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This lecture was presented at the Conference
“ANALYSE HARMONIQUE ET SES APPLI-
CATIONS en I'honneur de RONALD (RAPHY)
COIFMAN et YVES MEYER" held at Univer-
sité Paris Sud, Orsay, 18 - 21 June, 2003.

The lecture is based on joint research with
Andreas Axelsson and Stephen Keith at the
Centre for Mathematics and its Applications,
Australian National University. Full details will
appear in our paper “Functional Calculus of Non
Self-Adjoint Dirac Operators’, which builds on
earlier work of Auscher, Hofmann, Lacey,
Tchamitchian and myself on the Kato square
root problem for elliptic operators.

T hese results are a continuation of the Calderdon
Program to which Coifman and Meyer made
such a large contribution. I am very happy to
have had the opportunity to collaborate with
them over 20 years ago, and gratefully acknow-
ledge the stimulus which they provided to my
research. I extend my best wishes to both Yves
and Raphy.

T his printed version has been prepared by Maren
Schmalmack, whom I wholeheartedly thank.



Aim. To prove estimates

[FCNB)ully S 11 lloollull

and perturbation results

[f(Mpya)u— f(N)ully S [1fllecllAllollull

{u e L2(R™ W)
f < HOO(S/M(C)

for

where Mg=r+4+ BB

is a first order elliptic system, defined as follows.
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1) w=cd, N>2
2) 0<w<pu<y
3) SN:SZU5; (open)

4) B, B~ e L=(L(W)),

larg(Bu,u)| <w VYu € L2(R™, W)

i.e. B is a bounded invertible w-accretive
multiplication operator.
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5) I is a first order p.d. operator with exact
nilpotent symbol I‘g, I.e.

R(e) =N(Te) VEER"
and thus
¥) T2=0; R(M) =N()
(M)2=0; R(T) =N()
*) H=N() e N(T*)
*) the “swapping operator”

NM=r4+r
is first order, self-adjoint, elliptic, i.e.
Vu € H1(R™)

ITullo + M ull2 > [Mull2 ~ IV @ ull2

*) the “Laplacian”
A=MN°=rr*4+rr

IS a second order, positive self-adjoint
elliptic operator
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B~ lr*m
g
Ap = (Ng)° =% 450

Definitions I‘*B
Mg

Properties
¥) (M2 =0, R(Ty) =N(T%)

¥y H=N(T)®eN(E) (non-orthogonal
decomposition)

*) The swapping operator Mg is a one-one,
closed operator in L2(R, W) with spectrum

o(MNg) C S, and
resolvent bounds:

3C = O(||Bllses B~ s w) s.th.

C
<

[Auscher, MC¢Intosh, Nahmod 1997]2

(Mg —An~1
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Theorem [Axelsson, Keith, M€Intosh]
Let u > w. There exists cu(||Blloo, 1B oo, w)
s.th.

1 (M) < epll flloo, fe H™(Su)

Corollaries
_|_
(A) [[FAR < cullFlloo; F € H*(Sy,,)

(B) [[Fully, +[[Mpull, > [Npull, ~ |[VApBu,
(C) f(MNpg) depends analytically on B
(D) Given M, 0 <w < pu <3, then

1F(MB+a) = F(MB)| < ¢l fllollAllo
for all f € H*(Su), A, B, s.th.

1Blloo, 1B+ Alloos 1Bl
< 1(B+ A) 1
arg(Bu,u), arg((B+ A)u,u)

A
<

IA
€

Proof of Corollaries
(A) Take f(z) = F(zz)

_|_

1 ,z€ S
(B) Take f(x) = £, =YZ={ "1 T
o -1 ,z€5,

(C) Prove analyticity for ‘“nice” f.
Use uniform bounds to treat all f.

(D) Integrate %(HB+tA) from O to 1.
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Special Cases

(I) B self-adjoint: B = B*, i.e. w=0.

Then lg is self-adjoint with respect to inner
product (u,v)y = (Bu,v).

Proof. (MTu,v) g (Bl u,v)

(Bu, B~1*Bo)
(u,l'B)5

i.,e. I, adjoint w.r.t. (.,.)

i.e. Mg =T + I} is self-adjoint w.r.t. (.,.)z.

So Theorem and Corollaries (A), (B) hold by
operator theory.

BUT (C), (D) do not follow.

They need bounds for non-self-adjoint perturba-
tions.
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Case (I) a) n=1, W=C2=cW gc®
d
r: L2R,c)y 4=, 12(R,C(2)—{0}

|z I} k
_d
*: {0}« L2(R,C(V)) & 12(R,C()

b, + € L®(R,C)
() ’
largb(x)| <w a.a. z€R

d
Mu = —b—bu ifue L?(R,CP)
dx
d . d
Agu = —b—b—u if ue L2®R,CcD)
dr dx

(B): If u € L2(R,C(1)), then

d d d
[0, ~ [y 20 L,
e, [IDyulla =~ |=Dsy? ul,

where v is the Lipschitz curve in C parametrized

by g : R — C where b = & satisfies (). Here

Y
Dy = 1

2

A
’y:b%
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g Lipschitz

T "R

Thus (B) gives the boundedness of the Cauchy

. D
integral Cy = .
_D’72

If ||b — 1||co < € due to [Calderon 1977].
General case: [Coifman, M€Intosh, Meyer 1982]
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Case (I) a) n=1, W=C2=cW gc®
d
r: L2R,c)y 4=, 12(r,C(2)—-{0}

|z I} k
_d
*: {0}« L2(R,C(V)) & 12(R,C()

o b, + € L2(R,C)
largb(x)| <w a.a. z€R

(A): F(AR)| S |IFllee  VF € H®(S5),)
= |F(=D2)| S |Flls  VF € H®(S3,)
= F (=D < Ifllee Vf € H®(S,)

in agreement with results on functional calculi of
D~ by [Coifman and Meyer, 1980] and [M¢Intosh
and Qian, 1991]. For the final implication see
[Albrecht, Duong, M€Intosh 1996].

(C): The analytic dependence of Cy =

~ has its roots in the “commutator theorem”
[Calderdn, 1965] and the “higher commutator
theorems” [Coifman and Meyer, 1975, 1978].
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CaselIb)n=1, wW=C2=CcD gc®

d
r: L2(R,Cc1)y &, 2R, C(2)—-{0}

& § |5
_da
r*: {0} — L2(R,C(V)) & 2(R,C2)

b, + € L®°(R,C)
(%) 0
largb(x)| <w a.a. z€R

d

Npu = —— bu if uGLQ(R,(C(Q))
dx
d d

Apu = —— by if ue L2(R,CD)
dr dx

(B): If u € L2(R,C(1)), then

o, = e ]
dr dx 2

This is “one-dimensional Kato problem’, origi-
nally proved in [Coifman, M¢€Intosh, Meyer, 1982].
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Casellc) n=1, w=C2=cD gc®

d
r: L2(R,Cc(1)y &, r2(r C(2)—-{0}

FE

*: {0} — L2(R,C(D)) & 12(r C(2)

1 1
b, - c L°(R,C); a, — € L*(R,C)
a

argb <
argb(z)] < w a.a. xr € R
larga(x)| <w
d
Npu = —a—>bu |if uELQ(R,(C(Q))
dx
d d
Apu = —a—b— u if uGLQ(R,C(l))
dr dx

(B): If u e L2(R,C(1)), then

[, = e v o
dr dx 2

[Kenig and I\/Ieyer, 1985]

[Auscher, M¢Intosh, Nahmod, 1997]2 Also (A).
In this paper we used a similar representation
of operators as here. We also treated boundary
value problems on an interval.
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Case (Ill) n > 1, W = (C(n)Q or V2 = y1) g p(2)

C(n) — C(Clifford algebra with n generators
YV = representation space of (C(n).

no0
Z 8— . = Dirac operator

r 2R, vy 2, r2re y(2)) 10}

JB lA—l lA

m: {0} «— L2(R", VD)) L 2(Rrn, v(2))

(B) on v(1) ;

[Dull, ~ |[VADAD ul|,

This implies the boundedness of the Clifford-
Cauchy integral on a Lipschitz graph.

If ||[A—I||o < e, due to [Murray 1985].

General case: [MC€Intosh 1989], [Li, M€Intosh,
Semmes 1992] and others.

(A) on V(1) where V = C™: [Li, MC¢Intosh, Qian,
1994]
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n
Case IV) n>1, W = A= P AF

= multivectors on R".

r o L2(R", A9 =Y 2R, AL L L2(R7, A2) 4

B lBo lBl J32

5—V

. L2(R"™, A9) L2(R", AY) <2 L2(R", A2) &2

Theorem: | f(d— B 1B)| < |Iflloo
Recall: Ag = —dB 1B — B~ 16Bd.
or. (A): [[F(ABR) S IIF]lo

or. (B): |[[dull,+ [|6Bull, = |lvApul,

(A) on A when By =1, Bo=7¢:
|F'(bA)|| < ||F||loo [M€Intosh, Nahmod 2000]

(A) on A® when By = A, Bo=7¢:
|F(—bV.AV)u|| < ||F||leo: previously proved by
[Duong, Ouhabaz 1997] under some smooth-

ness assumptions on A.
(B) on A® when By = A, Bo=1:

IVull2 > [|[vV=V.AVul|

This is the Kato square root problem.

If ||A— I||co < e : [Coifman, Deng, Meyer 1983]
[Fabes, Jerison, Kenig 1982]

Full result:[Auscher, Hofmann, Lacey, M¢Intosh,
Tchamitchian 2002].
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Case IV (b): As above, but with

W=A®CM

(B) on L2(R",A° @ CM)( ~ L2(R",CM))) gives
Kato problem for certain 2"9 order elliptic
systems. In [Auscher, Hofmann, M€Intosh, Tcha-
mitchian 2001], such a result is obtained under
a more general coercivity condition.

Remark:

(B) & L2(R",A) = L3 (R",A) @ L2 (R™,A)

L_Q'_ = {UELQI\/AB’LL:HBU}
where
L? = {uelLl?:\/Agu=—Ngu}

If ug € L2, then u(z,t) = e VABug(z) is a

ou
G M,y = 0, t>0
solution of { ot B
u‘ = Uup
t=0

© @)
Theorem = ||uyl|3 =~ [ H%u(.,t)HQtdt, uy € L.
0

Indeed the reverse implication holds too, as seen
by applying the procedure in [Coifman, Jones,
Semmes 1989], [M€Intosh, Qian 1991].
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Case (V): Riemannian manifolds.

R
0
d, & ™
(1 on AY
G = g*ox =1 (g;j) on Al
L (9;;) = on A"
Dg = o*(dyr — Spr)o* !
= d— 0"y
1
= d—-B 1B, B 1=—"¢G
V9

d—dp
—dég — dpd  (Hodge Laplacian)

Ag

Theorem + (A) + (B) are easy because B = B*.
But (C) analyticity of f(D¢g) and F(Ag) as func-
tions of G € L°°(R", L(R™)) is a new result.
Also new is
(D): Let > 0.
*) N f(Dg4m) — F(DD)I S fllool| H loo,
fe H>®(Sy)
) NF(Ag+nr) — F(A| S 1 Flool|H ||oo,
F € HOO(S;M)

*) H Dgy+y  Dg
\/AG-I—H \/AG
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Case (VI): Maxwell's Equations

( dB = 0
B+dE = 0
(M) { O(eE) +6u~1B = —J
(@)@E—I—e_lé,u_lB — —s_lJ)
\ 6(eE) = p
E B
A0 Al A2 A3
A: JI la lu—l JI
A0 Al A2 A3
0 J
(M) implies:

(i0; +d — AYSA)Y(E —iB) = —p —ie 1J

I.e.

(i0y + M) (E —iB) = —p —ic " 1J

Alan Mc¢fIntosh: Au-Dela des Racines Carrées
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Proof of Theorem (Outline):

Need Square Function Estimate

2dt
2
" < Il

/Hl —|—t2I'I2 pu

and dual estimate.
Recall H = N(I") @ N(I'%)

r+ry = r+B71rs
|—|2
B

> O
S W
Il

< lull? Yu e N(I)

2t
> /H + t2A H
(S1) 1 tQ B Mpu

and similar estimate on N (I'p).

Write: u = Pyu+(I—P;)u where P; is convolution
with kernel supported in B(0,t) with vanishing
moment, ¢t > 0. Note that

(I-Pl)u={T-P)N7Ir*v=rn=1 - pr)
where u € N(IN).
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So

1 2dt
SR [ S
0
— /H M5 inpnste en)- L1 - Pt)uHQ@
0 \1+t2§B ,Rfd—’ o]
bounded '
Sl (u e N(M))

We are adapting the proof of the Kato prob-
lem in [Auscher, Hofmann, Lacey, M¢Intosh and
Tchamitchian 2002] and [AHMCST 2001]. These
proofs used ideas of [HLM® 2002] and [HM€® 2002]
which in turn developed [Auscher, Tchamitchian
1998], incorporating T'(b) theorems along the
lines of [Semmes 1990] and [Christ 1990]. Of
course these works owe many ideas to prior re-
sults of Calderon, Coifman, Meyer, David, Journg,
Semmes and many others.
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2dt
2
" < Il

LLocal behaviour of operators

Let N >0; t>0, F,ECR"andue L2(R" W)
with sppt(u)C F.

Then

([ by ) < (1 22E0) ™

1 i ~N
{yemma§@+ﬂ“?fb ull2

Corollary: ©; : LR W) — L2 (R™, W)

Ioc

Definition For a.a. x € R", define v (x) € L(OWV)
by

vi(x).w = O¢(w)(x), weW C LR, W)

(roughly: v(x) = [ ©(x,y)dy). Then

1

(%) B(z.0)] / ||%(x)||i(w) < const.

B(xz,t)
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Recall: @t = mtr*

Py = o *

©.@)
Need: gH@tPt’UJHQ% S lull?

Let A; = dyadic averaging operator:

1
Arf(z) = | r@dy  where
|Q(x, 1)
Q(x,t)
() = dyadic cube of scale ¢ which contains x.

OiPu(z) = OiPu(z) —y(x) AtPu(z) (D)
+ v (). A (P — Iu(x) (II)
+ (). Apu(x) (II1)

(I) and (II) use ‘“local behaviour” + “weighted
Poincaré inequalities’ —+ following inequality:

||Q|/ e(@ (|Q|/| '2) (|Q|/'r“'2)_

(III) uses Carleson’s theorem.
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So Need Carleson Estimate:
2 dx dt
© ] | Sytel
cov) t
Rq

YV cubes Q C R"
where Rg = Q x [0,£], £ =4(Q).

Let eg > 0, to be chosen later. Choose a finite
set {v} C L(W) s.th. ||v|| =1 and

UKy = LOV)\{0}, where

Ky ={rG e LOV) |7>0, |Gl = 1, |G—v| < =}

So Need: Vv € {v},

(Co) [ @ “ <0

t
(m,t)ERQ
ve(x)EKy

Alan Mc¢fIntosh: Au-Dela des Racines Carrées
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E*)V
____________ Qv _
|

o e (x,t)
|
|
____________________ O
: |
: !
¢ R G R
L L_| = = R™
™~ Q3Qq4 Q2 \<E/ Q1
Q,v

(Csy) is a consequence of (Cgo):

(C{,) >0, C<oosth. VQ, Vv e LW),|v]|=1
there exists a “good” set Eg, C Q with

(1) |[Egul>nlQl, (1) Q\Eg, = %Qk,
Q. disjoint dyadic subcubes of Q,
dx dt
@) [ @R == 5

t
(z,t)eE* y .
(@) Ky (EG,, = RQ\ U Rq,).
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Have: Cube @, 4(Q) =¢, ve LOW), |v||=1.
Choose w, w € W s.th. |w| =1, |w| =1,

v (w) = w.
Let X0 be a smooth cut-off function for Q.
Define Wo = XoW, and for € > 0O,

1
" |
@ Yo s&l‘(l + aéiﬂB>wQ
1
= (1 er*)(
( telilp 1+semB)wQ

Lemmas. (*) flwgll2, 15, ll2 < 1Q

(*) s O£ 2954 < 51Q)|
Q

O I 5. —wl < e

Define f% = f¥_ where ¢ = 2> Then

w 1
ﬂ‘ie(w@/f )25

Prop. 3 “‘good part” E* O of Ry s.th.

(i) Re (w, @/fw) ¢ >0

g 1 w
(i) @'C{%xc

for all dyadic subcubes Q of @ which satisfy
RQ M Eg y # .

Alan Mc¢fIntosh: Au-Dela des Racines Carrées
23



1
Choose ¢, < o>

Prop. If (z,t) € Egy and v+ € K, then

(). A (@)
(@)

> —c1 >0

N | -

Proof. First note

v AfE(@)] > Re (w,v.AfY ()
= Re (w, AfY (2))
> ¢1 >0
T herefore

ve(x) w(,
e @)

> Ay @) - | szggn - ||y @)
1

> €] — €pCp 2 501.

We used:
1
Ay @) = o [ 18
- Q

where z € Q, Q dyadic of scalet, i.e. (z,t) € R.
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Completion of Proof

[[ In@i? =

(z, t)EE*
’Yt(iU)GKV

dx dt
S // e(@)- AL

< // O = 1. AthIdedtJr// o, fw|2d‘rdt
S |C§|

by estimating first term:
Orf — n-Atfg
, 1
= <@t — %.At> (wQ — dzl_(l n efil‘lB)wQ>

_ 1
— —(@t — ’Yt.At) <8€z|_1 n &:EiI_IB>wQ

+6:( — Pt)wQ
+(OtP — - Ar)wg

as before.
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