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Introduction

The principal theme of this course concerns debnitions and bounds on functions(T) of lin-
ear operators in Banach spaces<, in particular in Hilbert spaces. Ideally the bounds would

be of the form 'f(T)! ! Ifl, , or better still 'f(T)I " ! f!, . The latter happens when T
is a self-adjoint operator in a Hilbert space andf is a Borel measurable function on$the real
! 0
" ' Iy 3
line. For example if X = CN and T is represented by the matrix T = # ) é then
0 ]
] $ N
f(li) 0
! f(!2) s
f(ry=" g
0 f(n)
and so! f (T)!'" max|f (!;)]" fly . I(-lowever such estimates cannot always be gbtained, as i§ in-
L # «1  _n
dicated by the exampleT,, = ;') . andf(")= 7, because (T,) = T, V2= # O” i &
n n

blows up asn $ % .

It is assumed that the reader has a basic knowledge of topology, metric spaces, Banach and Hilbert
spaces, and measure theory. Suitable references for this material are the booReal and Complex
Analysis by W. Rudin, Real Analysisby H.L. Royden [Rud87], Introduction to Topology and Modern
Analysis by G.F. Simmons [Sim83],Functional Analysis by F. Riesz and B. Sz.-Nagy[[RSN90], and
Linear Operators, Part |, General Theory by N. Dunford and J.T. Schwartz [DS88]. Later, we may
also expect some knowledge of Fourier theory and partial di"erential equations.

Useful books include: Tosio Kato,Perturbation theory for linear operators [Kat76]; Paul Halmos,
Introduction to Hilbert space [Hal98]; Edgar Lorch, Spectral theory[Lor62]; Michael Reed and Barry
Simon, Methods of modern mathematical physics. I. Functional analysidRS72].

Parts of these lectures are based on the lecture note®perator theory and harmonic analysisby
David Albrecht, Xuan Duong and Alan Mcintosh [ADM96]] which are in turn based on notes
taken, edited, typed and rebned by lan Doust and Elizabeth Mansbeld, whose willing assistance is
gratefully acknowledged.



Overview and Motivation

Let T & L (X). We construct a functional calculus which is an algebra homomorphism # :
H®) $L (X). Here, #(T) ( $, and $ is open in C. The functional calculus satisbes the
following properties:

f)$ f(T)
1)$ 1
id)$ T

In addition, if the spectrum of T breaks up into two disjoint compact components#., (T),#4 (T),

we want $. )$ P+ = $.(T) and $x )$ Pz := $4 (T). In this case, we can writeX = X, *X 4,

where X, = R(P:). This is the background setting. Naturally, we want various generalisations of
this.

The brst is to consider the situation when we have someé & #(T), and #(T)\{'} ( $. We
want to Pnd a suitable class of operatorsT to debnef (T) & L (X) when f & H($) such that
LE(T)!" Clfl, .

In analogy to the earlier situation, now suppose that# (T)\{ !} breaks up into two compact sets
#.(T),#4(T). Then, if P, are bounded, then as before, we havX = X, *X 4.

Another natural generalisation is to relax the condition that T & L (X). For closed operators,

we Pnd# (T) is a compact subset of the extended complex plan€, . We want to bnd suitable
unbounded T for each of the following situations:

L#(M)( $
2.#(MV{%( $
3.#(MNV0,%}( S
4. #(T)\{ 0,%} breaks into two components, each contained in a sector on the left and right
half planes ofC.
The last is a particularly important case, as illustrated by the following example.

Let X = L?(R),andletD = T = £ % Thisis a unbounded, self adjoint operator# (D) = R +{%)} .

d
As before, we can write#y (T),#+I('Iz<) respectively for the left and right half planes and:

IP,1=1$,(D)!=18%,!, =1



Let,

%,.' 1 Re!> 0
sgn()=,0 Rel =0
"+1 Rel< 0
#__ H__
Observe that (sgrt) !'2 = !, and sgn¢)! = !2. Also, sgn@) = $.(Q) ' $#(D) and

I sgn(@)! = 1. Here, H :=sgn(D) is the Hilbert transform, and D2= HD,H D2=D.

We can also consider replacind.?(R) by LP(R). In fact, we can bnd that H =sgn(D) = $. (D) +
$: (D) is bounded. The self adjoint theory no longer applies to access such results and instead,
dyadic decompositions near 0 and%o are needed. These are the beginnings of Harmonic Analysis.

We also want to look for n dimensional analogues. The setting is as follows. Le#l = L2(R") *
L2(R",C"). Here, we have, :L?(R")$ L?R",C")anddiv :L?R",C")$ L?R"). In
fact,

0 T o
oful = Aa = 0 M giva,
J_ %X %X

So, each operator is dual to the negative of the other.

Let A = (Ajk)fk -, Where Ajx & L' (R"). Also we assume the following ellipticity condition:
" &C", and for almost all x & R",

Re  Aj"j" /| x|I"[?

Debne the operatorT :H$H :

0
0 divA

T= 3 0

We bnd that #(T) ({ 0,%}+ SP, +SP, whereSP, = {" &C\{ 0} :|arg"| <&}, S’ ="' SP.
and we can formulate a generalised Hilbert transform asd = sgn(T). A recent deep theorem then
gives: T has a bounded functional calculus and in particular, sgn{) is bounded.

As a consequence, we have:
H_
T2 = sgn(T);
T =sgn(T) T2

AN
and T2uIO! Tu!.

Furthermore, observe that:

# I# 0
ﬁ: dIVA, # 0
0 ' divA
[#_ 0o/ O / 0/ O
" divA, # 0 f 0 0 divA f
0 ', divA u ! 0 u

i i
! leA, OI, I

This is the Kato Square Root problem [AHL* 02]. See[[AMK] and [AM] for further details.



Chapter 1

Preliminaries

1.1 Banach Spaces

We work in a Banach Space. This is a normed linear space that is complete. More formally,

Debnition 1.1.1 (Banach Space (overC)). We say that X is a Banach space if:

(i) X is a linear space ovelC.
(i) Thereisanorm 'a! :X $ R. Thatis:
(@ '!'u!'=0=1 u=0
(b) Tu+vi"l ul +1vl (Triangle Inequality)
c© tul=1]1]'u!
Forall' &C andu,v & X.

(i) X is complete in the metric ((u,v) = ''u' v!, orin other words every Cauchy sequencex(,)
in X converges to somex & X. That is, if ((Xn,Xm) $ O, there exists anx & X such that
((xn,x) $ 0.

Exercise 1.1.2. ShowthatC2 C2X 2X $X givenby (,),u,v ))$ 'u + )v is continuous.

Since a Banach space has a vector space structure, we can talk about inPnite series in the same
way we treat inPnite series of complex numbers.

Debnitéon 1.1.3 (Inbnite Series) Let (xp)i-; be a sequence inX. We dePne partial sums
S, = i”:l Xn. If there isan S & X such that impg S, = S, then we write:

and we say that the inbnite series 5:1 Xn converges.

2
_D%D'nition 1.1.4_1 (Absolutely Convergent). We say that a series :ﬁl Xy, is absolutely convergent
if - !Xn! is convergent.

Proposition 1.1.5.  Every absolutely convergent series is convergent.



Proof. We show that the partial sums S, are Cauchy. Letn > m. Then by the triangle inequality,

.n .n
1Sy Sp! = Xj " I x; !
j=m+1 j=m+1

m

The right hand side tends to 0 asm,n $ % since =1 X! is convergent and consequently

Cauchy. O

Example 1.1.6. (i) C" with
35 .
(lu; [P)? 1" p<%
supluj| =max |uj| p= %

| | =
.U.p

These norms are all equivalent sinceC" is bnite dimensional.

4 5
(i) *= u=(u)jz :tul, <% ,with ! u! the same as above. .
4 5
(i) LP($)= f:$$ R:1f! <% ,where$isa#-Pnite measure space, where:
3 67 81
LF1 = PP 1Y p<%
P esssupf| p=%
(iv) Co(M)={f M $ C:If!, <%}, where!f!, =sup,pm If(X)|

(v) H ($) = {f :$$ C bounded and holomorphi¢, where $ ( C open and again equipped
with ta!l, .

Note that: H" ($) ( Co($) ( L' ($).

(vi) L (X,Y) is the space of bounded linear maps fronX to Y where X is normed andY is a
Banach Space. The latter condition is necessary and su%cient fdr (X, Y) to be a Banach
space. The norm here is the operator norm:

A PTxty | |
'T! =sup 7 -  Sup PTx!y,
x&80 X'y Tx' =l

(vii) L (X)= L (X,X).

1.2 Direct Sums of Banach Spaces

Given two Banach spaces, we can debne the notion of a direct sum.

Debnition 1.2.1 (Direct sum of Banach spaces) Let X1, X, be Banach Spaces. Debne:

X = X1 *X 2= {(ug,u2) : uj & X}
Ful =1 (ug,up)! =1 u1!X1+ ! U2!x2

Operators on the direct sum can be debned as follows.



Debnition 1.2.2 (Direct sum of operators). Let T; & L (Xj), and X = X1*X ,. DebneT & L (X):
Tu= (T]_U]_,TzUz)

We also write:
/ o/ O
T1 0 Ujq

Tu= 0 T Us
Proposition 1.2.3.

#(T)= #(T1) + #(T2)
f(T)=f(Ty)* £(T2)

Proof. Exercise. O

, , . 9
By induction, we can extend this to X = jnzl Xj.

Another notion of direct sums is required to write a Banach space as a sum of subsets.

Debnition 1.2.4 (Banach space as a direct sum of subsets)Let Y,Z ( X . Then writing X =
Y *Z means that:

(i) Y,Z are linear subspaces

(i) Y3z =0.

(i) For all x & X, there existsy & Y, z& Z and aC > 0 such thatx = y + z with
Lyl +1z1" Clx!

Remark 1.2.5. It is worth noting that we have no concept of orthogonality here.

The following consequences are immediate.
Proposition 1.2.6. @ 'x!'o! yr+1zl
(i) The decomposition is unigue
(i) Y,Z are closed
Debnition 1.2.7 (Projection). We sayP & L (X), is a projection if P2 = P.

Proposition 1.2.8. Given X = Y *Z there exist a projection P & L (X) with R(P) = Y and
N(P)= R(I ' P)= Z. Conversely given a projectionP & L (X) we can decompos&X = N(P) *
R(P).

9
Thisextends to the situation X = J-“:l Xj. We get projections P; & L (X) with R(P;) = X;,
I =" [, P, P?=P; and PjPc =0 whenj # k.

1.3 Integration of Banach Valued Functions

As in the case ofR, we can debne various notions of integration. The following will be su%cient
for our purposes.



Debnition 1.3.1 (Debnite (Riemann) integral of Banach valued functions) Letf :[a,bf$X be
j (b# a)

a continuous function. Debnex; = “-— and:

; / 0
b lj#l [1#1 ' H '
FRd= im (g X)) = im 23 b3

a st SN n

Remark 1.3.2. The limit exists since! f ! :[a,h| $ R is continuous and so any such partial sum
is absolutely convergent.

Remark 1.3.3. It is also possible to easily generalise this to piecewise continuous functions as in
the R case.

Proposition 1.3.4.
b b
f(H)d+1" f(+)! d+

a a

Just as in the real variable case, we also consider indepbnite integrals.

Debnition 1.3.5 (IndePnite Integral of Banach valued functions). Let f : (a,b] $ X be continu-
ous, where'% " a<b< %. Debne:

b b
f(Hd+= lim  f(+)d+
a a's a 4

whenever the limit exists.
Proposition 1.3.6. If f is absolutely integrable, therf is integrable and

b b
i f(+)d+i" Lf(+)1 d+

a a
Proof. Exercise. O

Similarly, it is useful to debne the contour integral when the domain of a function isC.

Depnition 1.3.7  (Contour integral of a Banach valued function). Let f :$ $X be a continuous
function, and let , :[a,b] $ $ be a continuous curve. Debnex; = ’(b#% and:

n# 1l

RIGCEEN I TR DR
j=1

Remark 1.3.8. Again, this can be easily generalised to piecewise continuous curves.

2
Depnition 1.3.9 (PiecewiseC* curve). If , : [O,n+1] $ Cand, = [, ,;, where each
,i & CK([j,j +1],C), then we say that, is a piecewiseC curve.

Debnition 1.3.10 (Closed contour). Let, :[0,1]$ C be a curve such that, (0) = , (1). Then
we say that, is a closed contour.

1.4 Banach Algebras

Informally, a Banach algebra is a Banach space which has multiplication. It has a richer structure
that will be useful to us.



Debnition 1.4.1 (Banach Algebra). Let X be a Banach space and further suppose that there is
amapa X2X $X ,(u,v))$ uv satisfying

@ u(vw) = (uv)w (Associative)
@iy u(v+ w)= uv+ uw (Left distributive)
(i) (v+ w)u= vu+ wu (Right distributive)
@iv) '(uv)=(lu)v=u(lv)

(v) tuvi"t ull v!

forall u,v&X and! &C.
Proposition 1.4.2. (i) The map X 2X $X which sends(u, Vv) )$ uv is continuous.
(ii) 1uk1"! utk,

Proof. Exercise. O

Debnition 1.4.3 (Banach Algebra with identity) . If X is a Banach algebra and there exists an
elemente & X such that eu= ue = u for all u & X, then we call this element an identity (or unit)
and the algebra aBanach algebra with identity or a Unital Banach algebra Often, we denote the
identity simply with 1 or |I.

Debnition 1.4.4 (Invertible) . Let X be a Banach algebra with identity. We say that an element
u & X is invertible if there exists u?1 & X such that uu?1 =1 = u#lu. We call u*! the inverse of
u.

Many of the spaces that we have seen so far are Banach algebras.
Example 1.4.5. () 1' ,L' ($),Co(M),H ($),L (X) are all Banach algebras with identity

(i) Let Co(X) = {f &Cp(X):f(x)$ Oas! x!$%} . This is a Banach algebra but it does
not have an identity, sincef 5 1 does not decay at%.

For a Banach algebra with identity, we can debne polynomials in the algebra.

Eropositiqn 1.4.6. Let X be a Banach algebra with identity. For each polynomialp(") =
‘""" &C andu &X, depne:

n

pluy= .U, 4 &C
j=0
Note that: . .
i' 'nuki"' LS.
i=0 i=0

Recall that the following formal expression has aradius of convergenceR & [0,%] for ' \ & C,z &
C:
!
f(z)= YA
n=0

This series diverges fofiz| > R and converges absolutely wherz| <R .



2
Debnition 1.4.7 (Power Series) Supposef (z) = :1:0 ' «Z¥ is a power series with a radius of
convergenceR & [0,%]. Let u & X with ' u! <R . Then, we debne:

f(u):= ' cuk&X
n=0

We can think of the map u )$ f (u) as afunctional calculus of u as it is a Banach algebra homo-
morphism which sends a complex valued function to a Banach valued function.

In a Banach algebra with identity X, we are also interested in invertibility and stability.

Proposition 1.4.8.  Suppose thatu & X and that! u! < 1. Then (1" u) is invertible and

1 ! #1} "
@ Il ul
; #1 2 k
indeed, (1' u)** =, _, u<.
Proof. As!u! < 1and!uk!"! ulk then
! 1
lutk = —— |
‘o 1'l u!
2 ] K
Thus |, _, u* = w for somew & X. Now
_n
1" uw= rllsm @' u uk (since (1' u) is a continuous mapping)
) k=0
— H 1 n+1
=ip e
=1.
The proof that w(1' u) =1 is similar. O

Theorem 1.4.9. Suppose thatu & X is invertible and that w & X satisbes

lw! <ty h#d
Thenu' w is invertible in X and
#1
]:(U' W)#l]:u !U I
' wilh u#
Proof. Write u' w = (1' wu?)u. Now !wu#11"1 wll u#*1l < 1, and so (I wu*?)is invertible
with
(L wufby* 1

' wil u#ll

1t follows that u' w is invertible with

(u' w*t = vl w*hH*t & x .

Corollary 1.4.10. The set of invertible elements ofX is an open set.



1.5 Holomorphic Banach valued functions

We begin by debning a notion of holomorphic for Banach valued functions.

Debnition 1.5.1 (Holormorphic). Suppose that $ is an open subset ofC and that f : $ $ X .
Then we say that f is holomorphic (or di"erentiable) if for every z & $ there exists f ((z) & X such
that

if(ﬁhgf(z) f((z)iﬂi 0 ash$ 0;

The set of all such functions are denoted byH($, X ), and we write H($) := H($,C).

The reason we call such functions holomorphic is justiPed in the following theorem.

Theorem 1.5.2. Suppose that$ is an open subset ofC and thatf : $ $ X . Then the following
are equivalent:

(i) f is dilerentiable.

(i) f is a continuously dilerentiable function of (x,y) & R? and f satisbes the Cauchy-Riemann

equations

Wxy) = Toxy)

oox YT 5%y Y

(i) f is analytic in the sense that for allz & $, there existsr > Oand Cx & X (k=0,1,2,...)

such that .

f(= (" 2C

k=0

for all " such that|"' z|<r ;

(iv) f is continuous and for all closed piecewis€€! contours, in $ which are null-homotopic in
$1

."f(z)dz:O

where the integral is debned in the Riemann sense as f (z("))g—;(") d".

We shall omit a proof of these equivalences. A suitable reference is Section I11.14 6f [DS88]. Much
of the important results of the theory of a complex variable hold in this setting, including the
following important theorem.

Theorem 1.5.3 (CauchyOs Theorem)Let f & H($,X) andz & $ and, a closed contour in$\{ z}
null-homotopic to a su"ciently small circle -, of radius r which are parametrised anticlockwise.
Then,

1y,

f@= 20 . w' z

Corollary 1.5.4.

1 "
- w' z) dw=
2.0 --( ) 1 N='1

Proof. (i) N/ 0Ois easy sinceW' z)N is analytic.

10



(i) N =" 1, apply Theorem[1.5.3 tof 5 1.

(i) N<"'1, setw' z= red, for a small circle-,. Then,

28
(w' z)Ndw= rN NS 5Pt/
% 0
- 2
o XN+ $qy
0

I’N+1
aN +1)
=0

(e@(N +1)2 &1 e@))

O

Theorem 1.5.5 (LiouvilleOs Theorem) Suppose thatf : C $ X is holomorphic, and bounded in
the sense that there exist® > 0 such that! f (z)! <M for all z& C. Then f is constant.

Debnition 1.5.6 (Bounded holomorphic functions). We denote the space of bounded holomorphic
functions from $into X by H' ($, X).

Proposition 1.5.7.  H' ($,X) is a Banach space with respect to théa I, norm.

Proof. Let {f,} ( H ($,X) ( Cun($,X) be Cauchy. So, there existsf & Cp($,X) such that

'fo' f1, $ 0. By the characterisation of di"erentiability, ".f, = 0 for all n and all null
homotopic curves, in $. We can pass this limit through the integral sign to bnd ', f = 0 giving
f&H ($,X). O

Proposition 1.5.8. f &H($,X) =1 f inbnitely di'lerentiable.

Proof. We use CauchyOs Theorem:

|

f (w)

H@)= 26 - w' de
f(z)= % " 7(\:/ I(Wg)zdw
£ (z) = % " 7(\/\‘; -(Wz))ndW

O

WeOll now bH($) = H($,C) and leave it to the reader to question which results hold forH($ , X).

Proposition 1.5.9. Suppose! & $ andf & H$ \{!'}) andf : $ $ C continuous. Then,
f & H(S).

Proof. Exercise. O

Corollary 1.5.10 (Factorisation). If f & H($) and! & $, then there existsg & H($) such that:

f(@" f(1)=(z" ()

11



Proof. We debneg:
3
F@#IC) 54

9= (2=

Then gis continuous on $andg & H($ \{ ! }). The result follows from the previous proposition. [

Proposition 1.5.11. r & H($) is rational if and only if poles of r lie outside $ if and only if there
exist polynomialsp, g such thatr = g and q has no zeros in$.

We also have the following important theorem:

Theorem 1.5.12 (RungeOs Theorem)Let K be a compact subset of, and let E be a subset of
C, which contains at least one point of every component o€, \ K. Let f & H($) where$ is
an open set containingK . Then there exists a sequence of rational functions, with poles in E
which converge uniformly tof on K.

Runge also proved[[Rem98], p292:

Theorem 1.5.13 (Approximation by rationals) . Let $ be an open subset of, and letf & H($) .
Then there exists a sequence of rational functions; & H($) such thatr; $ f uniformly on all
compact subsets ofs.

12



Chapter 2

Functional Calculus of bounded
operators

2.1 Spectral Theory of bounded operators

Let X be a Banach space. In this section, we bPx our attention to operator§ & L (X).

Debnition 2.1.1 (Eigenvalue, Eigenvector) We say that ! & C is an eigenvalueof T is there
existsu & X, u 4 0 such that Tu = u. We call the correspondingu an eigenvector

Debnition 2.1.2 (Resolvent, Resolvent Set) We write ((T) for the set of all values" & C such that
("I ' T)is one-one, onto and for whichRy (") = ("l ' T)*1 &L (X). Themap Ry : ((T) $L (X)
is called the resolvent operator.

Debnition 2.1.3 (Spectrum). We denote the spectrum of T by #(T) := C\ ((T).

Remark 2.1.4. If ! is an eigenvalue forT, then ! & #(T). Typically, # (T) is larger than the set
of eigenvalues, except for the bnite dimensional case &f = CN .

Example 2.1.5. Let *P denote the Banach space of all sequences
X = (X1,X2,...,Xn,...)

of complex numbers, with Pnite norm

| ( 1/p

Ix! = [Xn [P
n=1

Given a sequencel = (di, dy, ...) such that sup, |d,| < %, debne the operatorD = diag(d) on *P
by (Dx), = dnyXx, for everyn. Then D & L(*P) and #(D) is the closure of the set{d;,d,,...} in
C. Moreover / 0

. 1
Rp (") = diag o

and
'Ro(")! = ;:sup#
", # (D) n dist(",dn)
forall " & ((D).

Theorem 2.1.6 (Properties of the Resolvent) For all ", u & ((T),

13



() Rr("Rr(k) = Rr(WRr(").

(i) Re(MT=TRr(")="Rr(")" I.

(i) Rr(")" Rr(w) = (1" "YRT(")Rr (). (the resolvent equation)
(iv) If |"|>!'T!, then" &((T)andRr(")$ Oas|"|$% .

(v) ((T) is an open set and if* & ((T) and |h| < 'Ry (")!#?1, then

" " 'Rr (")!
IRy (" + h)! T AR ()T
(vi) Rr:((T)$L (X) is a continuous map.
(vii) Rr & H(((T),L (X)) and
Do = Ry

Proof. The proofs of (i) - (iii) are straightforward.

(iv) For |"|>!'T!, Rr(") = L FNTN# L so that

LRr(")!" %35 0 as|"| $%

(v) Apply Theorem [L.4.9|with u = "I ' T andw = ' hl, and hence with u** = Ry (") and
(u" w*t=Rr(" + h).
(vi) By the resolvent equation

IRr(")" Re("+ M " | AIER (") Re (" + )l

$ 0 ash$ 0.
(vii) By the resolvent equation
1RT(" MUSRLION RT(")% 1 Re( 4 DR+ Re (")
"R+ h)" Rr(N Rr(")!
$ 0 ash$ 0.

Exercise 2.1.7. Show that forn=0,1,2,3,...,

dn
dn

Rr(") = (" D"n!Rr ()™ .

We also have the following important theorem:

Theorem 2.1.8 (Compactness of# (T)).

14



#(T) is a compact subset oB: 1+ (0) and if X 4 {0}, then X is nonempty.

Proof. Since((T) is open,# (T) is closed. Also,#(T) ( B: 1:(0), and so it is compact.

Suppose that# (T) = ! . Then Ry & H(C,L (X)) and ! Rr !'$ 0. By LiouvilleOs Theorenj 1.55,
Rr =0 which is impossible. O

2.2 Functions of operators

We initially debne a way to take functions of a polynomial.

Debnition 2.2.1  (Polynomial functional calculus). Let P denote the algebra of polynomials.
Debne # : P $L (X):

where

and T% = |. We write p(T) = # 1(p).

This is in fact an algebra homomorphism. We generalise this to the algebra of rational functions.

Debnition 2.2.2 (Algebra of rational functions). We denote the algebra of rational functions with
no poles in a compact seK by Ry .

Remark 2.2.3. If r & Rk, then there exists polynomialsp, g such that

wy _ P(")
"= o
<N
A= Cet )
k=1

where' ¢ are zeros ofgand ' ,, 4&K.

Debnition 2.2.4 (Rational functional calculus). We extend #71 : R (1) $L (X) by:

<N
#r(r)=p(T) Rr(«)
k=1
where )
r(")= % & R ()

As before, we writer (T) =# 1 (r).

Exercise 2.2.5. Show that #1 is well debned and that it is an algebra homomorphism.
We can make another generalisation to the power series.
Debnition 2.2.6 (Power series algebra) We denote the algebra of power series with radius of

convergence greater tharR by Pg.
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Debnition 2.2.7 (Power series functional calculus) We extend #1 : P. 1+ $L (X) by:

#r(s)= T kT"
k=0
where '
s(t)= k&P

k=0
We write s(T) =# 1 (s).
Remark 2.2.8. Note that .

LTI 1T < %
k=0

since the radius of convergence o is greater than! T!.
Exercise 2.2.9. Show that #1 is an algebra homomorphism.

Example 2.2.10. Let X = C?, and

Then, #(T) = {!1,!2},and ((T)= C\{!4,!,}. Then the resolvent is given by:
[ 0
= 0 6 .8
Rr(")=("" M= #* |  &HES,L C*)
##' )

The functional calculus forf & P,R((1),P 1 is:

"ty o
0 f('2)

For this particular operator, f could be any function debned only on# (T).

f(T)=

Example 2.2.11. Let X = C?, and

/ | 1O
T= 0 |
and
12 2
2 . .
T 0 12
Then,

ey 1)°
FM= %" )

Here,#(T) = {!}, but unlike the previous example, it is not enough to knowf just at ! . We need
flat! sof needs to be debned in a neighbourhood &f (T) and di"erentiable at ! .

In fact, the product rule becomes a consequence of the algebra homomorphism property:

/ 0/ 0
fg)(!) (fg){(! f()g) (flg)! fa o1
com= S5 o = e T = rmem
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In general, replacingX = C" and

Taking n multiples of T, we bnd that to debnef (T), we needn derivatives of f. In particular,
f (T) is debPned whenf is holomorphic in a neighbourhood of! . This highlights that in general,
we need stronger conditions on functiond than simply being debPned on the spectrum.

2.3 Holomorphic functional calculus

Throughout this section, we bx X to be a Banach space andl' & L (X).

We have already seen how to debPn&(T) when f is a polynomial, rational function or a power
series with a radius of convergence larger thah T !.

We want to generalise these three situations simultaneously. While we could consider debning a
generalised functional calculus via a power series expansion, this would in fact give bad bounds:
the functions would have to be holomorphic onBg with R > ! T !. Rather, we debne a functional
calculus for functions which are simply holomorphic on some neighbourhood $ of the spectrum.

Debnition 2.3.1 (H($) functional calculus). Let $ be an open set and#(T) ( $. We call
#1 :H($) $L (X)an H($) functional calculus provided:

(i) # 1 is an algebra homomorphism:

@ #1(f +)g)="#7(f)+)#1(0.
(b) #7(fg)=# v (F}#1(9).

(i) # 1(p)= p(T) whenp & P.
(iiiy If fo $ f uniformly onall K " $ (compact subset of $), then #1(f,) $ #1(f)in L (X).

Proposition 2.3.2.  Provided condition holds, then condition ( is equivalent to each of the
following:

([iO) #+ (1) =1, #1(d) = T.

([iOO¥ (1) =1, #1(R)=" Rr (") for some' & ((T), whereR) (")=("" ")*L.
Moreover, #1(r) = r(T) for all r & Rty 3 H($) .

Proof. (iiD) is an easy consequence § (ii).

We prove (i0) 4 (iPO). We note that"(" ')R (") =1 = R (")(""' "). It follows that
(T ) #-(R)=#1(R)T" 1), giving#1(R)="Rr(").

We leave as an exercise that (iO0) implies (ii). O
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While we have axiomatically debned anH($) functional calculus, we still to prove existence. In
fact, we can do better by proving that such a calculus is unique.

Theorem 2.3.3 (Existence and Uniqueness ofH($) functional calculus). An H($) functional
calculus exists and it is unique.

Proof. Uniqueness follows from RungeQOs Theore.12): Giveén& H($), there exists rational
functions r,, such that r, $ f uniformly on every K " $. So, by (i), # t(f) =1lim s ra(T).

We prove existence. Let, be a closed contour which envelop# (T) in $. Debne:
(M= R
T 206 . T

First, observe that given some other such curve,

f()Rr(")d" =0

"# %

since Ry holomorphic on ((T). So, this debnition is independent of the curve, and we debne
#1(f):= f(T).

We check [)), (i) and [(ii])

(i) Linearity is clear by the linearity of ' . For the product:

f(To(T) ORI GW)Rr (w) dw

2.6

- f()gW)Rr ()Ry (W) dwd"

7o
- ORI A dwer

%!
awRr(w) L dw

(2.0)% %

1
o
+

o %f (W)g(w)Rt (W) dw

1
—~
—

(@]
~
—~
_|
~

(i®)

1(T)

Using the same argument:

1 .

() = 3

" Ty tdn= 0 Tn =T.

(@}
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(i) Supposef, $ f uniformly on all K " $. Then since, is compact,

i (T)" F(T)!" il(,)sup|fn(")' f(")Isup! Ry (")!
2. #op' #op'
" Csuplfn(")" (")
49

$ 0asn$% inL(X)

Remark 2.3.4. This debPnition of f (T) is also calledthe Dunford-Riesz functional calculus.

We list some important properties of the H($) functional calculus:

Theorem 2.3.5 (Properties of the H($) functional calculus). (i) Suppose $1,$, are open sets
and #(T) ( $13$,. Let f &H($ 1+ $,). Let #,' be the functional calculus with respect to
$;. Then,

#ri(f)=#12(f) .

(i) #1lw @ - H' ($) $ L (X) is a bounded algebra homomorphism. That is, there exists a
constant C > 0 such that
L#(f)1" Clid,

wheneverf & H' ($) .
(i) If s&P. . with radius of convergenceR > ! T!, then taking $= Bg(0),
#1(s) = s(T)
where s(T) is debned via the power series calculus.

(iv) R(#t) is a commutative subalgebra. That ig#+(f),#1(g)] =0, for all f,g & H($), where
[a,b = ab' bais the commutator.

(v) #7(f) belongs to the bicommutator oflf . That is, for all f & H($), [#1(f),S] =0 whenever
[S,T]=0.

From now on, we will typically write f (T) rather than # 1 (f ) as there is no chance of confusion.

Theorem 2.3.6 (Spectral mapping theorem). If f & H($) then f (#(T)) = #(f (T)).

Proof. (i) f (#(T)) ( #(f (T)): Let | & #(T). By Proposition [[.5.10, there existsg & H ($) such
that f(")" f(!)=g(")(""' !)foral " &$,sof(T)" () =g(T)YT" ") Iff()&(F(T))
then f(T)" f (')l would have a bounded inverse, and hence so would ( !l ), which contradicts
the assumption that ! & #(T). Therefore f (1) & #(f (T)).

(i) #(F (T)) ( f (#(T)): If p 4& (#(T))then h(*) = (f (")' W)* L is holomorphic on a neighbourhood
of #(T), say $(. Applying the above results to H ($ (), we geth(T)(f (T)' ul) = I, which implies
W & #(f (T)). 0

Theorem 2.3.7 (Composition). Let T & L (X),#(T) ( $.f & H($) and g & H($ (), f (#(T)) (
$( sothatg6f & H($ 3 f#1($(). Then,

g(f (T) = (g6f)(T) .
Proof. This result can be proved in two ways. We leave both methods as exercises.
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(i) Check:

L@ENMRCI A = oC)R () o

(i) Use uniqueness. Debne: #: H($) $L (X) via g)$ (g6f)(T), and show that this satisPes
the axioms for a functional calculus. Then uniqueness yields the result.

2.4 Spectral decomposition

Suppose thatT is an operator whose spectrun#(T) is a pairwise disjoint union of honBempty
compact sets

#(T) = #.(T) +#(T) +4da&#,(T) .

Proposition 2.4.1. We can choose pairwise open set8y such that#,(T) ( $x and#(T) ( $=
+N. $«. DePne$ on $:
3
o 1" &Sy
()= 0 "&%$\ S«

Then % :$ $ [0,1] is holomorphic.
Theorem 2.4.2 (Family of spectral projections). There exist a family of spectral projectionsEy &
L (X) satisfying:
(I) EE = Ex, EkEj =0 Whenj 4 k.
. 2 n
@i 1= - Ex.
(III) ExT = TEk.

Proof. DebneEy = $(T). The result follows by thezalgebra homomorphism property and by the
observation that 8 = &, $§$% =0whenj # k, 1=, % on $, and id$ = %id. O

Applying the results of 41.2, we get the following consequence.

Corollary 2.4.3 (Sgectral decomposition) (i) There exists a collection of linear subspacesXy
such thatX = =~ [, Xk.

9
(if) There are operators Ty & L (Xi) such thatT =, _; T.
(i) #(T) = #c(T).

(iv) f(Te)= F(T)Ix,-

Proof. (i) Put Xy = Ex(X) = R(Ek) and the result follows from property (ii).

(i) Debne Ty = T|x,. Then by property (i), TiXx = TExX = ExTX & X.
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(iii) We note that #(T) = +7_, #(Tx). Let us show that if ! 4& then! & ( (T).

We note that by Proposition [[.5.10, there exists ag« & H($) such that ("' !)g = %, and
it is given by

3 ) s
_1_ u& K

"= H#
%(") 0 &S\ Sy

It follows that (T ' ! )ok(T) = Ex and on X, (Tx ' ! )ak(T) = Ex and so! & ( (Ty).
Therefore, # (Tk) ( $x 3 #(T) = #(T). If #(T) & #«(T), then #(T) & +._; #(T) which
is a contradiction.

(iv) Exercise.

O
Remark 2.4.4. Again as the discussion ind1.7, we can represenfl as:
! $
T1
" 0
T=# . &
Tn

So, T has been diagonalised and this decomposition can be thought of as a generalisation of the
Jordan canonical form.

2.5 Exponentials and Fractional powers

We are interested in focusing on particular holomorphic functions that form a family of operators.

Debnition 2.5.1 (Exponential family) . Let fi(")=e#%, with f; : $ $ C andt & R. Debne:
¢t = fy(T)

Theorem 2.5.2 (Properties of the Exponential family). (i) €’ forms a group. That is:

gt (trS)T = g# (T i sT

(i) limg o€ = 1.
(i) LT =TT,
(iv) If #(T)({ " &C :Re" > (}, there exists a constantC+ such that
bor b g,
forall t/ O.
V) If #(T)({ " &C :Re" > 0}, then

lim e’ =0 .
18!

Proof. (i) By the properties of the functional calculus.
(i) Follows from the fact that f; $ 1 uniformly on compacts subsets of $.

(iii) Exercise.
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(iv) By the condition on #(T), we can bnd an $({ " & C : Re" > 0}. Then,
beerto 211 (&R

" 1 n t#
—I(,) sup! Rr" ! sup|e’¥|
2. " o

" CT Suple#tRe#l

#%
" Cy.

(v) Fix t> 0. We can choose $ such that$ ({ " & C : Re" > 0} and compact. Then, Re$ (
[a, ] wherea > 0 and

}e#tT }n CT Suple#tRe#l - CTe#ta
#%!
since €' is a decreasing function. The result follows by lettingt $ % .

O

Remark 2.5.3. Since & % is analytic on the entire complex plane, we could have used the power
series to debne the functional calculus. However, this method gives bad bounds:

2 2
1e#”1" 14T+ !zT! +..0m T

Remark 2.5.4. The last two conditions illustrates that for such families of operators, it is often
of importance to know where the spectrum lies in the complex plane.

In particular, if #(T)3{" &C :Re" < 0}4& ! then the limitlim ¢y €' does not exist. We can
ask what happens wher# (T)\{ 0} ({ " & C :Re" > 0}. If 0 & #,(T) (the point spectrum), then
Tu=0forsomeu40and e =u+0+ .... So, limg €T u= u. We return to this later.

We can also consider taking fractional powers of an operator.
?

> 7
Debnition 2.5.5 (Fractional powers). Let #(T) ( S$, whereS3 = re®:' .</<.,r> 0.
Then for ' &[0,1], let g, (") = ") . DePne:

T =g (T)

Remark 2.5.6.  We impose this condition on the spectrum since") fails to be holomorphic every-
where. There is nothing special aboutSJ. We could OcutO the plane using a curve connecting 0
and %.

Remark 2.5.7. We cannot (in general) take a power series expansion of) , since on the cut
plane, the spectrum may not lie inside a disc.

#_
It is easy to check that T) T = T)**. In particular, TzTz = T. We write T = Tz. We
can debne families of operators such that co$T), sin(tT) similarly. Study of operators such as
cost T) are of importance in hyperbolic PDEs.

2.6 Spectral Projections

So far, all the results on the functional calculus ofT & L (X) would hold for T & A whereA is any
Banach Algebra.

However, we will now access results that are particular td (X ) by working with a weaker topology.
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Debnition 2.6.1 (Strong convergence) Let S,,S & L (X,Y). Write s-lim g S, = S if for all
ué&X,
'Spu' Suly $ 0

Remark 2.6.2. Uniform (or Norm) convergence implies strong convergence.

Proposition 2.6.3. Let (S,) be a uniformly bounded sequence of operatorS, & L(X), and
supposeY (X .

M\ If Squ$ Oforall u&Y,thenS,u$ Oforall u&Y.

(i) If S,u converges for allu & Y, then S,u converges for allu & Y.

Proof. let us just prove (ii), as (i) is a touch simpler. By assumption, there exists C such that
IS,! " C for all n. Supposeu is in the closure of Y. It su%ces to show that S u is a Cauchy

sequence. Let0 > 0. There existsv & Y such that 'u' v! < z=. Moreover, there existsN such

that ! S,v' Snv! < %forall n,m/ N. Therefore! S,u' Snpu!"! Sp(u' v)I +1S,v' Spv! +
ISm(u* v)I" 3+ 3+ 3=0forallnm/ N, as required. O

Our aim is to extend the functional calculus to the situation where # (T)\{ !} ( $. We will need
resolvent bounds near! .

Debnition 2.6.4 (Resolvent bound). Let ! & #(T). We say that we have resolvent bounds near
I if there exists C > 0 such that

PP Re(M)IT C

for some" & ( (T) near!.

Also, we want splitting of the spaceX = N(T" 1 )* R(T" 1l ).
Example 2.6.5. Let X = CN,!; 40for j> 1 and dePneT:

! $
I
" 0
T=4 .. &
I'n
So,#(T)={"1,...,'n}. Take! = 1,. Then,
— $
Re(=# .. &
1
FT NN
and
I Rr(")!" 1t
dist(",# (T))
If “isnear!,then|! ' "|! Rr(")! =1. Also,
|
- $
" PR E’?
T=% é
I'n " !

> ? I > ?
ThenN(T' 1)= (, 0,....,.0&CN andR(T' 1 )=R(T" 1)= (0,)1,...,)nx1) &CN

So,CN = N(T' 1 )* R(T' !l ). We get both resolvent bounds and a splitting.
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Example 2.6.6. Let X = C?, and debneT:

/ 0 10
™= 0o
Then, #(T) = {0}. The resolvent is given by:
Iy 40
Rr(")= g i%z
We do not get resolvent bounds:
" Ot Rr(")! = ]! Re(")! 0

"
> ? _
Also we do not have a splitting of the space:N(T)= (', 0) & C? = R(T)soC? 4 N(T)* R(T).

Theorem 2.6.7 (Spectral Decomposition) Let T & L(X) and! & C and suppose there exist
"n&((T) and C such that", $ ! and|"n"' !|! Rt ("n)!" C for all n. Then,

X7 X=NT" I)*RT"' 1)
where

X = {u&X;("n"' )Ry ("n)u converges inL(X)}

and the projection P : X'$ N(T' !l ) with N(P)= R(T' !l ) is given by
Pu = rlgln ("n" DRT("MU, u&X.

Proof. Debne

X
X.

{ugX;("n" DRr("n)u$ u}
{ugX;("n" DR ("n)u$ 0}

and depPneP : X$ X by Pu=Ilim,g ("n' !)Rr("n)u. All three subspaces are linear, and, by
the preceding proposition, are closed linear subspaces &f. By the hypothesis on the resolvent
bounds, P is a bounded linear operator with! P! " C. We shall show that X is closed and that
P is a projection in X with

= RT' )

N(P) = X
Xo= NT' 1l).

R(P)

This will prove the theorem.

It su%ces to consider the case wheh = 0, as the general case can be obtained from this on
replacingiT by T' !l . Note then that (", ' O)Rt("n) = "n("nl ' T)*1, and the assumption
becomes}"n("nl " T)#L1l" Cforall n, By using the identity T("q1 ' T)*1 =" (",1" T)#1' I,
we also have the bound}T("nI CT)#Llr Cc+1.

() N(T) = Xo = R(P): It is straightforward to see that N(T) ( X o ( R(P). Let us prove
R(P) ( N(T). Let w & R(P). Then there existsu & X such that ",("n1 ' T)*1u$ w. Now
1T"n("nl ' T)‘“u1 "l C+DIU S 0

asn $ % . Therefore Tw=0.
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(i) P is a projection: Note that Pv = v for all v & Xo = R(P). Therefore P?2u = Pu for all
ug&Xx.

(i) R(T) (X ©= N(P): Let u= Tw&R(T). Then "n("nl * T)*lu= ", T("al ' T)*'w$ 0 as
n$% ,sou&XP.

(iv) R(T) (X °= N(P).
(v) N(P) ( R(T): Exercise.

We also have the following important result.

Proposition 2.6.8. T preserves the spaceBl(T"' !l Yand R(T "' !l ).

Proof. Supposeu & N(T"' !l ), sothenTu= !u and T?u = !Tu = 20 & N(T"' !l ). Now let

U&R(T' ). Then,u=(T"' !l Ju+!u &R(T' ). O

Remark 2.6.9. DebneT & L(X) by Tu = Tu. Here, R(F"' !l ) will in general be smaller
than R(T ' !l ), but the splitting will not change: X = N(T' !l )* R(T"' !l ). Also, since
N(T" )= N(T' 1), webPndR(T" !l )= R(T" !l ). This shows that while R(T"* !l ) is in

generally smaller thanR(T * !l ), it is still dense in R(T " 1l ).

The following example highlights that in general X 4 X.

Example 2.6.10. Let X = C[' 1,1], with ' u! =l u!, . Debnel & X:
3
X x/ 0
1(x):=
() 0 x" O

DebneT & L (X) by Tu= M u(x) = 1(xX)u(x). Then, ("' T)u(x)=("" 1(x))u(x), and

Rr(")u(x) = %

when" & ((M )= C\#M )with #(M )= {1(x): x &[ 1,1]} =[O0, 1].
Now, putting " =0and ", ="' % we have the resolvent bound " Ry ("n)! = 1.

We PndN(M )= {u&C[ 1,1]=1u =0} = {u&C[ 1,1]:spptu( [' 1,0%}. Similarly, R(IM )=
{u=1w:w&C[ 1,1}, soRM )= {w&C[ 1,1]:spptf ( [0, 1]}.

It follows that X = N(M_)* R(M )= {f &C[' 1,1]:f(0)=0} & X.

Remark 2.6.11. If the previous example was repeated foX = LP[' 1,1], 1" p < %, we would
Pnd X = X, since functions can jump at 0. However, this does not work fop = %.

2.7 Duality

Depnition 2.7.1 (Dual space) Let X be a Banach space oveC. Then the dual spaceof X is
debned to beX (:= L (X,C). That is, the Banach space of all bounded linear functionals fromx
to C.
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Remark 2.7.2. The norm of this space is the usual norm on the space of bounded linear functions.
That is, when f & X ( then the norm is given by

If (V)]
Ifl=1f1, =su .
! \,&g!v!

Debnition 2.7.3  (Bilinear pairing) . Debne-a,a.: X 2X ($ C by:
-v,U. = U(v).
We also write -X , X (. to denote that the spacesX and X ( are dual pairs.

Example 2.7.4. Fix1<p< %. Then (*)(8 |P" wherel+ 1 =1. For p=1, (I1})(8 |' . This
isomorphism # : v )$ V is in fact an isometry and the pairing is then given by
_!
-u, V. = Vj ;.
j=1

Similarly, for a #-Pnite measure space $, we bnd thatl(P($)) ¢ 8 LP ($) for 1 <p< % and
(LL($) (8 L' ($). Let#: f )$ F, then the pairing is

-u,F. = fu du.

Debnition 2.7.5. Debnej : X $ X (py:
ju)(v)=-uV.
wheneverV & X (,

Debnition 2.7.6 (ReRexive Banach space) A Banach spaceX is called reRexive ifj : X $ X «
is an isometric isomorphism.

Example 2.7.7. *P and LP($) 1 <p< % are reRexive.

Debnition 2.7.8  (Annhilator) . Let Y (X with Y linear. DebPne theannihilator Y) (X C

Y ={vé&xl:-uVv.=0, u&Y}.

There is a dual concept.

DePnition 2.7.9  (Annihilator of the dual) . Let Z (X (with Z linear. Debne thedual annihilator
Z) (X :
Z) ={u&X :-u,V.=0, 9V &7} .

Proposition 2.7.10  (Properties of the annihiliator and dual annihilator) . Let Y be a linear subset
of X. Then:

() Y) is a closed subspace.

i Y =Y .
Giy YO =Y.
v) Y(Y(Y)

The properties hold if we replaceY with Z (X
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Remark 2.7.11. We can think of ) as aweak closure with respect to duality.

Debnition 2.7.12 (Hanh-Banach property). We say that Y ( X has the Hahn-Banach property
with respect to -X , X (. if for all v 4& there existsU & Y) such that -v, U. 4 0. Similarly, Z (X ¢
has the Hahn-Banach property with respect to -X ,X (. means that for all U 4&Z there exists a
v &Z) such that -v,U. 4 0.

Remark 2.7.13. This is a separation property. For instance, given the Hahn-Banach property
for X, we can bnd a functional to separateY from u 4& Y

Theorem 2.7.14. Y = Y) ifand only if Y has the Hahn-Banach property. Similarly forz (X (.

Proof. SupposeY " Y) . Then there existsv & Y) with v 4&. So there existsU & Y) such
that -v,U. =0.

For the other direction, Px v 4&j and suppose that for allU & Y) , -v,U. = 0. By debnition
v&Y) butY) =Y. So,v&Y which is a contradiction. The proof for Z (X (is similar. [

Debnition 2.7.15 (Hanh-Banach property on the whole space) We say that X or X ( has the
Hahn-Banach property with respect to -X , X (. if every linear subspace has the Hahn-Banach
property with respect to -X , X (..

Theorem 2.7.16. () If X is separable thenX has the Hahn-Banach property. Here, separable
means that there is a countable dense subset.

(i) Using the axiom of choice, a general spaceX has the Hahn-Banach property. (Hahn-Banach
Theorem).

Remark 2.7.17. Note that for the space X {, the Hahn-Banach property is still taken with respect
to -X, X (., not -X (, X, Assuming the axiom of choice the previous theorem tells us that thex (
has the Hahn-Banach property with respect to-X (, X (.

The situation generalises the special case wheX is reRexive, where-X ( X ( is equivalent to
-X, X (.. In fact, it is to generalise the reRexive condition why a OdualO formulation of the annihi-
lator is necessary.

Theorem 2.7.18. Let $ be a separablet-Pnite measure space and " p < %. (Here $ separable
means that the #-algebra of measurable sets is generated by a countable sequence of measurable
sets). Then LP($) is separable.

Debnition 2.7.19  (Dual operator with respect to -X,X(.). Let S & L (X). DebneS( & L (X()

by:
-v,SWU. = -Sv, U.

forall v&X and U & X (.
Proposition 2.7.20.  (S:S;)(= S{S{

Let T & L (X) and note that (T 1 )(=(T(" 1I'). We have:
Proposition 2.7.21.  ((T) ( ((TO, #(TH ( #(T) and

Rr(")=(Rr (")

We now relate this back to spectral projections. We are interested in determining whenX =
N(T" U )* R(T" 1I1).

Proposition 2.7.22. (i) R(T*® 1) = N(TC' 11).
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(i) If X has the Hahn-Banach property, therN(T(* 1l )= R(T ' I )) .

(i) If X has the Hahn-Banach property,R(T(" I )) =N(T" ).

(iv) If X(has the Hahn-Banach property, therN(T * I )) = R(TC ).

This leads immediately to the following theorem.

Theorem 2.7.23 (Spectral decomposition of the space) Let T & L (X), and! & C. Suppose
there exists", & ( (T) such that", $ ! and there exists aC > O such that|"," !'|! Ry ("a)!" C.
If both X and X ( have the Hahn-Banach property with respect teX , X (., then:

X=NT" 1)*RT" ).

Proof. By Theorem (2.6.7), we already have

X7 X=NT' 1)*RT"' 1T).

We have shown that", & ((T(), so", $ ! with the same resolvent bounds forT(. It follows that

X7 XC= NTC o )y* RTC ).

Fix u&X) . So,u&N(T"' !l )) 3R(T" )) . By the previous proposition, we have:
NCTC 1 )= RETT 1)
N(T* 1) =R
sinceX and X ( have the Hahn Banach property respectively. But this means that
u&N(TC 1 )3R(TC 1) = {0}

which makes X) = {0}. It follows that X) = X. Further, since X has the Hahn-Banach
property, X)) = X which establishes the resuilt. O

Remark 2.7.24. In particular, this decomposition holds if X is rel3exive. For instance, forLP($)
when 1<p< % and $ ( R".

Note, that this is not true for C[' 1,1] andL' [ 1,1]. What about for L[ 1,1]?
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Chapter 3

Unbounded Operators

We have so far considered operators that are bounded. But there are many useful operators that
are unbounded. The following is an important example to highlight this.

Example 3.0.25. Let X = L?(B), where B is an open ball inR". Debne thelaplacian:

- %
&u= —U.
u %)Jgu
We can debne various domains in.?(B):
(i) &o:CL (B)$ L2(B).
4 , 5
(i) & 1:W22(B) $ L%(B), whereW22(B)= u&L2(B): =% &L%(B) .
]
> ?
(i) & p: U&W?22(B):u=00n %B $ L?B) (Dirichlet Laplacian).
> ?
(iv) &n = u&W?2%(B): L =00n %B $ L?B) (Neumann Laplacian).

These are four totally di"erent operators. The brst two operators do not even admit a functional
calculus.

3.1 Closed Operators

Debnition 3.1.1 (General operator). Let X,Y be Banach spaces. Ainear operator T from X to
Y is a linear mappingT : D(T) $Y whereD(T) is a linear subspace oiX.

Remark 3.1.2. For a general operator, it is important to specify the domain D(T).

Debnition 3.1.3 (Closed operator). T is aclosed operatormeans that the graph
GT)={(u, Tu)&X2Y :u&D(T)}
is closed inX 2Y . We usually simply say that T is closed.

Proposition 3.1.4.  The following are equivalent:
(i) T is closed.
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@) If upb &D(T),up $ U&X andTu, $ v&Y thenu & D(T) and Tu= v.
(i) D(T) is a Banach space under the graph norm given by:

ulppy =tul+1Tul.
Remark 3.1.5. Note that the graph norm looks similar to a Sobolev norm.

Debnition 3.1.6 (Set of closed operators) We denote the collection of closed linear operators
from X to Y by C(X,Y). We write C(X) := C(X,X).

Remark 3.1.7. L (X,Y) (C (X,Y).

Debnition 3.1.8. Let S,T & C(X,Y). We write S ( T to mean G(S) ( G (T). That is,
D(S) ( D(T) and Su= Tu for all u & D(S).

Remark 3.1.9. C(X,Y)is not alinear space. Note that &' & 4 0 since 0 is debPned everywhere.
However, &' & ( 0. Itis in fact important to compute domains when operators are added and
multiplied. The domains taken are the largest for which the constructions make sense.

Proposition 3.1.10 (Domains). (i) (S+ T)u= Su+ Tu, u&D(S+ T) = D(S) 3 D(T).
(i) (ST)u= S(Tu), u&D(ST)= {u&D(T): Tu& D(S)}.
(i) If T:D(T)$ R(T) is bijective, then D(T#1) = R(T).

We list properties of operators in C(X,Y).
Theorem 3.1.11 (Algebraic properties of closed operators) (i) S+ T=T + S.
(i) (S+T)+U=S+(T+U).
(i) S+0= S.
(iv) 0S( S0=0.
(v) S' S( 0.
(vi) (ST)U = S(TU).
(vii) S(T+ U)7 ST+ SU.
(vii) (S+T)U=SU+TU
(ix) If S is bijective, S*'S( | and SS**( |I.

Proof. Exercise. O

Also,
Proposition 3.1.12.  SupposeB &L (X) and T & C(X). Then,

() TB &C(X).
(ii) If in addition B is bijective andB# ! & L (X), then BT & C(X).
(iiiy If T is bijective, then T#! & C(X).

Proof. (i) Let uy & D(TB), with u, $ u and TBu, $ v. Now, Bu, $ Bu by the bounded
hypothesis. Also,w, = Bu, & D(T) and w, $ Bu and Tw, $ v. So,v= TBu.

We leave (ii) and (iii) as an exercise. O
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We want to start examining the spectral properties of closed operators. We start with a notion of
invertibility.

Debnition 3.1.13  (Invertible closed operator). T & C(X,Y) is invertible means:

(i) T is bijective with R(T) = Y.
(i) T#T&L(Y,X).
Proposition 3.1.14. Let S & C(X,Y) with S invertible. Let B & L (X,Y) such that
1Bl < TSFIT
Then, (S' B) is invertible and
EI: s#1 1

ts gyt 11 B!l SFLI

Proof. We note BS#*! & L (Y) and EtBS‘“}" | B! 1S”‘11< 1. Then,

1- #11.. }5#11 ., EI:S#lEI:
' BS 11 BS#Ll 11 Bl SFLl

S0,S' B=S' BS*1S=(1' BS*1)and (I' BS*#!)is bounded and invertible and (S' B)*! =
S#l(|' Bs#l)#l' O

Debnition 3.1.15 (Resolvent operator and resolvent set of a closed operaton)if T & C(X)\L (X).
Then " & ((T) means that ("I ' T) is invertible. As before, we call ( (T) the resolvent set of T
and Rr (") = ("1 ' T)*1 &L (X) the resolvent operator. If further T & L (X) then % & ( (T).

Proposition 3.1.16. Ry &H(( (T),L (X)).

Proof. As before, except for the case whem & L (X) where we get% & ( (T). We leave this as
an exercise. O

Corollary 3.1.17. ( (T) is an open subset ofC.

Proof. Let " & ( (T) and bx p & C such that

1
W< e e

Note that (pl * T)=("I " T)+(p" ")I, so apply previous proposition withB = ("' ")I and
S=("I" T)to bndthat (ul ' T) is invertible. O

In order to discuss the spectrum of a closed operator, we need to debPne the extended complex
plane.

Debnition 3.1.18 (Extended Complex plane) We write C, = C+{%} for the extended complex
plane. We topologise this by saying thatU is open inC, if either

(i) UisopeninC.
(i) U=C, \ K,whereK " C.
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Debnition 3.1.19 (Spectrum of a closed operator) The debnition is unchanged ifT & L (X).
When T & C(X)\L (X), debne
#(T)=C, \ ((T).

Remark 3.1.20. The spectrum of aT & L (X) is consistent with the previous debnition.

Proposition 3.1.21. #(T) is nonempty.

Proof. We have already proved this forT & L (X). When T & C(X)\L (X), % & #(T). O

3.2 Functional calculus for closed operators

We have seen that whileT & C(X), the resolvent operatorRr (* ) & L (X). The ideaisto map# (T)
to some# (S) with S bounded and debne amd($) functional calculus by the previous Dunford-Riesz
functional calculus for the operator S.

In general, closed operators may havet (T) = C, , but we will not be discussing these. Unless
otherwise stated, we assume tha{ (T) 4 ! .

Debnition 3.2.1. Fix ' &C. DebPneR) :C, $ C, by:

)
Ty MAELL 2%
RM=,% ="
"0 ML= %
Proposition 3.2.2. Ry is a homeomorphism.
Proof. Exercise. O

Proposition 3.2.3. Let' & ((T). Then,
"RY#(T) = #(Re())

or equivalently,
"RUCM) = ((Re ().
Also, for " & ((T) where" 4&% %}, settingu=" Ry ("), we have

H(Rry o) (W) =(" " "R (") + 1.

Proof. The equivalence is a direct consequence of the previous proposition th& is a homeomor-
phism.

Fix " &((T). If"=",thenu= % and sou & ( (Rr (")) since Ry (") is bounded.

Suppose" = %. This means that T is bounded and (I ' T) & L (X) which holds if and only if
Rr (") is invertible, that is, if and only if p=0 & ( (Rr (" ))-

Now, suppose” & ( (T)\{"', %} . Then, u 4& 9, %} . So,
W= LIC T RIC) &L (X).

We claim that
M Re()IW=W[u" Re( )= 1.
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which we this as an exercise.

We also leave the proof of 6 8
"RY#((M) ( # Rrr)

as an exercise. O

Debnition 3.2.4 (Holomorphic functional calculus for closed operators) Let T & C(X) and $
an open set inC, suchthat#(T) ( $ " C, . An H($) functional calculus of T is a mapping
#1 :H@®) $L (X) such that

() # 1 is an algebra homomorphism and # (1) = |.

(i) There exists ' & C, such that:

#1(R)="Rr(")
#1(id) = T.

if " 4 %.
(i) If f, $ f uniformly on compact subsets of $, thenf,(T) $ f(T) in L (X).

Remark 3.2.5. Note that the statement # 1 (id) = T along with # (1) = id is equivalent to the
dePnition of an H($) functional calculus when T is bounded.

Theorem 3.2.6 (Existence and uniqueness of a functional calculus for closed operatorsBuch a
functional calculus exists and it is unique.

Proof. Fix f & H($). Then, (f 6(' R))*1) & H(' R) ($)). DebPne #1 by:
#r(f)=(f6( R)*NRr()=(f BRI Rr("))=# 4r,()(f 6R).

Since #; r, is the previous bounded functional calculus, the only thing we need to show is#(R) ) =
" Rr (" ). But this follows easily:

#7(R)=(R BRIY( Rr( ) =id(" Rr( )=" Rr(),
O

As before, we typically write f (T) := # 1 (f) in the light of the previous theorem. We list the
following important properties of the H($) functional calculus we have debned.

Theorem 3.2.7 (Properties of H($) functional calculus for closed operators). (i) #1(r) = r(T)
wherer & H($) is a rational function.

(i) When T &L (X), #1 agrees with theH($) functional calculus debned in42.3.

(iii) Let $.,%, be open sets inC, and suppose#(T) ( $=% 13 %,. If f; & H($,) and
fo &H($,) andfy = fyon$, then f(T) = fo(T).

(iv) #(f(T)= f#(T)).

(v) There exists aC > 0 such that
Lf(T)!" CIfl,

wheneverf & H' ($) .
(vi) If g&H($) andf & H($) where# (g(T)) = g#(T)) ( $, then

(f 69)(T) = (a(T)).
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(i) If f1,f, &H($), then
f2(T)f2(T) = (Faf2)(T) = f2(T)F £(T).

(viii) We still have uniqueness if we replace axiom (iii) in the debnition of theH($) calculus with:
(iid) If f, $ f uniformly on compact sets of$, then f,(T)u$ f(T)u forall u& X.

The spectral projections for the bounded operators also apply to closed operators. However, in
this situation, we also need to give consideration to the point%.

Theorem 3.2.8 (Spectral decomposition of a closed operator) Let T & C(X), ' & ((T), ' 4
I & C, and there exists aC > 0 and a sequence, & ( (T) such that", $ !. Then,

(i) Suppose! 2 % and|","' !'|!' Rr(",)!" C. Then, debning
X ={u&X:",' !'Rr("n)u converges inX}
we have the decomposition
X7 X =NT" 1)* RT" ).
(if) Suppose! = % and |"n|! Ry ("n)!" C. Let wy ="' Ry ("s). Then, debning

Xt = {u&X (1" "ZRr(")("n))u converges inX}

we have
X7 X =D(T).

Also, we have the characterisation

D(M=RRr(" )= {u&X :"Rr("n)u$ u} ={u&X :TRr("1)u$ 0}
Furthermore, if X, X( have the Hahn-Banach property with respect teX , X (., then X' = X.

Proof. (i) Either we can check that the proof for bounded operators works for closed operators,
or we can simply transfer the results by applying the result for bounded operators toRr (' ).

(i) Again, we can redo the proof as for bounded operators or transfer the results tdRr (' ). We
take the latter approach.

We show that we have resolvent bounds at 0 =" R) (%) for the operator Ry (' ). We note
that

WnRg; o)(Wn) = (" " "n)Rr("n)+ 1 = 1" "nRr("n) + " Rr("n)
By the resolvent bound for T at %, ' Rr("n) $ 0 and we have the resolvent bound

|Wn|1RRT())(Wn)]:" C+2.

A|SO, > ?

X' = u&X:w, R, () )(Wn)u converges inX
It follows thenthat X 7 X' = N(Rr (" ))* R(Rr (' )) butsince Rr (" ) is bijective, N(Ry (' )) =
0. Also,

R(Rr (")) = D(Rr(")**)=D(1 * T)= D(T)

which proves the result.
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We have the following important consequence.

Corollary 3.2.9 (Densely dePned closed operator)lf X, X ( have the Hahn-Banach property with
respect to-X , X (., then T is a densely debned operator.

Typically, from now on, we consider operators with spectrum in a sector or a bisector. Our special
points are {0, %} . The $ are larger sectors that do not contain {0, %} .
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Chapter 4

Sectorial Operators

So far, we have considered a functional calculus whe# (T) ( $ ( C, .

Now, supposeT = &, the Laplacian on X = L?(R"), which has spectrum,# (&) = [0 ,%]. We want
to look at €*t" but f (") = €** is not holomorphic at %. Also, we wante*t " but f (") = et #
is not holomorphic at 0.

So we look at operatorsT such that:

(i) #(T) is contained in a Osector.O0 Then we consider $ to be a slightly larger sector without
the points {0, %} .

(i) #(T) is contained in a double sector and we take $ to be a slightly larger double sector not
containing {0, %} .
A

@ .
The brst situation (i) generalises the theory of &, and (ii) generalises , 0 dé)v

4.1 The ! functional calculus

Debnition 4.1.1 (Sector). Let0" & <. . Debne theclosed& sector:
S+={"&C, :|arg"|" &or" =0,%} .
LetO<pu<. . Debne theopenu sector:
Si+ ={"&C:|arg"|<p or" #0}.

Debnition 4.1.2 (&-Sectorial operator). Let 0" & <.. Wesaythat T : D(T) $ X is an
&-sectorial operator if:

(i) T &C(X).
(i) #(M)( Si+.
(i) Forall p> &, there exists aC, / 0 such that
"' Rr(")!" Cy
forall " & C\{ 0} such that |arg"|/ u.
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Since our open sector may not contain the entire spectrum (ie., points 0 anéo), we debne a class
of functions that gives control by having rapid decay at these points.

Debpnition 4.1.3  (!( Sj.) class functions) DePne:
B crp C
[ ' . o ! " n
(Sp.)= 2&H (S§.)::'> 0,C>0,2(") FanT
Remark 4.1.4. Note that the decay condition for a function 2 & !( S7, ) is equivalent to:
3 )
wyu  CI"P "] small
2(") ) e :
Cl"| |"] large

Debnition 4.1.5 (!( Sj.) functional calculus). Let T be &-sectorial and 2 & !( Sg,) where

0" &<u<. . Debne: :
1

2(M)= 2(")Rr (") d"
(M= 55  2()R()
where, = {re® : % >r> 0} + {re?% :0<r< %}, & <3 < p a curve consisting of two rays
parametrised anti-clockwise.
Proposition 4.1.6.  The integral .
1
2("Rr (") a”
55 . 2(ORe(")
converges absolutely an@(T) & L (X).
Proof. We compute:
17 cprp L1 1 U dr,
r2(m!"* — ———=-C d'|= ——2CC ——" C< %.
(T) 2. .1+ |"P '|"|| | 2. o 1412y °

Remark 4.1.7. Note that C depends on2 and on the resolvent bounds ofT.

Example 4.1.8. Some examples of ! class functions are

ue#t# DT
’ 1+ wp

By the previous proposition,

T
1+7T2

#_ "
T T Tt T &L (X).

Theorem 4.1.9 (Properties of the !( S3, ) functional calculus). (i) The depnition of 2(T) is
independent of3 & (&, ).
(i) Let 2 &!( SB,) and Pxp & (&, 1]. Let Z = 2|so, . Then,

Z(T) = 2(T).

(i) 1 S3+) $L (X) is an algebra homomorphism.

(iv) If #(T) is compact in S§, (ie., if 0 & ((T) and T & L (X)), then 2(T) agrees with the
functional calculus in 2.3,

(v) If 2 &H' ($) where$ is an open set satisfyingSg, +{0,%} ( $, then 2(T) agrees with the
functional calculus in 43.2,
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(vi) Let 25,2 &!( SQ,) and suppose there exists constants> 0 and C > 0 such that for all n,

" n Cl“l)

and that 2, $ 2 uniformly on compact subsets ofS3, . Then, 2,(T) $ 2(T) in L (X).

Proof. (i) Fix & <p< g, and let,, # be corresponding contours. We introduce OcutsO
SP() = 0t AOR gr g g

and
NMOE Nelh* @ #0Du gw ¢n 1
Now, i_ 1 0
n n n n oo+ }u <
%2( JRr (") d CltI) T ® 6 co
which tends to 0 as0$ 0. Similarly,

i%zum)d% Coy

which tends to 0 asN $ % . We can similarly dePne-# and -}, and show that

i 2(">RT(")d"H 2(")RT(")d"§$o
% o

as0$ 0,andN $% . We leave it as an exercise to check that this proves the claim.

(vi) Let ,ap={"&, :a"|"|" )}. ForN>-> 0,
v = 50%T Nt AN -

Then,

2.12,(T)" 2(T)1" ¥ 12a() 2(")1RT(")d"§

+% el 2(")1RT(")d"§

+% a0 2(")]RT(")d"i.

N,

Fix 0> 0. Firstly, we can choose- > 0 small such that

*1 ®41_C, 20

% 2n(")" 2(MIRT (M) d"%«: P-dr=C p#*l=2) <22
"o, 0 r 0 3

Then, we can chooseN > - > 0 large so that

% a0 2(")]RT(")d"i<c

N P

Now, there exists anM > 0 such that forn>M |,

N
200) 2C) 161 C sup (200 2001 < 2

% ey 2(")]RT(")d"§< . o :
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Combining these three estimates, we have that whenever >M , ! 2,,(T)"' 2(T)! <0 which
completes the proof.

O

As before, we get a splitting of the space with respect to the operator. However, for sectorial
operators, it is also useful to consider the splitting with respect to the two points{0, %} .

Proposition 4.1.10 (Splitting of the space with an &-sectorial operator). Let T be an&-sectorial
operator. Then,

() X7 X0=N(T)* R(T).

(i) X7 X" =D(T).
@iy X 7 X0 = N(T)* (R(T) 3 D(T)) where X{0% = X03 %' .
(iv) D(T)3 R(T)= R(T(I + T)*1).

(V) D(T)3R(T)= D(T)3R(T) = R(T(l + T)#2).

As before, we have equality in (i)-(iii) if X,X( have the Hahn-Banach property with respect to
X, X

Proof. We have already established (i) and (ii). We leave (iii) as an exercise.

(iv) To show that D(T) 3 R(T) = R(T(l + T)#2), brst note that

D1 + T)?) = {u&D(l + T): (I + TYu&D(l + T)}
{u&D(T): (I + T)u & D(T)}
{u&D(T): Tu&D(T)}

D(T?)

sinceD(l + T) = D(T) which is a linear subspace oiX .
Thus,

R(T(I + T)*?)

TR((I + T)*?)

TD( + T)?

TD(T?)

{u=Tv:v&D(T)andu= Tv &D(T)}
D(T) 3 R(T).

(v) It follows immediately that

R(T(l + T)#2)= D(T) 3 R(T) ( D(T) 3 R(T).

We leave equality as an exercise.

Corollary 4.1.11.  If 2 &!( SQ,), then N(T) ( N(2(T)).
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Proof. Debne:

n

20()= 1320

1+n"

and note that 2, $ 2 uniformly on compact subsets ofS3,. Now, Therefore, by (vi) of the
previous theorem,2,(T) $ 2(T) in L (X). Now, when u & N(T),

2,(Tu=nT( + nT)*2(T)u= n2(T)(I + nT)*ITu=0

for all n. Therefore2(T)u=Ilim s 2,(T)=0. [

We now increase the class of functions !(Sg, ) to functions that approach nonzero values at 0 and
%.

Debpnition 4.1.12  (#( S{, ) class functions) Debpne:
> |
#(S9.)= 1&H (S},)::10,1, &C,"> 0,C>0, )
[1(")" 1o/" C|"]P forsmall™, |1(*)" 1, |" C|'|*) forlarge""

Proposition 4.1.13  (Characterisation of #(Sg,) functions). 1 & #(Sg,) if and only if there
exists a2 & !( S§,) such that

/L0 1,0 ;0
1")=1y — +1, — +2(")=1, " (1" 1,) T+

1+ T +20).

Proof. Exercise. O

Remark 4.1.14. Let$ 7 Si, +{0,%}. Then #(S3,) 7 H($) and #( S7,) 7 '( SB.).

Proposition 4.1.15.  #(SQ,) is an algebra.

Proof. Exercise. O
Debpnition 4.1.16  (#( S{. ) functional calculus). Debne #(S3,) $L (X) functional calculus by:
1(M)=1, 1" (Lo" 1, )Rr (" 1)+ 2(T)
where

1
2.0

2M= 5= 2()Re() "

Proposition 4.1.17.  #(SQ,) )$ L (X) is an algebra homomorphism.

EroofF The only non-trivial step is to show that whenever 2 & !( SQ,), and dePning f (") =

s 2(") &!( S8 ), then

f(T)=(1+ T)*12(T).

We leave it as an exercise to verify that:
/ 0

Rr()= 1+ T It TR

1+ "

1+°"
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Then,

11
f(T)—T'"FZ()RT()d '

— i [ #1 1 n n 1 . #1 n " n
=25 . (D71 25 (0 T2OR() d
o+ TR 1 o 41 17 . -

= 55 ) —2(")d"+ (1 +T) 55 "2( JRr (") d

= (I +T)#12(T).

The Pbrst term is zero by CauchyOs Theorem. O

Theorem 4.1.18 (Properties of the #(Sg, ) functional calculus). () #(Sp.))$L (X) isanal-
gebra homomorphism.

(ii)y If #(T) is compact in S3, (ie., if 0 & ((T) and T & L (X)), then 1(T) agrees with the
functional calculus in 42.3.

(i) If 1 &H' ($) where$ is an open set satisfyingSg, +{0,%} ( $, then 1(T) agrees with the
functional calculus in 43.2.

(iv) If 1(T) &!( S§,) then, 1(T) is the !( S, ) functional calculus.

Remark 4.1.19. We have functions like €% & #(SJ,), so we havee’™ & L (X). Note that

we still do not have estimates and we still cannot access a functional calculus of functionss &
H' (S2,).
n+

We have the following important theorem.

Theorem 4.1.20 (The Convergence Lemma) Supposefn & !I( S§,) and there existsC > 0
such that! f,!, " C for all n. Further, supposef & H' (Sg+) and that f, $ f uniformly on

compact subsets o5}, . Also, suppose there exist€ > 0 such that! f,(T)!" C. Then, for all
u&Xtoh = N(T)* (D(T) 3 R(T)), fn(T)u is a convergent sequence iiX .

Proof. Firstly, suppose u & N(T). Then by Corollary #.1.11}, we have thatf,(T)u$ O.

Now, bx u & D(T) 3 R(T) By Prop (iv), there exists v & X such that u = T(I + T)*2v.
Debne:

2,(") = mfn( )
and so there exists aC{ > 0 such that

TR
|2n( )l C 1+ ||||2'

Setting

2= e’ )

we Pndthat2, $ 2 uniformly on compact subsets ofS?, . So, by TheoreZn(T)v $ 2(T)v.
So,
fa(Tu= o (T)TU + T)*2v=1,(T)u$ 1(T)v.

By Prop , f,(T)u converges for allu & R(T(I + T)#*2)= D(T) 3 R(T). O

We leave the following further statements as exercises.
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Remark 4.1.21. Suppose that the hypothesis of Theorenj 4.1.20 are satisped. Then, under the
following additional hypothesis, we have the stronger consequences.

1. If f & #(S{,), then wheneveru & D(T) 3 R(T), fo(T)u $ f(T) and when u & N(T),
fan(Mu$ O.

2.1f'> Oand|[f,(")"| C|") when" is small, then wheneveru & D(T), f,(T)u converges.

3.1f'> 0and|f,(") " | C|'|") when" is large, then wheneveru & N(T) * R(T), f,(T)u
converges.

4. If (i) + (ii) holds, then f,(T)$ f(T) on D(T).
5. If (i) + (iii) holds, then f,(T)$ f(T) on R(T).

4.2 Semigroup Theory

In @ we considered the family of operators&* '™ )o«< 1 When T is a bounded operator. We
now consider this theory whereT is a sectorial operator.

More precisely, in this section, we bxp and & such that 0" & < pu < & and we suppose our

2
operator is T &-sectorial.

Proposition 4.2.1. Let f (") = &% and let

/ 1 0
2.(") = HH
(") € 1+t
Then, 2¢ &!( S§,) and
1
()= o+ 20).
Proof. We note that f & #(Sg, ) and
wy(n _ CIt"|
|2t( )l m
which proves the assertion. O

Debnition 4.2.2 (Exponential Semigroup). Debne:
T = f(T)= (1 +tT)* 1+ 2(T).

Proposition 4.2.3. & &L (X) for 0<t< %.

Proof. Fix 0 <t< %. Then by resolvent bounds at O, there exists aC > 0 such that

/ 0
1(| +tT)#11= i %RT ' % i C.

Also, . .
. 17 wey o al 1 uyy o an
2T o 2= o RO < %,
The result follows by combining these two estimates. O
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Proposition 4.2.41 (Prgperties of the Semigroup € )o«< 1+ ). (i) There exists a constantC >
O such thatle?™ 1" C whenever0" t"% .

(") T g sT — g (t+s)T

(iii) The Semigroup is continous. That is, the mapping (0,%) $ L (X) debned byt )$ €T is
continuous.

(iv) The semigroup is di'erentiable in t, and

d

dte#tT =TT 7 HTT

(V) If u&N(T), thene&*Tu=u.

(vi) If u&R(T), thenlimyg € Tu=0.
(vii) If u&D(T), then limg €T u= u.
(viii) u & D(T) if and only if

1
lim =(e*Tu" u)
t$0t
exists and 1
"Tu=lim (T u' u).
t$ 0t

Proof. We have already proved (i), and (ii) is easy.

To prove (jii), Px a to & (1,%). We consider 3t <t < 2to. We already have that (I + tT)*! is
continuous in t. Also, there exists and' > 0 such that

min CI"P
|2t( )l W
for" & S§+ , and in fact, uniformly bounded for our choice oft. Also, 2y $ 2; ast $ % uniformly
on compact sets and by applying Theoren{ 4.1]92(T) $ 2,(T) in L (X) which establishes
continuity.

Now we prove (vi). Fix u & R(T). Firstly, note that
#1,, = 1 '
(I+tT)""u=" =Ry - $0

since' % $ 0ast$% . Now, whenever 1" t< %, 2 $ 0 uniformly on compact subsets. That
is, [2¢(")] " IC?I and! 2,(T)!" C and applying Corollary , 2((Tus$ 0.

We leave the rest as an exercise. O

Remark 4.2.5. The last case, (viii) illustrates that
d
T = S, T
gil=0

in the strong operator topology where we debneddTh:o as the limit in the theorem. We say that
" T is the generator of the semigroup.

What we have achieved has some far reaching consequences. We debne the following Oevolution
equation.O We suppose that for simplicity thatX = D(T) = R(T).
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Debnition 4.2.6 (Evolution Equation) . Suppose there existai : (0,%) $L (X) such that

3
du(t)+ Tu(t)=0

limeg ou(t) = w
We say that u is an evolution equation.

Proposition 4.2.7. Given T an &-sectorial operator (with & < %), there exists a unigue solution
u to the evolution equation.

Proof. The solution is given by u(t) = €T w. The solution is uniformly bounded in t:
Lu)!" Clw!.

Furthermore, u(t) $ 0 ast $ % and u(t) $ wast $ 0. One can check thatu is indeed
unique. O

So, this proposition shows that we have in fact solved an entire class of parabolic PDE. In particular,
T ="' & is the heat equation.

4.3 H” Functional Calculus

We return to the situation where our operator T is &-sectorial with 0" & <. .

Debnition 4.3.1 (Bounded H' functional caculus). We say that T has a boundedH' (Sg+)
functional calculus if there exists C > 0 such that

12(T)!" Ccl2t,

forall 2 &!( S§,).

A justibcation of this dePnition is necessary, because we have only considered &, ) class func-
tions.

Proposition 4.3.2. Letf &H' (Sg+ ). Then there exists a sequencgy & !( Sj, ) and a constant
C > Osuch that! 2¢!, " Cand2¢$ f uniformly on compact subsets ofS, .

Debnition 4.3.3 (H' (Sp+) functional calculus). Fix f and let 2, & !( S3,) be a uniformly
bounded sequence such tha2y $ f uniformly on compact subsets. Debne:

f(Tu= I!I:Bm 2k(T)u

for all u & D(T) 3 R(T).

Remark 4.3.4. The limit in the debPnition exists, since 2y (T)u is a cauchy sequence whenever
u&D(T)3R(T).

Proposition 4.3.5. f(T) is well debPned and there exist€ > 0 such that! f (T)u!" C!u! for
all u & D(T) 3 R(T).
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Chapter 5

Operators on Hilbert Spaces

We start with a summary of Hilbert space theory. See for example[[Hal98], [Kat76], [DSE&8].

Debnition 5.0.6 (Inner Product). Let H be a linear space ovelC and let-4,4.:H2H$ C be
a map satisfying:

@i -'u +)v,w.="-uw.+)-v,w. forall u,v,w&H and',) &C.

(i) -u,'v +)w.="-u,v.+ )-uw. forall uv,w&H and’,) &C.

(iii) If -u,v. =0 for all vthenu=0. (Positive debniteness)
Remark 5.0.7. An inner product is a notion of angle.

Debnition 5.0.8 (Orthogonal). Let H be a linear space oveC with an inner product -4, 4. Then,
we say that u, v are orthogonal and writeu ; v if -u,v. =0.

Remark 5.0.9. An inner product has an associated norm given by:

Debnition 5.0.10 (Hilbert Space). A Hilbert space is a linear spaceH over C with an inner
product -a,a.which is a complete topological space with respect to the associated norm.

Throughout this section, we will take H to mean a Hilbert space with an inner product-4,4a.

Proposition 5.0.11  (Properties of a Hilbert space)

@i -u,v.= %[! u+v!'l u' vi+8u+dvl' 8 u' ov]. (Polarisation Identity)
(i) -u,v. = -v,u.. (Hermitian)
(i) J-u,v "t oull vl (Cauchy-Schwartz)
(iv) Tu+v!"l ul +1vl, (Minkowski)
(V) Tu+ viZetut viZ=21ut?+21v12 (Parallelogram)
(vi) Whenever u; v, lu+ vIZ=1ul?+1vI? (Pythagoras)

2
Example 5.0.12. (i) H = *2with -u,v. =~ |, u;Vj.
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.. . 7
(i) H=L%$)with -u,v.= | uv.

The main theorem at the heart of Hilbert Space theory is the following.

Theorem 5.0.13 (Closest point). Let M ( H be closed linear subspace. Then, for any & H,
there existsv & M such that! u' v! =dist(u,M) and (u' v); M.

Corollary 5.0.14. LetM) = {w&H :w; v9v&M}.Then,H:M’l M) andM) =M.

Now, for the moment, let X be a Banach space. In42.7, we considered the dual space to be
X(=L(X,C). Thatis, if f & X( thenf : X $ C, bounded, and linear. In a Hilbert space, it is
often useful to replace this linearity with conjugate linearity.

Debnition 5.0.15 (Adjoint space). Let X be a Banach space. Debne:

*

X = {f : X $ C conjugate linear} .
Then, X" is called the adjoint space of X .

Remark 5.0.16. It is worth noting that the theory we built for X (in 42.7 works in much the
same way if, instead, we worked withX .

Theorem 5.0.17 (Reisz representation) Let u & H and letf, & H" be debned by ,(v) = -u,v.
for all v& H. Then the mapH $H * given byu)$ f, is a linear isometry.

Proposition 5.0.18 (Hanh-Banach property of Hilbert spaces) Every Hilbert spaceH has the
Hahn-Banach property with respect to-H,H" ..

Proof. Let M ( H be a closed linear subspace. Lett & H\ M. Then, we can write u =
v+w&M* M). Then, w # 0 and now considerf,, & H*. Then, we havew & M) and
fw(w)= -w,w. =! w!?40. Also, if X &M, fy(x) = -w,x. =0. O

5.1 The numerical range

From here on, we assume thaflT & L (H).

DePnition 5.1.1  (Numerical range, Numerical radius). DePne thenumerical range of T:
n(T)= {-Tu,u. & C:u&H, lu! =1}.

Debne thenumerical radius of T:

nrad(T) = sup | nr(T)| = sup M
ugo lul
Remark 5.1.2. Note thatnrad(T)"! T!.
Proposition 5.1.3. %! T!" nrad(T)"! T!.
Corollary 5.1.4. nr(T)={!} ifandonlyif T =1 .
Proof. nri(T)={!} <& n(T" N )={0} <! T"Ill '=0< T=I. O

Theorem 5.1.5 (Toeplitz-Hausdor" (1906)) . The numerical range nr(T) is convex.
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Example 5.1.6. LetT = 8 (1) . Then, #(T) = {0}, ! T! = 1. We compute the numerical
range:
B/ 0 10/ 0/ 0 C
(M= - 5 ) ) &CIPP+DP=1

> ?
)T&C I PHDP=1.

The, the numerical radius is nrad(T) = 3.

Example 5.1.7. Let H = *2, F = (1), !; &C and ||F|l, =sup;|'j| < %. DebneT =
diag(! j). Then, for u &*2, (Tu); = !ju;. Now, ! T! = ||F||, point spectrum (set of eigenvalues)
is #5t (T) = {!;} and the spectrum is# (T) = # (T). We compute the numerical range:

) G
+. : H

nr(T)= {-Tu,u.&C:lul =1} = TR |uj|2:1|
o ,—

We denote the convex hull of a setS (set of Pnite sums) by cof). Then,
#ot (T) ( colpe (T)) ( nr(T) (- cofp (T))

and

#(T) = #pe (T) ( cope (T)) = nr(T).

Also, in this example, nrad(T) = ! T!.

In particular, the preceding example highlights that # (T) ( nr(T), and not nr(T). In fact, this is
true in general, and we prove this as a theorem. But Prst, we need some results aboatljoints of
operators.

Debnition 5.1.8 (Adjoint) . Let T & L (H). We debneT" :H$H by -T'u,v. = -u, Tv. for all
uve&H.

Remark 5.1.9. In the general theory, the adjoint of an operator acts on the adjoint space, just
as the dual of an operator acts on the dual space as see #2.7. But this debnition makes sense in
the light of the Riesz representation theorem as we can identify the adjoint spacéd” with H.

Proposition 5.1.10  (Properties of the Adjoint). () T"&L(H)and! T"!1 =1T1!,
(i) T" =Tand(T +)S) ='T "+)T".
@iy (ST) =T'S" andI"=1.
(iv) If S is invertible, then S* is invertible and (S*)#1 = (S*1)".
(V) "&((T)ifand only if " & ((T") and Ry (")" = Rys(").
(vi) ! &#(T) if and only if 1 & # (T).

(vi)y ' &nr(T) if and only if =~ & nr(T").

wii) H = N(T)* R(T.

Proof. (i) Note that,



(viii) We have

U&&N(T) < - Tu,v.=09v&H
<1 - uT'Vv.=09v&H
<4 u; R(TH
4 u; R(T)

We leave the rest as an exercise. O

Proposition 5.1.11. Let T &L (H). If ',) / 0 such that

@ tul™ "1 Tul forall u&H
(i) 'v!" )!IT'v! forall v&H

then T is bijective, T & L (H) and

EI:T‘“}" min{',) }.

Proof. Condition (i) |mmed|ately gives that T is one-one with closed range. Condition (i) gives that

T" is one-one and sd\ (T") = 0. It follows by (viii) and (i) of Proposition 5hat R(T) =

Putting thefe two Iacts together gives that R(T) = H and soT#! & L (H). Furthermore, (|)
ives thay 1 T#1w " 1w!. Using the same argument, we can bnd thaff"** & L (H) and

T#wI* )y 1wl Since! T! =1 T"1, it follows that IT#11" min{")) }. O

We now return to prove the general statement that# (T) ( nr(T).

Theorem 5.1.12. LetT &L (H). Then,

() #(T) ( nr(T).
(i) Forall " &C\ nr(T), 1

RO Gy

Proof. Fix " & C\ nr(T). let d =dist(", nr(T)). Then, for all u & H\{ 0},

L, -Tu,u.j
j ML / d.

By Cauchy-Schwartz and multiplying across by! u! 2

L Tyult ul/- (1 THu,ul/ diut?,

So,!u!/ %! "I'" T)ull u!. Similarly, we a{)ply the san} argument with T* in place of T and
" in place of" to bnd the estimate! u! / T )utlu!. By Proposition , we get
Rl T)=Hand ("l T)**&L(H)so" & ((T) proving #(T) ( nr(T). Also, by the same
proposition,

i1
d dist", nr(T)
which completes the proof. O

| Rr (")t
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5.2 Functional calculus and numerical range

2 2 R
Let p(") = = L, ' k"¥. We debnep(") = ~ 1, “k"K. Note that p(") = p("). Then, note that
-N -N
P =( T = T = p).
k=0 k=0

We use the case of polynomials as a prototype to consider the OconjugationO of an arbitrary function
f.

) >_ ?
Debnition 5.2.1 (Conjugate function). Let $ ( C, $ open and let $°" = ":" &$ , the

conjugate of $. Then, wheneverf & H($), we debnef & H($ ) by f (") = f (").
Proposition 5.2.2. f(T)" = f(T).
Remark 5.2.3. Suppose $ is connected and 8 R 4 ! . Then,

f()=7f(")9"&$ < f(X)=FTX)X&$S3R <L f(Xx)&R X &$ 3R
Debnition 5.2.4 (Self adjoint). We say that T & L (H) is a self adjoint operator if T = T".
Proposition 5.2.5. T = T" if and only if nr(T) ( R.

Proof. To prove that when T = T* then nr(T) ( R, observe that
-Tu,u. = -T=u,u. = -u,Tu. = -Tu, u..
We leave the other direction as an exercise. O

Proposition 5.2.6.  There existsa, b& R, satisfyinga" bsuch thatnr(T) =[a,b or nr(T) = {a}.
Moreover, a,b& #(T), so thatnr(T) =co(#(T)) and! T! =nrad(T) =sup |#(T)|.

Theorem 5.2.7. Let T be self adjoint and suppose$ is open in C, nr(T) ( $. Suppose that
f & H($) such thatf = f. Then, f (T) is self adjoint and

LE(T)1 sup [F()["! f1,

#%nr( T)

Proof. Firstly, we observe that f (T)" = f(T") = f(T). Now,
E(T)! =sup [#(fF(T)) | =sup [f #(T))|= sup [F(")" sup [F(")["! 1,
B (T)

#%nr(T)

Exercise 5.2.8. Prove that the preceding theorem remains true without the condition f = f.

Remark 5.2.9. In fact, for self adjoint operators, we have aBorel functional calculus via the
spectral representation. Furthermore, the estimate! f (T)!"! f !, holds for all Borel measurable
functions f : #(T)$ C.

5.3 Accretive operators

Debnition 5.3.1 (Accretive). An operator T & L (H) is called accretive if Re-Tu,u./ 0 for all
u&H.
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Proposition 5.3.2. T & L (H) is accretive if and only if T+ T" is a non negative self adjoint
operator

Proof. Note that

Re-Tu,u./ O9u&H < - Tu,u.+-u,Tu./ O9ué&H
<1 - (T+THu,u./ 09U &H
<l T+ T is non-negative self adjoint.

which establishes the claim. O

#_ #_
In particular, this theorem tells us that there exists T+ T~ &L (H). Also, we bnd T &L (H)
by integrating around the numerical range and using the resolvent bounds at 0.

Also, for a bounded accretive operatoiT, by consideringf(") = € ¥ fort> 0, we Dnd} il I 1.
That is, we get a contraction semigroup. In fact, this works even whenT is unbounded.

Debnition 5.3.3 (Bounded strictly accretive). An operator T & L (H) is called strictly accretive
if there exists 4 > 0 such that Re Tu,u./ 4! u!?forall u&H.

Theorem 5.3.4. Suppose thatT is a bounded strictly accretive operator, and letpy > %. If

f &H" (Sg,), then
FE(T)!" lasup|f (")|=214& sup |f (")].
#YOR Re #+ 0

Proof. Let 2 &!( Sj,). We can take, ="' @ sincep > % and then
2my= L 2001 Ty e
206
= % 20T "+ (T +"1)#td" (Since (T™ + "1)* ! is holomorphic on S, )
YR
= L ey e e
20 R

Now, there exists 2, & !( S7,) such that 2, $ f uniformly on compact subsets ofSg, . So,
2,(T) $ f(T). By the decay condition on (T" + "1 )#*Y(T" + T)(T" "I1)#1,

f(T)= zi ) F@W(T™ + By)* (T + T)(T "' dyD** dy

and

- (T)u,v. = zi CF@Y-(T  + T)E(T Gyl tu, (T + T)5(T" &yl)*iv. dy
<o

for all u,v & H.

Putting f 5 1, u= v, we get,

! 2
lul?= zi i(T* + T)(T" 6y|)#1ui dy.
. #!
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By the application of Cauchy-Schwartz,

-f (T)u, v.| " 21.5;1£|f (iy)] #|' i(T* + T)3(T" ayl)#luﬁ(T* + T)(T" Gyl)#lvi dy

SETE S oyt
" Sup If(")I 2 . (T"+ T)2(T' oyh*tul dy
A 0
: 2
2i 1(T*+T)%(T‘ 6yl)#1vi dy
- #

1
2

=sup |f (") ull v!
#U%R

O

Debnition 5.3.5 (Bounded &-accretive). Let 0 " & < %. We say an operatorT & L (H) is
bounded &-accretive if nr(T) ( S + .

Note that T is &-accretive means thatT is %-accretive, which is the same as saying thafT is
accretive.

Proposition 5.3.6. T & L (H) is bounded strictly accretive implies there exist < % such that
T is bounded and&-accretive.

Proof. Note that |nr(T)| "I T!. Let 4 > 0 be the constant in the strict accretive hypothesis.
Then, take & such that ! T! cos & = 4. O

Proposition 5.3.7. T & L (H) bounded strictly accretive implies thatT#* is bounded strictly
accretive.

Proof. Firstly, we note that the strict accretive hypothesis implies that 0 & ( (T) so that Ry (0) =

T#1 &L (H). Also,
R () n 1 n 1
tRr(0)f dist(0,nr(T)) 4°

SinceT is also &-accretive with someé& < %,

T*huu = =T, TT# M0, = -T(T#Lu), (TFTU). & S) »+ .

So, 4
Re-T#1u,u. = Re -T(T#u), (T# )./ PESTENE Y T ut?.

O

Example 5.3.8. () Let H=* andletT = diag(!j)j! -1 - We already know that nr(T) =
co{!;}. Then, T is bounded strictly accretive if and only if |! ;| " & and Re!; / 4> 0 for
all j.

(i) Let H=L?R"). Let b& L' (R") such that Reb(x) / 4> 0 for almost everyx & R". Let
T be the mapu )$ bu. Then,! T! = ! b!, and

Re-Tu,u. =Re b(x)|u(x)|? dx / 41 u!?.
Rn

(i) Let H=L?R",CN),and T &L' (R",MN: N)guch that essgsuppT(x)| = ! T!, < %, and

ReT(x)/ 4l foralmostallx & R". Then, T &L L2(R",CN) dePned byTu(x) = T(x)u(x)
is bounded strictly accretive.
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5.4 Closed operators

Let H,K be Hilbert spaces. LetT & C(H, K) and suppose thatD(T) = H.

Debnition 5.4.1 (Adjoint) . The adjoint T* of T is the operator with the largest domain D(T")
such that -Tu,v. = -u, T"v. for all u & D(T),v & D(T").

Remark 5.4.2. Equivalently, we could debne
D(T)= {v&K ::f &H s.t. -Tu,v. = -u,f. 9u & D(T)}

and
T'v=f.

This is indeed well debPned. Suppose there exists& H such that
-Tu,v. = -u,f. = -u,g.

for all u & D(T). Then, f = g if and only if D(T) is dense inH. This is why we made the the
density assumption onD(T).

Remark 5.4.3. Note that
H*K = GT)*G( T')

since
-(u,Tu),( T"'v,v). == u,T'v. + -Tu,v. = 0.

This gives us another approach to debne the adjoint. Take3(T)) in H*K and check if it is the
graph of an operator. Clearly such is the case iff is densely debned. So, debrieT" to be the
operator with the corresponding graphG(T)) . See[[Kat76].

Proposition 5.4.4  (Properties of T"). (i) T & C(K,H).
(i) D(T") = K.
@y T =T.

(iv) H=NT)* R(T") andK = N(T") * R(T).
(v) If T is invertible (ie,, T# &L (K,H)), then T" is invertible and T"#1 = T#1".
(Vi) "&((T) & "&((T")andRr(") = Rys(").
(Vi) ! &#(T) < T &#(T).
Proof. We prove (ii). Supposeu & D(T")) . Thatis -u,v. = 0 for all v & D(T") which is if and

only if -(0,u),(" T"v,v). =0forall v&D(T")in H*K . So, (Qu) & G(' T")) = G(T) which
implies u =0. So, D(T") = K.

The rest of the proposition is left as an exercise. O

Remark 5.4.5.  Unlike in the case for bounded operators, we do not always have that ni{() =
nr(T)c . This is because the domaind(T) and D(T") may be di"erent, even in the caseH = K.

Debpnition 5.4.6 (Self adjoint). T & C(H) self adjoint means that T is densely dePned and
T=T".

Remark 5.4.7. As a consequenceD(T) = D(T"). Also, #(T) ( nr(T) ( R andforall" & C\ R,

I Rr(")!" %
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Debnition 5.4.8 (&-accretive operator). Let0" &" %. Then, we say that T is &-accretive if

() T &C(H),
() nr(T)( S+,
(i) #(T)( Si+.

Remark 5.4.9. Note that condition (ii) is equivalent to saying that |arg-Tu,u.| * & for all
u&D(T). When, T &L (H), (ii) implies (iii).

Proposition 5.4.10. SupposeT satisPes (i) and (ii) in the dePnition of &-accretivity. Then
whenever” & C\ nr(T), we have! (T' "lI)u!/ dist(",S;+)!'u!. SoT"' "l is injective with
closed range.

Remark 5.4.11. In this case, (iii) holds if and only if R(T * "I ) = H. The proof is by the stability
of the semi-Fredholm index.

Proposition 5.4.12. If T is &-accretive, then

1

'Re (") ————
(") dist(",S: +)
forall " & C\' S+ and T is &-sectorial.

Remark 5.4.13. An immediate consequence is thaD(T) = H andH = N(T)* R(T). (Note that
* does not imply orthogonality.)

Theorem 5.4.14. Suppose that (i) and (ii) holds. Then, (iii) holds (ie., T is &-accretive) if and
only if D(T)= H andnr(T") ( S +.

Proof. Suppose thatD(T)= H and nr(T") ( S, +. Then,
}(T*‘ Il )“uil:/ dist(",Sy+)! u!

whenever" 485, .. So, (T" ' "l) is injective which implies that N(T" ' "1) = 0. It follows that
R(T*' "I')= H which implies" & ( (T). This proves#(T) ( S +.

To prove the other direction, supposeT is &-accretive. By the previous theorem,&-accretive implies
&-sectorial and we have thatD(T) = H. Fix 0> 0. Then, (T + 0l) is &-accretive and (T + 01)#?
is bounded and&-accretive. So, " + 01)#?! is bounded and&-accretive and nr(T* + 0l) (' S, +.
Thenlet 0$ 0 to conclude nr(T*) (' S +. O

We summarise the properties of&-accretivity.
Proposition 5.4.15 (Properties of &-accretivity) . Let T be &-accretive. Then,

(i) Whenever " 485, ., we have
1

RO Gses
(i) T is &-sectorial.

(i) H=N(T)* R(T).

(iv) If T is injective, then R(T) = H.

(v) D(T) = H.
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(vi) T has a boundedH' functional calculus, and whenever2 & ( Sg+) for u> %,
12(T)!" 1al21,

Rem?rk 5.4.16. We can get bounds for even more generdl, for instance, (") = €%, and we
pndle?™ 1" 1. Forageneralf & H' (S, ) with u>&, we can show! f(T)!" CIf1,

Example 5.4.17. Let H = L2[0,%), and let T = & with D(T) = {u&H :u(&H,u(0) =0} =
W;2[0, %).

Now, T & C(H), and D(T) = H. Also, T" = ' & with D(T") = {u&H :u( & H} = W2[0,%).
Formally,

-Tu,v. = uv=" uv{+0= -u, T v..
0 0

Then, the numerical range is nr(T) = {-Tu,u. : u & D(T)} and
/- -0 L
Re-Tu,u. = 5 uT+  u@ = 5 (ua+ ut) =0.

So, nr(T) ( &R (in fact = R) and T satisbes (i) and (ii) in the depPnition of %—accretive.

Note that

*

(T"" MHu=0 <& ul" Tu=0,u&H(@O,%) <L u(x)= Ce*.

So, (T"" 1l )is 1-1if and only if Re" =Re" " 0 and this happens if and only ifR(T " !l )= H.
Therefore, we conclude thatT is %—accretive.

Note that if we instead considered the operator' T, then it would satisfy (i), (ii) but not (iii).

The following is the main example.

Example 5.4.18 (Uniformly elliptic divergence form PD operator). Let H = L?(R"), 4> 0 and
A&L' (R",M™ ") such that Re-A(x)w,w./ 4|w|? for almost all x & R" and for all w & C".

Debne an associated sesquilinear form

J[u,v] = -A(x), u(x),, v(x). dx
Rn

for all u,v & W-2(R"). Now, we have that J[u,u] 0!, u!Z.

We can think of J as being a complex energy. We think of, as the unbounded operator,
L2(R")$ L?(R",C") where
, F=(%f,...,%f)

with D(, ) = W12(R"). Similarly, we consider div : L?2(R",C") $ L?(R") debned by

n

dive = %u;
j=1
> 2
with D(div)= &&L?R",C"):dive &L?(R") . Then, div = ', *. This is because
- .n b -n
- fe = %fu; =" foqu; = -f, divs..
R™ j=1 R™j=1
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The operator associated with the formJ is the operator L with the largest domain D(L) such that
J[u,v] = -Lu,v.

for all u & D(L) and for all v& D(J) = W2(RM).

We bnd that D(L) ( WY2(R"M). In fact, even without this fact, we have

-Lu,u. = J[u,u] = -A(X), u(x),, u(x). dx &S ..
Rn

By Lax-Milgram Theorem, we bnd# (L) ( S, +. In other words, L is &-accretive.

Furthermore, L* = ' divA", .

5.5 Fractional powers

Debnition 5.5.1 (Fractional Powers). Let T be a&-sectorial operator and 0<'< 1. Debne
T) =(1 + T)2)(T)

where

2)(")= ﬁ&!( SS+)

fory>&. DebneT®=1 and T' = T.

We list the important properties of fractional powers.

Proposition 5.5.2  (Properties of fractional powers of T). Let T be an&-sectorial operator. Then,

() T) is'& -sectorial.
(i) VT =T)*" aslongas +) " 1.
#_ B , oy
(i) "1} p%rticular, if ' = % then we write T = T2 and it is the unique > operator satisfying
T T=T.
_ #_
(iv) D(T) ( D( T)(H .
V) (M) =(T7).

(vi) If T is &-accretive, thenT) is '& -accretive.

We leave the proof of this as an exercise.

Example 5.5.3.  We return to Example 5:4.18. Recall thatL = ' div,A,  ang L

Now, assume that& = 0 so that A is self adjoint. ThenL =L" andso L = L*

1#7 12 B_ #_ )
Lul =- Lu, Lu.=-Lu,u.=-A, u,, u.. 20!, u!

=4 divA,
= L. Also,

for all u & D(L) and from this it follows that
#_ 12
!u!2+i Lui Ol ul?+1, ul?0! uls,,.

#H_
By a density argument we can show thatD( L) = W'2(R") with equivalent norms.
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But this is all for self-adjoint operators and it is well known classical theory. In the non self-adjoint
case, the equality fails.

This was the question that was asked by Kato in 1961. Supposé& 4 0. Then is the following true?

) #_ _
+ [i( L)= WY3(R") with
#

LuTo!, u!

In 1972, MCIntosh gave a negative answer in the case thaf is not multiplication. It was not until
2002 that the question was answered by Auscher, Hofmann, Lacey, §thtosh and Tchamitchian.
Seel[AHL' 02].

5.6 Bisectorial operators

In this section, let 0" & < &.

DePnition 5.6.1 (S #,Sk,,S ,S7). Debne theleft closed sectorS, » =" S, .. and the left open
sector Sﬁ# =" Sg,, . Then, the closed bisectoris debned as5, = S, + + S, 4 and the open bisector
Si=Si+ +Shs-

DePnition 5.6.2 (Bisectorial operator). T & C(H) is called an &-bisectorial operator if

@ #(T)( S, and
(i) Forall p>& (u< %), there exists a constantC,, > 0 such that

Cu
"l

Re()1

forall " & C\ S,.

Remark 5.6.3. As before, we haveH = N(T)* R(T) and H = D(T) because resolvent bounds at
0 and % are unchanged.

#__
Proposition 5.6.4.  If T is & bisectorial, then T? is 2&-sectorial. In particular, T2 is &-sectorial.

#_
Proof. Firstly, note that " & C\ Sy, ifand only if + " & C\ S;. By the &-bisectoriality of T,

there exists aC,, such that b
Pl f
#_ #_ .
Now, ("I * T2)="(C ™' T)(" ™ ' T)andso it follows that

Proposition 5.6.5. Let A,A*1 &L (H)andS & C(H). Then ASA*! & C(H) and ASA#1' "| =
A*L(S' ")A.

A direct consequence is the following.
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6 8
Corollary 5.6.6. If S& C(H) and A & L (H) with A invertible, then # ASA#1 = #(S). If S'is
&-(bi)sectorial then ASA#1 is &-(bi)sectorial. Furthermore, f (A#1SA) = A#1f (S)A.

Theorem 5.6.7. SupposeS = S" & C(H) and B & L (H) strictly &-accretive. Then SB and BS
are &-bisectorial. Moreover, if S/ 0 then they are &-sectorial.

Proof. Let" & C\ S,. Then,

]:B#l]:! (nI 1 BS)UH u!/l- B#l("| ! BS)U,U-'
= |"-B*tu,u."- Su,ul
-Su, u.

= -B*lyun Y
| I -B#1u,u.

for all u & D(S). Since S is self adjoint, -Su,u. & R, and by the &-accretivity hypothesis on B,

-Su, u.

-B# 1y, u. &S

It follows that,

|-B#1u,u.|j" S, U. j/ . 4|2!u!2dist(",8!).

-B#1u,u. I B
So,
2
NG ! ist(",S;)! u!
F("l'" BS)ul/ ! B!zdlst( ,Si)lu
for all u & D(S) which implies that ("I ' BS) is one-one with closed range. Also,
"' BS) =("" (BS))=("I' SB)=B"*("I ' B"S)B".
By a similar argument as before, {1 ' B*S) is one-one and sdR("l ' BS) = H. This implies that
" & ((BS) and
1B12 1
I "y
' Res () ! 42 dist(",S))’

The result for SB follows from Corollary [5.6.6 on noting that SB = B**(BS)B. We used the fact
that (BS) = SB”. We leave this as an exercise. O

5.7 Bounded H” functional calculus of bisectorial operators

Depnition 5.7.1  (!( S?) class and !( S?) functional calculus). Let T be an&-bisectorial operator
and let p>& with p< &. Debne
B C

"
I(S)= 2&H (S): :'> 0,C/ Ost [2(")]" 1S||||2)

For 2 &!( S7), dePne

~ 2()Re()

2.6

2(T) =
where
> > ?

. . ? . . :
, = {ted% : % >t> O} + 'te?% : 0<t< % +{te®: %>t> O}+ te¥% : 0<t%

with & <3 <p.
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As for sectorial operators, we have the following result.

Proposition 5.7.2  (Properties of the !( S7) functional calculus). (i) The integral

2(T)= 5= 2()Re() o

converges absolutely ir. (H).
(i) The debnition of 2(T) is independent of, .
(iiiy The map !( S3) $L (H) dePned by2 )$ 2(T) is an algebra homomorphism.

Further properties are analogous to those o&-sectorial operators. We just note:

Theorem 5.7.3 (The Convergence Lemma for bisectorial opeators) Supposef, & !( S7), f &

H' (Sp), there existsC / O such that! fy!, " Candthat! f,(T)!" C. If fn $ f uniformly
on compact subsets o8], then f,(T)u converges for allu & H.
Remark 5.7.4. Note that if u & N(T), then f,(T)u=0$ 0.

Debnition 5.7.5 (Bounded H' (Sp) functional calculus). We say that an &-bisectorial operator
has boundedH' (Sp) functional calculus if there exists aC / 0 such that for all 2 & !( S),

12(T)!" Cl21,

We debne the following important class of functions.

Debnition 5.7.6  (H' (S%,{0})). Debne

4 5
H' (S3.{0})= f:S0+{0}$ C; flsg &H' (SD)

Remark 5.7.7. Notice that a function f & H' (Sp,{0}) is typically not holomorphic or even

continous at 0.

Debnition 5.7.8  (H' (Sp,{0}) functional calculus). A bounded H' (Sp,{0}) functional calculus
is a map #r : H' (Sg, {0}) $L (H) satisfying:

() # 1 is an algebra homomorphism.
(i) # 1 is bounded. That is, there exists aC > 0 such that! #¢(f)!" C!f!, .
(i) # () =1and #+(R)="Rr(").
(iv) If fo,f &H' (Sp,{0}) and there exists aC > O such that! f, !, " Candfn(")$ f(") for
all " &Se +{0}, then f,(T)u$ f(T)u.

We write f (T) =# 1 (f).

The following equivalence is important.

Proposition 5.7.9.  An & bisectorial operator T has a bounded' (Sp) functional calculus if and
only if T has a boundedH' (S3,{0}) functional calculus.

Lemma 5.7.10. Letf &H' (SR). Then, there exists a sequencé, & !( S§) such that! fn !, "

0052 Pf!, andfn $ f uniformly on compact subsets ofSj.
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Proof. Let

. on

1n( ) 6n+ "
and .,

(") = gt

n

Then, ! 51!, 11,1, " Coéu. Also,|1,(") " | "|#* for |"| large and |1 (")| " | "| when |"| small.
Debne2, = 1nk% and 2, & !( S9) with 1 2, 1" ﬁ Then, 2,(") $ 1 for each” & S?. Set
fn = 2,f and notice that f,(") $ f (") pointwise and therefore,f, $ f uniformly on compact
subsets. Also,! fn!, " coslzu [ S O

Proposition 5.7.11.  Suppose thafT has a boundedH' (Sg) functional calculus and letP :H$
N(T) denote the projection onto the null space. If & H' (Sp.{0}), then,

F(Tu=TfOPGu+ lim fn(T)u

wheref, & !I( S§) with f, $ f uniformly on compact subsets,! f,!, " C!f!, whereC can
depend onp.
Remark 5.7.12. By the Convergence Lemmayf,(T)u converges for allu & H.

Corollary 5.7.13.  The functional calculus H' (Sp.{0}) $L (H) dePned byf )$ f (T) is unique.

We can now consider decomposing the space according to spectral subspaces somewhat analogous
to what we did in 42.4.

Debnition 5.7.14  ($:,$o,sgn). Debne$. ,$o,sgn& H' (SS,{0}) by

3
1 "&S°
$.(") = “i-,
= (") 0 otherwise
and
3
1 "=0
$o(") =

0 otherwise’

Then, we debne sgn =$. ' $.

Proposition 5.7.15.  If T has a bounded' (Sp) functional calculus, then, $. (T), $o(T),sgn(T) &
L (H). Also, $. (T),$0(T) are projections that satisfy $. (T)$. (T) = $. (T)$o(T) = 0. Further-
more, . E ~

— pT; - fim O
$0(T)U—POU—A|£!n nRT

Slo

Proof. By application of Cor we have$.. (T), $o(T),sgn(T) & L (H) by noting that $. ,$, &
H' (Su. {0}).

Then, note that $2 = $., $3 = $o, $.$. =0, $. $o = 0 and apply the algebra homomorphism
property of the functional calculus.

. 6.8
The formula $o(T) =lim ngy =Ry 7 follows since it is the projection into N(T). O

Debnition 5.7.16 (Spectral Projections). DebPneP. = $. (T) and Py = $o(T) and H, = R(P.).
We have the following important splitting of the space into spectral subspaces.
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Proposition 5.7.17.  If T has a boundedH' functional calculus, thenH = N(T)*H , *H 4.

We leave the proof of the following important proposition as an exercise.
Proposition 5.7.18.  WheneverT has a boundecH' functional calculus,
#__
sgn(M)T = #T2
T =sgn(T) T2

and i#i i
' Tu!o T2y

forall u&H.

So far, we have assumed thaflf has a boundedH' functional calculus. However, not all &-
bisectorial operators have aH' functional calculus. We give three examples of operators that do
have a boundedH' functional calculus.

Example 5.7.19.
T =diag(!) in *> where!; &S, .

T=M inL?%®$), 1&L' ($)withessranl ( S .

That these operators have a bounded' functional calculus is a relatively easy fact. The following
is a much deeper result related to current research. See [AMK].

Theorem 2.7.29. Let T = BD in H = L2(R",CN), N / 1, with B & L' (R",MN:N) =
L' (R",L CN ) with ReB / 4I, where4 > 0. Let D be a homogeneous brst order partial
dilerential operator with constant coe"cients satisfying D = D" and!Du!0!,> u!, when
u & R(D).

Example 5.7.21. SupposeN = n+1soH = L?(R")* L?(R",C") and
/I 00 / 0 di 0
_ _ iv
B= 0o a P o

where A satisbes the condition in Examplg 5.4.78.
D____
Then, BD has a boundedH' functional calculus and! BDu ! 0 i (BD)2u i When u = (f, 0),

this gives 4
i "divA, in!, fl

which is the Kato square root problem.

Consider the following evolution equation.

)
+d _
) aU(t) + DBU(t)=0
' U(0)= u&H
If u& H., then there exists a unique solutionU & C*(R*,H) such that U(t) $ 0ast$ % and
U(t)$ uast$ 0. Namely, this solution is

U(t) = P8 y= gt (PB)7y
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becauseDB = P (DB)2 onH. .

If u& Hy, then there is a unique solutionsU & C*(R*,H) and it is given by
u@)= P8 y= et#mu, t< 0

becauseDB = ' ° (DB)2Z onHy .

Now, if u & N(T),the U= uforall t & R.

The following very special case is well known. We present it to acknowledge the roots of the subject.
Example 5.7.22. Let H = L?(R), D = %% and B = |. Suppose we set the initial condition
U(0) =0. Then,
1
(E) € %U+ AU =0

<1 %RU+ %%U
<l U is holomorphic

u&H, ifand only if Du = #Wu. This happens if and only if 56(5) = |5]a(5) which is if and only
if sppt @ ( [0,%). Similarly, u & Hy if and only if sppt @ ( ("% ,0]. So,u & H, if u extends to
a holomorphic function on the upper half plane. Similarly u & Hy if u extends to a holomorphic
function on the lower half plane.

#___
Also, sgn@)Du = D2u and (56y= |5|d(5). So, sgn@) = H is the Hilbert transform, which is
given by
ul(x) dx.
Xy

sgnD)u = % p.v.

#!
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Notation

T Adjoint operator of T.

L (X,Y) Bounded linear functions from normed spaceX to Banach spaceY equipped with the
operator norm.

L (X) The spacelL (X, X).

C, Extended complex plane or Riemann spher&C, = C +{%} .
C(X,Y) Closed operators fromX to Y.

co(S) Convex hull of S.

f The conjugation of the function f given by ﬁ

& The Laplacian operator.

diag(!;) Matrix with the diagonal entry j setto!;.

*P InPnite sequences with thep norm.

H($) The space H($,C).

H($,X) The space of all holomorphic functions from $ to X.
H' ($) Bounded holomorphic functions on open $ ( C.

H' ($,X) Space of bounded holomorphic functions from $ toX .
id The identity map id : z)$ z.

-4,4. Inner product.

-X, X (. Duality of X and X ( under the bilinear pairing

-v,U. Bilinear pairing of v and U

X Banach Space.

X ( Dual space ofX

X" Adjoint space of X..

X1 *X 5 Direct sum of Banach spaces<; and X,.

Y) The annihilator of Y

fal, Norm on a spaceV.

nr(T) Numerical range of T.
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nrad(T) Numerical radius of T.
#(Sj.+) Bounded holomorphic functions on the sectorSg, that are constant at 0 and %.
P Algebra of polynomials.
Pr Algebra of power series with radius of convergence larger thaR.
'( S3+) Holomorphic functions 2 decaying at a power' > 0 at 0, %
!( S3) Holomorphic functions on the open bisectorSg.
Rk Algebra of rational functions with no poles in K .
((T) Resolvent set of T.
Rt Resolvent operator of T.
#,(T) The point spectrum or the set of eigenvalues.
s-limpg Sy The limit take in the strong convergence topology.
#(T) The spectrum of T.
Co(M) Functions over a metric spaceM that decay at %.
Cp(M) Space of continuous complex valued bounded functions on a metric spadé .
K" $ K compactandK ( $.
LP($) Functions f :$ $ R with Pnite integral p norm.
MN- N The space ofN 2 N matrices
PJ Projection H)$ N(T).
S ( T Operator T is an extension ofS.
S The complex conjugate of the setS.
Si+  Open p-sector.
a#  The left open sector' Sp, .
Sy The open bisectorS7, + S7, .
S . Closed &-sector.
S & The left closed sector' S, . .
S The closed bisectorS, + + S 4.
u; v uis perpendicular tov, ie., -u,v. =0.

WPK($) The sobolev space inLP with k derivatives.
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Absolutely Convergent, [4
Accretive
& 53
Properties, [53
Bounded,[49
&-accretive,[51
Strictly, 50]
Adjoint, 47]
Closed operator,[52
Properties, [52
Properties, [47
Adjoint space,
Algebra
Polynomial, L5
Power Series[ I
Rational,
Annihilator, 26]
Dual, 26
Properties, [26
Approximation by rationals, [2]

Banach Algebra,[§
unital, B]
with identity, § ]
Banach Space[ 4
Banach space
Direct sum, [§
Direct sum of subsets]§
ReRexive,[26
Bilinear pairing, P6]

CauchyOs Theorenf, 10
Closest point theorem,[46
Conjugate function,
Contour

Closed,[T
Contour integral, [7]
Curve

PiecewiseCX, [

Debnite (Riemann) integral, [?]

Densely debned closed operatof, B5

Di"erentiable, [0]
Dual space[2b

Duality,

Eigenvalue,[13
Eigenvector,[13

Exponential, 1]
Family for &-sectorial operators,[42
Semigroup for &-sectorial operators,[42
Semigroup, properties[4B

Extended Complex plane[31

Family of spectral projections, [20
Fractional Powers

&-sectorial operator,[55%

Properties, [5§

Fractional powers,[21,[22
Functional calculus

#(Sg. ). B9

I calculus for sectorial operators,

o)
H(®),
H($) for closed operators, [33
H' (Sg.),
Bounded H , [44
&-bisectorial, [5§
Composition, [19
Dunford, 7]
Existence and uniqueness oH($),
Existence and uniqueness ofi($) for closed
operators,[33
Holomorphic, [17
Polynomial, 1§
Power series[ 1p
Properties of H($), 9]
Properties of H($) for closed operators,
Properties of #(S{. ),
Properties of !( Sp. ),
Properties of the !( S
Rational,

Hahn-Banach property, [27
Hilbert space,[46
On the whole space[ 27
su%cient conditions,[ 27
Hilbert space,[45
Properties, [45
Holomorphic,
bounded,[11

Indepbnite (Riemann) integral, [7]
InPnite Series[4$
Inner product,
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Associated norm,[4% Whole space[2B

Integral p norm, [5 Spectral mapping theorem[19
Invertible, B] Spectral Projections,[22
Spectrum,[13
Kato square root problem,[56,[60 Closed operator[32
_ Compact, [1§
Laplacian, [29 Nonempty, [15
Dirichlet, 29] properties, [13
~ Neumann,[29 Strong convergence] 23
LiouvilleOs Theorem| 111 Sum p norm, [§
Numerical radius, 4§ The Convergence Lemmal 41
Numerical range,[46[48 Bisectorial, 58
Toeplitz-Hausdor" theorem, f§
Operator
&-Bisectorial, 5§
&-Sectorial,[36
Closed,[29
Domains,[30
Extension, [3Q
Invertible, BI]
Set,[30
Direct sum,
General,[29
Sectorial,[36

Uniformly elliptic divergence form PD, p4]
Operator Norm,
Orthogonal, [45

Power Series[ P
Projection,

Rational function, [[5]
Resolvent,[13
Bounds,[23
Closed operator[31
holomorphicity, [[4]
properties, [I3
Set of closed operator[ 311
Resolvent set[1B
Open,[14
Riesz representation theorem|[ 46
RungeOs Theorenf, 12

Sector,[36
Bisector, [56
Left closed,[56
Right closed,[56
Self adjoint, [49
Closed operator[52
Semigroups[ 4P
Spectral decomposition[ 2p[ 24
&-sectorial operator,[39
Banach space[ 20
Closed operator[34
Operator, 20
two points,
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