Asymptotic representation of ratio statistics
and its application

Yoshihiko MAESONO
Faculty of Economics
Kyushu University
Hakozaki, Fukuoka 812-8581, Japan

Abstract

Some statistics in common use take a form of a ratio of two statistics such
as correlation coefficient, Pearson’s coefficient of variation, cumulant estima-
tors and so on. In this paper, obtaining an asymptotic representation of the
ratio statistic until the third order term, we will discuss asymptotic mean
squared errors of the ratio statistics and establish an Edgeworth expansion
with remainder term o(n™').
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1. Introduction

Let X1, ---, X, be independently and identically distributed random vec-
tors with distribution function F. Let T, = T,(Xy,---,X,) and S, =
Sn(X1, -+, X,) be statistics related to parameters t,, and s,. Some statis-
tics in common use take a form of a ratio of two statistics, 7,,/S,, such as
sample correlation coefficients, cumulant estimators, Pearson’s coefficient of
variation, odds ratio, etc. In this paper we will obtain an asymptotic repre-
sentation of the ratio statistic with remainder term n=%/ ’R,. where

P{| Ryl >0~ (logn) ™'} = o(n™").

Using this asymptotic representation, an asymptotic mean squared error with

remainder term o(n~2) and an Edgeworth expansion with remainder term

o(n~1) are established. Applying the results to the sample correlation coeffi-

cient, we discuss asymptotic mean squared errors and Edgeworth expansions.
Let us assume that

n

Tn = tn + n_15T + 7’L—2 ZTO(XZ) + n_l ZTl(Xz) + n_2 Z TQ(XZ‘,X]‘)

i=1 i=1 Chn,2
07 (X, X, X)) + n 2R, (1)
Cn 3

Sp = Sp+n os+n? Xn: Co(Xi) +nt Zn: G(X) +n? Z G(Xs, Xj)
i=1

i=1 Ch,2
+n73 Z C3<Xi7 Xj, Xk) -+ nil/QRmp (2)
Ch,3
where
Elro(X1)] = E[G(X1)] = E[n(X1)] = E[G(X1)] =0, (3)
E[TQ(Xl,X2)|X1] = E[gg(Xl,XgﬂXl] =0 a.s., (4)

E[7'3(X17X27X3>|X1,X2] = E[<3(X1>X27X3>|X1>X2] =0 a.s. (5)

and o7 and dg are constants. } - . indicates that the summation is taken
over all integers iq,---, i satisfying 1 < 41 < 19 < -+ < 1, < n. Many
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statistics satisfy these assumptions, and Lai and Wang (1993) called them
asymptotic U-statistics. Since we will consider the parameters depending on
n, such as the variance and the central third moment of U-statistics etc., we

assume that
ty =t +n W 1 O(n?) (6)

and
sn =59 +n7tsW L Om?) (5O #£0). (7)

A typical example of the ratio statistic T,,/.S, is the correlation coefficient
r, which is constituted from a covariance estimator and variance estimators.
Knott and Frangos (1983) calculated an asymptotic variance nVar(r,) as-
suming the underlying distribution is bivariate normal. Here applying the
asymptotic representation to the correlation coefficient, we will obtain gen-
eral form of the asymptotic representation without assuming the normality.
We also discuss the bias correction of the coefficient and its asymptotic mean
squared error.

In Section 2, we will obtain the asymptotic representation of T,,/.S,, with
remainder term n~'/2R,, , and we will discuss the asymptotic mean squared
errors. Applying the Edgeworth expansion for the asymptotic U-statistics,
which is obtained by Lai and Wang (1993), the Edgeworth expansion of
T, /S, with remainder term o(n~!) will be established. In Section 3, we will
consider the application to the correlation coefficient and also discuss the
correction of the bias.

2. Asymptotic representation, mean squared error and Edge-
worth expansion

Using H-decomposition and the moment evaluation of them, we will ob-
tain the asymptotic representation of 7,,/5,. Let us assume the following
moment conditions

Ellmo(X1)]* + [¢o(X1)] < oo, (8)
E[lm (X0)" + m2(X0, Xo) |77 + |73(X1, Xo, X3)[ "] <00 (9)

and
E|G(X1) [ 4 |G ( X1, Xo) [ 4 ¢ ( X1, Xo, X)) < o0 (10)



for some € > 0.

Let us define

or 96 Em(X)G(Xy)] | tOFB[G(X))]
) A ) (08
mo(x)  tO(x) | [ E[G(Xy)] bs+sY
770(:(;) = 5(0) - (5(0))2 { (8(0))3 - ?8(0))2 ’7'1(37)
2t s 1 2¢O 66 + 21 (X1) (1 (X))
(s)3
tW 4+ 6p  3tOE[C(X))]
- (S(O))2 - (S(O))4 }Cl(x)
BN (Xs)G(z, Xo) + Gi(X2) (2, X))
(5)2
71(2)Ci (7) — B (X1)G (X))
(5)2
O3 (x) — E[¢G(X1)] 4 2E[G(Xs) (2, X))}
(5)3 ’

n(z) tVG(x)
m(x) = 5(0) ( )2

n(ry) n@)al) +n@a) 9% y)
n(r,y) = S(o)y (s(0)2 ’ - (8(0))2y
266 ()¢ (y)
TTEOR
3(x,y, 2) t(o)gg(a:,y, z)
(0
y)T

ms(w,y,2) = 5(0) ))

_G@)n(y, 2) + G ,2) + Gi(z) (2, y)

2

(s©)
()G, 2) + ()G
(s©)

T
2
T

,2) + 11(2)C(z, y)

2

L 2HG (@), 2) + GW)G(,2) + GG (. y)}

)2

(



2{r1(2)C1(y)C1(2) + 1 (y) i (2)Ci(2) + m(2)C(2)C(y) }
! (5O

669 (2)¢G (W)G(2)
(s@)4

and

tn o 1y
Up = —4+n"'54+n2Y no(Xs) +n 'Y m(X;)
=1

n i=1

+ n? > me(X;, X;) + n- > (X, X, Xk).
Cn,2 Cn’g

Then we have the following representation.

[Theorem 1]. Assume that the conditions (1) ~ (10) are satisfied. Then
we have
1, —1/2 %(, 1
S_n = Un +n Op(n )

Proof. See Appendix.

U, is an approximation of the ratio statistic 7,,/.S,, until the third order
term and we can study the asymptotic properties using U,. At first we
will consider the asymptotic mean squared error of U,. It follows from the
conditions (3), (4) and (5) that

Eno(X1)] = Elno(X1)] =0,  E[n(X1, X2)[X1] =0 a.s.
and
E[ns(X1, Xa, X3)| X1, X5] =0 a.s.

Thus we can obtain the asymptotic mean squared error AMSE(T,/S,) as
follows.

[Theorem 2|. Under the same assumptions of Theorem 1, we have

AMSE(Z) = BlU, — ] =™ B[y (Xa)] (11)

n Sn

78 2B (X )m (X)) + BB, X))} + 0(n ).



Let us define

e1 = Bl (X1)], ex=E[(](X1)], es = Elro(X1)n(X1)],
es = El1o(X1)Gi(X1)], es = E[n(X )Co(Xl)] e = E[Co(X1)Ci(X1)],
er = Blm(X1)G(X1)], es = E[GH(X1)], e = E[n(X1)G(Xy)],
e =~ 712(X1 G(X1)], en= E[C1<X1)C1(X2) 2( X4 2)},
(

and
e1s = E[a(X1, X2)G (X1, Xo)].

Then from the direct computations, we can obtain an explicit form as follows.

1 2¢(0) (t(O))2

E[n%(Xl)] - (8(0))261 N (3(0))367 T (s(0))4

€9 (12)
and
1
8% + 2E[no(X1)m (X1)] + §E[77§(X1, X5)]
5% 1 (t(o))zé?g 2t(0)(5T55 2(8(1) + 55)

I S R ) N C)
tOW +267)  (19)2(25M) + 36g) L
(S(O))4 - (S(O))5 €2 2(3(0))2( es + 616)
+0) t(O))2
—W(QQL + 265 + 618) ( ) (466 + 617)
tO(3sM 4-46¢)  tM) + 257 2(15(0))2
PTGy T oy 1T Gy e
4t© 2
‘l‘( O)E (€9 +2e19 + €14) — W(elo + €13 + 2e15)
3 o 92, 18t
+W(6162 +2e7) + (506 €2 — (S(o))5€267' (13)

Since the ratio of two statistics is an asymptotic U-statistic, using the
Edgeworth expansion for U-statistics, we can obtain the Edgeworth expan-
sion with remainder term o(n~'). Let us assume the following conditions.



(C1) E{Ino(X0)P + [m(X0)|* + [n3(X1, Xo, X3)['} < 00 and Elnf(X1)] =
u? >0

(C2) limsupy o |Elexp{itn (X1)}]| <1

(C3)Ena(X1, X2)|® < oo for some s > 0 and there exist K Borel functions
¢R — R such that K (s —2) > 4s + (285 — 40) [{gjns(x1,xs,Xs)| >0 Lg2(X1)
< oo(v =1,--+,K), and the covariance matrix of (Wy,--- W) is positive
definite, where W, = (Lq,)(X1) and (Lq,)(y) = Ena(y, X2)q,(X2)], and Iy,

is an indicator function.

The condition Cj is concerned with the number of nonzero eigen functions of
n2(x,y). Alternatively Lai and Wang (1993) proved the validity of the Edge-
worth expansion under the following condition (Cj).

(03) There exist constants ¢, and Borel functions w,:R — R such that
E[w,(X1)] =0, Elw,(X})|* < oo forsome s > 5and 1y(X1, Xa) = 25 | c,w, (
X1)w,(X3) a.s.; moreover, for some 0 < v < min{1,2(1 — 11/(3s))},

lim sup sup | Elexp(it{g1(X1) + ) c,w,(X1)})]] < 1.

[tl—oo et |+ +lex <[t v=1

Let us define

ks = u {EN(X1)] + 3B (X1)m (Xa)m (X1, X2)]},
ke = u B (X1)] = 3ut + 4B (X1)m (X2)m(Xs)ns (X1, X, X))
+12E[n; (X1)m (X2)n2 (X1, X))
+12E [0 (X1)m (X2)m2 (X1, Xz)na(Xa, X3)]},
Pi(z) = w

and

Elnz (X1, X)) K

Py(z) = uw{Eno(X1)m(X1)] + Yo+ = (2% — 3)

4 24
+i§(x5 — 102° + 157)
72 '
Then it follows from Lai and Wang (1993) that

<z} =&(x) —n Y2¢(x)Py(z) — n” o(x) Py(x) + o(nh).




Thus expanding with respect to d/y/nu, from the standard argument (see
Petrov (1975) p.16), we have the Edgeworth expansion of v/n(71,,/S,—t,/s,)/u
as follows.

[Theorem 3]. Assume that the conditions (1)~ (10), Cy and Cy hold. If
either condition C3 or Cj is satisfied, we have

sup | PP < 0y Qu(w)] = on ™),

n n

dkz(x® — 37)

Qula) = B(x) —n ™ 6(r){Pala) + ) — () (Palar) + TN

}.

[Remark]. For the Edgeworth expansion with remainder term o(n=1/2),
we do not need the condition C3 nor Cj.

3. Correlation coefficient

Let {X;};>1 be two dimensional random vectors. And putting X! =
(Y;, Z;), we denote

Var(X;) = Var{< >}—< pgy; P 0(';’2%).

z

Let us consider the estimation of the correlation coefficient p. Define
T = (n— 1) (Y~ V)(Z - 2)

and
n

Sp={(n—1)2>3(Y; = Y)* > (Z; — 2)*}*?
i=1 i=1
where Y = Y Y;/nand Z = ¥ Z;/n. Thenr, = T, /S, is a sample correlation
coefficient. Assuming that the underlying distribution is bivariate normal,
Knott and Frangos (1983) calculated an asymptotic variance nVar(r,). Here
applying the Theorem 1 and 2, we will obtain an asymptotic representation



of r,,. Since we discuss the theoretical properties of the correlation coefficient,
without loss of generality, we assume that E[Y;] = E[Z;] = 0. Let us define

T1(x1) = 2 — poyo., To(X1,X2) = — (Y122 + Y221),
B0V} - 223
0s = - 8o3c3 ’
y“z
oy ool = 20
OV 8opo?
N E[302Yy — 0,75 — 20,02Y3 73] /2
160703 !
N E[30,Zy — 0.Yy — 20,02Y} 73] 2
160302 !
N ElolY] — 0202Y,Z3y1 + Elo, Z3 — 0,02Y3 Zo] 2
20303 ’
) = oly; + oyt — 20,07
20,0, ’
G(x1, %) = _(Ugy% - 052%)(0395 - 0523) _0:N1Y2  OyR1Ze
2L 22 40302 oy o,
and
Gyt 0 0) = {0738 + 0258 — 20707) (0248 — o2 R) o4 — 0220

+Ho2ys + 0y25 — 20,02)(02yF — 0,27) (02y5 — 0,23)
+(o2ys + o235 — 20507)(02yt — 0,21)(02ys — 0y23)} /{8007
+{(oZyi — 0520) (02 yays — 05 2923)

+(o2ys — 0023) (02y1ys — 0,2123)

(0255 — 0y23) (021 — oy 1)}/ {2007}
Then we have following representations.

[Lemma 1]. If E[|[Y1|*™ + | Z1|**¢] < oo for some & > 0, we have

n

T, = poyo, + n! Zﬁ(Xi) +n2 Z (X, X;) + n_l/QRmp

=1 Cn72



and

Sn = 0y0, + nil(SS + 77/72 Z CO(XZ) + nil Z Cl (Xz)
i=1

i=1

+ Y G(X X)) +n Y G(X, X, Xy) +n 2R,
Cng Cn,S

Proof. See Appendix.

Thus from Theorem 1, we have the asymptotic representation of the cor-
relation coefficient r,, and we can obtain the asymptotic mean squared error
of r,,. Here we consider the case of the bivariate normal distribution

Y; o2 poyo
. = ¢ ~ Y y-z
Xi ( Z; ) N(®, ( po,o, o2 >)

We can get
o) = — (02yi — 0720)* | (1= p?)(o2yi + 0y27)
OV 8oso? dodos

and

2,2 | 2.2 2 2
oLy + o,z — 20,07

Gi(x1) =

Then from direct computations, we have

2040,

2 2 2 2 2(1_02)2
er=ey=0,0;(1+p°), es=es=e5=0, €6 = =005

er = 0,022p,  es = 0,022+ 6p%), eg=0,02(6p+2p°),
€1p = 0302(2 +6p%), €11 =e1p=e13=ey=e =0,
_ 2 2 2 _ 2 2 4 _ 2 2
e = 0,0,(2+2p°), e =0,0.(3+p") and ez = 0,0;4p.
Substituting these values, we have the asymptotic mean squared error
23
AMSE(r,) = 01— 92 + 0721 = 2P (14 ),
Since the bias § = p(p* — 1)/2, we have the asymptotic variance of r,,
11

Var(r,) ~ AMSE(r,) —n 2% =n ' (1 — p*)? + n2(1 — p*)*(1 + ?,02).
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This coincides with the result of Knott and Frangos (1983, p.502), who have
obtained it backed by the computer program package.

Further using Theorem 1 and Theorem 2, we can discuss the bias correc-
tion and its asymptotic mean squared error. It is easy to see that

P 3iao . Boa 222
0 = =

8{ o, i ol - 0302}
1 /;31 + #133}
2 050, 0y0;

where py0 = E[Yﬂaﬂm = E[Zﬂllaz = E[Yfzﬂaﬂm = E[Y13Z1] and fi3 =
E[Y1Z}]. Using the moment method, we can obtain an estimator of j, as

follows .

ﬂkg =n -1 Z Z)Z.
1= l
Thus one estimator of the bias d is given by
2 3#40 3#04 292
0 = 7{ T o)
o 0,507
,U31 s
- _{ G 34 N Ag}

Oy 0z Uy z
where 62 = (n —1)7' X(Y; = Y)? and 62 = (n — 1)7' X(Z; — Z)*. Thus we
can obtain the bias corrected estimator

=1, —b/n.

Since each term of 4 is a ratio statistic again, using Theorem 1, we can obtain
an asymptotic representation of d/n as

n

nflg —n s+ n2? Z go(Xl) + nfl/QRmp

i=1
where
3 Z4 — 2 222 —
o(x1) = _{ ( H40) I (2] 4#04) 4 (i 12 2#22)}
y O-z UyO'z
3p31 H13 6uso 2022, o )
{403@ + i0303 o8 ol Ug}(yl ;)

11



31 3p3 Grios 220 9 9
+ + — — zZy —
{40302 do,00  of 0'50'2,1}< 1)
3 3
J— Z J—
o (x1) — Y1241 _ H31 Y12y 513
2070, 20407

JFrom direct computation we have
2E[p(X)m (X)) = (1= p*)*(3p* = 1).
Thus we have the asymptotic mean squared error of
AMSE(rY) = AMSE(r,) —n 2{6* + 2E[p(X1)n. (X1)]}

= = (1 P2 ),
Since AMSE(r,) — AMSE(r}) = (1 — p*)?(13p? — 4)/4, if the underlying
distribution is normal and |p| > 2/+/13(= 0.555), ¥ is superior than r,, from
viewpoint of unbiasedness and mean squared error. It is possible to correct
the bias by another methods like jackknife correction. But those corrected
estimators will coincide with 77 until the remainder term n~Y/2R,, ,. Thus
the asymptotic mean squared error takes the same one of 7.

Further it is possible to improve the confidence interval of p using the
Cornish-Fisher expansion based on Theorem 3.

Appendix

First we review the H-decomposition or AN OV A-decomposition which is
a basic tool of the studies of the analysis of variance, the jackknife inference,

etc. Let v(zy, -+, x,) be a function which is symmetric in its arguments and
Ev(Xy, -+, X,)] = 0. Let us define

)\1($1) = E[V([El,XQ,"',XT)],
)\2(1‘1,[)’}2) = E[V(xl,IQ,"',XT)]—/\1(ZE1)—/\1<CL’2),"',

and

)\T<,T1,SE'2, U 7‘7;7’) = I/(l’l,ﬂ?Q, o 7x7"> - Z Z/\j(xiuxiy U 7xij)'



Then we can show that

B\ (X, Xp)| Xy, -+, Xe1] = 0 a.s. (14)
and
S u(Xy, e X)) = ET: <n - k)Ak
o o \r—k
where

Ak‘ - Z Ak(Xila e 7Xlk)
an

Using the equation (14) and moment evaluations of martingales (von Bahr
and Esséen (1965), and Dharmadhikari, Fabian and Jogdeo (1968)), we have
the upper bounds of the absolute moments of A, as follows.

[Lemma A1l].
(1) For 1 < ¢ <2,if Elv(Xy, -+, X,)|? < 00, there ezists a positive constant
¢, which may depend on v and F' but not on n, such that

E|ALT = O(n"). (15)
(2) Forq> 2, if E|lv(Xy, -, X,)|? < oo, we have
E|Ax|" = O(n'9/?). (16)

Hereafter in order to obtain evaluations of moments, we use the H-
decomposition and the inequalities (15) and (16). It follows from Markov’s
inequality that if

E|R|5 _ O<n—1—(3ﬂ)/2—6) forsome (>1 and € >0,

we have R = nil/szp. It is trivial that ecn™2 = nfl/QRn,p for constant c.
Then from (15) and (16), we can obtain that if E|v(Xy, -, X,)|*™ < oo for
e >0,

n"? Z V(Xm te ;Xir) = nil/QR”’P’ <17>
Cn,'r
niril Z Z/(Xin T 7Xir) = nizAl + n71/2Rn,p7 <18>
Cn,'r
r n — k
—r A, = _1/2Rn 19
. (_k> =R, (19)

13



and .

Since we need an approxmlatlon of the product of two statistics, we pre-
pare the following lemma. Hereafter for the purpose of the simplicity, we use
abbreviations 71(¢), 72(4, j), - - - which represent 71(X;), 72(X;, X;), - - -

[Lemma A2]. Assume that the conditions (1)~(10) are satisfied. Then

we have
133Gl = Eln (0G0 + 13
=1 =1
—E[n(X)G (X))} +n” 22{71 +71( )Cl()h (21)
nY (i) Y G, )
i=1 Cno
- 2ZE7—1 C2 XzaX)|X]
- Z{Tl (4)C2(d, k) + 11(5)Ca (i, k) + 11 (k) Ca(d, 5) }
—I—n_l/QRMP, (22)
nt Y (i 5) D Glisj) = n PRy, (23)
Ch,2 Ch,2
B0 Y Gl k) = 1 2Ry, (24)
i=1 Cn,3
- Z 7o(i, j Z G(i, 4. k) =n" PR, (25)
n=6 Z 73(7, j, k Z Gi(i, 4, k) = n_l/QRn,p (26)
Cn,3
and

G0N = 0ty SEIRL)

+ 07 Z 61 ()G ()G (k) + 12 Ry (27)

14



where X is an independent copy of X;.
Proof. Here we will prove the equations (23) and (27). It follows from (16)
that

Eln™* 3" (i, §) Y Gli, )2
Cn,2 Cn 2
< B Y i IMUE Y Gl )P
Cn’z Cn,Q

— O(nf475) _ O(n7173(2+5/2)/275/4)'

Thus we get the equation (23). From direct computation, we have
n_S{Z G} =n"’ Z Gi (i)
5 Z 3{G (0 G) + <°1 (6@} +n7" 37 660G (S (k).
Cn,3
¢ From the equation (15) we get

Bl S{GH0) — BIGOORIE = O(n-7%) = 0~ -0/

Since n2E[¢}(X)] = n"Y2R,,,, we have n=® S0, (3(i) = n~V/2R,,,. Apply-
ing the H-decomposition to the second term, it follows from (16) that

n=* Y7 3G 06 G) + GG ) —n*ZSEg )G G) +n 2R,

Cn 2

Thus we have the equation (27). We can similarly prove the others.
Using these Lemmas, we will obtain the asymptotic representations.

Proof of Theorem 1.

1

Using Taylor expansion of (¢ + x)~', we have

S;l = s 1 - 8_2(Sn — Sp) + s;?’(Sn — sn)2

n n

3;4(5‘” —5,)% + (8, +9) (S, — sn)4

15



where 0 < 9] < |S,, — s,]. It is easy to see that

n i s (i
_S—Q(Sn_sn):_n—l (55 _n—QZ{ CO[S )2_2 C()}

n (8(0))2 (5(0))3
1 - Cl(z) =2 CQ(Zaj) -3 €3 1,7,k ~1/2
" 12::1 (5(0)2 " 0222 (5(0))2 Z 5(0) +n Ry p.

It follows from Lemma A2 that under the moment conditions (8)~(10),

538, — 5,)% = L EIG(X)] T Z M{)C)z(j)

INCOE
2 2: ¢i(i) — BIG(X)] + 25SC(1$((0)))‘1‘ 2F[C(X)G(X;, X)|X]
43 Czn% 2{Gi()G0. k) + G ((]5)(5)2)(57 k) + G(k)G(d,5)} V2R,

Using this representation, it follows from Lemma A2 that

(50— ) = =5 (5 = )55 (5 — s0)°

n

—”_223E[ (s%))z]fl(z B _3ZGQ s<o>))fl() +n 2Ry

Again using this equation and Lemma A2, we have
(Sp — sn)* =n"Y2R,,,.

Using Markov’s inequality, we can show that

|S(0)| |S(0)|
P{]9| > Y=ot or P{ls, +9| < }=o(n ).
Since
P{|n'"? (s, +9)"°(Su — sa)*| = n"'(logn) '}
< P2 (8 s )1 > 0 logm) 1} + P{Js, 4+ 9] < Py
= o(nfl),

16



we have (s, +9)7°(S,, — s,)* = n~Y/2R,,,,. Thus we obtain

n n

Spto= st A0t () + Tt 3 om (i) 0P Y (i)

i=1 i=1 Cn,2

+ 0> (i, 5, k) +n VPR,

where
o EQX b
T ey oy
) 250 2
(1‘) E[¢(X )]+2E[C1( )G (7, X)]
- (0) ,
Gi(z)
V1(37) = _Wv
G(r,y) | 2G(2)G(Y)
V2(x7y) = _(S(O))yg (S(O))3
and
G(r,y,2)  6G(2)G(y)G(2)
VS(-r?wa) = - (S(oz)g)g - (S(o)Z)Jz;
n 2{C(2)C(y, 2) + Q(y)Ca(z, 2) + (1(2)Ca(, y)}_

(s)3
Similarly, using Lemma A2, we can show that

7'0 1) 1i 1 Tl?:
Tnsgl L—F -1 T —22{ ()}+n Z ()

Sn s(0))? = s

_9 7—2(7;7 73 T3 { ja —-1/2
+n Z ") Z +n /Rn,p,

Tyn 16, =n~ 16, +n~ 22571 +n PR,
=1

17



n n

T,n > Z V(i) = n=2 Z t(o)l/o(i) + n_l/QRmp,
= i=1

T,n* Z 1 (i Elm (X)) (X)] +n? i{(t(l) + 7)1 (7)
+E [ (X)) (X;, X)|Xi] + m()v (i) — E[m(X)v (X))}
+n~ 1Zt (i) +n 22{71 J)+ 1))}

- Z{Vl i)T2(J, k) + V1(1)72(Z, k) + vi(k)72(i, §)} +n 2R,

n

Tnn72zl/2(i7j) :n72ZE[Tl(X)V2<X“X |X QZt y2 7 ]
=1
Z {ﬁ( Yo(j, k) + 1) a(i, k) + 1 (k)wa(i, )} + n_l/an’p
Cn3
and
- Z vs(i, 5, k) =n 3" tOus(i, j k) +n V2R,
7L3 C7L,3

Combining the above equations, we have the desired result.
Proof of Lemma 1.

Applying H-decomposition, we have

(=17 — V) = o2n SV - o2}t Y {-2vi)
) i=1 Cn,2

=1
+n_1/2Rn7p,
(n—1)~" i(Zi ~Z) = ol+n” i{Zf — oy +n7? Y {2725}
i=1 i=1 Chn,2
+n_1/2Rn7p
and
(=) V- V)%= 2) = poyo.+n SNz — poyo.}
i=1 =1
+ 2> {YiZ, - Y;Z} +n PR,
Cn,2
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Using Lemma A2, we can show that

(=173 (Yi-Y)* > (Z - 2)°
i=1 i=1
= O';O'g—f—n 1(5 +n 2277/)0 —|—n_lzwl n_szg(Xi,Xj)
C’n,2
+7’L_3 Z ¢3 Xz’a Xj7 Xk) + n_l/QRn,p
Cn,3
where
oy = E[YZ]] — oy0?,

Yo(x1) = (Y — o)) (21 — 07) — 0 — E[Y; Zo]z1 — ElyaZ3)un,

Y1(x1) = (y1 -0 )+0 (21 _02)

o (X1,%X2) = (Y7 — y)(ZQ —02) + (y5 — U;)(Zf —02) — 02yl — 052122
and

P3(x1,Xg,X3) = —{(y% - 05)2223 + (yS - 05)2123 + (y§ - ‘75)2122
+(27 — 02)yays + (25 — 02 )y1ys + (25 — 02) e}

Using Taylor expansion of \f , we can show that

Sn —0y0z+n_1{ Jyaz Eéﬁi(ﬁ)]}
+ nzz{z%;z Vi(i) - W%(X)H?%Z%;EHE[%( )¢, X)[X]
RELI TGN

160505

_12 % 2 Z{% i,7) wl(i)wl(ﬁ}

20,0, dogo?
3 Z{@/)s i,J, k) ¢1( J2(g, k) 4+ 1(5)a(d, k) + 1 (K)iba(d, )
20,0, dojo?
3¢1( )¥1(5) (k) Y
+ 80’20’2 } +n ! 2Rn,p'

where X is an independent copy of X;. Thus we have the desired result.
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