g = (u(@), v())g+n

for every w,v € Lo(AcT*M). Here we let (-, )44 and (-, -), denote the metrics on
M corresponding to g + h and g, respectively. Our hypothesis on g + h implies that
A € Loo(Lyr) with ||A|lee = ||h]]ec < 1/4 and therefore also

- [172]] oo
11— (I+A) e < <1/3.
1= [|Alo
Moreover, we have
(I + A)dg pyu,0)g = (dgypu, 0)gin = (u, dv)grn = (I + A)u, dv)g = (dy(I + A)u, v),

g
for every u,v € Lo(AcT*M) with v € D(d}, ;) and v € D(d), and therefore

g+h
Dyn=d+d; , =d+(I+A)"d) I+ A).
The desired result now follows from an application of Theorem [7.1] and results anal-

ogous to Theorem with Ay = A, Ay =T +A)'—1,n=1/2, k =1, and
B;=1fori=1,2. O

APPENDIX A. FURTHER PROPERTIES OF THE HODGE DECOMPOSITION

In this appendix we verify the claim of Remark [6.2 As in Section {4 we assume
that the triple of operators {I', By, By} in a Hilbert space H satisfies properties
(H1-3). We begin with a lemma.
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Lemma A.1. The Hodge projections can be represented as limits of resolvents in
the following ways:

PQu = lim (I+inllg) 'u = lim (I —inllg)'u  forall uweH ;

n—oo n—oo

Ppu = lim inl5(1+inllp) 'u = lim inl(—I+inllg) 'u  forall u €M ;

i
—00

Phu = lim (I+inllg) ‘inl'u = lim (— I +inllg) YinlTu  for all w € D(T) ;

P%u = lim inI(I+inllp) 'u = lim inl'(— [ +inllg)'u  forall uw€H ;
Piu = nlLIEO(I +inllg) tinlu = nh_)rgo(— [+inllp) tinlu  for all u € D(I'y) .
Remark A.2. If N(IIz) = {0}, then Pk = T%II5' = [I5'T and P% = I'll;' =

H;lF*B on the appropriate domains, in which case the proofs would be somewhat
more direct.

Note that, by Proposition [2.5| and Lemma 4.2}, each of the operator sequences
(I+inllg)~t, inl(I+inllg)~"!, etc, is uniformly bounded in n. It is not a-priori
clear that their strong limits exist. This will be shown in the course of the proof.

Proof. We begin by showing that
(39) QPu = nllp(I+n*15%) 'u — 0
as n — oo for every u € H. The expression on the left vanishes if u € N(Ilp), so it
suffices to consider the case when u € R(Ilg). If w =Ilgv € R(Ilg), then
Q7 ull = 1Q; vl = fllv = vl < sllvll — 0
as n — oo. Since, by Proposition , the sequence ||QP]| is uniformly bounded, we

conclude by a standard continuity argument that 1) holds for every u € R(Ilp).
Define operators Ty, T} and T3 on H by

Tou = lim (1+inllz) v,

Tiu = lim inl(I+inllp) v and Thu = lim inD(I +inllp) 'u
whenever u € 'H and the corresponding limit exists. We next show that
(40) Tou = lim (I —inllp) tu,

Tu = lim inl(—I+inllp) 'u = lim (I +inllp) tinlu
41 n—oo n—oo
(41 = lim (— [ +inllg) 'inlu

and
Tyu = lim inl'(—T+inllg) 'y = lim (I+inllg) tinlhu

= lim (= I4+inllp) tinlu

whenever u € ‘H (and when required, u € D(I') or u € D(I'%;)) and the corresponding
limit exists. Here we interpret the above as saying that if one such limit exists, then

the limits that are indicated to be equal, also exist.
Equation follows by and the fact that

(I-tinIlp) ™! — (I—inllp) ™" = ~2inllp(L+n°T1) .
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To see the first equality in , observe that by and Lemma we have
linT (I +inllg) tu — inl'(— I +inllp) 'u|| = ||2inD (1 +n*15?)  ul|
< |nlp(I+n*T15%) tul| — 0

as n — 0o0. The second equality in follows from (39) and the identity
inl(— I +inllp) 'u — (I4+inllg) tinlu
= (I4+inIlg) "' (I +indlg)inl — inl(— I 4+inllp)) (— I +inllg) 'u
= (I44nIlg) ' (in] + inly) (= [ +inllp)u
= —inllz(1+n*Tl%) " tu = —iQ5u
for all u € D(I'}).

The remaining equality in as well as Equation can be proved by similar
arguments.

We note that Tyu = u when u € N(II), and, by adapting the proof of (39), that
Tou = 0 when u € R(IIp) and hence when u € R(Ilg). Therefore Ty = P,

Now investigate Ti. By (41), Thu = 0 when u € N(T'). If u € R(T'j), let u = v,

where, by Proposition , we may assume that v € R(I"). Using the facts that
Tov = 0 and that I'}; is closed, we obtain

(44) Tyu = lim inlp(I1+inllg) gy = lim Iy(I —(I+inllp) v =T = u.

(43)

By a standard argument, we find that Tyu = u when u € R(T'%). Therefore Ty = PL.

Similarly, Tou = 0 when u € N(T'%;), and Tou = v when u € R(T), so that T, = P%.
0J

Define operators P, and P% on H by

PLu = lim nl*By(I+inllg)'u for all ueH,

PZu = lim (I+inllg) " tinBiI™u  for all e D(I').

n—oo

The fact that the limits defining Pl and P% exist and define bounded operators, as
well as the fact that P, = ByPL and P% = P%B,, now follow from (12), (13). We
remark that for , and to be true, the sum of the right-hand sides must

equal zero, which requires
PZA,PL + PLAPL = 0.
Indeed, this is a consequence of the assumption I'* By BiI™ = 0.

Proof of Remark[6.3 Let Tg = (I+inllg)™!, Ty = inly(I+inllg)~" and Ty =
inl'(I+inllz)~'. By Proposition and Lemma we have that the mappings
2z — T¢, z — T and z +— T3 are uniformly bounded. Furthermore Lemma
shows that T3' — P%, 77 — PL and Ty — P% strongly. Thus it will follow
from Lemma that z — P% | 2z — Pg(z) and z — PQB(Z) are holomorphic with
derivatives as stated in , and once we prove that 17", i = 1,2,3 are
holomorphic functions and that d%]}” have as strong limits the right hand sides in

, and respectively.
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For 1§, we see that

d d
d—Tgu = d—(I +inllg) 'u = —(1+inllp) ' Ayinl™* Bo(I+inllg) 'u
z z

(45) — (I4inIlg) ' ByinI™ Ay (I +inllg) 'u
— (=P%A,PL — PZA,PY)u.
For T7', we see that when u € D(T'),

d d
(46) %Tfu = E(I +inllg) tinlu = — (I +inllg) ' Ayinl™* Bo(I +inllp) tinl'u

— (I+inIlp) ' Byinl™ Ay (1 +inllp) tinTu .

The second term on the right-hand side converges to —P%A,PLu. In order to
calculate the first term on the right-hand side, we note by an argument similar to

that

inI(I4+inllg) ™t — (= I +inllp) tinl = —inllg(I4+inllg) " (— 1 +inllg) "
This with the fact that ['> = 0 implies that
inI(14+inllp) tinl = —inllg(I1+inllg) ' (— [ +inllg) tinl — (P%—I)PL = —P}

as n — o00. Therefore the first term on the right-hand side of converges to
P% A PLu as n — oc.

A similar argument shows that L75u — (—=P%A,PL, + P%A,PY%)u. This com-
pletes the proof. O
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