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Abstract. Let S and T be commuting operators of type ! and type $ in a
Banach space X . Then the pair has a joint holomorphic functional calculus in
the sense that it is possible to de�ne operators f(S; T ) in a consistent manner,
when f is a suitable holomorphic function de�ned on a product of sectors. In
particular, this gives a way to de�ne the sum S+T when !+$ < �. We show
that this operator is always of type � where � = maxf!;$g. We explore when
bounds on the individual functional calculi of S and T imply bounds on the
functional calculus of the pair (S; T ), and some implications for the regularity
problem of when k(S + T )uk is equivalent to kSuk + kTuk.

1. Introduction

The class of operators of type ! is important in functional analysis and partial
di�erential equations. Well known examples include elliptic operators on various
domains [GS, See], m-accretive operators and m-sectorial operators [Kat]. In the
paper [Mc], one of the authors developed a functional calculus for operators of
type ! on Hilbert spaces which was extended to include more general Banach
spaces in [CDMcY]. This calculus provides a uni�ed theory for which fractional
powers, exponentials, logarithms, imaginary powers, and other functions, includ-
ing unbounded functions, of these operators can be de�ned and their properties
investigated. The objectives have been �rst to show that functions of operators
of type ! are closed, second to say something about their domains, and third
to give su�cient conditions for the boundedness of the functional calculus. Fur-
ther work on functional calculi is included in [McY], [McQ], [AMcN], [Fra1], and
[FMc]. There is also related material in [deL1] and [deL2].
There has been much work done on functions of two or several commuting

operators. One important result is the maximal regularity theorem of Dore and
Venni [DV] and Giga and Sohr [GS]. They prove that if S and T are two com-
muting operators on a UMD space which have bounded imaginary powers, then
kSu k � ckSu+ Tu k for all u 2 D(S) \ D(T ), or in other words, S

S+T is a
bounded operator. In [BC], Baillon and Clement construct a pair of closed com-
muting operators on a Hilbert space whose sum is not closed. In this paper we
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extend the techniques developed in [Mc] and [CDMcY] to construct joint func-
tional calculi for several commuting operators of type !. It turns out that when
de�ned via this functional calculus, functions of several commuting operators of
type ! are always closed. However, questions of boundedness, and hence domain,
depend on the underlying Banach space. For ease of exposition we develop our
ideas for pairs of commuting operators, though most of our results can easily be
extended to n-tuples of operators. Some of this work was investigated by one of
the authors in his thesis [Alb]. An alternative development of a joint functional
calculus of a pair of operators of type ! is given in [LMc].
An outline of this paper is as follows. In Section 2 we give de�nitions and

conventions, and show how results for the functional calculus of a single operator
of type ! acting on any Banach space X can be extended to a joint functional
calculus for pairs of commuting operators.
In Section 3 we specialise to consider the sum S+T of two commuting operators

S and T of type !. The sum de�ned by the functional calculus is always of
type !. It may happen that the sum de�ned in this way has a strictly larger
domain D(S + T ) than the the intersection D(S) \ D(T ), as follows from the
example in Section 6.
In Section 4, we show for operators on Hilbert spaces, that a pair (T; S) of com-

muting operators of type ! individually admitting bounded holomorphic func-
tional calculi, admits a bounded joint functional calculus. In fact more holds
and in Theorem 4.1 we show that even if only one operator T has a bounded
functional calculus, and if � > !, then

k f(T; S) k � c supfk f(z; S) k : j arg zj < �g:(1)

In Section 5 we consider commuting operators S and T of type ! acting on
Lp(
), 1 < p < 1. It is unknown whether (1) holds in this case when T has a
bounded functional calculus. Nevertheless we use a di�erent argument to prove
that the pair (T; S) has a bounded joint functional calculus whenever both T and
S individually have bounded holomorphic functional calculi.
In Section 6 we give an example of two commuting operators of type ! each

of which admits a bounded holomorphic functional calculus, though the joint
functional calculus of the pair is not bounded.
Before attending to the technical matters of the rest of this paper, the authors

thank Alan Pryde and Xuan Duong for a number of helpful discussions.

2. Functional Calculus

We begin with a few de�nitions and conventions. For 0 � ! < � let S! denote
the open sector de�ned by

S! = fz 2 C : j arg(z)j < !g
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with closure given by S!. An operator T acting on a complex Banach space X
is said to be of type ! if T is closed, �(T ) is contained in S!, and for each � in
(!; �), there exists c� such that

k(T � zI)�1k � c�jzj
�1 for all z 2 C n S�:

We say that two operators of type !, T and S, commute if their resolvents
commute.
For �; � < �, and functions f and g which are holomorphic on S� and S�� S�

respectively, set

k f k1 = supfjf(z)j : z 2 S�g; and

k g k1 = supfjg(z;w)j : (z;w) 2 S� � S�g:

As usual, denote the Banach algebras of bounded holomorphic functions on S�
and on S� � S� by H1(S�) and H1(S� � S�). Also set

	(S�) =
n
 2 H1(S�) : j (z)j � c

jzjs

1 + jzj2s
for some s > 0

o
;

	(S� � S�) =
n
 2 H1(S� � S�) : j (z;w)j � c

jzwjs

(1 + jzj2s)(1 + jwj2s)

o
:

Let ! < � < �, and $ < � < �, and let T and S be commuting one-one
operators of type ! and $, respectively, with dense domains and ranges in a
complex Banach space X . If f 2 H1(S� � S�) and h is de�ned by

h(z;w) = �(z;w)f(z;w); where

�(z;w) =
zw

(z + 1)2(w + 1)2
;

then h is in 	(S� � S�). Thus, h(T; S) is a well de�ned bounded operator given
by the following integral which converges absolutely in operator norm,

h(T; S) =
� 1

2�i

�2 ZZ
@S��@S�

h(z;w)
1

z � T

1

w � S
dzdw:

We de�ne then f(T; S) by

f(T; S) = (T (T + I)�2S(S + I)�2)�1h(T; S):

Now (T (T+I)�2S(S+I)�2)�1 is a closed operator with dense domain and h(T; S)
preserves this domain, thus f(T; S) is a closed densely de�ned operator. Using
the one variable methods from [Mc, CDMcY], one can show that the de�nition
of f(T; S) does not depend on our choice of �.
By using functions in 	(S� � S�) with su�cient decay, one also de�nes un-

bounded functions of T and S such as polynomials. In fact the one variable
methods extend to proving the following theorem.

Functional Calculus Theorem. Let T and S be commuting one-one operators

of type ! and $, respectively, with dense domains and ranges in a complex Banach
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space X . Then for each � > ! and � > $ there exists a unique holomorphic joint

functional calculus of T and S with the property that for all holomorphic functions

f on S��S� with polynomial bounds and 1 and rational bounds at 0, f(T; S) is
a closed operator with dense domain D

�
f(T; S)

�
, and

f(T; S) + g(T; S) =
�
f + g

�
(T; S)

���D(f(T;S)) and

g(T; S)f(T; S) =
�
fg
�
(T; S)

���D(f(T;S)):
We say that (T; S) has a bounded H1(S� � S�) functional calculus if, for all

f 2 H1(S� � S�), f(T; S) 2 L(X ) and

k f(T; S) k � c k f k1
for some constant c independent of f . Note that this implies that T and S have
bounded H1(S�) and H1(S�), respectively, functional calculi. We also have
a Convergence Lemma for commuting operators which is useful for obtaining
bounds for functions of operators.

Convergence Lemma. Suppose ! < � < �, and $ < � < �, and let T and S be

commuting one-one operators of type ! and $, respectively, with dense domains

and ranges in a complex Banach space X . Let ff�g be a uniformly bounded

net in H1(S� � S�). Suppose the net ff�(T; S)g is a uniformly bounded net of

operators and ff�g converges uniformly on compact subsets of S� to f . Then

f(T ) is bounded, f�(T )x! f(T )x for all x 2 X , and k f(T ) k � sup� k f�(T ) k.

3. The Sum S + T

Included in the functional calculus is the operator S + T de�ned by
S + T = s(S; T ) where s(z;w) = z + w. By the Functional Calculus Theorem,
D(S) \ D(T ) = D(S + T ) \ D(S), and thus D(S) \ D(T ) � D(S + T ).
Using the joint functional calculus we show that in any Banach space, this

operator S + T is of type ! under the following natural conditions.

Theorem 3.1. Suppose S and T are one-to-one operators of type ! and $ re-

spectively which act on a complex Banach space X , with ! < �

2
, ! � $ and

! +$ < �. If the the resolvents of S and T commute, then the operator S + T
de�ned by the joint functional calculus of S and T is of type $.

Proof. Let � > $. Choose � so that ! < � < � � $. One has, whenever
j arg zj � �,

1

z � (S + T )
=

1

z � S
+

T

(z � S)(z � (S + T ))

=
1

z � S
+
� T

z � T

� 1

z � S
+
� T

z � T

� S

(z � S)(z � (S + T ))
:
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Thus, since (z � S)�1 and T (z � T )�1 are bounded, to show that 1

z � (S + T )

 � c

jzj
; j arg zj � �;

one need only show that S

(z � S)(z � (S + T ))

 � c

jzj
; j arg zj � �:(2)

To estimate this norm we �rst note that

S

(z � S)(z � (S + T ))
=

1

2�i

Z
@S�

�

(z � �)(z � (� + T ))(� � S)
d�:(3)

Now split @S� into two pieces by letting �1 = @S� \ f� : j�j � 2jzjg and �2 =
@S� \ f� : j�j > 2jzjg. Since S and T are one-to-one operators of type ! and $
and ! < � < � �$ one has for � 2 �1 that

k(z � (� + T ))�1k; jz � �j�1 �
c

jzj
:

Further, for � 2 �2, the norm of the operator in the integrand of (3) is bounded
by cj�j�2. Using these estimates one obtains S

(z � S)(z � (S + T ))

 � c

Z
�1

��� 1

(z � �)

���  1

z � (� + T )

 �

� � S

jd�j
+ c

Z
�2

 �

(z � �)(z � (� + T ))(� � S)

jd�j
�

c

jzj2

Z
�1

jd�j+ c

Z
�2

j�j�2jd�j

�
c

jzj
:

Thus (2) holds and hence the proof is complete.

The operator S + T de�ned by the functional calculus may have domain
D(S + T ) strictly bigger than D(S) \ D(T ), or in other words, the operator
S

S+T may be unbounded. See Section 6 for an example. It follows from the re-

sults of Dore and Venni as extended by Giga and Sohr, that S

S+T is necessarily
bounded if either (i) X is a Hilbert space and one of the operators has a bounded
functional calculus, or (ii) X is a UMD space and both operators have bounded
functional calculi. See the next two sections.
Such results in other spaces have been proved in recent years by Lancien,

Lancien and Le Merdy [LLL, LL] using the discrete quadratic estimates of [FMc].
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4. Hilbert Spaces

The following result shows how well behaved Hilbert spaces are with regard
to joint functional calculi. The techniques used in the proof are similar to those
used to prove the su�ciency of quadratic estimates in [Mc].

Theorem 4.1. Let ! < � < �, and $ < � < �, and let T and S be commuting

one-one operators of type ! and $, respectively, with dense domains and ranges

in a complex Hilbert space H. If T has a bounded H1(S�) functional calculus,

then

k f(T; S) k � c supfk f(z; S) k : z 2 S�g:

Proof. By the results in [Mc], there exist constants q, q� and a non-zero function
 2 	(S�) such that for every x 2 H,�Z 1

0

k (tT )x k2
dt

t

� 1

2

� qkx k

and for T �, the adjoint of T ,�Z 1

0

k �(tT �)x k2
dt

t

� 1

2

� q�kx k

where  �(z) =  (�z). Let � be any function in 	(S�) such thatZ 1

0

�(t) 2(t)
dt

t
= 1:

For f 2 H1(S� � S�) and 0 < " < R <1, de�ne f";R 2 	(S�) by

f";R(z;w) =

Z R

"

f(z;w)�(tz) 2(tz)
dt

t
:

Therefore, for every x, y 2 H, we have

jhf";R(T; S)x; yij =

����
Z R

"

hf(T; S)�(tT ) (tT )x; �(tT �)yi
dt

t

����
� q q� sup

t

k f(T; S)�(tT ) k kx k k y k:

Since �(tz) is uniformly bounded with respect to t in L1(@S�; jdzj=jzj) one obtains

sup
t

k f(T; S)�(tT ) k = sup
t

 1

2�i

Z
@S�

�(tz)f(z; S)
1

z � T
dz


� c supfk f(z; S) k : z 2 S�g;

where c depends on T , � and � but not f . The result now follows by the Con-
vergence Lemma.
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With this theorem we have the following two corollaries, the �rst of which is
immediate.

Corollary 4.2. Let T and S be as in Theorem 4.1, and suppose further that T
and S have bounded H1(S�) and H1(S�), respectively, functional calculi. Then

(T; S) has a bounded H1(S� � S�) functional calculus.

Corollary 4.3. Let T and S be as in Theorem 4.1, and suppose further that

! + $ < �. Then S + T , de�ned by the joint functional calculus, is a closed

operator of type maxf!;$g. Moreover, if T has a bounded H1(S�) functional

calculus then kSu k � ckSu+ Tu k for all u 2 D(S) \ D(T ).

Proof. By the Functional Calculus Theorem and Theorem 3.1, S + T is a closed
operator of type maxf!;$g. Let f(z;w) = w(z+w)�1. Then f 2 H1(S��S�),
where maxf!;$g < � < �. So, by Theorem 4.1, f(T; S) is bounded and, from
the properties of the functional calculus of T and S one has

kSu k = k f(T )(S + T )u k � ckSu+ Tu k

for all u 2 D(S) \ D(T ).

Dore and Venni proved, in their paper [DV], a similar result by a completely
di�erent technique, under the additional assumptions that S and T are invertible.

Remark. The methods used in Theorem 4.1 can be used to show that on a
Hilbert space, an operator T of type ! which admits a bounded H1(S�) func-
tional calculus, admits a bounded operator{valued functional calculus as well.
More precisely, if A is the commutant of T and F (z) 2 H1(S�;A) then by fol-
lowing the proof of Theorem 4.1 replacing f by F one obtains a bounded operator
F (T ) with bound depending on the uniform norm of F . More generally, even if T
does not admit a bounded H1(S�) functional calculus and acts on a general Ba-
nach space X , one can show that there exists a unique operator{valued functional
calculus, that is a linear mapping from H1(S�;A) into the closed operators on
X which takes F to F (T ). More information about such functional calculi is
contained in [Alb].

5. Joint Functional Calculi in Lp Spaces

In this section we are concerned with operators acting on Lp(
), 1 < p < 1,
where 
 is a �-�nite measure space. Our treatment here closely follows the work
in one variable in [CDMcY]. Let ! < � < � and $ < � < �. Throughout this
section (T; S) denotes a pair T and S of commuting one-one operators of type
! and $ respectively, with dense domains and ranges acting on Lp(
). Let p0

denote the conjugate index of p, h�; �i the bilinear pairing between Lp(
) and
Lp

0
(
), and T 0 and S0 the operators on Lp

0
(
) which are dual to T and S with

respect to this pairing.
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Let  2 	(S��S�) and consider the following conditions which the pair (T; S)
and (T 0; S0) may satisfy:

k f(T; S) k � c k f k1; for all f 2 H
1(S� � S�); and(F�;�) Z 1

0

Z 1

0

jh (tT; sS)u; vij
dt ds

ts
� ck u kp k v kp0;(W ) 

�Z 1

0

Z 1

0

j (tT; sS)u(�)j2
dt ds

ts

� 1

2


p

� c k u k
p
;(S )


�Z 1

0

Z 1

0

j (tT 0; sS0)v(�)j2
dt ds

ts

� 1

2


p0

� c k v k
p0
;(S� )

for all u 2 Lp(
) and v 2 Lp
0
(
), where c denotes a constant which may be

di�erent for di�erent conditions.
These conditions are natural generalizations of the conditions for a single op-

erator of type ! which were investigated by Cowling et al. [CDMcY]. The func-
tional condition (F�;�) means that the pair of operators (T; S) has a bounded
H1(S� � S�) functional calculus, and the conditions (W ) and (S ) are, respec-
tively, weak and strong quadratic estimates.
For a single operator in a Hilbert space, it was shown by McIntosh in [Mc] that

the strong quadratic estimate, together with the dual statement, is equivalent
to the functional condition, and to the weak quadratic estimate. In [CDMcY] it
was shown for general Banach spaces, that the functional condition is equivalent
to the weak quadratic estimate, while for Lp spaces, it is also equivalent to the
strong quadratic estimate together with the dual statement.
In this section we shall show that (T; S) satisfying the functional condition is

equivalent to T and S satisfying individual functional conditions. Before proving
this we shall list several results for pairs of operators. The proofs of these results
are not given and are similar to the proofs for a single operator given in [CDMcY].

(a) If (T; S) satis�es condition (F�;�) then (T 0; S0) satis�es condition (F�;�).

(b) If (T; S) satis�es condition (F�;�) and  2 	(S� � S�) then (T; S) satis�es
condition (W ).

(c) If (T; S) satis�es (W ) for some  in 	��;�� (de�ned below), where ! <
� < � and $ < � < � then (T; S) satis�es (F�;�), where � < � < � and
� < � < �.

(d) If (T; S) satis�es (S ) and (T 0; S0) satis�es (S��), where  , � 2 	(S� � S�)
then (T; S) satis�es (W ��).

The Mellin transforms of � 2 	(S�) and  2 	(S��S�) are de�ned as follows:
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b�e(x) = Z 1

0

 (t)t�ix
dt

t
; for all x 2 R; and

c e(x; y) = Z 1

0

Z 1

0

 (t; s)t�ixs�iy
dt ds

ts
; for all (x; y) 2 R2:

Let 	�(S�) and 	�;�(S��S�) be the subspaces of 	(S�) and 	(S��S�), respec-
tively, consisting of those functions � and  , respectively, for which there exists
c > 0 such that

��� b�e(x)��� � c e��jxj; for all x 2 R; and���c e(x; y)��� � c e��jxj��jyj; for all (x; y) 2 R2; and let

	�� =
\

0<�<�

	�(S�) and 	��;�� =
\

0<�<�
0<�<�

	�;�(S� � S�):

Example 5.1. Let 0 < � < � and let

g�(z) =
ei�

z � ei�
�

e�i�

z � e�i�
:

Then g�, g
2
� 2 	��. Moreover, if f(z;w) = g�(z)g#(w) then, f , f2 2 	��;#�.

The following lemma is a two dimensional randomization lemma (see Stein
[Ste] for more details).

Lemma 5.2. Suppose that 1 < p < 1 and that fuk;lg is a double sequence of

functions in Lp(
). Then

(X
k;l

juk;lj
2)

1

2


p

� C sup
j�kj�1

sup
j�lj�1

X
k;l

�k�luk;l


p

;

where C is a constant.

Proof. Let frkg denote the Rademacher functions on [0; 1]. Then, by the results
in [Ste] we have:
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k;l

juk;lj
2� 1

2

p
p

=

Z



�X
k;l

juk;l(x)j
2� p2 d�(x)

=

Z



�Z 1

0

Z 1

0

����X
k;l

rk(t)rl(s)uk;l(x)

����2dt ds
� p

2

d�(x)

� C

Z



Z 1

0

Z 1

0

����X
k;l

rk(t)rl(s)uk;l(x)

����pdt ds d�(x)
= C

Z 1

0

Z 1

0

X
k;l

rk(t)rl(s)uk;l(x)

p
p

dt ds

� C sup
j�kj�1

sup
j�lj�1

X
k;l

�k�luk;l

p
p

:

Theorem 5.3. Suppose  2 	(S�), � 2 	(S�), T satis�es (F�0), where ! <
�0 < �, and S satis�es (F�0), where $ < �0 < �. Then (T; S) satis�es (S �).

Proof. Let h 2 C10 (R) such that supp(h) � [�2; 2], and

1X
k=�1

hk(s)
2 � 1;

where hk(s) = h(s� k). Then

�Z 1

0

Z 1

0

j (tT )�(sS)uj2
dt

t

ds

s

� 1

2

=

�
1

4�2

Z 1

�1

Z 1

�1

���c e(�)T i� b�e(�)Si�u���2 d� d��
1

2

=

�
1

4�2

1X
k=�1

1X
l=�1

Z 1

�1

Z 1

�1

���hk(�)c e(�)T i�hl(�) b�e(�)Si�u���2d� d��
1

2

�
1

2�

X
k;l

�Z 1

�1

Z 1

�1

���hk(�)c e(�)T i�hl(�) b�e(�)Si�u���2d� d��
1

2

:

Thus
�Z 1

0

Z 1

0

j (tT )�(sS)uj2
dt

t

ds

s

� 1

2


p

� C
X
k;l


�X
n;m

jak;n(T )bl;m(S)uj
2

� 1

2


p

where
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ak;n(z) =

Z 1

�1
hk(�)c e(�)e�in�zi� d� for allz 2 S�; and

bl;m(w) =

Z 1

�1
hl(�) b�e(�)e�im�wi� d� for all w 2 S� :

In Lemma 6.5 of [CDMcY] it is shown thatX
n

sup
�2S�

X
k

jak;n(�)j <1; and
X
m

sup
w2S�

X
l

jbl;m(w)j <1:

Let ku k
p;�;�

= supfk a(T )b(S)u k : a 2 H1(S�); b 2 H1(S�) k a k1; k b k1 � 1g.

Using Lemma 5.2 and Lemma 6.5 of [CDMcY], we have:X
k;l

�X
n;m

jak;n(T )bl;m(S)uj
2� 1

2


p
� C

X
k;l

sup
j�n j;j�m j�1

X
n;m

�nak;n(T )�mbl;m(S)u

p

� C
X
k;l

sup
z2S�0 ;w2S�0

X
n;m

jak;n(z)bl;m(w)j ku kp;�0;�0

� C 0ku k
p;�0;�0

� C 0ku k
p
:

We come now to the main result in this section.

Theorem 5.4. Suppose ! < � < � < �, T satis�es (F�), $ < � < � < �, and
S satis�es (F�). Then (T; S) satis�es (F�;�).

Proof. Let � < � < � and � < # < �. Take any  2 	�� and � 2 	#�
such that  2�2 2 	��;#�. Then, since T satis�es (F�) and S satis�es (F�), it
follows from Theorem 5.3 and (a) that (T; S) satis�es (S �) and (T 0; S 0) satis�es
(S � ��). Therefore, by (d), (T; S) satis�es (W 2�2). Hence, by (c), (T; S) satis�es
(F�;�).

Remark. An alternative proof of Theorem 5.4 appears in [FMc]. It uses discrete
quadratic estimates directly, and so does not need the argument in Theorem 5.3
of getting from discrete estimates to continuous ones.
An immediate consequence is the result of Dore and Venni [DV] and Giga and

Sohr [GS], in the special case when X = Lp(
) and T and S have bounded
functional calculi. (They proved it when X is a UMD space and T , S have
bounded imaginary powers.) See also [PS] and [M].

Corollary 5.5. Let T and S be commuting one-one operators of type ! and $,

respectively, in Lp(
). Suppose ! < � < �, T satis�es (F�), $ < � < �,
S satis�es (F�), and � + � < �. Then T + S is closed. Moreover kSu k �
ck (S + T )u k for all u 2 D(S) \ D(T ).

Proof. Let f(z;w) = w(z+w)�1. Then f 2 H1(S��S�), where � < � < �, � <
� < � and �+ � < �. Therefore, by Theorem 5.4, f(T; S) is a bounded operator,
and so by a similar argument as in the Corollary 4.3, the result follows.
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Another consequence of Theorem 5.4 is the following result of Giga, Giga and
Sohr [GGS], in the special case when X = Lp(
) and T and S have bounded
functional calculi. (They proved it when X is a UMD space and T , S have
bounded imaginary powers.)

Proposition 5.6. Let T and S be commuting one-one operators of type ! and $,

respectively, in Lp(
). Suppose T satis�es (F�), S satis�es (F�), ! < �, $ < �,
� + � < �, and 0 < � < 1. Then the norms kT �u k + kS�u k, k (T � + S�)u k,
and k (T + S)�u k are all equivalent on D(T �) \ D(S�).

Proof. Let f�(z;w) = z�(z + w)��. Then f� 2 H1(S� � S�) where � < � < �
and � < � < �. Therefore, by Theorem 5.4, f�(T; S) is a bounded operator, and
so

kT �u k � k f�(T; S)(T + S)�u k � k f� k1 k (T + S)�u k:

Consideration of other functions such as w�(z+w)�� and (z+w)�(z�+w�)�1

gives the result.

6. Counterexample

One might expect that a pair (T; S) of commuting operators of type ! admits
a bounded joint functional calculus when T and S individually have bounded
holomorphic functional calculi. The following counterexample shows that this
need not be true even for nice operators if the underlying Banach space is bad
enough.
We now construct an example of two operators with bounded holomorphic

functional calculi, but for which the joint functional calculus is not bounded
because of the nature of the Banach space in which they act. Indeed the estimate
of Dore and Venni is not valid in this case.
The Banach space is X = K(l2), namely the space of all compact linear oper-

ators on the Hilbert sequence space l2 with the operator norm. The operators S
and T are de�ned by S(K) = AK and T (K) = KA where A is the unbounded
self-adjoint operator in l2 de�ned by (Au)j = 2juj for all u 2 D(A), where

D(A) = fu 2 l2 :
1X
j=1

22jjujj
2 <1g:

The operators S and T have domains

D(S) = fK 2 X : R(K) � D(A) and AK 2 Xg; and

D(T ) = fK 2 X : KA 2 Xg:

It is straightforward to verify that S and T are both closed one-one operators
with dense domains and dense ranges. Moreover, if � 2 �(A) then � 2 �(S) and
� 2 �(T ) because
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(S � �I)�1(K) = (A� �I)�1K and

(T � �I)�1(K) = K(A� �I)�1;

for all K 2 X , and indeed k (S � �I)�1 k = k (T � �I)�1 k = k (A� �I)�1 k.
Therefore both S and T are of type 0 in X . Clearly S and T commute (in the
sense that their resolvents commute).
By similar reasoning we see that S and T each have a bounded H1(S�) func-

tional calculus for all � > 0. Indeed f(S)(K) = f(A)K and f(T )K = Kf(A) for
all K 2 X , and so

k f(S) k = k f(T ) k = k f(A) k = k f k1

for all f 2 H1(S�).
Let us now consider the action of S

S+T
on the particular elementK = (Kjk) 2 X

de�ned by

Kjk =

8<
:

1

k � j
if j 6= k, 1 � j � N , 1 � k � N

0 otherwise

where N is a large positive integer. Note that K is essentially a �nite Toeplitz
matrix corresponding to the function f(�) = i(� � �) on 0 < � < 2�, and so
kK k � �.
Let Z = (Zjk) =

S

S+T (K). Then

Zjk =

8<
:

2j

(2j + 2k)(k � j)
if j 6= k, 1 � j � N , 1 � k � N

0 otherwise;

and kZ k �
p
2
3 log(N2 )� 1, as is seen by applying Z to the vector v = (vj) where

vj = 1 if 1 � j � N and vj = 0 if j > N .
Therefore, for all n > 0, there exists K 2 D( S

S+T
) 2 X such that S

S + T
(K)

 � nkK k:

Hence S

S+T is not a bounded operator. Consequently (T; S) does not have an
H1(S� � S�) functional calculus, at least when � <

�
2 . (It is easy to adapt the

example to treat the case � � �

2 .)
On de�ning L = (Ljk) 2 X by

Ljk =

8<
:

1

(2j + 2k)(k � j)
if j 6= k, 1 � j � N , 1 � k � N

0 otherwise;

we see that

kS(L) k � 1
�
(
p
2
3 log(N2 )� 1)k (S + T )(L) k
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so that the estimate of Dore and Venni does not hold in the space X .
This example is based on previous counterexamples of McIntosh. See, for ex-

ample [McY]. We also note that the imaginary powers of ST�1 form a contractive
C0-group but (1+ST�1)�1 is unbounded. This provides an example of a C0-group
with an analytic generator which is not an operator of type !, see also [Fra2].
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