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Abstract

A method of estimation of the partial derivatives of a multivariate probability density
using wavelet systems is proposed. Rates for the almost sure convergence of these estimators
are investigated.
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1 Introduction

Methods of nonparametric estimation of a multivariate probability density function and
regression function are extensively discussed in the literature (cf. Prakasa Rao (1983,1999)).
The problem of estimation of partial derivatives of a multivariate probability density is of
interest (cf. Singh (1981), Prakasa Rao (1983)) especially to detect concavity or convexity
properties of the regression function. Asymptotic properties of the kernel type estimators
for the partial derivatives of a multivariate probability density have been investigated earlier
(cf. Prakasa Rao (1983)). Recent work in this area is due to Delecroix (1996) and Koshkin
and Vasiliev (1998).

We now discuss the estimation of the partial derivatives of a multivariate probability
density using the method of wavelets. Prakasa Rao (1996) studied the problem in the
univariate case. We obtain rates for the almost sure convergence of wavelet based estimators
for the partial derivatives of a multivariate probability density.

2 Preliminaries

A multiresolution in Rd is a decomposition of the space L2(Rd) into an increasing sequence
of closed subspaces {Vj ,−∞ < j < ∞} such that

(i)

∞⋂
j=−∞

Vj = {0},

(ii)
∞⋃

j=−∞
Vj = L2(Rd),
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(iii) there exists a scaling function φ ∈ V0 such that
∫

Rd φ(x) dx = 1 and

{φ(x − k),k ∈ Zd}
is an orthonormal basis for V0; and for all h ∈ L2(Rd),

(iv) for all k ∈ Zd, h(x) ∈ V0 =⇒ h(x − k) ∈ V0, and

(v) h(x) ∈ Vj =⇒ h(2x) ∈ Vj+1.

In fact the family {φj,k(x) = 2
jd
2 (2jx − k),k ∈ Zd} is an orthonormal basis for Vj .

The multiresolution is said to be r-regular if φ ∈ C(r) and all its partial derivatives up to
total order r are rapidly decreasing, that is, for any integer m ≥ 1, there exists a constant
cm such that ∣∣∣(Dβφ)(x)

∣∣∣ ≤ cm

(1 + ‖x‖)m
for all |β| ≤ r (2.1)

where

(Dβφ)(x) =
∂βφ(x)

∂xβ1
1 · · · ∂x

βd
d

(2.2)

and

β = (β1, . . . , βd), |β| =
d∑

i=1

βi. (2.3)

Define Wj by the relation Vj+1 = Vj ⊕ Wj . The space Wj is called the detail space at level
j. Let (PVj f)(x) be the orthogonal projection of f on Vj . Then

(PVj f)(x) =
∑
k∈Zd

ajkφj,k(x). (2.4)

3 Main Result

Let Xn, n ≥ 1 be i.i.d. d-dimensional random vectors with density f(x). Suppose f is
partially differentiable up to total order r. The problem is to estimate

(Dβf)(x) =
∂βf(x)

∂xβ1
1 · · · ∂x

βd
d

where

β = (β1, . . . , βd), |β| =

d∑
i=1

βi and |β| ≤ r.

We assume that Dβf ∈ L2(Rd). Let (Dβf)l be the orthogonal projection of Dβf on Vl.
Then

(Dβf)(x) =
∑
k∈Zd

alkφl,k(x) (3.1)

where

alk =

∫
Rd

(Dβf)(u)φl,β(u) du (3.2)

= (−1)
∑d

i=1 βi

∫
Rd

f(u)(Dβφl,k)(u) du. (3.3)
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The last relation follows from (2.1). Hence

alk = (−1)
∑d

i=1 βiE
[
(Dβφl,k)(X)

]
. (3.4)

Let

âlk =
(−1)

∑d
i=1 βi

n

n∑
i=1

(Dβφl,k)(Xi). (3.5)

Let us estimate Dβf by

(Dβf)ˆn(x) =
∑
k∈Zd

âlkφl,k(x). (3.6)

Assume that the support of φ is compact. Then the series given above has a finite
number of nonzero terms for any fixed x. Define the kernel K(u,v) by

K(u,v) =
∑
k∈Zd

φ(u − k)(Dβφ)(v − k). (3.7)

Let

E(u,v) =
∑
k∈Zd

φ(u − k)φ(v − k). (3.8)

Note that

∂β
v E(u,v) =

∑
k∈Zd

φ(u − k)(Dβφ)(v − k)

= K(u,v). (3.9)

Then there exists constants Cm > 0, for every m ≥ 1, such that

|∂v
u∂x

vK(u,v)| ≤ Cm(1 + ‖u − v‖)−m (3.10)

for |α| ≤ r and |α + β| ≤ r(cf. Meyer (1992), p. 33). Choosing α = 0 = γ, we obtain that

|K(u,v)| ≤ Cm(1 + ‖u − v‖)−m, m ≥ 1. (3.11)

In particular

|K(u,v)| ≤ Cd+1(1 + ‖u − v‖)−(d+1) (3.12)

and ∫
Rd

|K(u,v)|j dv ≤ Gj(d) (3.13)

where

Gj(d) = 2π
d
2

Γ(d)Γ(j + d(j − 1))

Γ(d/2)Γ((d + 1)j)
Cj

d+1 (3.14)

Note that

(Dβfn)ˆ(x) =
∑
k∈Zd

φl,k(x)

{
(−1)

∑d
i=1 βi

n

n∑
i=1

(Dβφl,k)(Xi)

}

=
(−1)|β|

n

n∑
i=1

∑
k∈Zd

φl,k(x)(Dβφl,k)(Xi)

=
(−1)|β|

n

n∑
i=1

∑
k∈Zd

2ld/2φ(2lx − k)2(ld/2)+l|β|(Dβφ)(2lXi − k)

=
(−1)|β|2ld+l|β|

n

n∑
i=1

K(2lx, 2lXi). (3.15)
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Hence

V ar
[
(Dβfn)ˆ(x)

]
=

22ld+2l|β|

n2
nV ar

(
K(2lx, 2lX1)

)

=
22ld+2l|β|

n
V ar

(
K(2lx, 2lX1)

)
(3.16)

and

V ar
(
K(2lx, 2lX1)

)
=

∫
Rd

K2(2lx, 2lu)f(u) du −
{∫

Rd

K(2lx, 2lu)f(u) du

}2

=

∫
Rd

K2(2lx,v)f(2−lv)2−ld dv −
{∫

Rd

K(2lx,v)f(2−lv)2−ld dv

}2

≤ 2−ldM1G2(d) + 2−2ldM2
1 G2

1(d)

= 2−ld(
M1G2(d) + 2−ldM2

1 G2
1(d)

)
. (3.17)

Relation (3.16) and (3.17) imply that

V ar
[
(Dβfn)ˆ(x)

]
≤ 2ld+2l|β|

n
M1G2(d)

(
1 + o(1)

)
.

Therefore
n2−l(d+2|β|)V ar

[
(Dβfn)ˆ(x)

]
≤ M1G2(d)

(
1 + o(1)

)
.

Hence

sup
x∈Rd

V ar
[
(Dβfn)ˆ(x)

]
≤ M

2l(d+2|β|)

n
. (3.18)

Let D be a compact set in Rd and {L(n), n ≥ 1} be a non-negative sequence to be chosen
later. Suppose that the set D can be covered by a finite number L(n) of cubes Ij = Inj

with centres xj = xnj with sides of length mn for j = 1, . . . , L(n), mn = const/L1/d(n).
This is possible since D is compact. Then

sup
x∈D

∣∣∣(Dβfn)ˆ(x) − E
[
(Dβfn)ˆ(x)

]∣∣∣ = max
1≤j≤L(n)

sup
x∈D∩Ij

∣∣∣(Dβfn)ˆ(x) − E
[
(Dβfn)ˆ(x)

]∣∣∣
≤ max

1≤j≤L(n)
sup

x∈D∩Ij

∣∣∣(Dβfn)ˆ(x) − (Dβfn)ˆ(xj)
∣∣∣

+ max
1≤j≤L(n)

∣∣∣(Dβfn)ˆ(xj) − E
[
(Dβfn)ˆ(xj)

]∣∣∣
+ max

1≤j≤L(n)
sup

x∈D∩Ij

∣∣∣E [
(Dβfn)ˆ(x)

]
− E

[
(Dβfn)ˆ(xj)

]∣∣∣
= T1 + T2 + T3 (say). (3.19)

Note that ∣∣∣∣∂K(u,y)

∂ui

∣∣∣∣ ≤ C2

1 + ‖u − y‖2
. (3.20)

In view of (3.10), it follows that

|K(u,y) − K(v,y)| ≤ C2‖u − v‖d1/2. (3.21)

Hence ∣∣∣(Dβfn)ˆ(x) − (Dβfn)ˆ(xj)
∣∣∣ ≤ 2ld+l|β|

n
nC2‖2lx − 2lxj‖d1/2

= 2l(d+1+|β|)C2d
1/2‖x − xj‖. (3.22)
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Therefore

T1 = max
1≤j≤L(n)

sup
x∈D∩Ij

∣∣∣(Dβfn)ˆ(x) − (Dβfn)ˆ(xj)
∣∣∣

≤ C2d
1/2mn2l(d+1+|β|)

= O

(
2l(d+1+|β|)

L1/d(n)

)
a.s. (3.23)

Relation (3.23) implies that

T3 = max
1≤j≤L(n)

sup
x∈D∩Ij

∣∣∣E [
(Dβfn)ˆ(x)

]
− E

[
(Dβfn)ˆ(xj)

]∣∣∣
= O

(
2l(d+1+|β|)

L1/d(n)

)
. (3.24)

Now, for any x,

Zn(x) ≡ (Dβfn)ˆ(x) − E
[
(Dβfn)ˆ(x)

]

=
(−1)|β|2ld+l|β|

n

n∑
i=1

{
K(2lx, 2lXi) − E

[
K(2lx, 2lXi)

]}

=
1

n

n∑
i=1

Yni (say) (3.25)

where

Yni = (−1)|β|2ld+l|β|
{

K(2lx, 2lXi) − E
[
K(2lx, 2lXi)

]}
. (3.26)

Note that relation (3.11) implies that∣∣K(u,v)
∣∣ ≤ C2 (3.27)

and hence ∣∣Yni

∣∣ ≤ 2ld+l|β|2C2, 1 ≤ i ≤ n. (3.28)

Furthermore Yni, 1 ≤ i ≤ n, are i.i.d. random variables for any fixed n. Note that, for any
ηn > 0 and tn > 0,

P (|Zn(x)| > ηn) = P

(∣∣∣∣∣
n∑

i=1

Yni

∣∣∣∣∣ > nηn

)

≤ e−ntnηnE
[
etn|∑n

i=1 Yni|]
= e−ntnηnetnn2ld+l|β|2C2 . (3.29)

Therefore

P

(
max

1≤j≤L(n)
|Zn(xj)| > ηn

)
≤ L(n)e−ntnηnetnn2ld+l|β|2C2 . (3.30)

Let

ηn =
2l(d+1+|β|)

L1/d(n)
. (3.31)

Then

P

(
max

1≤j≤L(n)
|Zn(xj)| > ηn

)
≤ L(n)e

− ntn2l(d+1+|β|)
L1/d(n) etnn2l(d+|β|)2C2 . (3.32)
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Let

L(n) =
(
2(d+2)ln/ log n

)d/2

. (3.33)

Then

T1 + T3 = O

(
2l(d+1+|β|)(log n)1/2

2
(d+2)

2 ln1/2

)

= O

(
2l((d/2)+|β|) (log n)1/2

n1/2

)
(3.34)

Suppose that ln → ∞ and

2l(d+2|β|) log n

n
→ 0 (3.35)

as n → ∞. Following the relation (3.32), it can be checked that

∞∑
n=1

P

(
max

1≤j≤L(n)
|Zn(xj)| > ηn

)
≤

∞∑
n=1

L(n)

na
< ∞ (3.36)

for a suitable constant a > 1. Hence, by the Borel-Cantelli lemma, it follows that

T2 = max
1≤j≤L(n)

|Zn(xj)| ≤ ηn a.s. (3.37)

Combining the earlier estimates, it follows from (3.19) that

T1 + T2 + T3 = O

(
2l((d/2)+|β|)

(
log n

n

)1/2
)

= O

((
2l(d+2|β|) log n

n

)1/2
)

. (3.38)

Note that

E
[
(Dβfn)ˆ(x)

]
=

∑
k∈Zd

alkφl,k(x) = PVl(D
βf)(x). (3.39)

Hence

(Dβf)(x) − E
[
(Dβfn)ˆ(x)

]
= (Dβf)(x) − PVl(D

βf)(x)

=
∑
j≥l

PWj (D
βf)(x). (3.40)

If (Dβf)(x) ∈ Bspq, where Bspq is a Besov space, for some 0 < s < r, 1 ≤ p, q < ∞ with
s > d/p and if the multiresolution analysis is r-regular, then it follows by arguments given
in Masry(1997) and Kerkyacharian and Picard(1992) that

sup
x∈Rd

∣∣∣E [
(Dβfn)ˆ(x)

]
− (Dβf)(x)

∣∣∣ = sup
x∈Rd

∣∣∣(Dβf)(x) − (PVlf)(x)
∣∣∣

≤ (constant)2−(s−d/p)lJspq(D
βf) (3.41)

where

Jspq(g) = ‖PV0g‖Lp +


∑

j≥0

(
2js‖PWj g‖Lp

)q




1/q

(3.42)

for g ∈ Bspq. Combining (3.38) and (3.41), we have

sup
x∈D

∣∣∣(Dβfn)ˆ(x) − (Dβf)(x)
∣∣∣ = O

((
2l(d+2|β|) log n

n

)1/2
)

+ O
(
2−(s−d/p)l

)
a.s.

(3.43)
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We now have the following main result of the paper.
Theorem Suppose the multivariate probability density f(x) is bounded with partial deriva-
tive up to total order r. Further suppose that Dβf ∈ L2(Rd) and l = ln → ∞ such that

2l(d+2|β|) log n

n
→ 0 as n → ∞. (3.44)

Then there exists a constant M > 0 such that

sup
x∈Rd

V ar
[
(Dβfn)ˆ(x)

]
≤ M

2l(d+2|β|)
n

. (3.45)

Furthermore, for any compact set D ⊂ Rd,

sup
x∈D

∣∣∣(Dβfn)ˆ(x) − E
[
(Dβfn)ˆ(x)

]∣∣∣ = O

((
2l(d+2|β|) log n

n

)1/2
)

a.s. (3.46)

If, in addition, (Dβf)(x) ∈ Bspq for some 0 < s < r, 1 ≤ p, q < ∞ where s > d/p, then

sup
x∈D

∣∣∣(Dβfn)ˆ(x) − (Dβf)(x)
∣∣∣ = O

((
2l(d+2|β|) log n

n

)1/2
)

+ O
(
2−(s−d/p)l

)
a.s.

(3.47)

and if (Dβf)(x) ∈ Bs∞∞, s > 0, then

sup
x∈D

∣∣∣(Dβfn)ˆ(x) − (Dβf)(x)
∣∣∣ = O

((
2l(d+2|β|) log n

n

)1/2
)

+ O
(
2−sl

)
a.s. (3.48)

Remarks:

(1). If {ln} is chosen so that

2ln w
(

log n

n

) 1
(d+2|β|+2(s−d/p))

,

then, for every compact set D ⊂ Rd,

sup
x∈D

∣∣∣(Dβfn)ˆ(x) − (Dβf)(x)
∣∣∣ = O


(

log n

n

) (s−d/p)
(d+2|β|+2(s−d/p))


 a.s.

for f ∈ Bspq with 1 ≤ p, q < ∞. If f ∈ Bs∞∞, then

sup
x∈D

∣∣∣(Dβfn)ˆ(x) − (Dβf)(x)
∣∣∣ = O

((
log n

n

) s
(d+2|β|+2s)

)
a.s.

(2). Masry(1997) has pointed out that, for multivariate density estimators, if the uniform
strong convergence of the estimators over compact sets is chosen as the performance
measure, then there is no advantage in using nonlinear threshold wavelet estimates.
These comments continue to hold for the estimation of partial derivatives of multivari-
ate densities by wavelet estimators.
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