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Abstract
Some statistics in common use take a form of a ratio of two statistics such

as correlation coefficient, Pearson’s coefficient of variation, cumulant estima-
tors and so on. In this paper, obtaining an asymptotic representation of the
ratio statistic until the third order term, we will discuss asymptotic mean
squared errors of the ratio statistics and establish an Edgeworth expansion
with remainder term o(n−1).

AMS 1991 subject classifications. Primary 62E20; Secondary 60F05.

Key words and Phrases. asymptotic mean squared error, asymptotic U -
statistics, Edgeworth expansion, correlation coefficient, H-decomposition.

1



1. Introduction

Let X1, · · · , Xn be independently and identically distributed random vec-
tors with distribution function F . Let Tn = Tn(X1, · · · , Xn) and Sn =
Sn(X1, · · · , Xn) be statistics related to parameters tn and sn. Some statis-
tics in common use take a form of a ratio of two statistics, Tn/Sn, such as
sample correlation coefficients, cumulant estimators, Pearson’s coefficient of
variation, odds ratio, etc. In this paper we will obtain an asymptotic repre-
sentation of the ratio statistic with remainder term n−1/2Rn,p where

P{|Rn,p| ≥ n−1(log n)−1} = o(n−1).

Using this asymptotic representation, an asymptotic mean squared error with
remainder term o(n−2) and an Edgeworth expansion with remainder term
o(n−1) are established. Applying the results to the sample correlation coeffi-
cient, we discuss asymptotic mean squared errors and Edgeworth expansions.

Let us assume that

Tn = tn + n−1δT + n−2
n∑
i=1

τ0(Xi) + n−1
n∑
i=1

τ1(Xi) + n−2
∑
Cn,2

τ2(Xi, Xj)

+n−3
∑
Cn,3

τ3(Xi, Xj, Xk) + n−1/2Rn,p (1)

and

Sn = sn + n−1δS + n−2
n∑
i=1

ζ0(Xi) + n−1
n∑
i=1

ζ1(Xi) + n−2
∑
Cn,2

ζ2(Xi, Xj)

+n−3
∑
Cn,3

ζ3(Xi, Xj, Xk) + n−1/2Rn,p (2)

where

E[τ0(X1)] = E[ζ0(X1)] = E[τ1(X1)] = E[ζ1(X1)] = 0, (3)

E[τ2(X1, X2)|X1] = E[ζ2(X1, X2)|X1] = 0 a.s., (4)

E[τ3(X1, X2, X3)|X1, X2] = E[ζ3(X1, X2, X3)|X1, X2] = 0 a.s. (5)

and δT and δS are constants.
∑
Cn,k indicates that the summation is taken

over all integers i1, · · · , ik satisfying 1 ≤ i1 < i2 < · · · < ir ≤ n. Many
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statistics satisfy these assumptions, and Lai and Wang (1993) called them
asymptotic U -statistics. Since we will consider the parameters depending on
n, such as the variance and the central third moment of U -statistics etc., we
assume that

tn = t(0) + n−1t(1) +O(n−2) (6)

and
sn = s(0) + n−1s(1) +O(n−2) (s(0) 6= 0). (7)

A typical example of the ratio statistic Tn/Sn is the correlation coefficient
rn which is constituted from a covariance estimator and variance estimators.
Knott and Frangos (1983) calculated an asymptotic variance nV ar(rn) as-
suming the underlying distribution is bivariate normal. Here applying the
asymptotic representation to the correlation coefficient, we will obtain gen-
eral form of the asymptotic representation without assuming the normality.
We also discuss the bias correction of the coefficient and its asymptotic mean
squared error.

In Section 2, we will obtain the asymptotic representation of Tn/Sn with
remainder term n−1/2Rn,p and we will discuss the asymptotic mean squared
errors. Applying the Edgeworth expansion for the asymptotic U -statistics,
which is obtained by Lai and Wang (1993), the Edgeworth expansion of
Tn/Sn with remainder term o(n−1) will be established. In Section 3, we will
consider the application to the correlation coefficient and also discuss the
correction of the bias.

2. Asymptotic representation, mean squared error and Edge-
worth expansion

Using H-decomposition and the moment evaluation of them, we will ob-
tain the asymptotic representation of Tn/Sn. Let us assume the following
moment conditions

E[|τ0(X1)|3 + |ζ0(X1)|3] <∞, (8)

E[|τ1(X1)|4+ε + |τ2(X1, X2)|4+ε + |τ3(X1, X2, X3)|4+ε] <∞ (9)

and
E[|ζ1(X1)|4+ε + |ζ2(X1, X2)|4+ε + |ζ3(X1, X2, X3)|4+ε] <∞ (10)
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for some ε > 0.

Let us define

δ =
δT
s(0)
− t(0)δS

(s(0))2
− E[τ1(X1)ζ1(X1)]

(s(0))2
+
t(0)E[ζ2

1 (X1)]

(s(0))3
,

η0(x) =
τ0(x)

s(0)
− t(0)ζ0(x)

(s(0))2
+ {E[ζ2

1 (X1)]

(s(0))3
− δS + s(1)

(s(0))2
}τ1(x)

+{2t(0)s(1) + 2t(0)δS + 2E[τ1(X1)ζ1(X1)]

(s(0))3

−t
(1) + δT
(s(0))2

− 3t(0)E[ζ2
1 (X1)]

(s(0))4
}ζ1(x)

−E[τ1(X2)ζ2(x,X2) + ζ1(X2)τ2(x,X2)]

(s(0))2

−τ1(x)ζ1(x)− E[τ1(X1)ζ1(X1)]

(s(0))2

+
t(0){ζ2

1 (x)− E[ζ2
1 (X1)] + 2E[ζ1(X2)ζ2(x,X2)]}

(s(0))3
,

η1(x) =
τ1(x)

s(0)
− t(0)ζ1(x)

(s(0))2
,

η2(x, y) =
τ2(x, y)

s(0)
− τ1(x)ζ1(y) + τ1(y)ζ1(x)

(s(0))2
− t(0)ζ2(x, y)

(s(0))2

+
2t(0)ζ1(x)ζ1(y)

(s(0))3
,

η3(x, y, z) =
τ3(x, y, z)

s(0)
− t(0)ζ3(x, y, z)

(s(0))2

−ζ1(x)τ2(y, z) + ζ1(y)τ2(x, z) + ζ1(z)τ2(x, y)

(s(0))2

−τ1(x)ζ2(y, z) + τ1(y)ζ2(x, z) + τ1(z)ζ2(x, y)

(s(0))2

+
2t(0){ζ1(x)ζ2(y, z) + ζ1(y)ζ2(x, z) + ζ1(z)ζ2(x, y)}

(s(0))2
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+
2{τ1(x)ζ1(y)ζ1(z) + τ1(y)ζ1(x)ζ1(z) + τ1(z)ζ1(x)ζ1(y)}

(s(0))3

−6t(0)ζ1(x)ζ1(y)ζ1(z)

(s(0))4

and

Un =
tn
sn

+ n−1δ + n−2
n∑
i=1

η0(Xi) + n−1
n∑
i=1

η1(Xi)

+ n−2
∑
Cn,2

η2(Xi, Xj) + n−3
∑
Cn,3

η3(Xi, Xj, Xk).

Then we have the following representation.

[Theorem 1]. Assume that the conditions (1) ∼ (10) are satisfied. Then
we have

Tn
Sn

= Un + n−1/2o∗p(n
−1).

Proof. See Appendix.

Un is an approximation of the ratio statistic Tn/Sn until the third order
term and we can study the asymptotic properties using Un. At first we
will consider the asymptotic mean squared error of Un. It follows from the
conditions (3), (4) and (5) that

E[η0(X1)] = E[η0(X1)] = 0, E[η2(X1, X2)|X1] = 0 a.s.

and
E[η3(X1, X2, X3)|X1, X2] = 0 a.s.

Thus we can obtain the asymptotic mean squared error AMSE(Tn/Sn) as
follows.

[Theorem 2]. Under the same assumptions of Theorem 1, we have

AMSE(
Tn
Sn

) = E[Un −
tn
sn

]2 = n−1E[η2
1(X1)] (11)

+n−2{δ2 + 2E[η0(X1)η1(X1)] +
1

2
E[η2

2(X1, X2)]}+O(n−3).
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Let us define

e1 = E[τ 2
1 (X1)], e2 = E[ζ2

1 (X1)], e3 = E[τ0(X1)τ1(X1)],

e4 = E[τ0(X1)ζ1(X1)], e5 = E[τ1(X1)ζ0(X1)], e6 = E[ζ0(X1)ζ1(X1)],

e7 = E[τ1(X1)ζ1(X1)], e8 = E[ζ3
1 (X1)], e9 = E[τ1(X1)ζ2

1 (X1)],

e10 = E[τ 2
1 (X1)ζ1(X1)], e11 = E[ζ1(X1)ζ1(X2)ζ2(X1, X2)],

e12 = E[τ1(X1)ζ1(X2)ζ2(X1, X2)], e13 = E[τ1(X1)τ1(X2)ζ2(X1, X2)],

e14 = E[ζ1(X1)ζ1(X2)τ2(X1, X2)], e15 = E[τ1(X1)ζ1(X2)τ2(X1, X2)],

e16 = E[τ 2
2 (X1, X2)], e17 = E[ζ2

2 (X1, X2)]

and
e18 = E[τ2(X1, X2)ζ2(X1, X2)].

Then from the direct computations, we can obtain an explicit form as follows.

E[η2
1(X1)] =

1

(s(0))2
e1 −

2t(0)

(s(0))3
e7 +

(t(0))2

(s(0))4
e2 (12)

and

δ2 + 2E[η0(X1)η1(X1)] +
1

2
E[η2

2(X1, X2)]

=
δ2
T

(s(0))2
+

(t(0))2δ2
S

(s(0))4
− 2t(0)δT δS

(s(0))3
− 2(s(1) + δS)

(s(0))3
e1

+2{t
(0)(t(1) + 2δT )

(s(0))4
− (t(0))2(2s(1) + 3δS)

(s(0))5
}e2 +

1

2(s(0))2
(4e3 + e16)

− t(0)

(s(0))3
(2e4 + 2e5 + e18) +

(t(0))2

2(s(0))4
(4e6 + e17)

+2{t
(0)(3s(1) + 4δS)

(s(0))4
− t(1) + 2δT

(s(0))3
}e7 −

2(t(0))2

(s(0))5
(e8 + 3e11)

+
4t(0)

(s(0))4
(e9 + 2e12 + e14)− 2

(s(0))3
(e10 + e13 + 2e15)

+
3

(s(0))4
(e1e2 + 2e2

7) +
9(t(0))2

(s(0))6
e2

2 −
18t(0)

(s(0))5
e2e7. (13)

Since the ratio of two statistics is an asymptotic U -statistic, using the
Edgeworth expansion for U -statistics, we can obtain the Edgeworth expan-
sion with remainder term o(n−1). Let us assume the following conditions.
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(C1) E{|η0(X1)|3 + |η1(X1)|4 + |η3(X1, X2, X3)|4} <∞ and E[η2
1(X1)] =

u2 > 0
(C2) lim sup|t|→∞ |E[exp{itη1(X1)}]| < 1
(C3)E|η2(X1, X2)|s <∞ for some s > 0 and there exist K Borel functions

qν :R→ R such that K(s− 2) > 4s+ (28s− 40)I{E|η3(X1,X2,X3)|>0}, Eq
2
ν(X1)

< ∞(ν = 1, · · · , K), and the covariance matrix of (W1, · · · ,WK) is positive
definite, where Wν = (Lqν)(X1) and (Lqν)(y) = E[η2(y,X2)qν(X2)], and I{·}
is an indicator function.

The condition C3 is concerned with the number of nonzero eigen functions of
η2(x, y). Alternatively Lai and Wang (1993) proved the validity of the Edge-
worth expansion under the following condition (C̃3).

(C̃3) There exist constants cν and Borel functions wν :R → R such that
E[wν(X1)] = 0, E|wν(X1)|s <∞ for some s ≥ 5 and η2(X1, X2) =

∑K
ν=1 cνwν(

X1)wν(X2) a.s.; moreover, for some 0 < γ < min{1, 2(1− 11/(3s))},

lim sup
|t|→∞

sup
|c1|+···+|cK |≤|t|−γ

|E[exp(it{g1(X1) +
K∑
ν=1

cνwν(X1)})]| < 1.

Let us define

κ3 = u−3{E[η3
1(X1)] + 3E[η1(X1)η1(X2)η2(X1, X2)]},

κ4 = u−4{E[η4
1(X1)]− 3u4 + 4E[η1(X1)η1(X2)η1(X3)η3(X1, X2, X3)]

+12E[η2
1(X1)η1(X2)η2(X1, X2)]

+12E[η1(X1)η1(X2)η2(X1, X3)η2(X2, X3)]},

P1(x) =
κ3(x2 − 1)

6

and

P2(x) = u−2{E[η0(X1)η1(X1)] +
E[η2

2(X1, X2)]

4
}x+

κ4

24
(x3 − 3x)

+
κ2

3

72
(x5 − 10x3 + 15x).

Then it follows from Lai and Wang (1993) that

P{
√
nUn
u
− δ√

nu
≤ x} = Φ(x)− n−1/2φ(x)P1(x)− n−1φ(x)P2(x) + o(n−1).
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Thus expanding with respect to δ/
√
nu, from the standard argument (see

Petrov (1975) p.16), we have the Edgeworth expansion of
√
n(Tn/Sn−tn/sn)/u

as follows.

[Theorem 3]. Assume that the conditions (1)∼ (10), C1 and C2 hold. If
either condition C3 or C̃3 is satisfied, we have

sup
x
|P{
√
n

u
(
Tn
Sn
− tn
sn

) ≤ x} −Qn(x)| = o(n−1).

where

Qn(x) = Φ(x)− n−1/2φ(x){P1(x) +
δ

u
} − n−1φ(x){P2(x) +

δκ3(x3 − 3x)

6u
}.

[Remark]. For the Edgeworth expansion with remainder term o(n−1/2),
we do not need the condition C3 nor C̃3.

3. Correlation coefficient

Let {Xi}i≥1 be two dimensional random vectors. And putting Xt
i =

(Yi, Zi), we denote

V ar(X1) = V ar{
(
Y1

Z1

)
} =

(
σ2
y ρσyσz

ρσyσz σ2
z

)
.

Let us consider the estimation of the correlation coefficient ρ. Define

Tn = (n− 1)−1
n∑
i=1

(Yi − Ȳ )(Zi − Z̄)

and

Sn = {(n− 1)−2
n∑
i=1

(Yi − Ȳ )2
n∑
i=1

(Zi − Z̄)2}1/2

where Ȳ =
∑
Yi/n and Z̄ =

∑
Zi/n. Then rn = Tn/Sn is a sample correlation

coefficient. Assuming that the underlying distribution is bivariate normal,
Knott and Frangos (1983) calculated an asymptotic variance nV ar(rn). Here
applying the Theorem 1 and 2, we will obtain an asymptotic representation
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of rn. Since we discuss the theoretical properties of the correlation coefficient,
without loss of generality, we assume that E[Y1] = E[Z1] = 0. Let us define

τ1(x1) = y1z1 − ρσyσz, τ2(x1,x2) = −(y1z2 + y2z1),

δS = −
E[(σ2

zY
2

1 − σ2
yZ

2
1)2]

8σ3
yσ

3
z

,

ζ0(x1) = −
(σ4

zy
4
1 + σ4

yz
4
1 − 2σ2

yσ
2
zy

2
1z

2
1)

8σ3
yσ

3
z

+
E[3σ4

zY
4

2 − σ4
yZ

4
2 − 2σ2

yσ
2
zY

2
2 Z

2
2 ]

16σ5
yσ

3
z

y2
1

+
E[3σ4

yZ
4
2 − σ4

zY
4

2 − 2σ2
yσ

2
zY

2
2 Z

2
2 ]

16σ3
yσ

5
z

z2
1

+
E[σ4

zY
3

2 − σ2
yσ

2
zY2Z

2
2 ]y1 + E[σ4

yZ
3
2 − σ2

yσ
2
zY

2
2 Z2]z1

2σ3
yσ

3
z

,

ζ1(x1) =
σ2
zy

2
1 + σ2

yz
2
1 − 2σ2

yσ
2
z

2σyσz
,

ζ2(x1,x2) = −
(σ2

zy
2
1 − σ2

yz
2
1)(σ2

zy
2
2 − σ2

yz
2
2)

4σ3
yσ

3
z

− σzy1y2

σy
− σyz1z2

σz

and

ζ3(x1,x2,x3) = {(σ2
zy

2
1 + σ2

yz
2
1 − 2σ2

yσ
2
z)(σ

2
zy

2
2 − σ2

yz
2
2)(σ2

zy
2
3 − σ2

yz
2
3)

+(σ2
zy

2
2 + σ2

yz
2
2 − 2σ2

yσ
2
z)(σ

2
zy

2
1 − σ2

yz
2
1)(σ2

zy
2
3 − σ2

yz
2
3)

+(σ2
zy

2
3 + σ2

yz
2
3 − 2σ2

yσ
2
z)(σ

2
zy

2
1 − σ2

yz
2
1)(σ2

zy
2
2 − σ2

yz
2
2)}/{8σ5

yσ
5
z}

+{(σ2
zy

2
1 − σ2

yz
2
1)(σ2

zy2y3 − σ2
yz2z3)

+(σ2
zy

2
2 − σ2

yz
2
2)(σ2

zy1y3 − σ2
yz1z3)

+(σ2
zy

2
3 − σ2

yz
2
3)(σ2

zy1y2 − σ2
yz1z2)}/{2σ3

yσ
3
z}.

Then we have following representations.

[Lemma 1]. If E[|Y1|4+ε + |Z1|4+ε] <∞ for some ε > 0, we have

Tn = ρσyσz + n−1
n∑
i=1

τ1(Xi) + n−2
∑
Cn,2

τ2(Xi,Xj) + n−1/2Rn,p
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and

Sn = σyσz + n−1δS + n−2
n∑
i=1

ζ0(Xi) + n−1
n∑
i=1

ζ1(Xi)

+ n−2
∑
Cn,2

ζ2(Xi,Xj) + n−3
∑
Cn,3

ζ3(Xi,Xj,Xk) + n−1/2Rn,p.

Proof. See Appendix.

Thus from Theorem 1, we have the asymptotic representation of the cor-
relation coefficient rn and we can obtain the asymptotic mean squared error
of rn. Here we consider the case of the bivariate normal distribution

Xi =

(
Yi
Zi

)
∼ N(θ,

(
σ2
y ρσyσz

ρσyσz σ2
z

)
).

We can get

ζ0(x1) = −
(σ2

zy
2
1 − σ2

yz
2
1)2

8σ3
yσ

3
z

+
(1− ρ2)(σ2

zy
2
1 + σ2

yz
2
1)

4σ3
yσ

3
z

and

ζ1(x1) =
σ2
zy

2
1 + σ2

yz
2
1 − 2σ2

yσ
2
z

2σyσz
.

Then from direct computations, we have

e1 = e2 = σ2
yσ

2
z(1 + ρ2), e3 = e4 = e5 = 0, e6 = −σ2

yσ
2
z

(1− ρ2)2

2
,

e7 = σ2
yσ

2
z2ρ, e8 = σ3

yσ
3
z(2 + 6ρ2), e9 = σ3

yσ
3
z(6ρ+ 2ρ3),

e10 = σ3
yσ

3
z(2 + 6ρ2), e11 = e12 = e13 = e14 = e15 = 0,

e16 = σ2
yσ

2
z(2 + 2ρ2), e17 = σ2

yσ
2
z(3 + ρ4) and e18 = σ2

yσ
2
z4ρ.

Substituting these values, we have the asymptotic mean squared error

AMSE(rn) = n−1(1− ρ2)2 + n−2(1− ρ2)2(1 +
23

4
ρ2).

Since the bias δ = ρ(ρ2 − 1)/2, we have the asymptotic variance of rn

V ar(rn) ' AMSE(rn)− n−2δ2 = n−1(1− ρ2)2 + n−2(1− ρ2)2(1 +
11

2
ρ2).
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This coincides with the result of Knott and Frangos (1983, p.502), who have
obtained it backed by the computer program package.

Further using Theorem 1 and Theorem 2, we can discuss the bias correc-
tion and its asymptotic mean squared error. It is easy to see that

δ =
ρ

8
{3µ40

σ4
y

+
3µ04

σ4
z

+
2µ22

σ2
yσ

2
z

}

− 1

2
{ µ31

σ3
yσz

+
µ13

σyσ3
z

}

where µ40 = E[Y 4
1 ], µ04 = E[Z4

1 ], µ22 = E[Y 2
1 Z

2
1 ], µ31 = E[Y 3

1 Z1] and µ13 =
E[Y1Z

3
1 ]. Using the moment method, we can obtain an estimator of µk` as

follows

µ̂k` = n−1
n∑
i=1

(Yi − Ȳ )k(Zi − Z̄)`.

Thus one estimator of the bias δ is given by

δ̂ =
ρ̂

8
{3µ̂40

σ̂4
y

+
3µ̂04

σ̂4
z

+
2µ̂22

σ̂2
yσ̂

2
z

}

− 1

2
{ µ̂31

σ̂y
3σ̂z

+
µ̂13

σ̂yσ̂3
z

}

where σ̂2
y = (n − 1)−1∑(Yi − Ȳ )2 and σ̂2

z = (n − 1)−1∑(Zi − Z̄)2. Thus we
can obtain the bias corrected estimator

r∗n = rn − δ̂/n.

Since each term of δ̂ is a ratio statistic again, using Theorem 1, we can obtain
an asymptotic representation of δ̂/n as

n−1δ̂ = n−1δ + n−2
n∑
i=1

ϕ(Xi) + n−1/2Rn,p

where

ϕ(x1) =
ρ

8
{3(y4

1 − µ40)

σ4
y

+
3(z4

1 − µ04)

σ4
z

+
2(y2

1z
2
1 − µ22)

σ2
yσ

2
z

}

+{ 3µ31

4σ5
yσz

+
µ13

4σ3
yσ

3
z

− 6µ40

σ6
y

− 2µ22

σ4
yσ

2
z

}(y2
1 − σ2

y)
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+{ µ31

4σ3
yσ

3
z

+
3µ13

4σyσ5
z

− 6µ04

σ6
z

− 2µ22

σ2
yσ

4
z

}(z2
1 − σ2

z)

+δη1(x1)− y3
1z1 − µ31

2σ3
yσz

− y1z
3
1 − µ13

2σyσ3
z

.

¿From direct computation we have

2E[ϕ(X1)η1(X1)] = (1− ρ2)2(3ρ2 − 1).

Thus we have the asymptotic mean squared error of r∗n

AMSE(r∗n) = AMSE(rn)− n−2{δ2 + 2E[ϕ(X1)η1(X1)]}

= n−1(1− ρ2)2 + n−2(1− ρ2)2(2 +
5

2
ρ2).

Since AMSE(rn) − AMSE(r∗n) = (1 − ρ2)2(13ρ2 − 4)/4, if the underlying
distribution is normal and |ρ| ≥ 2/

√
13(= 0.555), r∗n is superior than rn from

viewpoint of unbiasedness and mean squared error. It is possible to correct
the bias by another methods like jackknife correction. But those corrected
estimators will coincide with r∗n until the remainder term n−1/2Rn,p. Thus
the asymptotic mean squared error takes the same one of r∗n.

Further it is possible to improve the confidence interval of ρ using the
Cornish-Fisher expansion based on Theorem 3.

Appendix

First we review the H-decomposition or ANOV A-decomposition which is
a basic tool of the studies of the analysis of variance, the jackknife inference,
etc. Let ν(x1, · · · , xr) be a function which is symmetric in its arguments and
E[ν(X1, · · · , Xr)] = 0. Let us define

λ1(x1) = E[ν(x1, X2, · · · , Xr)],

λ2(x1, x2) = E[ν(x1, x2, · · · , Xr)]− λ1(x1)− λ1(x2), · · · ,

and

λr(x1, x2, · · · , xr) = ν(x1, x2, · · · , xr)−
r−1∑
j=1

∑
Cr,j

λj(xi1 , xi2 , · · · , xij).

12



Then we can show that

E[λk(X1, · · · , Xk)|X1, · · · , Xk−1] = 0 a.s. (14)

and ∑
Cn,r

ν(Xi1 , · · · , Xir) =
r∑

k=1

(
n− k
r − k

)
Λk

where
Λk =

∑
Cn,k

λk(Xi1 , · · · , Xik).

Using the equation (14) and moment evaluations of martingales (von Bahr
and Esséen (1965), and Dharmadhikari, Fabian and Jogdeo (1968)), we have
the upper bounds of the absolute moments of Λk as follows.

[Lemma A1].
(1) For 1 ≤ q ≤ 2, if E|ν(X1, · · · , Xr)|q <∞, there exists a positive constant
c, which may depend on ν and F but not on n, such that

E|Λk|q = O(nk). (15)

(2) For q ≥ 2, if E|ν(X1, · · · , Xr)|q <∞, we have

E|Λk|q = O(n(qk)/2). (16)

Hereafter in order to obtain evaluations of moments, we use the H-
decomposition and the inequalities (15) and (16). It follows from Markov’s
inequality that if

E|R|β = O(n−1−(3β)/2−ε) for some β ≥ 1 and ε > 0,

we have R = n−1/2Rn,p. It is trivial that cn−2 = n−1/2Rn,p for constant c.
Then from (15) and (16), we can obtain that if E|ν(X1, · · · , Xr)|2+ε <∞ for
ε > 0,

n−r−2
∑
Cn,r

ν(Xi1 , · · · , Xir) = n−1/2Rn,p, (17)

n−r−1
∑
Cn,r

ν(Xi1 , · · · , Xir) = n−2Λ1 + n−1/2Rn,p, (18)

n−r
r∑

k=4

(
n− k
r − k

)
Λk = n−1/2Rn,p (19)
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and

n−r+1
r∑

k=6

(
n− k
r − k

)
Λk = n−1/2Rn,p. (20)

Since we need an approximation of the product of two statistics, we pre-
pare the following lemma. Hereafter for the purpose of the simplicity, we use
abbreviations τ1(i), τ2(i, j), · · · which represent τ1(Xi), τ2(Xi, Xj), · · ·.

[Lemma A2]. Assume that the conditions (1)∼(10) are satisfied. Then
we have

n−2
n∑
i=1

τ1(i)
n∑
i=1

ζ1(i) = n−1E[τ1(X)ζ1(X)] + n−2
n∑
i=1

{τ1(i)ζ1(i)

−E[τ1(X)ζ1(X)]}+ n−2
∑
Cn,2

{τ1(i)ζ1(j) + τ1(j)ζ1(i)}, (21)

n−3
n∑
i=1

τ1(i)
∑
Cn,2

ζ2(i, j)

= n−2
n∑
i=1

E[τ1(X)ζ2(Xi, X)|Xi]

+n−3
∑
Cn,3

{τ1(i)ζ2(j, k) + τ1(j)ζ2(i, k) + τ1(k)ζ2(i, j)}

+n−1/2Rn,p, (22)

n−4
∑
Cn,2

τ2(i, j)
∑
Cn,2

ζ2(i, j) = n−1/2Rn,p, (23)

n−4
n∑
i=1

τ1(i)
∑
Cn,3

ζ3(i, j, k) = n−1/2Rn,p, (24)

n−5
∑
Cn,2

τ2(i, j)
∑
Cn,3

ζ3(i, j, k) = n−1/2Rn,p, (25)

n−6
∑
Cn,3

τ3(i, j, k)
∑
Cn,3

ζ1(i, j, k) = n−1/2Rn,p (26)

and

n−3{
n∑
i=1

ζ1(i)}3 = n−2
n∑
i=1

3E[ζ2
1 (X)]ζ1(i)

+ n−3
∑
Cn,3

6ζ1(i)ζ1(j)ζ1(k) + n−1/2Rn,p (27)
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where X is an independent copy of Xi.
Proof. Here we will prove the equations (23) and (27). It follows from (16)
that

E|n−4
∑
Cn,2

τ2(i, j)
∑
Cn,2

ζ2(i, j)|2+ε/2

≤ n−8−2ε{E|
∑
Cn,2

τ2(i, j)|4+εE|
∑
Cn,2

ζ2(i, j)|4+ε}1/2

= O(n−4−ε) = O(n−1−3(2+ε/2)/2−ε/4).

Thus we get the equation (23). From direct computation, we have

n−3{
n∑
i=1

ζ1(i)}3 = n−3
n∑
i=1

ζ3
1 (i)

+n−3
∑
Cn,2

3{ζ2
1 (i)ζ1(j) + ζ2

1 (j)ζ1(i)}+ n−3
∑
Cn,3

6ζ1(i)ζ1(j)ζ(k).

¿From the equation (15) we get

E|n−3
n∑
i=1

{ζ3
1 (i)− E[ζ3

1 (X)]}|(4+ε)/3 = O(n−3−ε) = O(n−1−(3/2)(̇(4+ε)/3)−ε/2).

Since n−2E[ζ3
1 (X)] = n−1/2Rn,p, we have n−3∑n

i=1 ζ
3
1 (i) = n−1/2Rn,p. Apply-

ing the H-decomposition to the second term, it follows from (16) that

n−3
∑
Cn,2

3[ζ2
1 (i)ζ1(j) + ζ2

1 (j)ζ1(i)] = n−2
n∑
i=1

3E[ζ2
1 (X)]ζ1(i) + n−1/2Rn,p.

Thus we have the equation (27). We can similarly prove the others.

Using these Lemmas, we will obtain the asymptotic representations.

Proof of Theorem 1.

Using Taylor expansion of (c+ x)−1, we have

S−1
n = s−1

n − s−2
n (Sn − sn) + s−3

n (Sn − sn)2

− s−4
n (Sn − sn)3 + (sn + ϑ)−5(Sn − sn)4

15



where 0 ≤ |ϑ| ≤ |Sn − sn|. It is easy to see that

−s−2
n (Sn − sn) = −n−1 δS

(s(0))2
− n−2

n∑
i=1

{ ζ0(i)

(s(0))2
− 2s(1)ζ1(i)

(s(0))3
}

−n−1
n∑
i=1

ζ1(i)

(s(0))2
− n−2

∑
Cn,2

ζ2(i, j)

(s(0))2
− n−3

∑
Cn,3

ζ3(i, j, k)

(s(0))2
+ n−1/2Rn,p.

It follows from Lemma A2 that under the moment conditions (8)∼(10),

s−3
n (Sn − sn)2 = n−1E[ζ2

1 (X)]

(s(0))3
+ n−2

∑
Cn,2

2ζ1(i)ζ1(j)

(s(0))3

+n−2
n∑
i=1

ζ2
1 (i)− E[ζ2

1 (X)] + 2δSζ1(i) + 2E[ζ1(X)ζ2(Xi, X)|Xi]

(s(0))3

+n−3
∑
Cn,3

2{ζ1(i)ζ2(j, k) + ζ1(j)ζ2(i, k) + ζ1(k)ζ2(i, j)}
(s(0))3

+ n−1/2Rn,p.

Using this representation, it follows from Lemma A2 that

−s−4
n (Sn − sn)3 = −s−1

n (Sn − sn)s−3
n (Sn − sn)2

= −n−2
n∑
i=1

3E[ζ2
1 (X)]ζ1(i)

(s(0))4
− n−3

∑
Cn,3

6ζ1(i)ζ1(j)ζ1(k)

(s(0))4
+ n−1/2Rn,p.

Again using this equation and Lemma A2, we have

(Sn − sn)4 = n−1/2Rn,p.

Using Markov’s inequality, we can show that

P{|ϑ| > |s
(0)|
2
} = o(n−1) or P{|sn + ϑ| ≤ |s

(0)|
2
} = o(n−1).

Since

P{|n1/2(sn + ϑ)−5(Sn − sn)4| ≥ n−1(log n)−1}

≤ P{|n1/2 32

(s(0))5
(Sn − sn)4| ≥ n−1(log n)−1}+ P{|sn + ϑ| ≤ |s

(0)|
2
}

= o(n−1),

16



we have (sn + ϑ)−5(Sn − sn)4 = n−1/2Rn,p. Thus we obtain

S−1
n = s−1

n + n−1δν + n−2
n∑
i=1

ν0(i) + n−1
n∑
i=1

ν1(i) + n−2
∑
Cn,2

ν2(i, j)

+ n−3
∑
Cn,3

ν3(i, j, k) + n−1/2Rn,p

where

δν =
E[ζ2

1 (X)]

(s(0))3
− δS

(s(0))2
,

ν0(x) = − ζ0(x)

(s(0))2
+ {2s(1) + 2δS

(s(0))3
− 3E[ζ2

1 (X)]

(s0))4
}ζ1(x)

+
ζ2

1 (x)− E[ζ2
1 (X)] + 2E[ζ1(X)ζ2(x,X)]

(s(0))3
,

ν1(x) = − ζ1(x)

(s(0))2
,

ν2(x, y) = −ζ2(x, y)

(s(0))2
+

2ζ1(x)ζ1(y)

(s(0))3

and

ν3(x, y, z) = −ζ3(x, y, z)

(s(0))2
− 6ζ1(x)ζ1(y)ζ1(z)

(s(0))4

+
2{ζ1(x)ζ2(y, z) + ζ1(y)ζ2(x, z) + ζ1(z)ζ2(x, y)}

(s(0))3
.

Similarly, using Lemma A2, we can show that

Tns
−1
n =

tn
sn

+ n−1 δT
s(0)

+ n−2
n∑
i=1

{τ0(i)

s(0)
− s(1)τ1(i)

(s(0))2
}+ n−1

n∑
i=1

τ1(i)

s(0)

+n−2
∑
Cn,2

τ2(i, j)

s(0)
+ n−3

∑
Cn,3

τ3(i, j, k)

s(0)
+ n−1/2Rn,p,

Tnn
−1δν = n−1t(0)δν + n−2

n∑
i=1

δντ1(i) + n−1/2Rn,p,
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Tnn
−2

n∑
i=1

ν0(i) = n−2
n∑
i=1

t(0)ν0(i) + n−1/2Rn,p,

Tnn
−1

n∑
i=1

ν1(i) = n−1E[τ1(X)ν1(X)] + n−2
n∑
i=1

{(t(1) + δT )ν1(i)

+E[ν1(X)τ2(Xi, X)|Xi] + τ1(i)ν1(i)− E[τ1(X)ν1(X)]}

+n−1
n∑
i=1

t(0)ν1(i) + n−2
∑
Cn,2

{τ1(i)ν1(j) + τ1(j)ν1(i)}

+n−3
∑
Cn,3

{ν1(i)τ2(j, k) + ν1(j)τ2(i, k) + ν1(k)τ2(i, j)}+ n−1/2Rn,p,

Tnn
−2
∑
Cn,2

ν2(i, j) = n−2
n∑
i=1

E[τ1(X)ν2(Xi, X)|Xi] + n−2
∑
Cn,2

t(0)ν2(i, j)

+n−3
∑
Cn,3

{τ1(i)ν2(j, k) + τ1(j)ν2(i, k) + τ1(k)ν2(i, j)}+ n−1/2Rn,p

and
Tnn

−3
∑
Cn,3

ν3(i, j, k) = n−3
∑
Cn,3

t(0)ν3(i, j, k) + n−1/2Rn,p.

Combining the above equations, we have the desired result.

Proof of Lemma 1.

Applying H-decomposition, we have

(n− 1)−1
n∑
i=1

(Yi − Ȳ )2 = σ2
y + n−1

n∑
i=1

{Y 2
i − σ2

y}+ n−2
∑
Cn,2

{−2YiYj}

+n−1/2Rn,p,

(n− 1)−1
n∑
i=1

(Zi − Z̄)2 = σ2
z + n−1

n∑
i=1

{Z2
i − σ2

z}+ n−2
∑
Cn,2

{−2ZiZj}

+n−1/2Rn,p

and

(n− 1)−1
n∑
i=1

(Yi − Ȳ )(Zi − Z̄) = ρσyσz + n−1
n∑
i=1

{YiZi − ρσyσz}

+ n−2
∑
Cn,2

{−YiZj − YjZi}+ n−1/2Rn,p.
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Using Lemma A2, we can show that

(n− 1)−2
n∑
i=1

(Yi − Ȳ )2
n∑
i=1

(Zi − Z̄)2

= σ2
yσ

2
z + n−1δψ + n−2

n∑
i=1

ψ0(Xi) + n−1
n∑
i=1

ψ1(Xi) + n−2
∑
Cn,2

ψ2(Xi,Xj)

+n−3
∑
Cn,3

ψ3(Xi,Xj,Xk) + n−1/2Rn,p

where

δψ = E[Y 2
1 Z

2
1 ]− σ2

yσ
2
z ,

ψ0(x1) = (y2
1 − σ2

y)(z
2
1 − σ2

z)− δ − E[Y 2
2 Z2]z1 − E[y2Z

2
2 ]y1,

ψ1(x1) = σ2
z(y

2
1 − σ2

y) + σ2
y(z

2
1 − σ2

z),

ψ2(x1,x2) = (y2
1 − σ2

y)(z
2
2 − σ2

z) + (y2
2 − σ2

y)(z
2
1 − σ2

z)− σ2
zy1y2 − σ2

yz1z2

and

ψ3(x1,x2,x3) = −{(y2
1 − σ2

y)z2z3 + (y2
2 − σ2

y)z1z3 + (y2
3 − σ2

y)z1z2

+(z2
1 − σ2

z)y2y3 + (z2
2 − σ2

z)y1y3 + (z2
3 − σ2

z)y1y2}.
Using Taylor expansion of

√
x, we can show that

Sn = σyσz + n−1{ δψ
2σyσz

− E[ψ2
1(X)]

8σ3
yσ

3
z

}

+ n−2
n∑
i=1

{ ψ0(i)

2σyσz
− ψ2

1(i)− E[ψ2
1(X)] + 2δψψ1(i) + 2E[ψ1(X)ψ2(i,X)|Xi]

8σ3
yσ

3
z

+
3E[ψ2

1(X)]ψ1(i)

16σ5
yσ

5
z

}

+ n−1
n∑
i=1

ψ1(i)

2σyσz
+ n−2

∑
Cn,2

{ψ2(i, j)

2σyσz
− ψ1(i)ψ1(j)

4σ3
yσ

3
z

}

+ n−3
∑
Cn,3

{ψ3(i, j, k)

2σyσz
− ψ1(i)ψ2(j, k) + ψ1(j)ψ2(i, k) + ψ1(k)ψ2(i, j)

4σ3
yσ

3
z

+
3ψ1(i)ψ1(j)ψ1(k)

8σ5
yσ

5
z

}+ n−1/2Rn,p.

where X is an independent copy of Xi. Thus we have the desired result.
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