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Abstract

The analysis of factorial designs in a nonparametric setup has been restricted
mainly to the one-way layout. Procedures for higher-way layouts are either re-
stricted to semiparametric models or to special designs. Moreover, the continuity
of the underlying distribution functions is assumed in general.

The aim of this paper is to provide a general theory for the analysis of non-
parametric factorial designs with fixed factors. Rank procedures for nonparametric
hypotheses based on the distribution functions are proposed and the results are
derived for score functions with bounded second derivatives. Unlike in most of the
literature, we do not assume the continuity of the underlying distribution functions
or the equality of the sample sizes. This means that data from continuous distri-
butions as well as discrete ordinal data are covered by our approach. The results
obtained are applied to some special factorial designs. For small sample sizes, the
Box-approximation is applied to compute approximate p-values for the statistics.
Within this framework, also the question of the rank transform property of rank
statistics is briefly addressed. The application of the proposed tests is demonstrated

by the analysis of real data for a two-way layout.



1 Introduction

When analyzing data from a factorial design, usually a linear model is assumed and
the hypotheses are formulated by the parameters of this model. If no specific distribution
functions are assumed, then there are no parameters by which the treatment effects can be
described or by which the hypotheses can be formulated. Thus, artificial parameters (e.g.
shift parameters) may be introduced to express the hypotheses. However, the analysis of
such so-called semiparametric models is restricted to the artificially introduced parameters
and the results are in general not invariant under strictly monotone transformations of
the data. Moreover, a special semiparametric model may not be appropriate to describe
the data. Note that a shift model is not justified e.g. when the observations are discrete

values within a small range like quality scales in psychology and medicine.

The most general model for data from a factorial design uses only the distribution
functions of the observations to define treatment effects and to formulate the hypotheses.
For the simple case of two independent samples with distribution functions F; and F,
respectively, the nonparametric treatment effect p = [ FidF, was considered by Mann &
Whitney (1947). Under the nonparametric hypothesis HI : Fy; = F,, they derived the
asymptotic distribution of the natural estimator p = [ FidFy of p where Fy and F, are
the empirical distribution functions of the two samples. It is well known that p can easily

be computed from the ranks of the observations.

Kruskal and Wallis (1952, 1953) generalized this idea to the one-way layout for a

independent samples under the assumption that the observations have continuous dis-



tribution functions Fi,..., F,. They considered the nonparametric relative treatment
effects p; = [ HdF; where H denotes the weighted mean of the distribution functions Fj,
i =1,...,a. Under the nonparametric hypothesis Hl" : F; = --- = F,, they derived the
asymptotic distribution of the vector p = (p1, ..., D,)" where the estimators p; = [ HdAF,

of p; are computed from the ranks of all observations.

The natural generalization of the nonparametric hypothesis in the one-way layout to
higher-way layouts proceeded in several steps: Lemmer & Stoker (1967) considered rank
tests in a two-way layout with ¢ = 1,...,a levels of the factor A and j = 1,...,b levels
of the factor B and assumed continuous distribution functions F;; for the observations in
the factor level combination (7, j). The hypothesis was stated as Hy : F;; = F for all ¢ and
j. Test statistics for main effects and interactions were considered under this hypothesis
where no definition of a main effect or an interactions was given. Rinaman (1983) and
Hora & Conover (1984) considered a two-way layout 'without interaction’ and stated the
hypothesis of no treatment effect as Hy : Fj; = F; forall j =1,...,b; ¢ =1,...,a. The
same nonparametric hypothesis was used by Thompson (1991) to test the nested factor
in a two-fold nested model. In a two-way layout 'with interaction’, Akritas (1991) and
Thompson (1991) formulated the hypothesis of no treatment effect in the same way and
they noted that the hypothesis Hi : F;; = F; is a ’joint hypothesis’, i.e. the treatment

effect and the interaction are amalgamated.

In the papers quoted above, the terminology 'treatment effect’” and "interaction’ is used
in the sense of a linear model. Patel and Hoel (1973) measured a nonparametric interac-

tion through the differences of the Wilcoxon-Mann—-Whitney statistic in a 2 x 2-design.



This idea has been used by Brunner, Puri and Sun (1995) to define a treatment effect,
an interaction, and a simple treatment effect (where the main effect and the interaction
are amalgamated) for a two-sample design with b strata where rank statistics for testing
nonparametric hypotheses related to these effects are derived. Marden and Muyot (1995)
generalized the idea of Patel and Hoel (1973) to factorial designs and studied rank tests
based on linear functions of Wilcoxon-Mann—Whitney statistics. In this approach, main
effects have been defined in the sense of simple main effects. However, no systematic ap-
proach for higher-way layouts or a generalization to score functions has been considered in
this paper. The idea to formulate nonparametric hypotheses in factorial designs by con-
trasts of the distribution functions (Akritas & Arnold (1994)) seems to be a breakthrough
towards a purely nonparametric formulation of hypotheses in higher-way layouts and this
formulation of the hypotheses is a straightforward generalization of the nonparametric
hypothesis in the one-way layout. Several important points and useful consequences of
this simple idea should be noted. First, the hypotheses in the linear model are implied
by these nonparametric hypotheses. Second, the generalization to higher-way layouts is
straightforward in the same way as in the theory of linear models. Furthermore, the
formulation of the hypotheses is not restricted to continuous distribution functions and
models with discrete observations are included in this setup. The main point, however,
is that under these hypotheses, the asymptotic covariance matrix of a vector of linear
contrasts of the rank means has a very simple form and can be estimated by the ranks
of the observations. These results give a new insight into the rank transform method

(Conover & Iman, 1976, 1981 and Lemmer, 1980) and it can easily be seen when the rank



transform fails. Based on the idea of the nonparametric hypotheses, Akritas, Arnold &
Brunner (1997) developed rank tests for nonparametric main effects and interactions in
an unbalanced two-factorial design without assuming continuous distribution functions.

However, only the special case of Wilcoxon scores is considered in this paper.

The aim of the present paper is to generalize these results to score functions with a
bounded second derivative and to relax the assumption that the sample sizes n; converge
to some constants \;. Also the problem of unbounded score functions is briefly addressed.
Moreover, an elementary method of proving the results is given where the case of ties is
automatically included. The same method has been used by Brunner & Denker (1994) for
mixed models, however under the assumption of continuous distribution functions. The
results are presented in a general form such that statistics for nonparametric hypotheses
in any factorial design can be derived easily from this unified approach. Many rank (score)

statistics given in the literature are special cases of the statistics derived in this paper.

The paper is organized as follows. In Section 2, the models, hypotheses and statis-
tics are defined and the general notations used throughout the paper are given. General
asymptotic results are derived in Section 3 and an approximation for small samples is
considered in Section 4. Applications of the general results to one- and two-way layouts
are given in Section 5 where explicit statistics for the nonparametric hypotheses are pro-
vided. The rank transform is shortly discussed in Section 5.1. The interpretation of the
nonparametric hypotheses and some relations to the parametric hypotheses in the linear
model are given in Section 5.2. Some Lemmas needed to prove the Theorems stated in
the body of the paper, are provided in the Appendix.
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2 Models, Hypotheses and Notations

Notations. For a convenient formulation of hypotheses and statistics in factorial de-

signs, the following matrix notations are used throughout the paper.

Let g = (p1,- .., 1q) be a d-dimensional vector of constants. Hypotheses concerning
the components of p are formulated by contrast matrices where a matrix M, is called a
contrast matriz if M,«414 = 0,51 where 1; = (1,..., 1) denotes the d-dimensional vector

of 1’s. In particular, we use the contrast matrices
C, = (1d—15 — Id_1> € R(d_l)Xd and Py;=1;— é']d (21)

where 1, is the d-dimensional unit matrix and J; = 141/ is the d x d matrix of 1’'s. C,
is a partitioned matrix of order (d — 1) x d where : denotes the partition. Note that
rank(Cy) = d — 1 and thus, C,C/, is nonsingular while the matrix P, is a d-dimensional

projection matrix of rank d — 1.

For a technically simple formulation of hypotheses and test statistics in two- and
higher-way layouts, we use the Kronecker-product (direct product) and the Kronecker-

sum (direct sum) of matrices. The Kronecker-product of two matrices

@11 - Qg bii -+ bis

pxg = | ¢ : and B, =

bl e g by - by



is defined as

aHB aqu

A®B =

apmB - apB

prxqs

a
and the Kronecker-product of the matrices A;, 7 =1,...,a is written as ® A,
i=1

The Kronecker-sum of the two matrices A and B is defined as

A0
AeB =
0B
(p+r)x(g+s)
and the Kronecker-sum of the matrices A;, i = 1,...,a is written as @ A;.

=1

Note that

i=1 i=1 i=1 i=1 i=1 i=1
if the matrices A; and B, are conformable with respect to multiplication.

Factors (in the sense of experimental design) are denoted with capital letters A, B, C, . ..
and the levels of A are numbered by ¢ = 1,...,a, the levels of B are numbered by

j=1,...,b, etc. If factor B is nested under factor A, this is denoted by B(A).

The normalized-version of the distribution function of a random variable X is denoted
by

F() = 3[R+ F ()] (2.2)

where F."(z) = P(X; < z) is the right continuous version and F, (z) = P(X; < z) is

the left continuous version of the distribution function. This definition of the distribution



function includes the case of ties and, moreover discrete ordinal data are included in this
setup. We exclude only the trivial case when Fj(z) is a one-point distribution function.
The terminology 'normalized-version’ is taken over from functional analysis where in the
context of Fourier series, it is used to denote the mean of the left- and right-continuous
version of a function (see e.g. Lang (1993)). We use the normalized-version of the dis-
tribution function, the empirical distribution function and the counting function. In the
sequel, we will drop the expression 'normalized-version’ for brevity and when using the
above quoted functions, the 'normalized-version’ is understood if not stated otherwise.
If a random variable X; is distributed according to a distribution function Fj(x), this
is written as X; ~ F;(x), and the asymptotic equivalence of two sequences of random

variables Xy and Yy is denoted by Xy = Yy.

Models. We consider independent random variables X;; ~ Fj, i« = 1,...,d, j =
1,...,n;. To describe treatment effects in this general setup, we consider the relative
treatment effects p; = [ H(x)dF;(x) where H(x) = N~' 3% n;Fj(z) is the weighted av-
erage distribution function. The p;’s can be regarded as ’relative effects’ with respect
to H(z). If H(z) = z, then p; = p; = [xdF;(z) is the expectation. In this sense,
pi = [ H(x)dF;(x) is a generalized expectation. Denote by p = (p1,...,pq) = [ HdF
the vector of the relative treatment effects where F = (F},..., Fy) is the vector of the

distribution functions.

A two-way or a higher-way layout, is described by putting a structure on the index

1, le. ¢ =1,...,d is split into ¢; = 1,...,14, and i3 = 1,...,44,, etc. and the relative



effects pq, ..., pq are a lexicographic ordering of the higher-way layout relative effects, e.g.,

P11, - - -, Pdyd, Such that the last index 75 is running faster than the first index ;.

The relative effects p; are generalized by introducing a score function J(u), u € (0,1) —
IR and it is assumed that the function J(u) has a bounded second derivative, i.e. ||.J”||o =
SUPg<y< |/’ (1)| < oo in order to avoid unnecessary technical complications. Thus, we

consider the weighted relative effects

p(7) = (D) pald) = [ JIH(@)F() (23)

Hypotheses. The simplest hypothesis is the hypothesis that there is no treatment effect
at all. In a nonparametric setup, this hypothesis is formulated as H" : F} = -+ =
F; which can formally be written as HY : P;F = 0, where Py is given in (2.1) and
0 denotes a d x 1 vector of functions mapping into 0. More complex hypotheses or
hypotheses in higher-way layouts may be formulated by a suitable contrast matrix C
as HI'(C) : CF = 0. This formulation of a hypothesis in a nonparametric setup is
analogous to the formulation of a hypothesis in the theory of linear models where the
hypotheses are formulated in terms of the expectations p;, i.e. H{(C) : Cu = 0, where
p=(p1,...,4q). In a nonparametric setup, the hypotheses must be formulated in terms
of the distribution functions since no parameters are available. The interpretation of
these nonparametric hypotheses and the relation to some parametric hypotheses will be
discussed in Section 5 where the general results to be derived in the next section are
applied to special designs. Note that in general, H{'(C) : CF = 0 = H{(C) : Cu =0

since Cu = C [ xdF = [ 2d(CF).



Statistics. The quantities p;(.J) are estimated by replacing the distribution functions

F;(x) by their empirical counterparts

Fx) = S [Ff@)+F (@) == - Xy) (2.4)

n; j=1

5 [¢"(u) + ¢ (u)] denotes the counting function and ¢*(u) = 0 or 1 ac-

where c(u) =
cording as u < or > 0 and ¢ (u) = 0 or 1 according as u < or > 0. The vector of
the empirical distribution functions is denoted by F(z) = (Fy(z),..., Fy(x))’ or shortly
by F = (Fy,...,F,;). The combined empirical distribution function of the N = Y%, n;

random variables Xy, ..., Xg,, is denoted by

H(a) = &Ym= 1 03 cle — X,) (2.5)

g N1
p(I) = [ JIEE = — J{—(Ril——ﬂ:— =3, 2.6
P = [ = 5 [ (R )] = e A e
and
T 1 e
Ry = §+NH(Xij):§+ZZC(Xij—er) (2.7)

is the (mid)-rank of the random variable X;; among all the N observations. Note that
1/2 has to be added to NE(XZ--) in order to get the 'position numbers’ of the ordered
observations in case of no ties, since ¢(0) = 1/2. Note also that R;; is the midrank in case

of ties. The quantities ¢;; = J [% (Rij — %)] are called rank scores.

REMARK 2.1 To generate the rank scores ¢;;, the combined empirical distribution

function i[\(:c) is commonly multiplied by NLH in order to avoid an infinite value of J(u) at
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the point w = 1 if the score function J(-) is unbounded. Moreover, Niﬂﬁ(x) € (0,1) and
H(z) € (0,1] if the counting function ¢*(u) is used to generate the empirical distribution
function given in (2.4) which is commonly the case when the distribution functions F;(x)
are assumed to be continuous. In this case, the definition of the scores is not symmetric
with respect to the limits of the interval [0,1]. However, we consider only bounded score
functions J(-) and moreover, H(z) € [ﬁ, 1-— ﬁ} if Fy(z) and Fy(z) are defined as given
in (2.2) and (2.4) respectively. Thus, the normalized-version of the empirical distribution

function leads automatically to a symmetric definition of the scores and there is no need

to consider J [Lﬁ(af;)} instead of J[H (z))].

N+1

3 Asymptotic Results

3.1 Score Functions with Bounded Derivatives

In this Section, some asymptotic properties of the statistic p(.J) are given and the asymp-
totic normality of v/ NCp(J) is derived under the hypothesis H{'(C) : CF = 0 where C

is a suitable contrast matrix.
To derive the asymptotic results, the following regularity conditions are needed.

ASSUMPTIONS
d

(a) N=> n;— oo,
i=1

(b) N/nZ§N0<oo, Z:]_,,d

10



Let J(u), u € (0,1) — IR, be a score function with
(c1)  bounded first derivative, i.e. ||J']lc0 = SUPgeyeq |1/ (w)] < 00.

(c2)  bounded second derivative, i.e. ||J”||oc = SUPgey<q |J” (0)| < o0.

We note that (c2) = (cl) = ||J]|oc = SUPgey<q |/ (u)| < co. Below, it will be stated
separately for each theorem, proposition or lemma which of these assumptions are needed

to prove the results.

First, conditions for the consistency of the estimators p;(.J) are given.

PROPOSITION 3.1 Let X;; ~ Fi(x), i =1,...,d, j =1,...,n; be independent ran-
dom wvariables and let p;(J) and p;(J) be as given in (2.3) and (2.6) respectively. Then,

under the assumptions (a), (b) and (c1),
pi(J) = pi(J) =0 .
PROOF: [t suffices to show that E(p;(J) — pi(J))* — 0.

First consider

(ﬁi(J) _pi(J))2

_ (/ J[H)dE, —/J[H]dﬂ)z

— (J (o) a0 ]

< 23 (N0 - ()
b 23 (1) - [ SiaR) (i) - [ )



using Jensen’s inequality. Taking expectation and using independence and Lemma A.2,

(5) of the Appendix, we obtain

. 2 2 2
EG(0) ~ () < Wt 5 > (JUH X))~ [JHaF)
(3 j:l
2 1
< = J/ 2 J 2 _ O <>
< (V1) .
and the proof follows. O

Next, we state the basic asymptotic equivalence.

THEOREM 3.2 Let X;; ~ Fi(x), i = 1,...,d, j = 1,...,n; be independent random

variables. Then under the assumptions (a), (b) and (c2),
\/N/J[ﬁ]d(ﬁ—]?) - \/N/J[H]d(F—F) .
PROQOF: It suffices to consider the i-th component of F — F. We note that

\/N/J[fi\]d(ﬁi—ﬂ) — \/N/J[H]d@ - F)
+\/N/(J[ﬁ]—J[H])d(E—E), i=1,....d.

Using Taylor’s expansion, we obtain
—~ 1 ~ — 2
— ! 1
JIH| - J[H] = J'[H]|H-H]|+ 57 (0x) [H - H|
where Oy is between H and H. Thus,

VN [JIHd(F - F) = VN [JH)d(F - )+ VN (B + By)

12



where
B = /J’ H|d(F, ~ F,) and By= 2/J”[0 |[H—H] dF - F).

It follows from the Appendix, Lemma A.4 that E(N sz) — 0, j = 1,2 which completes

the proof. O

We note that v/N [ J[H]dF = v/N Y.(J) is a vector of independent (unobserv-
able) random variables VN Y.(J) = VNn; ' 502, Vi;(J), i = 1,...,d, where Yj;(J) =
J [H(X;;)] is called asymptotic rank (score) transform (ART) because Y;;(.J) is asymptot-
ically equivalent to Y;;(J) = J[H(X,;)]. Thus,

Vy = Cov (\/N?(J)):Néia2(J) (3.8)

—1 T
where o7(J) = Var (J[H(X;)]), 5 = 1,...,n;. The unknown variances o2(.J) can be

estimated from the rank scores ¢;; = Y;;(J) = J [%(Rij — %)}

THEOREM 3.3 Let X;; ~ Fi(x), i = 1,...,d, j = 1,...,n; be independent random
variables and assume that o2(J) > o2(J) > 0 where o(J) is given in (3.8). Then, under

the assumptions (a), (b) and (c1), 62(J)/02(J) == 1, where

R 1 T o 2 o 1 n; '
gi(J) = n._lz(@'j—@.) ; Z—quw, i=1,...,d (3.9)
v Jj=1 Z] 1
where ¢;; = J {%(sz — %)] Moreover, VNVN 21, where Vi = N@ (J).

—1 nl
PROOF: Since ¢2(J) > 0 by assumption, it suffices to show that 62(.J) — o2(J) - 0.

First we note that

52(J) = nil—l {iﬂ [H(Xy)] = ni (1 iJ[ })]

’le

13



- Ly rlHEX }—(1§jJ[ ]) +520)

i i 5

_ /JQ[ﬁ]dE—(/J dF> +O<HT>

and 02(J) = [ J2[H]dF; — ([ J[H]dF})*. Thus,

= [ PaF; - [ P —(/J[ﬁ]dF) (/J dF) +0<”‘QZ|2>
_ /(J[H] + JIH])(J[H] — JIH])dE, +/J2 d(E, - F)
- (/J[ﬁ]dﬁi —/J[H]dﬂ> (/J[fi\]dﬁiJr/J[H]dE) +0 (”‘QFO)

2
= A+ Ay — A; +O<”JH )

n;

We consider the three terms A; separately and show that £ (A?) — 0,5 =1,2,3. For the

first term, we have

— ~ AT & 2
a2 < iz, o) - ypar = 10 > (0 [A06)] 01X,
by Jensen’s inequality and E(A?) < 4| J||% - ||J']|%,/N — 0 by Lemma A.2, (6.).

Using independence, it follows for the second term that

1 g 2
E(A3) = . E(JQ[H(XU)] —/J2[H]dﬂ>
) j:l
1 Tl
= 5> Var (PIH(Xy)]) < | n” —0.
1 j=1 1

For the third term, it follows that

(/J[mdﬁi_/ﬂmdm)z (/ J[ﬁ]dﬂ+/J[H}dﬂ)2

14



< 4l ([ AmaF ~ [ sar)

Finally,

87115

)

E(43) < (1% + 177]1%,) =0

using the result of Proposition 3.1. The proof is completed by noting that V is a diag-

: vV.v—1 - 5z‘2(<]) p
onal matrix and thus, VNV' = P 20 — 1. O
i=1 %1

It should be pointed out that the statement of Theorem 3.2 is that v N [?,(J) - p(J)]
is asymptotically equivalent to the random vector v/ N [f)(J ) — [ JH) dF] where [ J[H|dF

is unobservable. However, under the hypothesis Hl" : CF = 0 it follows that
VNC [ﬁ(J) - / J[ﬁ]dF] — VNCP(J) - VN / J[H)d(CF) = VNCB(J)

and vV NCp(J) is a vector of linear rank score statistics.

Now we give the asymptotic distribution of v/ NCp(J) under H : CF = 0.

THEOREM 3.4 Let X;; ~ Fi(x), i = 1,...,d, j = 1,...,n; be independent random
variables and assume that o(J) > o2(J) > 0 where o2(J) is given in (3.8). Let Vy as

given in (3.8) and let Vv as given in Theorem 3.3. Then, under the assumptions (a),

(b), (¢2) and under the hypothesis HY : CF = 0,

1. the statistic \/NC[A)(J) =V NC / J[ﬁ]df‘ has asymptotically a multivariate normal

distribution with mean 0 and covariance matrix CV yC',

15



2. the quadratic form Qn(C) = Np/'(J)C' [CVyC'|” Cp(J) has asymptotically a cen-
tral x3-distribution with f = rank(C) where [CVNC']” denotes a generalized in-

verse of [CV yC].

3. If C is of full row rank, then Qn(C) = Np'(J)C’ [CVNC’TI Cp(J) has asymptot-

ically a central X?-distm’bution with f = rank(C).

PROOF: Statement (1) follows immediately by the Theorems 3.2 and 3.3 by applying
the central limit Theorem to /N Y.(.J) since the random variables Y;;(.J) are uniformly
bounded and o?(J) > 0,47 =1,...,d by assumption.

To prove (2), set X = v/NCpP(J). Then, under HY, from (1), X has asymptotically
a multivariate normal distribution with mean 0 and covariance matrix S = CVyC'.
Note that, if X ~ N(0,8), then X'S™X ~ x} with f = rank(S) where S~ is a sym-
metric reflexive generalized inverse of S (see e.g. Rao & Mitra (1971), Theorem 9.2.3.).
The result follows by noting that the matrix product C’'[CVyC']” C is invariant for
any choice of the generalized inverse (see e.g. Rao & Mitra (1971), Lemma 2.2.6) and
rank (C’ [CVNC™ C) = rank(C) if rank (CVyC’') = rank(C) which follows by the
fact that V is of full rank since 0?(J) > 0, i = 1,...,d by assumption. Therefore, the

result is true for any choice of the generalized inverse [CVC']™.

(3) follows immediately from (2) and Theorem 3.3. O

We shall now consider the asymptotic distribution of the statistic Qn(C) under the

16



sequence of alternatives

1 1
Fy = (Fyi,....Fya) =[1- ——=|F+ ——K 3.10
N (Fna N.d) ( W) N (3.10)

contiguous to the nonparametric null hypothesis Hl" : CF = 0 where K = (K7,..., K;)’

is some vector of distribution functions.

THEOREM 3.5 Let X;; ~ Fyi(v) = (1= N"Y)F(2) + N7V2K;(z),i=1,...,d, j =
1,...,n; be independent random variables and let E(x) denote the empirical distribution
function of X, ..., Xin, as defined in (2.4). Let F = (Fy,...,F;) in (3.10) and let
C be some contrast matriz of full row rank such that CF = 0. Further let H(z) =

N1 ZZ 1 niFi(x) denote the weighted average distribution function of Fy, ..., Fy. Let

d d

H'(@) = Sonibde) = H) = oS 0 R@) - Kife)
denote the weighted average distribution function of Fni,...,Fngq and let f—I\(x) denote
the average empirical distribution function as defined in (2.5). Assume that o?(J) =
[ J2(H)dF; — ([ J(H)dE)* > 02(J) > 0 and let Vi as given in (3.8). Then, under the

assumptions (a), (b) and (c2) and under the sequence of alternatives (3.10),

1. the statistics
5(J) = VNCp(J) = WC/J[ﬁ]dF and VNCY. = \/NC/J(H dF
are asymptotically equivalent,

2. v(J) has asymptotically a multivariate normal distribution N(v(J), CV yC'), where
v(J) = [ J(H)d(CK),

17



3. the quadratic form Qn(C) = Np'(J)C’ {CvNC’}_lclA)(J) has asymptotically a
noncentral x3(v(J))-distribution with f = rank(C) and with noncentrality parame-

ter v(J) = v/ (J) [CVNC] v (J).

PROOF: Proceeding as in the proof of Theorem 3.2, we decompose
B(J) = VNC [ J[H]dF
_ \/Nc< / J(H)dF + / [J[H) - J(H)| dF x
+ / )+ J(H*) — J(H")| d(F - FN))
_ \/NC/J(H)df‘ +a;+a;—ay
where
a, = C / [J[H] ~ J(H)] dK
a; = VNC [ [JIH] ~ J(H")] d(F - Fy)
a = VNC [ [J(H) — J(H)] d(F ~ Fy) .

To prove the statement in (1), it suffices to consider the i-th components of a;, j = 1,2,3

and it will be shown that
(i) /UWTnHHﬂﬂﬁde in L2,
(17) \/_/ J(H")] d(F; — Fy;) = o(1) in L?
(i) VN / J(H)] d(F, — Fy,) = o(1) in L.
Statement (i) follows easily by Jensen’s inequality,

E ( / [J[H) — ()] dKl->2 < / E[J[H) - J(H)] dK,
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4
< _ J/ 2
< I
and using Lemma A.3, (2) in the Appendix.
To prove (ii), we note that under the sequence of alternatives (3.10),
E(Fi(z)) = Fxi(x) and E(H(z)) = H' () (3.11)

and the result follows in the same way as in the proof of Theorem 3.2 using Lemma A.4

in the Appendix.

To prove (iii), we note that

B (VN [ UlHE) - I @) dF @) - Fxale)
= B (THOG)] I () = [ U] = I @) dFxte)
< 3 [eB I H) - I 42 [ ) - T @) )]

by independence, (3.11) and Jensen’s inequality. The result follows from Lemma A.3,
(1) and (3) in the Appendix. This completes the proof of statement (1). The result
(2) follows from Theorem 3.4, (1) by noting that £ (vNC [ J(H)dF) = [ J(H)d(CK)
and that o3 ,(J)/07(J) — 1 as minn; — oo where 03,,(J) = Var (J[H(Xq)]) = 07(J) +
@) (N -l 2). Finally, statement (3) follows immediately from (2) which completes the proof

of the Theorem. O

REMARK 3.1 [t follows from Theorem 3.5 that the set of alternatives for which the rank
score tests are consistent is the set of all vectors p(J) for which Cp(J) # 0 holds. Let
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H{(C) : Cp(J) = 0 denote the nonparametric hypotheses related to the relative treatment
effects p;(J), i = 1,...,d. Figure 1 shows the relations between the hypotheses HY , HY

and HY in general.

About here insert Figure 1.

Consider the case where X;; has a Bernoulli distribution, X;; ~ B(g;) where ¢; =
P(X;3=1),i=1,...,dand let q = (q1, ..., qq)’. One possibility to formulate parametric
hypotheses concerning q is to consider contrasts in q and write the hypotheses as H{ :
Cq = 0 where C is a suitable contrast matrix. Obviously, H{ <= H! since Fj is

completely determined by g;.

To give some more insight into the meaning and interpretation of the nonparametric
hypotheses in linear models, some relations to parametric hypotheses in the two-way

layout are given in Section 5.2.

3.2 Unbounded Score Functions

The case of unbounded score functions is briefly discussed in this subsection. The main
motivation is to include also the normal scores which are known to be locally optimal in
the case of shift alternatives if the underlying distribution functions are normal. Assuming
continuous distribution functions, the asymptotic normality of linear rank-score statistics
for unbounded (square integrable) score functions has been shown by Hajek (1968). A

similar result for score functions with bounded é-norm was proved by Denker and Rosler
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(1985). Regarding the technical details, we refer to above quoted papers. These general
results can be applied to derive rank statistics in factorial designs for the case of continuous
distribution functions in the same way as worked out in the proceding theorems. There is
no motivation, however, to consider unbounded score functions in the case of discontinuous

distribution functions and thus, we shall not consider this problem here.

4 Small Sample Approximations

The procedures considered in the previous sections are valid for large sample sizes. How-
ever, the speed of approximation to the asymptotic y2-distributions of the proposed statis-
tics is rather slow, especially if the number of factor levels is large. Thus it is necessary
to use some small sample approximation for the statistics. For completeness, we quote a
simple modified Box-approximation (Box, 1954) for heteroscedastic factorial designs given

by Brunner, Dette & Munk (1997). For details, we refer to this paper.

The hypothesis HY : Cu = 0 can be formulated equivalently as Hj : My = 0 where
M = C/(CC’)~ C is a projection matrix. Note that all elements of M are known constants
and M does not depend on the special choice of the generalized inverse (CC’)~. In many
cases, the contrast matrix C can be chosen such that all diagonal elements of M are
identical to m, say (c.f. the applications given in Section 5). This leads to the simplified
form of the Approximation Procedure given below. To test the hypothesis Hl" : CF = 0,
consider the quadratic form Q% (M) = N - p’(J) M p(J) instead of the quadratic forms

given in Theorem 3.4 (Wald-type statistics). The asymptotic distribution of Q% under
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the hypothesis is given in Theorem 4.1 and a small sample approximation is given in

Approximation Procedure 4.2.

THEOREM 4.1 Let M = C'(CC’)"C and let Vx be as given in (3.8). Then, under the
assumptions of Theorem 3.4 and under the hypothesis Hl" : CF = 0, the quadratic form
Qy(M) = N -p/'(J) M p(J) has asymptotically the weighted x>-distribution >% | \;U;
where the U; are independent random variables each having a x3-distribution and the \;

are the eigenvalues of MV yM.

PROOF: First note that MF = 0 <= CF = 0 since C'(CC’)~ is a generalized inverse
of C. Thus, under H{', by Theorem 3.4, VN Mp(J) has asymptotically a multivariate
normal distribution with mean 0 and covariance matrix MV yM. From this, it follows
that Qy(M) = N - (Mp(J)) M M p(J) = N -p'(J) M p(J) has asymptotically the
weighted y2-distribution Zle A;U; where the U; are independent random variables each
having a X%—distribution and the \; are the eigenvalues of M MVyM = MVyM, (see

e.g. Graybill, 1976, p.136). O

Approximation Procedure 4.2 Let M be as defined in Theorem 4.1 and assume that
the diagonal elements my of M are identical to m, say, i.e. my; = m. Further let
Ay = diag{ni,...,nq}. Then, under the assumptions of Theorem 4.1, the distribution of

the statistic

To(M) = #m-ﬁwwﬁw:% (4.12)



can be approximated by the central F( fl, fo)—distribution with estimated degrees of freedom

fio= m? [tTE\VN)]A = (Nm)*. ( ?:lizz(J)ﬁ%) and (4.13)
tr (MVyMVy)) tr(MVyMVy)
PO %) (S 0)/m) .

tr (Vi(Aa— 1))~ S50 () Ind(n = 1))

where 62(J) is given in (3.9) and tr(-) denotes the trace of a square matriz.

Derivation: See Brunner, Dette and Munk (1997) where also the the more general case
is considered where M does not have identical diagonal elements and the accuracy of the

approximation is verified by some simulation studies.

5 Application to Special Factorial Designs

In this section, we apply the general theory derived in Section 3 to some special factorial
designs. On the one hand, we wish to give some explicit statistics; on the other hand, we
will show that several known rank statistics which have been proposed for some simple
designs, follow as special cases from our general approach. Particularly, we consider the
one-factor design where the Kruskal-Wallis statistic (1952, 1953) and the rank-transform

statistic (Conover & Iman, 1981) come out as special cases.

Cross-classified and nested models are considered as examples for two-way layouts
where the statistics derived by Akritas, Arnold & Brunner (1997) are special cases if
Wilcoxon scores are considered. The relations to some rank statistics proposed by Hora

& Conover (1984), Akritas (1990) and Thompson (1991) are also discussed.

The extension to higher-way layouts is straightforward.
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5.1 Omne-Factor Designs

In the one-way layout, we observe independent random variables X;; ~ F; = %[Ff + F],
i=1,...,a,5=1,...,n; Let P, = Ia—iJa be the contrast matrix defined in (2.1). Then
the hypothesis for the one-way layout is written as Hl" : F; = --- = F, or equivalently
as P,F = 0 where F = (Fy,..., F,) denotes the vector of the distribution functions
and 0 denotes a vector of functions mapping into 0. Let p(J) = (p1(J),...,p.(J)) =
[ J(H)dF be the vector of the relative treatment effects p;(J) = [ J(H)dF; where H(z) =
~ 28 niFy(x) is the weighted mean distribution function. The vector p(.J) is estimated
consistently by p(J) = [ J(H)dF = (p1(J),...,Da(J)) where pi(J) = ¢, is given in (2.6).

Under H/, the statistics vV NP,p(.J) and vVNP,Y.(J) are asymptotically equivalent
(see Theorem 3.2) where Y.(J) = (Y1.(J),..., Yo (J)), Yi(J) = ny ' 5, J(H(X35)).
Let A = diag{ns,...,n,} denote the diagonal matrix of the sample sizes. Then under
HE : P,F = 0, it follows that 03(J) = - -- = 02(J) = 02(J) and Vy = Cov (VN Y.(J)) =
No?(J)A™'. A consistent estimate of o%(.J) follows immediately from Theorem 3.3 by

pooling the estimators 62(J), viz.

1 a ng

) = > (0 - ) (5.1

i=1j=1

where ¢;; and ¢, are given in (3.9). To test the hypothesis Hl", consider the quadratic
form Qy given in Theorem 3.4, (2) and let Wy = V3 (I,—J, V3! /tr(Vy')) where Vi =
A/[N52%(J)]. Note that Wy is a generalized inverse of P,VyP, and that P,W P, =

W ~. Then it follows from Theorem 3.4 that

Qv = NP'(J)P.[P, VNP, P.B(J) = Np'(J)WxD(J)
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— ) (A ALA)B()

N —a

= @ w Zm@—¢) (5.2)
3 (65-0,)

i=1j=1

]

has asymptotically a central x2_;-distribution under H{". For small samples, the distribu-
tion of the statistic Qn/(a —1) may be approximated by the central F(fi, f2)-distribution
where fj = a—1and f, = N —a — 1. Note that ¢?(J) = --- = 0¢2(J) under HJ and
thus, it is not necessary to apply the small sample approximation for heteroscedastic fac-

torial designs stated in Section 4. A comprehensive simulation study for Wilcoxon scores

showed that the approximation is quite accurate if a > 3 and n; > 6.

REMARK 5.1 Qu given in (5.2) has the so called rank transform (RT) property, i.e.
if the scores ¢;; are replaced by independent normally distributed random variables, then
the corresponding normal theory statistic has asymptotically the same distribution as Q).

For a further discussion of the RT-property of a rank statistic, see Section 5.3.

If 5%(J) given in (5.1) is replaced by

5-(2)(‘] = rzz ¢l] (5.3)

=1 j=1

where u(J) = [ J(H)dH, then the quadratic form @y given in (5.2) becomes the Kruskal-
Wallis statistic for general scores (see e.g. Puri, 1964). Note that u(.J) may be replaced by
the consistent estimator fi(J) = [ J(H)dH = ¢. and for Wilcoxon scores, the centering

constant becomes ¢ = (N + 1)/2N. Moreover, if the distribution functions are assumed
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to be continuous and if Wilcoxon scores are used, then

N 2
5 1 Z(ﬁ,_NJrl) _ N+l
N2(N —1) & 2 12N

and @y given in (5.2) becomes the Kruskal-Wallis H-statistic (Kruskal & Wallis, 1952,

1953). Note that both the variance estimators 5%(J) and 62(.J) are consistent for o?(.J).

Patterned Alternatives

We use the method of Page (1963) and Hettmansperger & Norton (1987) for constructing
test statistics which are especially sensitive against a conjectured patterned alternative.
The estimated treatment effects are weighted by a set of constants wy, . .., w, reproducing
the conjectured pattern of the alternative which has to be specified in advance. By
renumbering the levels of the treatment, one can always establish that the pattern is
related to an increasing treatment effect. Thus, without loss of generality, we take the
weights w; < wy < --+ < w,, and test the hypothesis HOF : Fy = ... = F, against the

alternative HIF :Fy > Fy, > .- > F, with at least one strict inequality.

Let w = (wy, ..., w,)" denote the vector of the weights w;. Then under H{", the linear
rank score statistic
Ly(J) = VN wP,p(J) = VN (w;, —w.)e, (5.4)

i=1

has asymptotically a normal distribution with mean 0 and variance
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Here, w. = a ' Y% ; w; and the variance o?(J) is estimated by 5% (J) given in (5.1).
Let 62(J) = N6%(J) X%, n; (w; — w.)%. Then the statistic Ty (J) = Ly (J)/Gw(J)
has asymptotically a standard normal distribution under HY'. For small samples, the
null distribution of T (.J) may be approximated by the central ¢,-distribution with v =

N —a—1. For Wilcoxon scores, the approximation is quite accurate for a > 3 and n; > 6.

5.2 Two-Factor Designs

Next, we consider the two-way cross classification where factor A has ¢ =1,...,a levels
and factor B has j =1,...,b levels with k =1, ..., n;; replications per cell (7, j) and the
independent random variables X;;; have distribution functions Fj;(z) =

s[FY+Fj). Let

F = (F11,~-;F1b,---,Fa1,~--7Fab)/

denote the vector of the distribution functions where the second index j is running faster
than the first index ¢. Let C4 = P, ® %1;, Cg = élg ® P, and C45 = P, ® P, where
P, and Py are given in (2.1). Then the nonparametric hypotheses of 'no main effect A’

'no main effect B’ or 'no interaction AB’ are formulated as
HY(A):C4F =0, H(B):CgF=0, H!(AB):C4pF =0.

The hypotheses of no simple factor effects A|B and B|A are typically analyzed in nested
designs. However, such hypotheses have also been considered in cross-classified designs
(Koch (1969, 1970), Akritas (1990), Thompson (1991) and Brunner, Puri & Sun (1995)

where sometimes the terminology joint hypothesis is used. The hypothesis Hl'(A|B) of
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no simple factor effect A means that there is no effect of factor A within each level of
factor B. Let Cyp = P, ® I, and Cpj4 = I, ® P;,. Then the hypotheses of no simple

factor A effect and of no simple factor B effect are formulated as
H{(A|B): CypF =0, H}(B|JA):CpF=0.

The nonparametric hypotheses shall be compared with the usual parametric hypotheses
in the linear model to give some insight into the interpretation and meaning of the more

restrictive nonparametric hypotheses.

In the linear model, it is assumed that X, ~ Fi;(z) = F(x — p;;) where p;; =
a;+ 0+ (af)iy,i=1,....a,5=1,...,b. Let o = (pt11, ..., lap). Then the hypotheses

of no main effects A and B and of no interaction AB are expressed as
H{(A): Cyp=0, H{(B):Cpp=0, HI(AB): Cap p=0.
The hypotheses of no simple factor A or of no simple factor B effect are expressed as
HY(A|B): Cayp p=0, H{(B|A):Cpap=0.

In what follows, we quote some simple relations between the nonparametric and the

parametric hypotheses in the linear model for the two-way cross-classification.

PROPOSITION 5.1

1. In the nonparametric model,

(a) Hy (A|B) = Hg (A) and Hg(AB),
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(b) HY (B|A) = HY(B) and H}(AB).
2. In the linear model where j1;; = [ xdF;j,

(a) Hy(A) = Hy(A), Hy(B)= Hy(B), Hy(AB)= H{(AB),
(b) Hy(A|B) = Hy(A),  Hy(B|A) = Hy(B),
(¢) Hi (A|B) <= H{(A|B) , Hg (B|A) <= H{(B|A),

(d) If Capp = 0, then H'(A) < H}(A) and HI' (B) <= H}(B).

PROOF: For the proofs of the statements 1(a), (b) and 2(a)-(c), see Lemma 2.9 in
Brunner and Puri (1996). Statement 2(d) follows by noting that H{'(A) = H{(A|B) if

Cap p = 0 and the result follows from 2(c) and 2(a). O

REMARK 5.2 In a linear model without interaction (i.e. where the main effects are well
defined), the hypotheses of no parametric main effect A or B, respectively are equivalent
to the parametric hypotheses of no (linear) main effect A or B, respectively. For a further
discussion of nonparametric hypotheses, see Akritas & Arnold (1994), Akritas, Arnold &

Brunner (1997), Brunner, Puri & Sun (1995) and Brunner € Puri (1996).

~

Statistics for the cross-classified model. Let F(z) = (Fy;(x),..., Fu(z)) denote

the vector of the empirical distribution functions Fj;(z) = n;' Sl ez — X)) and
let ggl = b! Z?Zl Eij,, it = 1,...,a, denote the unweighted means of the cell means

52-]-_ = ni_j1 S2) dijr, where ¢yp = J[%(Rijk — %)] and R, is the rank of X, ;; among all the
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N=3%7%", 22:1 n;; observations. To test the hypotheses H{ (+) formulated above, consider

the statistic p(J) = [ J[H]dEF = (¢y,., - . ., ¢y, ) under the hypothesis HE : CF = 0 using

the contrast matrices C4, Cp, Cyp, C4p, and Cpj4. Let

1 Nij . a b

%(J): ”_1Z<¢ijk_¢ij-)2a VN:N®@]7”, (5.5)
N k=1 i=1j=1 1ij
R 1 L a7(J) _ a
R =5 0 8 =)
j=1 Tij i=1

Let W, = N‘li;I(Ia - Jaigl/lﬁli;lla) and note that W, is a generalized inverse of
CAVNC;X = NP,3,P, and that PaWaPa = Wa. Then, under HZ'(A), it follows from

Theorem 3.4 that the quadratic form

Qn(Ca) = NP'(J)CW(CuVNCy) Cup(J) = NP/ (J)[W

~ 2
a1 ~ 1 - .
L - S o ) | (5.6)
i; 72(J) ( = (1/72) 7= 72 ()
has asymptotically a central X?c—distribution with f =a — 1.

The statistic for testing the hypothesis HY'(AB) of no nonparametric interaction,

namely

Qn(Cap) = NP'(J)Cup(CapVnClip) Casb(J),

is also derived from Theorem 3.4 and Qy (C4p) has asymptotically a central x3-distribution

with f = (a — 1) x (b— 1) under H'(AB).

Finally let N; = 22:1 n;; denote the total sample size within level 7 of factor A and let

SHJT) = X0 Xk (dijk — ¢i5.)% Then 62(J) = (N; —b)~1SZ(J) is a consistent estimator

for o7(J) = 07;(J) = Var (J[H(X;;1)]), 7 = 1,...,b. (Note that o;(J) = o7(J) for all
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j=1,...,bunder HI'(B|A)). The statistic for testing the hypothesis HI (B|A) of no

simple factor B effect,

Qn(Cpa) = NP'(J)Clyu(CpaVnCla) Cpab(J)

_ Za:Ni—be:n..(g,,_a ). e —ii§¢- (5.7)
S oSSy v T N g T |

is derived in the same way and under H{ (B|A), it follows that Q(Cp4) has asymptotically

a central y7-distribution with f = a(b— 1).

Because rows and columns are interchangeable in this design, the quadratic forms
Qn(Cp) for testing H{'(B) and Q n(C 4j) for testing H{ (A|B) are obtained from Qn(C )

and Qn(Cpja) respectively, by interchanging rows and columns.

Nested model. The test statistics for the two-fold nested model with fixed factors are
briefly given below in order to consider the two-way layout completely for models with

fixed factors. Analogous results for Wilcoxon scores have been derived by Akritas, Arnold

& Brunner (1997).

Let Xy ~ Fij(z) = %[Flj +Fl, i =1,...,a, 7 = 1,....b;, kK = 1,...,n be
independent random variables and let F = (Fy, ..., Fy;) denote the vector of the distri-
bution functions Fj; in the sub-categories j = 1,...,0; within the categories 1 = 1,..., a.
The hypothesis of no sub-category effect in the nonparametric setup means that Fj;
does not depend on j, ie. F;; = --- = Fj,. This can be written equivalently as

HE(B(A)) : Cpa)F = 0 where

1

J, .
bl

CB(A) = @Pbm and Pbi = Ibi -

=1
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For testing the nonparametric hypothesis of no category effect, it may be appropriate
to weight the distribution functions Fj; in the sub-categories by some weights g;; which
have to be chosen by the experimenter according to the meaning of the different sub-
categories. Let q; = (gi1, - - -, g, )’ denote the vector of the weights in category i = 1,...,a
where Z?;l gi; = 1. Then we consider the weighted means E‘? = ZJ 1¢i;Fi; and express

the hypothesis of no category effect as HI'(A) : P,QF = 0 where Q = @q;

i=1

Test statistics for these nonparametric hypotheses are derived by arguments similar
to those in the previous section. Thus for testing HI'(A) and HE (B(A)), the test statis-
tics are based on P,Qp(J) = P,Q [ J(H)dF, and Cpuyp(J) = Cpa) [ J(H H)dF. The
asymptotic distribution of these vectors under the hypotheses are obtained from Theorem
3.4.

Let S2(J) = S0, S0y (dije — 63,.)% Np = Siy by, N = Y0 Y0 ny; and N; =
Y%, ni;. Note that o2 (J) = o2(J) for all j under Ho(B(A)). Then, under Hf (B(A)),

the quadratic form

b; Mij

A > ni @zg - 51)2 ) =~ Z > i (5.8)

j=1 Z] 1k=1

On(Cow) = 2"

has asymptotically a central X?c—distribution with f = (Np — a). Note that the statistic
@~ (Cpa)) has the RT-property (see Remark 5.1) with respect to a parametric statistic
with heteroscedastic errors across the levels of factor A.

Let 72(J) = Y0, %67 /ny; and i = Y01 qij;;.. Then, under the null hypothesis

H}'(A), the quadratic form

B a 1 T 1 - ¢r~- ’
=250 <¢ ?:1(1/?2(J))7~21?3<J)> /




has a central Xfc—distribution with f = a — 1 and Qn(P,Q) has the RT-property with

respect to a parametric statistic with heteroscedastic errors.

Approximations for small samples. The application of the method described in Sec-
tion 4 is briefly shown in this paragraph. The hypothesis HY'(A) in the cross-classification
is equivalently restated as H{(A) : MAF = 0 where M4, =P, ® %Jb is a projection ma-
trix with constant diagonal elements m, = (a — 1)/(ab). Let ¢;.. = b~ Y0 1 ¢, and
¢.. = a Y% ¢;.. Then, under HE(A), the statistic

Nab? @~ ~ N2
Tn(Ma) = P tmvN);(@“‘(f)“)

has asymptotically a central F'( f A, ﬁ))—distribution where the degrees of freedom f 4 and fo
are derived from (4.13) and (4.14), respectively by replacing M with M4 and Vy is given
in (5.5). Note that under Hl"(B|A), the variances 02 (J) are the same for all j, i.e. 2(J) =

i %

oZ(J), forall j =1,...,b,i=1,...,a. Thus, 6}(J) = ¥0_(ny; — 1)5%(J)/(N; — b) as

Jj=1 ij

used for the derivation of (5.7).

The approximations for testing the other hypotheses are derived in the same way.

Comparison with other statistics. For equal sample sizes n;; = n and under the
assumption of continuous distribution functions, Thompson (1991) derived a rank tests
for some hypotheses in different two-way layouts. In a model with interaction, the statistic
for testing the hypothesis Hl'(B|A) given by Thompson (1991, p. 415, variance estimator
03(i)) is a special case of the statistic Qn(Cpa) given in (5.7). In a model without
interaction, the hypotheses HI'(B) and H}(B|A) are equivalent. Thus, the statistic
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given by Thompson (1991, p. 415, variance estimator 62) and the statistic Fy given by
Hora & Conover (1984) are special cases of the statistic Qn(C4) given in (5.6) if rows and
columns of the design are interchanged. Note that the assumptions of no interaction and
of equal sample sizes are crucial for the derivation of the statistics given by Thompson

and by Hora & Conover.

Thompson (1991, p. 414, Section 7.2) considered also a nested design where an equal
number for the levels of the nested factor as well as an equal number of replications and
continuous distribution functions are assumed. Thus the hypothesis and the statistic are
formally identical to the case where a simple factor effect is considered in a cross-classified
design and the statistic derived by Thompson is a special case of the statistic Qn(Cpa))
given in (5.8).

Akritas (1990, Section 3, formula (3.2)) considers unequal sample sizes and derives a
rank test (using only the Wilcoxon scores) for Hjf(B|A) in a nested linear model assuming

continuous distribution functions. The statistic given there is also a special case of the

statistic Qn(Cpa)) given in (5.8).

5.3 The Rank Transform Property of the Statistic Qx(C)

In this subsection, we pay special attention to the RT-technique suggested by Conover
& Iman (1976, 1981) which has been criticized by Brunner & Neumann (1986), Blair,
Sawilowski & Higgens (1987), Akritas (1990, 1991), Thompson & Ammann (1990) and

Thompson (1991) and possibly others. The following considerations shall clarify the
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question when the method of the RT-technique works and when it fails. Moreover, we
wish to distinguish the procedures derived in this paper from the usual RT-statistics and
we suggest to replace the expression RT-technique by the terminology RT-property of a

rank (score) statistic.

First we note that in the statistic p(.J), the original observations are replaced by the

scores of their (mid)-ranks among all observations. Recall that

is the mean vector of the ART Y;;(J) = J[H(X;;)], i = 1,...,d, j = 1,...,n;. It
follows from Theorem 3.2 that v/ NCp(.J) is asymptotically equivalent to v NCY.(J) if
CF = 0, i.e. if the hypotheses are formulated in terms of the distribution functions.
Some cases where the hypotheses in the linear model are equivalent to the corresponding
nonparametric hypotheses are given in Proposition 5.1. Note that most counterexamples
for the RT-technique use linear hypotheses Cu = 0 such that CF # 0 where u =

!/

(1, ..., pa)" is the vector of the expectations. We are discussing here the problem in a

general frame work and not in the special cases of one- or two-way layout problems.

Next, consider the covariance matrix
Vy = Cov (\/N ?.(J)) = Ndiag{n;*o?(J),...,n; o2(J)}.

Note that in general the diagonal elements o?(J) = Var(Y;1(J)) of Vy are not necessarily
all equal, even if homoscedasticity is assumed for the X;;’s, since H(:) is a non-linear

transformation (Akritas (1990)). In particular, some of the diagonal elements in Vy may
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be equal under the hypothesis Hy : CF = 0 and the corresponding estimators given in

(3.9) can be pooled to estimate Vy consistently.

Now let U;; ~ N(wi(J),02(J)), i =1,...,d be independent normally distributed ran-
dom variables where y;(J) = E(Y;1(J)) and 02(J) = Var(Yiy(J)). Let U. = (Uy.,..., Uy
denote the mean vector of the U;;’s. Then, by definition, the statistics VN U. and
VN Y (J) have asymptotically the same multivariate normal distribution. Furthermore
define 67(J) = (n; — 1)~' X2, (Uy; — U;.)? and let V denote the matrix Vy with 02(.J)
replaced by 2(J). Then Vy is consistent for Vy and from Theorem 3.9, Vy is con-
sistent for V in the sense that VNVR,I 2,1 and VNV;,l P, 1, respectively. Note
that 67(J) is derived from &7(J) by replacing the rank scores ¢;; by the corresponding
normally distributed random variables U;;. Thus, the statistic p(.J) is a 'rank transform’
of the statistic U. and it follows from the above considerations that under H, : CF = 0,
the statistics v NCp(J) and v NCU. have asymptotically a multivariate normal distri-
bution N (0, CV yC'). This property of the rank statistic v/ NCp(.J) shall be called rank
transform (RT) property with respect to the normal theory statistic v/ NCU.. Note that

the expectations j;(J) and the variances o?(.J) of the corresponding normally distributed

random variables U;; are determined from the ART under H, : CF = 0.

For testing Iy : CF = 0, there are two useful ways to define a statistic from v NCp(.J).
One possibility is to define the quadratic form Qn(C) = Np(J) (CVNC')"'p(J) which
is the rank version of the Wald-type statistic. It follows from Theorem 3.4 that under
Hy : CF = 0, the quadratic form @Qy(C) has asymptotically a central Xfc-distribution
with f = rank(C) degrees of freedom. The other possibility is to define the quadratic
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form Tn(M) = Np(J)Mp(J) which has the RT-property with respect to the normal
theory statistic NU'MU. where M = C/(CC/)~'C is a projection matrix which is taken
from the balanced ANOVA models. Under Hy : CF = 0, the asymptotic distribution of
NUMU. is a weighted y-distribution because the variances o2(.J) are not necessarily
equal, in general. For small sample sizes, this weighted y2-distribution is approximated

by a scaled F-distribution with estimated degrees of freedom (see Section 4).

6 Numerical Example: Two-Way Layout for Count-
ing Data

In this Section, the statistics given in Section 5 and the approximations given in Section
4 are applied to a data set with counting data. The authors are grateful to Dr. Beuscher

(Schaper & Briimmer, Inc., Salzgitter, Germany) for making available the data.

In order to detect adverse reactions concerning the fertility, three groups of female
Wistar rats were treated with two different dosages (factor A) of a drug (groups 2 and 3)
and with a placebo (group 1). Among other fertility parameters, the number of corpora
lutea from rat ovaries was counted after a section of the animals. The same trial was
repeated one year later with three new groups of rats. The results of the trial for the
two years (factor B) and the three groups with ny; = 9,112 = 13,191 = 9,190 = 8,131 =

8,n32 = 12 animals are given in Table 1.

About here insert Table 1
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The intention of the experiment is to detect adverse reactions of the drug. Therefore
it is not only necessary to investigate a change of the location but also a change of the

dispersion under the treatment is of importance. The Wilcoxon-scores aZ-V]Vk = %(Rijk — %)

are known to be sensitive to location alternatives while the Mood-scores a]»‘fk = (af}’k — %)2

i
are known to be sensitive to changes in dispersion. Note that a statistic based on the
Wilcoxon-scores may be less sensitive to location alternatives in case of large dispersion
effects while the Mood-scores may be less sensitive to dispersion alternatives in case of
large location effects. Thus, either the Wilcoxon-scores or the Mood-scores should detect

any meaningful effect in such a trial and both scores should be used when adverse reactions

are analysed.

The results of an analysis using Wilcoxon-scores as well as Mood-scores are displayed
in Tables 2 and 3. Table 2 contains the score means ij‘f and 6% together with the
unweighted score means a;" and a;! for the treatment levels and @'} and @’ for the two

years.
About here insert Table 2
About here insert Table 3

For the Mood-scores it turns out that neither an iteraction (p = 0.260), nor an effect
of the year (p = 0.254), nor an effect of the treatment (p = 0.244) can be detected. This

means that regarding dispersion, no effect can be detected in the experiment.

For the Wilcoxon-scores, the large p-value for H'(AB) indicates that the results are
quite homogeneous within the two years (no interaction). However, a significant treatment

38



effect for the drug is proved at the 5% level (p = 0.031) and there is no evidence for an

effect of the year (p = 0.263).

7 Conclusions and Discussion

In this paper, we have generalized the ideas given in Akritas, Arnold & Brunner (1997)
to the case of score functions with a bounded second derivative and moreover, we did not
assume that the relative sample sizes converge to some constants. A simple method of
proving the asymptotic results is given which is based on elementary counting arguments
and on some moment inequalities for empirical processes (see Lemma A.2). The question
of unbounded score functions, e.g. normal scores, is briefly discussed. The details are
ommited because we did not intend to overburden the paper with too many technical
details. The asymptotic distribution of the proposed rank score statistics is considered
under the nonparametric hypotheses based on the distribution functions. The general
results given in Section 3 are applied to various experimental designs in Section 5. Rank
tests for some special hypotheses in these designs are given in the literature under different
more or less restrictive assumptions. In some cases, the results are derived only for
Wilcoxon-scores and in other cases the continuity of the parent distribution functions or
an equal number of replications or factor levels is assumed. In particular, either models
without interactions are considered in the literature or only statistics for testing the
simple factor effects are given. From our general results provided in Section 3, however,

rank statistics for all nonparametric hypotheses in two- or higher-way layouts can be
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derived without assuming the continuity of the parent distribution functions. Thus, the
proposed statistics are applicable to analyze data for balanced and unbalanced designs,
data with continuous distribution functions or data with ties. This means that especially
pure ordinal data (psychological test data, quality scales in ecology or medicine) can be
analyzed by the proposed statistics. Also the extreme case of data having a Bernoulli

distribution is included in this setup.

All proposed statistics are invariant under strictly monotone transformations of the
data and moreover, they are robust against outliers. The set of alternatives for which the
proposed tests are consistent is characterized by Cp # 0. The quadratic forms Qy(C)
given in Theorem 3.4 can easily be computed by the SAS procedure PROC MIXED
applied to the rank data when the option CHISQ is used in the model statement and the

structure of the covariance matrix V is taken care of in the REPEATED statement.

A Appendix

The following Lemma is needed to handle the ties.

LEMMA A1 Let X;; ~ Fy,i=1,...,d,7=1,...,n; be independent random variables,

let F; = [F;" + F;] as given in (2.2) and let c(u) = 3 [c¢*(u) + ¢ (u)] as given in (2.4).

1
2

Then
1. Ele(x — X;;) — Fi(2)] =0,

|
2. /FZ-dFZ-:f,
2
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PROOF: (1) By definition,

Ele(x — Xij) — Fi(x)] = P(Xy <)+ 3P(Xy =2) - Fi()

(2) The result follows using integration by parts (see Hewitt & Stromberg (1969), p.
419).

(3) follows in the same way as (1) using (2). O

To prove the asymptotic results, we first give some moment inequalities for empirical

processes which are needed in the body of the paper.

LEMMA A.2 Let X;; ~ F;,i=1,...,d,7=1,...,n; be independent random variables,
and let F; be as given in (2.2). Let H(z) = NS4 n;Fi(x) and let Fy(z) and H(x) be
as defined in (2.4) and (2.5) respectively. Then, under the assumption (c2) as stated in

Section 3,

1. E[F(r) - F(@)] <, i=1....d,




— 2 1, 9
5. B(J [H@)| - T[H@)) < 1%,

—

6. B (J [H(Xy)] - J[H(X,) < %HJ’H@, i=1d, =1,

E|F(z) - Fx)] = " ; ;E ([e(z = Xis) — Fi(2)] [e(z — Xir) — F(2)])
_ % i:lE (2 — Xy0) — Fy(2))? < ni .

BR0G) = RG] = 5 53 B (Il = Xi) = R [0~ X) = A(Xe,)
— % iE (X — Xis) — Fi(X,)) < nl

3. It follows by independence and using (1.) that

B[ - #0] = 333 E[n (B - @) r (R - £0)
_ ;gng [Fi(2) - F()] < ;2;#; - =

4. The result follows in the same way as (3.) using (2.).

— 2 = 2
5. Using the mean value Theorem, it follows that (J[H] — J[H]) < T2, {H — H}
and the result follows using (3.).

6. The proof follows in the same way as for (5.) using (4.) instead of (3.).
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7. To prove (7.), we collapse the two indices ¢ and j into one index, r say, and the random

variables X;;, ¢ = 1,...,d, j = 1,...,n; are renumbered to X,., »r = 1,..., N where N

K

is the total number of observations and X, ~ G,(z). Note that G; = --- = G,, = F}.
Consider,
. A { NN NN
EH@) - H@)] = 57X X33 B lp(X)e(X)e(X)e(Xa)

r=1s=1t=1u=1

where p(X,) = c(z — X,) — G,.(x). If one of the indices r, s, t,u is different from all the
other indices, then it follows by independence that the expectation in the right hand side
is 0. The number of cases where not one index is different from all the others is of order

N?2. Thus,

E[H@)-H@)]' = 0 (% N2) 0 (%) |

8. The proof follows in a similar way as for (7.) by the arguments used to prove (2.). O

To prove the results for contiguous alternatives, we need the following Lemma.

LEMMA A.3 Under the assumptions of Theorem 3.5,
1G] - T @) < T

2 B (7 [A@] - THE)) < 7]

3. B (X))~ TH (X)) < 17

PROOF: To prove (1), we note that

IN

2=

H@) ~ H(@) € 25 IR - Ki(o)
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and that

JH@) = I @) = [ ) = I [H) ~ 1 (@)

where 6; is between H*(z) and H(z) and the result follows.

Statement (2) follows from

J[H@)]| - T[H@)] = /Ij:)dj(s)

= J'(0:) [H(x) = H(z)| = J'(62) [H(x) — H"(z) + H"(x) — H(x)]
where 6, is between H(z) and H(x). Thus,
(2

@] - J1H@) < W (2[H@ - H@)] 2 (@) - HE@)P) |

Since E (f-l\(x)) = H*(z), it follows from Lemma A.2, (3) that £ (f{\(x) - H*(:p)>2 <1/N.

Together with statement (1), it follows that
7 2 1112 1 1 _ 4 1112
E(J[H@)] - JH@]) <21 (5 + ) = I

Statement (3) follows analogously using (1). O

To prove Theorem 3.2, we need the following Lemma.

LEMMA A.4 Let
B = [JH)[H-H]d(F - F),
B, = %/J”[@N} [H— H] d(F, - F).

Then, under the assumptions (a), (b) and (c2),

44



1. E(NB?) = NE (/ J'[H) [H - H] d(F, - E-)>2 ~0,
9. BE(NBY) = NE (; / J'0x) [H ~ H]" d(F, - E-))2 ~0.

PROOF: To show that F(NB?) — 0, note that

d n, ng

ZZZ 901 ZJ? 902(X7"8>] )

where
(X X) = X)X — Xe) = ()]
pa(Xe) = [ TIH@) el ~ X,) = Fi(e)) dFi(x)
Then,
NE(B})
— P L3 S Bl (X X) — a0 i )~ a5
< Nlnzzf:_ni E (1 (Xiss Xo) = e2(Xe)2) < 1

by conditioning arguments (similar to those used in the proof of Lemma A.2,8.) where

the Vinogradov symbol " <’ is used instead of the O(-)-notation.

The second statement F(NB3) — 0 is easily proved by decomposing, By = By + Bay

where
/ J"(By) [H ~ H} dF, and Bagy— —- / J"(By) [H ~ H} dF,

The two terms are estimated separately.

g

NHJ”HOOZE{H H(Xij)r:O(”J]/;f“gO)

E(NBj) <
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by Lemma A.2, 8.

NI 1 17 4 17”112

2 o0 _ o8]

E(NB}) < —=E [H(z) - H(x)| =0 ¥

by Lemma A.2, 7. This completes the proof. a
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Figure 1. Implication of the hypotheses Hf, H} and H{".
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Table 1. Number of corpora lutea from Wistar rats in a fertility trial to detect adverse

reactions of a drug.

Group Year 1 Year 2

Placebo | 13,12, 11, 11, 14, 14, 13, 13, 13 | 12, 16, 9, 14, 15, 12, 12, 11, 13, 14, 12, 13, 12

Dosage 1 | 15, 12, 11, 11, 14, 13, 14, 14, 12 | 9, 12, 11, 15, 11, 10, 13, 11

Dosage 2 || 15, 12, 13, 14, 11, 14, 17, 15 15, 13, 17, 14, 14, 13, 13, 13, 9, 12, 15, 14

Table 2. Rank-score means (Wilcoxon-scores and Mood-scores) for the number of the
corpora lutea of the Wistar rats in the fertility trial. The results for the Wilcoxon-scores

ag«/k = %(Rijk — %) are displayed in the left hand part of the table while the results for the

M o_ (W
Mood-scores ajy, = (ajx

— %)2 are displayed in the right hand part of the table.

Wilcoxon-Scores Mood-Scores

Group Year 1 | Year 2 | @) || Year 1 | Year 2 || aM

Placebo 0.459 | 0.467 0.463 || 0.044 | 0.076 0.060

Dosage 1 0.501 | 0.280 0.390 || 0.070 | 0.123 0.097

Dosage 2 0.649 | 0.613 0.631 || 0.100 | 0.080 0.090

unweighted

means 0.536 | 0.453 0.071 | 0.093

93



Table 3. Test statistics and p-values for the nonparametric main effects and interaction
in the fertility trial. The results of the test statistics obtained by the Wilcoxon-scores are
giwen in the left part and the results obtained by the Mood-scores are given in the right

part of the table.

Wilcoxon-Scores Mood-Scores
asymptotic modified Box- asymptotic modified Box-
y2-distribution approximation x2-distribution approximation

Hypothesis | Qn(C) p-value | Ty(M) p-value | Qn(C) p-value | Ty(M) p-value

HE(A) 691  0.032 | 3.80 0031 | 354 0170 |1.45 0.244
HI'(B) 128 0257 | 1.28 0263 | 1.33 0248 |1.33 0.254

H{(AB) 1.78 0.412 0.92 0.403 2.35 0.308 1.39 0.260
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