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Abstract

Cramer-Rao type integral inequalities where developed for loss functions w(z) which are
bounded below by functions of the type g(z) = ¢|z|', I > 1. As applications, we obtain lower
bounds of Hajek-LeCam type for locally asymptotic minimax error for such loss functions.
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1 Introduction

Cramer-Rao type integral inequalities for the Bayes risk of an estimator based on squared
error loss function were derived earlier (cf. Prakasa Rao (1991, 1992, 1995)) following
Borovkov and Sakhanenko (1980). Brown and Gajek (1990) and Brown and Low (1991)
studied information bounds on the Bayes risk and minimax risk for squared error loss func-
tions with applications to nonparametric regression. Ghosh(1993) discussed Cramer-Rao
type integral inequalities for positive variances. Gill and Levit (1995) obtained bayesian
Cramer-Rao bounds for some nonparametric inference problems as applications of Van Trees
(1968) inequality. Babrovsky et al. (1987) extended and generalised Van Trees inequality
to the multidimensional case. Prakasa Rao (1999a) studied Cramer-Rao type integral in-
equalities for parameters taking values in a Banach space with application to inference for
stochastic processes. However all these results are based on a squared error loss function.

Our aim in this paper is to obtain lower bounds for Bayes risk for loss functions w(x)
which are bounded below by a function of the type g(z) = c|z|' for some | > 2 and a positive
constant ¢. Our techniques generalize the methods used in Borovkov and Sakhanenko
(1980) and the methods in the recent work on a generalization of Cramer-Rao inequality by
Ibragimov (1999). We restrict the discussion to loss functions of the type g(x) = |x|*. Results
for any general loss function w(z) bounded below by a function of the type g(z) = c|z|" are
an immediate consequence of the results for a loss function of the type g(z) = |z|*.

2 Lower Bound for Bayes Risk

Suppose X is a random element taking values in a measurable space (X, .A) with probability
measure Py, § € ©® C R. Suppose that the family of probability measures of {FPy,0 € O}
are dominated by a o-finite measure v on A with density % = f(z,0). Let 8" = 6*(X)
be an estimator of 6 based on X. Let ¢(-) be a probability density function on R. Let



S, = {t : q(t) > 0}. Suppose that S, C ©°. Define, for [ > 1,
R(0%) = E|9* — 0]
—[[ 10760~ 01" x.O)at6)u(ix) . (2.1)
XXO
In the following, we denote the expectation with respect to the joint distribution of
(X,0) by E and the expectation with respect to the conditional distribution of X given 6
by Ep. The conditional expectation given X will be denoted by E(:|X).

The problem of interest is to obtain a lower bound for R(6*) independent of the estimator
0*.

Theorem 1 Assume that there exists a function K(t,x) such that

K(t,x)dt =0 (2.2)
S’I
for every x € X. Define
K(6,x)
GO,x) = ——————, 0 €S, 2.3
02 = 7. 0)4(6) : 23
Suppose that {x : f(x,0) > 0} does not depend on 0 € © and
E|0G(0,X)] < oo, 0< EIG(6,X)]|" < (2.4)
and
E|0*G(9,X)] < o0 (2.5)
where 0* is an estimator of 0 and v = ﬁ Then
1
R. =infR(6") > LEOCOXNL 1 (2.6)
o {ElG6.X)]} (=1

Proof. Under the conditions stated above, it is easy to check that
E[é?*G(é?7 X)] =0
by an application of Fubini’s Theorem. Hence
E[(G - 0")G(0, X)] = E[OG(O, X)] (2.7)
which implies that

|E[0G(0, X)]| = ‘E[(e — 0)G(0,X)] ’

— {El0 -0V {E|G(0, X)) (2.8)
by Holder’s inequality where % + % =lorvy= FLI Therefore
N . E0G9,X))| l
R(G):El9—9|l2—| (6G( ))l‘,l, Y= (2.9)
{E|GO,X)]} -
which proves that
l
Ro = inf R(6%) > —POCOXDE L (2.10)
o {EIGO,X)]} [-1
[



Remark: In general for any function g(f) and an estimator g* of g(6)

(Elo(0)G10,X)] )l

Elg" —g(0)' > - (2.11)
{ElGO. X))
Special Cases
Let us not consider some special cases of the above theorem.
1. Let
K(t,bx) {f x,0)h(t)}, (2.12)
where h(-) is an arbitrary function. Suppose K (t,x) is well defined and
|f(x,t)h(t)] = 0 as |t| — 05y, teo®
where 05, denotes the boundary of S;. Then
/ K(t,x)dt =0. (2.13)
Sq
Further more
R'(t) 0 logf h(t)
G(t,x) = + —=, tesS
= e q
Suppose that sufficient regularity conditions hold so that
0 log f(X,0)1
By & | =o. (2.14)
Then
E[0G(0,X)] = [ Z; : (2.15)
R'(6) 0 log f(X,0) h(6) |
E|GO,X)| = E + 2) 7 2.16
GO, X)" =B B e (2.16)
and hence
B[RO
R, = inf R(6*) > Lo ]| —, = L (2.17)
0+ E h/(e) 3 log f(X,0) h(6) |V -1
{ + 20 a(0) ‘ }
2. Let us consider further a special case of (??7) with
h(0) = a0) (2.18)

where I(0) is the Fisher information assuming that it exists and is positive. Then

|E | z
(9)/1(9))/ [81(10>]f(x o 1 T=EIioT (2.19)
4 og f(X,
{ml o 1 o esfixo )

R, = 1nf R(6%) >

1(0)



3. Let us consider another special case of (?77) with
h(0) = q(0).

Then, it follows that,

R, = inf R(9") > L - (2.20)
| 2 log (X,0) |7
{E} q(e) %50 ’ }
In general, for any differentiable function g(0),
o Elg'(9))'
el g > PO (221)
{E| o T 5o | }
For [ = 2, the inequality reduces to
(Ely'(6))°
inf E|lg* — g(0))* > (2.22)
* (0712  log £(X,0)12
’ E[Swm ] + B[]
4. Suppose that the components of X = (X1, Xo,..., X,) are independent and identically
distributed with density p(x,8). Then it follows from (?7?) that
* 1
R, = inf R(6") > — (2.23)

- 9 lo 0 n 9 lo X;,0) 1Y
{B|225@ 1 5o | 2 lospxu0) 7

3 Lower Bound for Minimax Risk

Let 6y be the true parameter and D, = {0 : |6 — 6| < €,} be an e,-neighbourhood of 6,.
For any estimator 6* of 6y

sup Folf — 0"|' > Egl0 — 0"|'q(0) do

0€D,, D,
= R(07)
1
= 8 log q(6) 5 logp(X00) 11 (3.1)
{E|$+Z¢:1 g—gg - | }
from (?7) and hence
1
Sup Eo|lv/n(0* — 0)|' > e TS (3.2)
" og g n og p(X;,
{E|ﬁ 20 +ﬁZ¢ 7| }
Therefore
lim 1nf sup Eg|v/n(0* —0)|'
n—oo €D,y
1
2 — (3.3)
T}TIOO{E‘ 1 alogq 8 logq(6) | \FZ Ologape(zi,e) «/}

for any prior density ¢(-) on Di,.

(i) Suppose ¢(-) is a prior density on [0 — €n, 00 + €,] such that

‘3 log q(0) |7
n 00

—0 as n— oo.




We now consider a special case when + is an even integer (say) 2k, k > 1. Then | =
2k/(2k — 1) < 2. In such a case (cf. Marcinkiewicz and Zygmund (1937) or Loéve (1977),
p. 276), it follows that

9 logq(6) | <~ 9 logp(Xi,0) |
Bl =~ T2 %

1=1

< A(n+ 1)@/271){ ZE‘E) loggéXi,H)
=1

2 logq( )

+ 5|

} (3.4)

where A, is a constant depending only on v. Since X;, 1 <4 < n arei.i.d. random variables,
it follows that

|9 loga(? )+Z": 9 log p(Xi,0) |

90 2 90
SAy(n—kl)(”/Z*l){ ‘8 1ogg(exl,a) +E’a 1o§0q(9) ”}. (3.5)
Let
L(0) = EQ‘%EX“G) ! (3.6)

Suppose I,(0) is continuous at § = 0y and positive. Then, it follows that

9 logq(d) | ~~ 0 logp(Xi,0) |
Bl—5 ~+2 g

i=1

gAv(n—&—l)(”/%l){nE(I( +E’M } (3.7)
Hence
_— 1 Blogq 8logp XZ,H
nlﬂnoo{E‘ G fz ) }

< Tim {AWM[nE(IW(O)) +E|M’”}}l_l

= n—oo nv/2 a0
<A {10} " (3.8)
Hence, for any integer k > 1, it follows from (?7?) that
lim inf sup Eg|v/n (0" )\2’351 > ;1—1 (3.9)
n—oo 7 AW{IW(QO)}
where v = ﬁ and | = 2351. If k=1, thenl =2, v = 2, A, can be chosen to be equal

to one and we have the classical Hajek-Le Cam lower bound for quadratic loss function. In
general, for any differentiable function g(6),

ok ’ o l
ignoolgnfeseupn Bo|v/n(g" — g(0))[%-T >% (3.10)

where v =2k, [ = 2551 and k is an integer > 1.

(ii) Suppose I > 2. Then a computable lower bound for the minimax risk can be obtained
from (?7) by following the relation

E|Z]" < (EB|Z*)"" (3.11)



for any random variable Z with E(ZQ) < 0o where v < 2 or equivalently [ > 2. Note that
for any prior density ¢(-) on Dn,

lim inf sup Ep|\/n(6" —6)|

n—oo 9* 0D,

1
>
B 8 log q(8 n 9 logp(X,,0) |7 /D01
,}EHM{E}ﬁ §QQ( 2+ %Zizl ggé = }
(3.12)
1
> . (3.13)
= R 2 — 1/2
T o]+ i (5l0)
If the prior density ¢(@) is chosen to be
q(@):icoszw, 0€Dn=1[0:0—00| <enl, (3.14)
€n €n
then
. 0 logq(0)12 2
1,(0) = Eq [T] == (3.15)
and let ¢, =n~% with 0 < a < % Then it follows that, for [ > 2,
lim inf sup Eg|v/n (0" — 9)\l > — ! 72
n—o0 0% gep, lim (E(1(9)))
1 1
> — = , (3.16)
lim sup (12(0))1/2 ([2(90))1/2
n—oogecp,,

where I5(0) is the Fisher information in one observation defined above. This bound is not
sharp in view of the approximation of the lower bound in (??) using (??). In general, it can
be shown that, for [ > 2,

’ l
lim inf sup Ey|v/n(g" — g(0))|' > 9/ (60)]

LA . (3.17)
n—oo 97 0€D, (12(90))”2

whenever g(-) is differentiable following arguments similar to those in Prakasa Rao (1992).

4 Lower Bound for the Posterior Moments

Ghosh (1993) obtained lower bounds for posterior variances applying the technique of
Cramer-Rao inequality for posterior densities. We now obtain lower bounds for the posterior
moments of even order. Suppose h(X) is an arbitrary estimator of (). For any integer
k > 1, consider

E[(h(x) - 7(9))%‘){] (4.1)

as a function of h(-). Suppose this is minimised by the function Cy(X). Then, under suitable
differentiable conditions, it follows that

E[(+(6) - (X))

*|

X] > B[(4(0) - (X))

X] (4.2)
and

E[(v(0) - cr(x) ™

X} =0. (4.3)



If K =1, then Cx(X) = E(v(@)!X) which is the posterior mean of v(#) given X. Differen-
tiating (??) under the integral sign with respect to 6, we have

2 — 18 1og7r 9|X
00

where 7(0|X) is the posterior density of  given X. Applying Holder’s inequality, we have

E[y()(2k = 1)(7(6) — Cu(X))*?[X] = E[(+(8) — Cx(x)) X]  (44)

[E[(+(6) — iy 20 TUX) 1
< 5% 0 - a0 ) {50
(1.5)

and hence

2 (2k —1) 2k 1}E "(0)(y (‘9)76«16()())219_2’)(”#51
E{[v(0) - Cu(X)[*|x 4 4e)
{‘ k ! } BT 1{‘310ga7re(9\x)’ k|X}
Remark: In particular, for k = 1, we have C1(x) = E(y(0)|X) and
(Bl ©)[x])*
E 0) — Cr(X)|"|X ] AT
{”Y( ) k( )‘ ‘ } - E{‘Blog@ﬂe(e\x)|2|x} ( )

Note that the previous inequality gives the lower bound for posterior variances derived by
Ghosh (1993). If h(X) is an arbitrary estimator of v(0), then

E{7(0) — h(X)*[X} > E[|7(0) — h(X)*[X] — E[]1(0) — CL(X)[**|X]
(2k — 1)2351 E[y(0)(v(8) — Cr(X) 2k—2’X g2k
Eﬁ{‘%ﬁ&ﬁk‘x}

(4.8)

Suppose X = R. An alternate way of obtaining another lower bound is as follows.
Relation (??) can be written as

/jo [4(60) — Cr ()] (0]x) d = 0. (4.9)

Assuming that the differentiation under the integral sign with respect to x is possible, it
follows that

o 2k—1 07 (0|x)

- /700 Cllc(x) (7(9) - Ck(x))2k72(2k _ )W(Q‘X) do
+ (v(6) = Ci(@) ™ == df = 0. (4.10)

Hence

E[CLX) (4(0) = Cu(X))™ 2k - 1)| X

_ 2k—1 1 On( 0|X

= B[(7(6) - Ci(X)) ) ‘X} (4.11)
Applying Holder’s inequality, we have

‘E[(W(G)—Ck(X))% 1810ga7r 01X) ‘XH

X}Eﬁ{|810g7r(9|X) }2k

< E”E;l{h(e) — (X)) o

X}. (4.12)



Hence

(2k — 1)1 (C} (X)) fﬁlE%{h(a _Ok(X)’2k72‘X}

Lk{|a1ogw(9|x

B{[1(0) - Cu(x)[*| x} =

X}

(Qk — 1)21?51 (Ck(X)) 2k71 E2k—1 {|’y(0) — Ckfl(X)|2k72‘X}
> .
= Eﬁ{|aloga7r)((9|X) }Qk’X}
(4.13)
Repeating the process, we have
k—1 {|Ck ; )|(2k 2l — 1 }(% 2’;)?; 2;,) (?ffk 22 1)
E{[1(6) - Cx(X)|* ——r (4.14)
l 0 E({ F) 10%”(9\)() |2k 21 X) Zk—l 2k—20F1 2k—21—1
Remark: In particular, for £ = 1, we obtain that
! 2
B{7(0) - o (X)P|x} > —— 1AL (4.15)
E{|a log 7 (6] X) |2‘X}
GBS
Note that C1(X) = E[y(0)|X] and hence, under suitable regularity conditions,
Ci(z = / m(0|x) d
[ o m(f|z)
- / 020 g
/ 8 0 log m(0]x) (0]z) db
ox
0 logm(0|X)
= Efy(0) 28T |y
Hence
2
9 log (0| X
, (Blv(0) 25522 | x])
E{(0) - E(0)|X)]*|X} > (4.16)

E<} ) 1og87;((e\X) }Q’X)

The techniques used in this section are akin to those in Ibragimov (1999) generalizing
Cramer-Rao inequality.

Remark: It is easy to check that the bounds in (??) and (??) are sharp. This can be
checked by considering the case when X ~ N(#,1) and § ~ N(0,1). The advantage of
inequality (?7?) is that it gives an explicit lower bound for the posterior moments where as
the bound in (??) gives a lower bound in terms of an expectation of a function involving a
lower order moment.

5 Examples

Example 1. Let us suppose that X ~ N(0,1) and 6 ~ N(0,1). It is easy to check that
Ci(z) = fa: for all integer k > 1 and hence an application of (?7?) gives the inequality

_ ly)2k=2|yx )
E{l0 - 1X%[X) > (2k — 1)7 [1(9 07X (5.1)
2 E2k—1{|07 %X|2k}X} k-1
and an application of (?7) gives the inequality
ng. 2l 1 2k‘1§2§‘%
E{|0— xX*|x) > H gt — D} - — (5.2)
=0 (|0—%X|2’“*2l’X)mmm



However, for this problem, it is easy to write down the explicit expression for F{|0— % X**|X}

since m(0|z) is N(2X,1). Here N(y,0°) denotes the normal density with mean p and vari-
2

ance o-.

Example 2. Consider the stochastic differential equation
dX(t) = S(t,0) dt + dW(t), 0<t<1,

where W = {W(t)70 <t< 1} is the standard Weiner process. Let v be the probability
measure generated by the process W on C10, 1]. Let Py be the probability measure generated
by the process X = {X(t),() <t< 1} on C]0,1] when 0 is the parameter. Suppose 6 has a
prior density ¢(6) on R. Then the joint density of (X, 6) is

dPy
o q(9)

with respect to the measure v X XA on C[0,1] x R, where X is the Lebesgue measure on R
and the posterior density is given by

a0
~(6]X) = #Zé‘)idﬁ
Note that
% - exp{/olS(t,B) dX () - %/01 §°(1.0) dt (5.3)
= exp{2(6) ~ 57(0)) (5.4)
where
Z(e):/OlS(t,e) dX(t)  and J(@):/OlsQ(t,e) dt (5.5)

=

(cf. Basawa and Prakasa Rao (1980), Prakasa Rao (1999b,c)). Suppose ¢(f) = \/%67 02,
—o0 < 0 < oo and S(6,t) = f(¢)0. Then

e~ 3187 +7(6)-22(0)}

X) = .
reP /= e~ 3 102+7(0)-22(0)} 4 (5.6)
where
1
Z(0) :0/ f(t)dX(t)
0
and
1
J(0) =06 / F2(t) dt.
0
Hence
67%{92 (1454 £2(1) dt) —26 [} £(5) dX(t)}
m(0|X) = (5.7)
I 67%{92(1“‘& £2(t) dt) 20 [1 £ (1) dxm} "
which shows that
1
t) dX(t
2(6]X) s N(fo f() dX(®) L )

L+ [Lf2(8) dt’ 1+ [ f2(t)dt/



It is easy to see that

Cr(X) = M (5.8)
14 [, f2(t)dt
for all integers k£ > 1 and in fact
_ o OAX®) 2y 1
#{le = o

1+ [ f2(t) dt

where aj, is the 2k-th moment of a standard normal distribution. An application of (?7?)
proves that

o f()dX ()
o= irrmal P

2k
2k—1

(2K — )77 |B{ [0 — L2L02X0)

[ENANEIORT
u —. (5.10)

- 2k—1
Jo () dX (1) 1
E{‘{Q_ 10+f01f2<t)dt}/{1+f01f2(t)dt X}

Repeating the process, one can obtain the lower bound. However, exact computation is
possible in this example as indicated above.

X}

2k
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