
Asymptotically one-dimensional diffusion on

the Sierpinski gasket and multi-type branching

processes with varying environment

Ben Hambly

University of Edinburgh and BRIMS, Hewlett Packard

Owen Dafydd Jones

Australian National University

1998

Abstract

Asymptotically one-dimensional di�usions on the Sierpinski gasket constitute a one pa-

rameter family of processes with signi�cantly di�erent behaviour to the Brownian motion.

Due to homogenization e�ects they behave globally like the Brownian motion, yet locally

they have a preferred direction. We calculate the spectral dimension for these processes and

obtain short time heat kernel estimates in the Euclidean metric. The results are derived

using branching process techniques, and we give estimates for the left tail of the limiting

distribution for a supercritical multi-type branching process with varying environment.
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1 Introduction

Asymptotically one dimensional processes on fractals were introduced in [HHW94]. For the Sier-

pinski gasket it was shown that there was a natural class of di�usions on this fractal, with no

equivalent in Euclidean space, which have rather di�erent properties than the Brownian motion.

One obvious feature was that locally they prefer to move horizontally yet globally appear to di�use

like the Brownian motion. There was little precise information obtained in [HHW94] and, despite

some results in [HK98A], the analysis of these processes is still far from complete. In particular

it was not previously known if there existed a spectral dimension, the key analytic exponent for

fractals, or to what extent there are good short time heat kernel bounds. Our aim in this paper

is to investigate some of these problems using branching process techniques.
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The Brownian motion on the Sierpinski gasket is the unique continuous di�usion which is

invariant under the natural isometries of the fractal. It has the property of decimation invariance

in that if the process is stopped on the vertices of level 1 triangles, then its exit probabilities on

level 0 are the same. Thus it corresponds to a �xed point for a map of transition probabilities

for a random walk on one level to the next. It is known that this map also has degenerate �xed

points corresponding to the process moving purely along the horizontal components of the fractal.

The idea of [HHW94] was to invert this map and iterate away from the nondegenerate toward the

degenerate �xed point. Thus we expect very di�erent local behaviour as we move along the edge

or away from it. It was shown that the associated random walks can be scaled to give a di�usion,

but there appeared to be two time scales. For the Brownian motion the time scaling factor is

5, but for the asymptotically one dimensional case it appears to be 6 for horizontal and 9/2 for

diagonal movements.

The Sierpinski gasket is a fractal with Hausdor� dimension df = log 3= log 2. Analysis on

fractals requires two other dimensional exponents, which �rst arose in the physics literature where

they have a heuristic de�nition. The spectral dimension ds can be de�ned via the asymptotic

scaling in the eigenvalue counting function. If N(�) denotes the eigenvalue counting function,

then N(�) � �ds=2 as �!1. The walk dimension dw is de�ned via the time to distance scaling

for the di�usion X , in that E0d(0; Xt)
2 � t2=dw as t! 0. It has been observed, in all cases where

these de�nitions can be made precise, that these exponents are related through ds=2 = df=dw,

where df is the Hausdor� dimension of the fractal. For the Brownian motion dw = log 5= log 2

and ds = 2 log 3= log 5. We will establish that the spectral dimension for the asymptotically one

dimensional processes is given by ds = 2 log 3= log (9=2), and give several versions of the walk

dimension.

There are a number of results for di�usion on fractals which deduce transition density estimates

for the di�usion of Aronson type. That is bounds above and below of the functional form,

pt(x; y) � c1t
�ds=2 exp(�c2(d(x; y)dw=t)�);

where c1; c2 are constants which di�er in the upper and lower bounds, � is a function of the

shortest path and walk dimension, and d(x; y) is a suitable metric on the fractal. We will �nd a

branching process embedded in the paths of the di�usion and use results about this process to

obtain bounds on the transition density | or heat kernel | of an asymptotically one-dimensional

di�usion on the Sierpinski gasket, extending the on-diagonal bounds obtained in [HK98A] o� the

diagonal. We will �nd appropriate dimensional exponents and work in the Euclidean metric,

though we do not obtain bounds of Aronson type.

A multi-type branching process with varying environment (MTBPVE) generalises the classical

multi-type branching process. For a �nite number d of types, we allow the number of type j

o�spring of a type i parent at time n to depend on i, j and n. In [Jon95, Jon97], conditions are

obtained for the L2 and a.s. convergence of an MTBPVE normed by its mean. In what follows,

the left tail of the normed limit is considered | under so called B�ottcher type conditions, that is,

with exponential minimal growth | and upper and lower bounds obtained. Bounds of the same

form have previously been obtained in [Jon95] for a more restricted class of MTBPVE. Related

results for �xed environment multi-type branching processes appear in [Kum93] and [BJ98]. These

results are independent of their application to di�usions on fractals.
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In previous work asymptotically lower dimensional di�usions have been constructed on some

simple fractals [HHW94, Hat97, HW97, HK98A], and estimates have been obtained for the on

diagonal heat kernel and a homogenization property proved for the large scale behaviour [HK98A].

For the case in hand, we improve previous estimates for the on-diagonal heat kernel lower bound,

which then allow us to determine the spectral dimension for the generator of the di�usion. This

follows from a more precise estimate on the tail of the exit probability distribution provided

by the branching process results. With this more precise estimate we will be able to establish

some o�-diagonal heat kernel bounds. However, as there is substantially di�erent local behaviour

depending on the starting point of the process, we cannot obtain exact bounds in the Euclidean

metric. Previous results for di�usion on fractals suggest that, working in the e�ective resistance

metric, it may be possible to obtain upper and lower estimates which agree up to constants.

However, it should be noted from [HK98B], that for general p.c.f. fractals with no symmetry

there is not necessarily an Aronson type estimate for the transition density, even in the e�ective

resistance metric.

The structure of the paper is as follows. In the �rst sections we discuss multi-type varying

environment branching processes. By considering functional equations associated with the gen-

erating functions for the branching process, we can get general estimates on the left tail of the

distribution for the limiting random variable L. In Section 5 we introduce the di�usion process X

on the Sierpinski gasket via its Dirichlet form, and describe it as the limit of a sequence of Markov

chains. It is convenient to extend this to an in�nite fractal in order to avoid boundary e�ects.

In Section 6 we investigate crossing times for X , which can be obtained as the normed limit of

an embedded MTBPVE. Then Section 7 establishes the spectral dimension result. Finally, in

Theorems14 and 19, we obtain o� diagonal transition density estimates for the Euclidean metric,

which are not best possible for short time due to the di�erence in the local geometry of the fractal.

The homogenization property proved in [HK98A], shows that the long time estimates will be those

of the Brownian motion on the Sierpinski gasket.

Throughout the paper, ci will be used to denote a positive �nite constant whose value remains

�xed within each proof, while cn:i will denote a �xed constant appearing in Section n.

2 The branching process

2.1 Notation

For a matrix A 2 Rd�d , write A(i; j) for its (i; j)th element, A(i; �) for the row vector given by its

ith row and A(�; j) for the column vector given by its jth column. Similarly, for a vector a 2 Rd
write a(i) for its ith component. The vector of 1s will be written 1 and the unit vector with a 1

in position i will be written ei. Write A � 0 or a � 0 if every element of A or a is � 0, and write

A > 0 or a > 0 if every element is > 0.

For two sequences fang1n=0 and fbng1n=0, write an � bn if limn!1 an=bn exists 2 (0;1).

This implies we can �nd constants c1 and c2 such that c1an � bn � c2an for all n. For doubly

indexed sequences fam;ng1n=m and fbm;ng1n=m, write am;n � bm;n if limn!1 am;n=bm;n = rm

exists 2 (0;1) for all m, and the frmg1m=0 are bounded in (0;1). This implies we can �nd

constants c1 and c2 such that c1am;n � bm;n � c2am;n for all m and n.
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Let the distribution of the number of type j children born to a single type i parent at time n

be given by Xn(i; j), for some fXng1n=0. For �xed m � 0, let Zm = fZm;ng1n=m be our branching

process, where Zm;n(i; j) is the number of type j descendants at time n of a single type i parent at

time m. Note that Zm takes on values in Zd�d
+ , where each row is an independent process. Write

Zm(i; �) = fZm;n(i; �)g1n=m for the process given by row i. De�ne Mn = EXn, Vn[i] = CovXn(i; �)
and �2n(i; j) = VarXn(i; j) = Vn[i](j; j).

For a sequence of matrices fAng1n=0, write Am;n for the forward product from m to n � 1.

That is, Am;n = AmAm+1 � � �An�1. It follows from the branching property of Zm that for all

m � n � p

E(Zm;pjZm;n) = Zm;nMn;p:

2.2 Convergence assumptions and integral transforms

Let mRn = diag(mRn(1); : : : ;
mRn(d)) be given by mRn(i) = 1TMm;n(i; �). We will assume that

A

Zm;n
mR�1

n
D�! Lm1

T as n!1;

where Lm � 0 and wm = ELm is a strictly positive probability vector.

B There exist non-zero, �nite scalars f�mn g0�m�n such that for all m and n

mRp
nR�1

p ! �mn I as p!1:

Conditions su�cient to imply A and B are given by [Jon97] Theorem 1.

Let f im;n be the joint p.g.f. of Zm;n(i; �) and for x 2 [0; 1]d put fm;n(x) = (f1m;n(x); : : : ; f
d
m;n(x)).

Let �im;n be the Laplace transform of Zm;n(i; 1)=
mRn(1) and for s 2 R+ put �m;n(s) =

(�1m;n(s); : : : ; �
d
m;n(s)). Let �im be the Laplace transform of Lm(i) and for s 2 R+ put

�m(s) = (�1m(s); : : : ; �
d
m(s)). Then, since Zm;n(�; 1)=mRn(1)

D�! Lm, �m;n(s)
n!1���! �m(s) for

all m � 0 and s 2 R+ .
Conditioning on Zm;n, we have for all m � n � p, �m;p(s) = fm;n(�n;p(s

nRp(1)=
mRp(1))).

Sending p!1 this gives

�m(s) = fm;n(�n(s�
n
m)): (1)

This system of functional equations is the source of our upper and lower bounds. Note, there is

nothing to be gained by de�ning �m;n(s) for s 2 R
d
+ by �m;n(s) = (�1m;n(s(1)); : : : ; �

d
m;n(s(d))),

since conditioning on Zm;n just gives, for each i, �im;p(s) = fm;n(�n;p(s(i)
nRp(1)=

mRp(1) � 1)).

2.3 Minimal growth of an MTBPVE; B�ottcher condition

Let J im;n � Z
d
+ be the set of possible population vectors for Zm;n(i; �). That is, J im;n = fz 2 Zd

+ :

P(Zm;n(i; �) = zT ) > 0g. Let Ki
m;n be the lower boundary of J im;n. That is, for all z 2 J im;n, there

exists x 2 Ki
m;n such that x � z, and for all x; y 2 Ki

m;n, x 6� y and y 6� x. Ki
m;n is the set of

minimal population vectors for Zm;n(i; �). Note that Ki
m;m = feig, and write Ki

n for Ki
n;n+1.

Let Km;n � Z
d�d
+ be the set of matrices made up by taking the ith row of each matrix

from Ki
m;n. That is, Km;n = fA 2 Z

d�d
+ : A(i; �) 2 Ki

m;n for each ig. Now de�ne operators
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Km;n : Rd+ 7! R
d
+ by Km;n(x) = minA2Km;n

Ax. Km;n is well de�ned due to the structure of Km;n,

which allows us to take the minimum over each co-ordinate. Let Ki
m;n(x) = mina2Ki

m;n
aTx, then

(Km;n(x))(i) = Ki
m;n(x).

Clearly, A 2 Km;n can be written as
Qn�1

k=mAk for Ak 2 Kk, though this representation will

not be unique in general.

Lemma 1 For all 0 � m � n,

Km;n(x) = Km(Km+1(� � � Kn�1(x) � � �))
= min

Am2Km;:::;An�12Kn�1

Am � � �An�1x:

Also, for any i and x; y � 0

maxfKi
n(x);Ki

n(y)g � Ki
n(x+ y) � Ki

n(x) +Ki
n(y):

Proof It su�ces to consider K0;2. For any 1 � i � d and x 2 Rd+ we have

Ki
0;2(x) = min

a2Ki
0;2

aTx = min
a2Ki

0;bj;k2Kj
1

dX
j=1

a(j)X
k=1

bTj;kx

= min
a2Ki

0

dX
j=1

a(j)Kj
1(x) = Ki

0(K1(x)):

In addition

min
A02K0;A12K1

(A0A1x)(i) = min
A02K0;A12K1

dX
j=1

A0(i; j)A1(j; �)x

= min
A02K0

dX
j=1

A0(i; j)Kj
1(x) = Ki

0(K1(x)):

The �nal inequalities are trivial.

Although not stated explicitly in the results that follow, it can be seen that if they are to be

non-trivial, then it is necessary for the `minimal' family size of the process to grow exponentially.

This is what we mean by a B�ottcher type process; the terminology is taken from the functional

equations literature.

3 Branching process upper bound

These results assume we know something of the behaviour of Km;n. In general, it is di�cult to

say anything exact about Km;n without placing conditions on the process Zm. For example, if

you assume Km = Kn for all m and n, then these results can be made more speci�c, though in

practice one can generally get better results by considering Km;n on a case-by-case basis.

Consider the following. From (1), for any i,

�im(s) =
X

z2Jim;n

P(Zm;n(i; �) = zT )�n(s�
n
m)

z
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=
X

z2Jim;n

P(Zm;n(i; �) = zT ) expfzT log �n(s�nm)g

�
X

z2Jim;n

P(Zm;n(i; �) = zT ) expf�Ki
m;n(� log�n(s�

n
m))g

= expf�Ki
m;n(� log�n(s�

n
m))g:

That is, for all n � m,

� log�m(s) � Km;n(� log�n(s�
n
m)): (2)

Lemma 2 Fix m, and suppose that we have tn, yn and zn such that for all n � m

� log�n(tn) � yn and Km;n(yn) � zn:

Suppose that tn�
m
n !1, and de�ne


m;n =
log zn

log tn+1�
m
n+1

and 
�m = lim inf
n!1


m;n:

Then, for any � � 0 such that �n := 
�m � � � 
m;n � bm= log tn+1�
m
n+1 for some bm � 0 and all

n, we have for s � tm,

� log�m(s) � e�bms
 where 
 = 
�m � �:

(Here we take e�bm and s
 componentwise.)

Proof For s � tm let n be such that tn�
m
n � s � tn+1�

m
n+1, then

� log�m(s) � Km;n(� log�n(s�
n
m))

� Km;n(� log�n(tn))

� zn

= (tn+1�
m
n+1)

log zn= log tn+1�
m
n+1

� (tn+1�
m
n+1)


�bm= log tn+1�
m
n+1

� s
e�bm :

�mn captures the mean growth of Zm (though note that the columns of Mm;n will in general

have di�erent growth rates, and �mn can have any of these), while zn captures the minimal growth

of Zm. Thus, depending upon the e�ect of tn, 

�
m will be between 0 and 1. The tn are required

to allow for the varying environment of the process.

Note that if �kk+1, tk+1=tk and zk+1(i)=zk(i) and are all bounded in (0;1), then 
�m(i) is

independent of m. If �mn � �n, tn � �n and zn(i) � z(i)n for some �, � and z(i), then 
�m(i) =

log z(i)=(log � + log�).

Proposition 3 (Upper bound for left tail.) Suppose that Conditions A and B hold, and that there

exist Bm 2 Rd+ , 
 2 (0; 1)d and sm 2 R+ such that � log�im(s) � Bm(i)s

(i) for all i and s � sm.

Then, for all i and l � lm(i) := Bm(i)
(i)s
�(1�
(i))
m ,

P(Lm(i) < l) � expf�Cm(i)l�
(i)=(1�
(i))g;

where Cm = B
1=(1�
)
m (

=(1�
) � 
1=(1�
)) � 0 componentwise.
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Proof For any i, P(Lm(i) < l) � esl�im(s) for all s 2 R+ . Applying our bound on �im and

then minimising over s � sm gives the required result. For more detail of this procedure see, for

example, [Jon96] Proposition 6.

3.1 Initial bound for �n

Here we show how to obtain bounds of the form � log�in(tn) � yn(i) using second moment

conditions. This approach will be used in Section 6, when we discuss the speci�c application of

the branching process to the asymptotically one dimensional di�usion on the Sierpinski gasket.

If we assume that

A2

Zm;n
mR�1

n
L2�! Lm1

T as n!1;

where Lm � 0 and wm = ELm is a strictly positive probability vector,

then it can be shown that, for i = 1; : : : ; d,

Vm(i) := VarLm(i) =

1X
k=m

(�k+1
m )2wT

k+1

0
@ dX

j=1

Vk [j] �Mm;k(i; j)

1
Awk+1 <1:

By Taylor's Theorem we have �in(s) � 1 � swn(i) + s2(Vn(i) + wn(i)
2)=2. This bound

has a minimum of 1 � wn(i)
2=2(Vn(i) + wn(i)

2) at s = wn(i)=(Vn(i) + wn(i)
2). Thus, for

s � wn(i)=(Vn(i) + wn(i)
2), � log�in(s) � wn(i)

2=2(Vn(i) + wn(i)
2). That is, we can take

tn = max
i
fwn(i)=(Vn(i) + wn(i)

2)g and yn(i) = wn(i)
2=2(Vn(i) + wn(i)

2):

For these to be useful, we need upper and lower bounds for wn and Vn.
From Conditions A2 and B we have that

wm1
T = lim

p!1
Mm;p

mR�1
p =Mm;n lim

p!1
Mn;p

nR�1
p ( nRp

mR�1
p ) =Mm;nwn1

T�nm:

(In fact, this only needs L1 convergence.) So, in the terminology of [CN90], f�nmwng1n=m is a

space-time harmonic sequence for the matrices fMng1n=m. In practice, when dealing with di�usion
on fractals, the matrices fMng satisfy the stronger condition of weak-ergodicity, which allows a

number of tools to be applied to the estimation of the fwng. See for example [Jon97] Section 2.

To bound Vm(i), note that by Cauchy-Schwarz and the symmetry of Vk[j],

wT
k+1Vk[j]wk+1 �

X
x;y

Vk[j](x; y)w
2
k+1(x) � d

X
x

�2k(j; x)w
2
k+1(x):

Whence

1X
k=m

(�k+1
m )2 sup

j;l

Mm;k(i; j)�
2
k(j; l)w

2
k+1(l)

� Vm(i) � d3
1X

k=m

(�k+1
m )2 sup

j;l

Mm;k(i; j)�
2
k(j; l)w

2
k+1(l): (3)

To apply this we need, in addition to an estimate for wk+1, an estimate for Mm;k(i; j).

This is provided by [Jon97] Lemma 15, which gives conditions for the uniform convergence of

Mm;n(i; j)=wm(i)
mRn(j)! 1.
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4 Branching process lower bound

For our upper bound, we used the minimal growth of the branching process to bound its behaviour.

For a lower bound, we choose a trajectory of minimal growth, and hope that its probability has

the right asymptotics. In all other respects however, the method is very similar to that of the

upper bound.

Lemma 4 Fix m, and suppose that we have tn, yn and zn such that for all n � m

� log�n(tn) � yn and Km;n(yn) � zn:

Let Km;n(yn) =
nAm;nyn and put

pn(i) = P(Zm;n(i; �) = nAm;n(i; �)):

Also, suppose that tn�
m
n !1, and de�ne


m;n =
log(� log pn + zn)

log tn�1�
m
n�1

and 
+m = lim sup
n!1


m;n:

Then, for any � � 0 such that �n := 
m;n � 
+m � � � bm= log tn�1�
m
n�1 for some bm � 0 and all

n, we have for s � tm,

� log�n(s) � ebms
 where 
 = 
+m + �:

(Here we take ebm and s
 componentwise.)

Proof Fix m and i. For any s and n � m, we have from (1) that

�im(s) � pn(i) expf� nAm;n(i; �)(� log�n(s�
n
m))g:

Now, for s � tm, let n be such that tn�1�
m
n�1 � s � tn�

m
n , then

� log�im(s) � � log pn(i) +
nAm;n(i; �)(� log�n(s�

n
m))

� � log pn(i) + zn(i)

= (tn�1�
m
n�1)

log(� log pn(i)+zn(i))= log tn�1�
m
n�1

� s
(i)ebm(i):

As before, f�mn g captures the mean growth of Zm, and fzng its minimal growth. Thus, if

� log pn grows at the same rate as zn, then we can hope that 
+m will equal 
�m. This is not an

unreasonable hope, as we will see in Subsection 4.1 below. However, even when � log pn behaves

well, the ftng can still interfere.

Proposition 5 (Lower bound for left tail.) Suppose that Conditions A and B hold, and that there

exist Bm 2 Rd+ , 
 2 (0; 1)d and sm 2 R+ such that � log�im(s) � Bm(i)s

(i) for all i and s � sm.

Then, for all i and l � lm(i) := 2Bm(i)s
�(1�
(i))
m ,

P(Lm(i) < l) � 1
2
expf�Cm(i)l�
(i)=(1�
(i))g;

where Cm = 2
=(1�
)B1=(1�
)
m componentwise.
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Proof For any i, P(Lm(i) < l) � (�im(s)� e�sl)=(1� e�sl) for all s 2 R+ . Applying our bound

on �m we get for s � sm

P(Lm(i) < l) � expf�Bm(i)s

(i)g1� expfBm(i)s


(i) � slg
1� expf�slg :

Putting s = cm(i)l
�1=(1�
(i)) with cm = (2Bm)

1=(1�
) now gives the result. For more detail, see

the analogous result in [Jon96] Proposition 9.

4.1 Initial bound for �; likeliest path

An initial lower bound for �in is readily obtained from Jensen's inequality For all n and i,

�in(t) = Ee�tLn(i) � e�tELn(i) = e�twn(i):

So, for any given tn, we can take

yn = tnwn and zn = tnKm;n(wn):

This leaves scope to choose the ftng optimally. Generally, looking at the numerator of 
m;n, it is

best | if possible | to choose the ftng so that � log pn(i) � zn(i).

Write nAm;n as
Qn�1

k=m
nAk , for

nAk 2 Kk, and let n�k(i) = P(Xk(i; �) = nAk(i; �)), then

pn(i) � exp

(
�

n�1X
k=m

nAm;k(i; �)(� log n�k)

)
:

Equality will hold if the representation nAm;n =
Qn�1

k=m
nAk is unique. As nAm;n 2 Km;n, this is

not at all unlikely, though it is none-the-less not true in general. It is not di�cult to construct an

example (even with a �xed environment) where the inequality is strict.

To see why it is reasonable to expect � log pn(i) to grow similarly to zn(i), we consider the

�xed environment case. With a �xed environment, wn = w for all n and some w > 0, and (given

some reasonable conditions, see [BJ98]) we can take nAm;n = An�m for all m and n and some A.

Thus � := n�k is independent of n and k. Now, let � be the largest (real) eigenvalue of A, and

suppose that � > 1 and that it has a strictly positive eigenvector x. Then, as w > 0 and � < 1

(for a non-degenerate process),

Anw � An(� log�) � �nx:

Taking tn = 1 for all n, this gives for any i,

� log pn(i) �
n�1X
k=m

�k�m � �n�m � zn(i):

5 Asymptotically one-dimensional process on the Sierpinski gasket

The �nite Sierpinski gasket G0 is a compact triangular subset of R2 formed as the �xed point,

G0 = [3
i=1 i(G

0), of a set of three similitudes f 1;  2;  3g, where, for (x; y) 2 R2 ,

 1(x) = ( 1
2
x; 1

2
y) + ( 1

4
;
p
3
4
);  2(x; y) = ( 1

2
x; 1

2
y) and  3(x) = ( 1

2
x; 1

2
y) + ( 1

2
; 0):

9
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0

Figure 1: G0
0, G

0
1 and G

0
2

An alternative description is provided by a shift space. Let A = f1; 2; 3g and let An denote

the set of sequences of length n formed from elements of A. We write  a =  i1 � : : : �  in : a =

(i1; : : : ; in). Let G
0
0 be the complete graph on the three vertices V 0

0 of the unit equilateral triangle

based at the origin. We denote the set of vertices of the triangles formed by iteration of the maps n

times V 0
n = [a2An a(V

0
0 ). The fractal can then be recovered as G0 = cl(limn!1 V 0

n ). The graph

G0
n = [a2An a(G

0
0) = (V 0

n ; E
0
n), where E

0
n denotes the edge set. See Figure 1. The triangles at

level n are labelled by elements of An, and the vertices can be described as a_i where _i denotes an

in�nite sequence of i.

In what follows, to avoid boundary e�ects at (1=2;
p
3=2), (0; 0) and (1; 0), we will actually

consider di�usion on the in�nite Sierpinski gasket G = [1n=0(2
nG0 [ �(2nG0)), where �(x; y) =

(�x; y) re
ects (x; y) about x = 0. Let �n1 (x; y) = (x; y) + (2n�1;
p
32n�1), �n2 (x; y) = (x; y) and

�n3 (x; y) = (x; y) + (2n; 0), then recursively de�ne

Gm+1
n = [3

i=1(�
m
i (G

m
n ) [ � � �mi (Gm

n ));

and put

Gn = (Vn; En) = lim
m!1

Gm
n :

Then Gn is an in�nite graph, made up of triangles of size 2�n, with Gn = 2�nG0. Also, we see

that G = cl(limn!1 Vn), and that G0 is just the subset of G bounded by (1=2;
p
3=2), (0; 0) and

(1; 0). Note that where we write x 2 Gn below, we mean x 2 Vn.
We construct a process X on G via a sequence of compatible electrical networks, and hence

build the Dirichlet form for the process. We brie
y summarise this approach, for more detail see

[HK98A] Sections 4, 8.

For (x; y) 2 En, we will write �(x; y) = h if (x; y) is a horizontal edge, and �(x; y) = d if (x; y)

is a diagonal edge. For ! 2 (0; 1), let D0 be the generator of a continuous-time Markov chain X0

on G0, with rates

d0(x; y) =

8>><
>>:

1; �(x; y) = h;

!; �(x; y) = d;

0; (x; y) 62 E0;

d0(x; x) = �
X
y 6=x

d0(x; y):

The Dirichlet form for the graph G0 is then, for f : G0 ! R,

E(!)0 (f; f) = �fTD0f:

10



We can use this to recursively de�ne, for any n, the level n Dirichlet form on Gn, for f : Gn ! R,

by

E(!)n (f; f) = E(!)n�1(f �  2; f �  2):

The trace of E(!)n on Gn�1 is de�ned as

~E(!)n�1(f; f) = inffE(!)n (g; g) : gjGn�1
= fg:

Requiring ~E(!)n�1(f; f) = E(�)n�1(f; f)=K for some � and K induces a map � = �(!) and a resistance

scaling K = R(�), given by

�(!) =
!(4 + 6!)

3 + 6! + !2
and R(�) =

2(2�+ 3)(3�+ 2)

�3 + 8�2 + 15�+ 6
:

That is, for f : Gn ! R,

E(!)n (f; f) =
1

R(�(!))
E(�(!))n�1 (f �  2; f �  2):

The map � is invertible on [0; 1], with �xed points at 0 and 1.

We now �x ! and de�ne a sequence of weights !n = ��n(!) and resistance scaling factors

Rn(!) =
Qn�1

i=0 R(!n), then E(!n)n (f; f) = �fTDnf , where Dn is a conductivity matrix given by

dn(x; y) =

8>><
>>:

Rn(!); �(x; y) = h;

Rn(!)!n; �(x; y) = d;

0; (x; y) 62 En;

dn(x; x) = �
X
y 6=x

dn(x; y):

Note that we have

!n �
�
3

4

�n
and Rn(!) � 2n:

Regarding the weights dn(x; y) as conductances in an electrical network, this choice of weights

ensures that | by de�nition of � and R | the sequence of networks is compatible, in that they

are electrically equivalent when observed at the vertices of any Gn. If we let En(f; g) denote the
Dirichlet form E(!n)n (f; g), then for all m < n

Em(f; f) = inffEn(g; g) : gjGm
= fg:

Thus the forms are a monotone increasing sequence and they converge to a limit Dirichlet form

(E ;F), on L2(G;�), de�ned by

F = ff 2 L2(G;�) : sup
n
En(f; f) <1g;

E(f; f) = lim
n!1

En(f; f); for f 2 F ;

provided the measure � has full support. Moreover, (E ;F) is regular and local. From now on we

consider the case where � is Hausdor� measure, normalised so that �(G0) = 1, and any following

references to a Dirichlet form refer to this one.

Once we have a Dirichlet form there is an associated transition semigroup Pt, resolvent R�

and in�nitesimal generator G. Moreover, as we have locality and regularity, there is an associated

continuous strong Markov process X . This process is what we call the asymptotically one dimen-

sional di�usion on the Sierpinski gasket. Note that this is a one parameter family of di�usions,

11



depending on !. We will not refer to ! in what follows though the constants obtained will be

dependent on !.

If we regard the Dirichlet form E!nn on L2(Gn; �n), where �n converges weakly to the Hausdor�

measure on G, then we can consider the continuous-time Markov chain Xn on Gn, which has jump

rate 3ndn(x; y) from x to y. >From the convergence of the Dirichlet forms, and using either the

continuity of the local time, [Bar98] Theorem 7.2, or a tightness argument, [HK98B] Section 3, we

have that

Xn
t converges weakly to Xt:

In [HK98A], the existence of the heat kernel for X was noted. In particular the Dirichlet space

is a reproducing kernel Hilbert space and the resolvent has a bounded symmetric density. As in

Lemma 2.9 of [FHK94], it follows that Pt has a bounded symmetric density pt(x; y) with respect

to �, and that pt(x; y) satis�es the Chapman-Kolmogorov equations.

The Dirichlet form allows us to de�ne the e�ective resistance between x; y 2 G as

R(x; y) = inffE(f; f) : f(x) = 0; f(y) = 1g�1:

As observed in [HK98A], this is a metric on the Sierpinski gasket and gives the following control

on functions in the domain F of the form

jf(x) � f(y)j2 � R(x; y)E(f; f); 8f 2 F : (4)

This shows that F � C(G), the space of continuous functions on the gasket. As in [HK98A]

Section 4, the e�ective resistance between neighbouring points in Vn, is comparable with the

resistance of edges in the electrical network on the graph Gn de�ned by Dn, in that for (x; y) 2 En,

c12
�n � R(x; y) � c22

�n; �(x; y) = h;

c3(3=2)
�n � R(x; y) � c4(3=2)

�n; �(x; y) = d:
(5)

That is, R(x; y) � 1=dn(x; y).

6 Crossing times and the branching process

Let Y n be the jump chain for Xn, then Y n is a symmetric nearest-neighbour walk on Gn, with

transition probabilities proportional to 1 for horizontal edges and !n for diagonal edges. We can

always arrange that the Xn and thus the Y n are `nested'. That is, for any m < n, the sequence

of Gm points visited by Y n is precisely Y m.

An MTBPVE is obtained by considering the frequencies of the steps each Y n makes along

edges of Gn. Take as our original ancestor at time 0 the �rst step made by Y 0. The children

of this step are the steps made by Y 1 in going from Y 0
0 to Y 0

1 . Continuing in this manner, the

children of a step (Y n
k ; Y

n
k+1) are the corresponding sequence of steps made by Y n+1. As the

diagonal weights !n vary with n, we have a varying environment. Also, we need to distinguish

�ve types of step, depending on the local geometry of Gn, giving a multi-type process.

Let �(x; y) 2 f1; 2; 3; 4; 5g be the type of a step along the directed edge (x; y). Types are

assigned as in Figure 2. Types 1 and 3 are horizontal steps and types 2, 4 and 5 diagonal steps.

As above, we will write �(x; y) = h if �(x; y) 2 f1; 3g and �(x; y) = d if �(x; y) 2 f2; 4; 5g.
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Figure 2: Types of directed edge, starting from x

For �xed m � 0, let Zm = fZm;ng1n=0 be the branching process. Using the notation of

Section 2, we have from [Jon97] that Conditions A2 () A) and B of Section 2.2 hold, with

Mn �

0
BBBBBBB@

1 (3=4)n 1 (3=4)n 0

1 1 (4=3)n (3=4)n 1

1 (3=4)n 1 (3=4)n (3=4)n

1 (3=4)n (4=3)n 1 (3=4)n

1 1 (4=3)n (3=4)n 1

1
CCCCCCCA
;

�2n �

0
BBBBBBB@

1 (3=4)n (4=3)n (3=4)n 0

1 (3=4)n (4=3)2n (3=4)n 0

1 (3=4)n (4=3)n (3=4)n (3=4)n

1 (3=4)n (4=3)2n (3=4)n (3=4)n

1 1 (4=3)2n (3=4)n 1

1
CCCCCCCA
;

mRn � (9=2)n�mdiag((4=3)n 1 (4=3)n 1 1) for n � m+ 2;

wn � ((3=4)n 1 (3=4)n 1 1)T ; and

�mn � (9=2)n�m:

Write Lm1
T for the L2 limit of Zm;n

mR�1
n as n!1.

Now, we de�ne the crossing times of X for a level m of G by

Tm
0 = infft � 0 : Xt 2 Gmg;

Tm
i+1 = infft > Tm

i : Xt 2 GmnfXTmi
gg;

so that XTmi
= Y m

i . Also, let Tm
i (j) be the time of the ith crossing of type j, for j = 1; : : : ; 5,

and let j(i) be such that Tm
i (j) = Tm

j(i). For i � 1 put

Wm
i = Tm

i � Tm
i�1 and W

m
i (j) = Tm

j(i) � Tm
j(i)�1:

These crossing times can be recovered from the branching process Zm as limit random variables.

Let am � 1 be such that

lim
n!1

6�n
X
k

Zm;n(j; k) = am(9=2)
�mLm(j);

that is, am = (9=2)m limn!1 6�n(mRn(1) +
mRn(3)). For x 2 Vm, let b = (bH ; bD) � (1; 1) be

such that

lim
n!1

3ndn(x; x)

6n
=

(
bH ; x 2 V H

m ;

bD; x 2 V D
m ;
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where Vm = V H
m [ V D

m , with V H
m equal those vertices with two horizontal edges attached

and V D
m equal those vertices with only one horizontal edge. As in Figure 2, for any ordered

(x; y) 2 Em, x 2 V H
m ) �(x; y) 2 f1; 2g, and x 2 V D

m ) �(x; y) 2 f3; 4; 5g. Then, for

a�m = (9=2)m limn!1 6�n(bH mRn(1) + bD
mRn(3)) � 1, we have for any j and i � 1

Wm
i (j)

D
= a�m(9=2)

�mLm(j): (6)

Note that ELm(1);ELm(3) � (3=4)m and ELm(2);ELm(4);ELm(5) � 1, so that the horizontal

crossings are more rapid on average than the diagonal ones. The factors bH and bD are required

to allow for the di�erent jump rates of Xn at di�erent types of vertex. Because the proportion

of each type of step is deterministic in the limit, the only e�ect of these di�erent rates is to scale

Lm. Consequently, we see that, up to a constant time scaling, Xt equals limn!1 Y n
[6nt].

The remainder of this section applies our earlier results to get bounds on the tails of the

random variables Lm. Given these, we immediately have estimates on the tails of the crossing

time distributions. In particular, from (9) and (10) below, we have constants c1, c2, c3 and c4

such that for all x 2 G and i � 1,

Px(Wm
i (j) < t) � expf�c1((3=4)m((9=2)mt)�
h)1=(1�
h)g j = 1; 3; 0 < t < c2(3=4)

m; (7)

Px(Wm
i (j) < t) � expf�c3((9=2)mt)�
d=(1�
d)g j = 2; 4; 5; 0 < t < c4; (8)

where 
h = 
�h = log (3=2)= log (9=2) and 
d = log 2= log (9=2).

6.1 Variance and minimal growth

From [Jon97] Lemma 15 we have that for all i and j, Mm;n(i; j)=wm(i)
mRn(j) ! 1 as n ! 1,

uniformly in m. In fact, we get, for n � m+ 2,

wm1
TMm;n �Mm;n �

�
9

2

�n�m
0
BBBBBBB@

(4=3)n�m (3=4)m (4=3)n�m (3=4)m (3=4)m

(4=3)n 1 (4=3)n 1 1

(4=3)n�m (3=4)m (4=3)n�m (3=4)m (3=4)m

(4=3)n 1 (4=3)n 1 1

(4=3)n 1 (4=3)n 1 1

1
CCCCCCCA
:

From this, and by checking the cases n = m;m+ 1 separately, we get for all i and k � m,

sup
j;l

Mm;k(i; j)�
2(j; l)w2

k+1(l) �
�
9

2

�k�m
wm(i):

Thus from (3) we have Vm � ((3=4)m 1 (3=4)m 1 1)T .

Minimal growth for Zm is simpli�ed by the fact that Km = Kn for all m and n. For our

purposes, it is su�cient to note that for y0 = (1 1 1 1 1)T , y1 = (1 0 1 0 0)T and y2 = (0 1 0 1 1)T :

Kn(y0) = 2y0; Kn(y1) = 2y1 and Kn(y2) = 2y2:

Moreover, in each case Kn(yi) = Ayi where

A =

0
BBBBBBB@

2 0 0 0 0

0 1 0 0 1

1 0 1 0 0

0 0 0 2 0

0 0 0 0 2

1
CCCCCCCA
:
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In particular, since Kn(y0) = 2y0 > 0, we have that for any y > 0, Km;n(y) � 2n�my.

6.2 Upper bound

Fix m � 0. From Section 3.1 and the above, we can take

tn � 1; yn � ((3=4)n 1 (3=4)n 1 1)T and zn � 2n�m((3=4)n 1 (3=4)n 1 1)T :

Now take cases.

(i) i = 1; 3. We have


m;n(i) =
log[c1(3=2)

n�m(3=4)m]
log[c2(9=2)n+1�m]

n!1���! log(3=2)

log(9=2)
=: 
�h ' 0:2696;

whence, for � = 0,

�n(i) � � log[c3(3=4)
m]

log[c2(9=2)n+1�m]
) bm(i) = � log[c3(3=4)

m]:

So, for s � 1 we have � log�im(s) � c3(3=4)
ms


�

h , and thus for l � lm(i) = c4(3=4)
m,

P(Lm(i) < l) � expf�c5(3=4)m=(1�
�
h
)l�


�

h
=(1�
�

h
)g: (9)

(ii) i = 2; 4; 5. We have


m;n(i) =
log[c12

n�m]
log[c2(9=2)n+1�m]

n!1���! log 2

log(9=2)
=: 
d ' 0:4608;

whence, for � = 0,

�n(i) � c3

log[c2(9=2)n+1�m]
) bm(i) = c3:

So, for s � 1 we have � log�im(s) � e�c3s
d , and thus for l � lm(i) = c4,

P(Lm(i) < l) � expf�c5l�
d=(1�
d)g: (10)

6.3 Lower bound

Fix m � 0. From Section 4.1 and the above, we can take

yn � tn((3=4)
n 1 (3=4)n 1 1)T and zn � 2n�mtn((3=4)n 1 (3=4)n 1 1)T ;

and we have nAm;n = An�m for A as above. Given A, it easy to check that

n�k � (1=2 (3=4)k 1=2 (3=4)k (3=4)k)T ;

whence, for some positive constants c1; : : : ; c4,

� log pn(i) �
n�1X
k=m

Ak�m(c1y1 + kc2y2)

� c32
n�my1 + c4n2

n�my2:

(Here we have used the identity
Pn�1

k=m kxk�m = ([(n � 1)(x � 1) � 1]xn�m � [(m � 1)(x � 1) �
1])=(x� 1)2.) Now take cases
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(i) i = 1; 3. Take tn � (4=3)n, then


m;n(i) =
log[c12

n�m]
log[c26n�1�m(4=3)m]

n!1���! log 2

log 6
=: 
+h ' 0:3869

whence, for � = 0,

�n(i) � log[2c1]

log[c26n�1�m(4=3)m]
) bm(i) = log[2c1]:

So, for s � (4=3)m we have � log�im(s) � 2c1s

+
h , and thus for l � lm(i) = c3(3=4)

m(1�
+
h
),

P(Lm(i) < l) � 1
2
expf�c4l�


+
h
=(1�
+

h
)g

(ii) i = 2; 4; 5 Take tn � 1, then


m;n(i) =
log[c1n2

n�m]
log[c2(9=2)n�1�m]

n!1���! log 2

log(9=2)
=: 
d ' 0:4608;

and, for � = 0,

�n(i) � log[2c1n]

log[c2(9=2)n�1�m]
:

Thus, we must take � > 0 and 
 = 
d + � =: 
d;�, which gives

�n(i) � log[2c1n]� log[(9=2)(n�1�m)�]

log[c2(9=2)n�1�m]
) bm(i) = log[c3(�)(9=2)

m�]:

So, for s � 1 we have � log�im(s) � c3(�)(9=2)
m�s
d;� , and thus for l � lm(i) =

2c3(�)(9=2)
m�,

P(Lm(i) < l) � 1
2
expf�c4(�)(9=2)m�=(1�
d;�)l�
d;�=(1�
d;�)g

Here c3(�); c4(�)!1 as �! 0.

7 The spectral dimension

We prove that the spectral dimension for the asymptotically one dimensional di�usion on the

Sierpinski gasket is given by ds = 2 log 3= log (9=2). In particular, if N(�) denotes the eigenvalue

counting function for the operator G, then we have that

lim
�!1

logN(�)

log�
=

log 3

log(9=2)
:

In the case of the Brownian motion on the Sierpinski gasket it is known, [FS92], that there is

oscillation in N(�) related to localisation of the eigenfunctions [BK97], in that

lim inf
�!1

N(�)��ds=2 < lim sup
�!1

N(�)��ds=2:

The techniques that we use here involve estimation of the heat kernel, and are too crude to give

us such precise results.

De�ne the m-complexes of G0 to be the subsets f a(G0) : a 2 Amg. The m-complexes of

G are obtained by translation. If x 2 Gm then it belongs to precisely two m-complexes, while if

x 62 Gm then it only belongs to one. De�ne 4m(x) to be the maximal subset of G, containing
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Figure 3: Typical Dm(x) for x 62 Gm(x), with 4m(x) shaded and Nm(x) = fy1; y2; y3g

2 3

L R

1

T

Figure 4: The three (n+ 1)-complexes making up an n-complex, and its three boundary vertices

the point x, with its boundary consisting of neighbouring points in Gm. If x 62 Gm then 4m(x)

is an m-complex, else if x 2 Gm then 4m(x) is the union of the two m-complexes containing x.

Let Nm(x) = @4m(x), then Nm(x) = fy 2 Gmnfxg : jx � yjG � 2�mg, where jx � yjG is the

Euclidean shortest path distance between x and y. The level m neighbourhood of x is then given

by Dm(x) = [y2Nm(x)4m(y). Figure 3 illustrates a typical Dm(x) for x 62 Gm.

Let ndm;k(x) denote the number of diagonal steps in the shortest path on Gm+k from x to

@Dm(x). It is easy to see that there is an upper bound of 2k+1 on the number of diagonal steps.

We obtain an almost everywhere lower bound on the number of diagonal steps of the same order,

which holds for all m.

Lemma 6 For any � > log 2= log (3=2), we have that for �-a.e. x 2 G there exists K(x) < 1
such that

(mk)��2k � ndm;k(x) � 2k+1; for all m � 0 and k � K(x):

Proof W.l.o.g. we can assume x 2 G0. A point x 2 G0, chosen according to �, can be represented

by an in�nite sequence of independent random variables fIng1n=1, taking values in A = f1; 2; 3g
with the uniform distribution. If we label the subcomplexes of any n-complex as in Figure 4, so

that 1 stands for the top triangle, then In+1 = i implies x is in subcomplex i of 4n(x).

Write (G0;B(G0);P) for the probability space determined by the fIng. Clearly P([1n=0G
0
n) = 0,

so we can consider only x 2 G0n [1n=0 G
0
n, giving a �-a.e. result.

The sequence of n-complexes,m � n � m+k, traversed by the shortest path from x to @Dm(x)

is just 4m+k(x) � 4m+k�1(x) � � � � � 4m(x). Label the boundary points of an n-complex T , L

and R (for top, left and right) as in Figure 4. Let xn, n = m+k;m+k�1; : : : ;m, be the boundary

point at which the shortest path from x to @Dm(x) exits 4n(x), and let bn 2 fT; L;Rg be the

label of that point. It is easily seen that bm+k = bm+k�1 = � � � = bm. Moreover, bm = T; L;R if

and only if Im+1 = 1; 2; 3 respectively.
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In moving from xm to @Dm(x), we do not necessarily make any diagonal moves, depending on

the shape of Dm(x). We make diagonal moves in moving from xn to xn�1 if and only if bn�1 = T

and In 2 f2; 3g, or bn�1 2 fL;Rg and In = 1. In either case we get precisely 2m+k�n diagonal

steps on Gm+k. Thus

ndm;k(x) �
m+kX

n=m+2

2m+k�n �1(Im+1=1;In2f2;3g) + 1(Im+12f2;3g;In=1)

�
:

Thus, for 2 � l � k,

P(ndm;k(x) � 2k�l) � P(Im+1 = 1)P(Im+2; : : : ; Im+l 62 f2; 3g)
+P(Im+1 2 f2; 3g)P(Im+2; : : : ; Im+l 6= 1)

= ( 1
3
)l�1 + ( 2

3
)l�1

� c0(
2
3
)l�1:

Writing the above in terms of a parameter � we obtain, for �0 = log 2= log(3=2),

P(2�kndm;k(x) � �) � c1�
1=�0 ; for 0 < � < 1:

In particular, for � > 0

P(2�kndm;k(x) � �m��0��; for some m � 0) �
1X

m=0

P(2�kndm;k(x) � �m��0��)

�
1X

m=0

c1(�m
��0��)1=�0

= c2�
1=�0 :

Now let � = k��0�� and apply Borel-Cantelli to show that (mk)��0��2k � ndm;k(x) for all m � 0

eventually. Putting � = �0 + � gives the result.

De�ne the exit time from a neighbourhood as

TDm(x) = infft � 0 : Xt 2 GnDm(x)g:

We use our bound (10) to estimate the tail probabilities of TDm(x).

Lemma 7 For any � > log 2= log(3=2), there exists a constant c7:1 such that, for �-a.e. x 2 G,

there exists a t0(x) > 0 such that for all m � 0 and 0 < t < t0(x)m
��=
d(9=2)�m,

Px(TDm(x) < t) � expf�c7:1(� log[m�=
d(9=2)mt])��=(1�
d)(m�=
d(9=2)mt)�
d=(1�
d)g;

where 
d = log 2= log(9=2).

Proof Let n
j
m;k(x) be the number of type j steps in Gm+k on the shortest path from x to @Dm(x),

so that ndm;k(x) = n2m;k(x) + n4m;k(x) + n5m;k(x). Then, for any k,

TDm(x) �
n2m;k(x)X
l=1

Wm+k
l (2) +

n4m;k(x)X
l=1

Wm+k
l (4) +

n5m;k(x)X
l=1

Wm+k
l (5)

= T
d;m+k
Dm(x)

say.
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The components of this sum are independent given n
j
m;k(x) for j = 2; 4; 5. Thus if we let �dm;k(�) =

E expf��T d;m+k
Dm(x)

g, then from (6), (10) and Lemma 6, we have for k � K(x) and � � (9=2)m+k,

� log�dm;k(�) � c1(mk)
��2k((9=2)�(m+k)�)
d = c1(mk)

��2�m�
d :

Thus, as in Proposition 3, for 0 < t < t1, where t1 = c2(mk)
��2�m(9=2)�(m+k)(1�
d) =

c2(mk)
��(9=2)�m(9=4)�k, we have

P(T
d;m+k
Dm(x)

< t) � expf�c3(mk)��=(1�
d)2�m=(1�
d)t�
d=(1�
d)g
= expf�c3((mk)�=
d(9=2)mt)�
d=(1�
d)g:

Now take t2 = c2(mK(x))��=
d(9=2)�m(9=4)�K(x) and k � K(x) such that

(9=4)kk�=
d � c2m
��=
d(9=2)�mt�1 < (9=4)k+1(k + 1)�=
d ; (11)

which we can do provided t < t2. Note that for this k, t � c2(mk)
��=
d(9=2)�m(9=4)�k < t1.

Equation (11) now gives

(mk)�=
d(9=2)mt � (9=4)�k � c4m
�=
d(9=2)mt(� log[m�=
d(9=2)mt])�=
d :

Finally, put t0(x) = t2m
�=
d(9=2)m = c2K(x)��=
d(9=4)�K(x) to give the result.

Proposition 8 If there is an increasing continuous function f on [0; t0(x)], such that f(t) ! 0

as t! 0 and for some � > 0 and � > 1,

Px(TDm(x) < t) � f(m��mt); 0 < t < t0(x)m
����m; for all m � 0 and �-a.e. x 2 G;

then there exist constants c7:2 and t1(x) such that for �-a.e. x 2 G,

pt(x; x) � c7:2t
� log 3= log � j log tj��= log �; 0 < t < t1(x):

Proof We follow [HK98A]. Let 0 < a < t0(x) be such that f(a) � 1=2. Then, for �-a.e. x 2 G,
if t < a=� =: t1(x) and m = supfk : k��kt < ag, then

Px(Xt 2 Dm(x)) � Px(TDm(x) > t) � 1=2:

For this value of m we have m+ 1 � log (a=t)= log � � (�= log �) log log(a=t). By Cauchy-Schwarz

1=4 � Px(Xt 2 Dm(x))
2;

=

 Z
Dm(x)

pt(x; y)�(dy)

!2

;

� �(Dm(x))p2t(x; x): (12)

Thus, as there is a constant c1 such that �(Dm(x)) � c13
�m for all m 2 N, we have �(Dm(x)) �

c2(t=a)
log 3= log �(log(a=t))�= log �. Substituting this in (12) gives the result.

Thus our control on the exit distribution allows us to �nd a lower bound on the on-diagonal

heat kernel for �-a.e. x 2 G.
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Corollary 9 For any � > 1= log(3=2), there exists a constant c7:3 such that, for �-a.e. x 2 G,

there exists a t1(x) > 0 such that for all 0 < t < t1(x),

pt(x; x) � c7:3t
�ds=2j log tj��;

where ds = 2 log 3= log(9=2).

Proof We combine the exit time estimate of Lemma 7 for �-a.e. x 2 G, with Proposition 8. Here

� = �=(
d log(9=2)) for � > log 2= log(3=2).

In addition, from [HK98A] Lemma 5.1, we know that a Nash inequality holds, and hence we

also have a pointwise upper bound for the transition density. By writing the exponent d� from

[HK98A] as ds we have the following Theorem.

Theorem 10 There exists a constant c7:4 such that

pt(x; y) � c7:4t
�ds=2; 8x; y 2 G; 0 < t < 1:

As in [FHK94] Lemma 4.6, we can now use the symmetry of pt(x; y), and the fact that it

satis�es the Chapman-Kolmogorov equations, to deduce that pt(x; y) is jointly continuous in x; y

for each t. In fact, pt(x; y) is uniformly continuous on G � G for each t > 0, as the following

lemma establishes.

Lemma 11 There exist a constant c7:5 such that

jpt(x; y)� pt(x
0; y)j � c7:5R(x; x

0)1=2
p
t�1pt(y; y) (13)

� c7:5R(x; x
0)1=2t�(1+ds=2)=2; 8x; x0; y 2 G; 0 < t < 1:

Proof Recall that the resistance metric, R(x; y), provides a bound (4) on functions in the domain

F . In particular for the transition density we have

jpt(x; y)� pt(x
0; y)j2 � R(x; x0)E(pt(�; y); pt(�; y)): (14)

As in [FHK94] Lemma 6.4, we have, writing u(x) = pt=2(x; y),

E(Pt=2u; Pt=2u) � c1(t=2)
�1kuk22 � 2c1t

�1pt(y; y) � c2t
�1�ds=2:

and putting this into (14) gives (13).

As in [BH97] Section 7, the uniform continuity of pt(�; �) implies that Pt is a compact operator

on L2(G;�), so that Pt and thus the in�nitesimal generator have discrete spectra. Write the

eigenvalues of the in�nitesimal generator in ascending order as 0 = �0 < �1 � �2 � : : :, and let

N(�) = #f�i : �i � �g denote the eigenvalue counting function for this operator.

Theorem 12 For any � > 1= log(3=2), there exist constants c7:6; c7:7; c7:8 such that

c7:6�
ds=2(log �)�� � N(�) � c7:7�

ds=2; � > c7:8; (15)

where ds = 2 log 3= log(9=2).
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Proof As in [BH97] Section 7, we have the following relationship between the integrated heat

kernel and the Laplace transform of N(�):Z
G

pt(x; x)�(dx) =

Z 1

0

e�stdN(s):

Our upper bound on the heat kernel from Theorem 10 givesZ 1

0

e�stdN(s) � c2t
�ds=2:

Let Br = fx : t1(x) > rg. Then the almost sure lower bound of Corollary 9 gives us

c7:3�(Br)t
�ds=2j log tj�� �

Z 1

0

e�stdN(s); 0 < t < r;

Note that c7:3 > 0 and, by construction of t1(x), the set Br has positive measure for small enough

r. Standard Tauberian ideas, as used in [BH97], allow us to invert the transform to obtain (15)

for � > 1=r, as required.

By taking logarithms in (15), dividing by log�, and letting � ! 1 we see that the spectral

dimension is indeed ds.

Corollary 13 The spectral dimension for the asymptotically one dimensional di�usion process is

given by ds = 2 log 3= log (9=2) in that

lim
�!1

logN(�)

log�
=
ds

2
:

8 Heat kernel upper bounds

The next aim is to prove almost sure heat kernel bounds. From the previous work on this process

[HK98A] we have on-diagonal upper and lower bounds. In the last section we obtained an on-

diagonal lower bound which agreed with the upper bound, up to logarithmic corrections, for almost

every point in G under �. This indicates that the typical heat kernel behaviour should correspond

to a walk dimension given by

dw =
2df

ds
=

log (9=2)

log 2
=

1


d
:

However, we will show that there are points in the fractal | lying on horizontal line segments |

where the heat 
ow is much more rapid and there is a di�erent walk dimension, given by

d0w =
log(9=2)

log(3=2)
=

1


h
:

In what follows we extend the heat kernel upper bounds o� the diagonal, and show that, for most

points, the decay is determined by dw, but for some points is determined by d0w.

It is necessary to consider the short paths in the fractal. As observed previously, these paths

are composed of steps of two di�erent types. Label the Gm points of the shortest path from x to

y by

�m(x; y) = fxi : x0 = x; xi 2 Gm; i = 1; : : : ; nm; xnm+1 = yg;
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where nm = nm(x; y) = j�m(x; y)j � 2. We partition the edges of the shortest path from x to y

into horizontal and diagonal components. Noting that (x0; x1) and (xnm ; xnm+1) are not generally

edges in Gm, we put

�hm(x; y) = f(xi; xi+1) : �(xi; xi+1) = h; i = 1; : : : ; nm � 1g; nhm = j�hmj;

�dm(x; y) = f(xi; xi+1) : �(xi; xi+1) = d; i = 1; : : : ; nm � 1g; ndm = j�dmj:

So nm = nhm + ndm + 1. Let jx � yjG denote the Euclidean shortest path distance between two

points x; y 2 G, where the path is restricted to lie in the set G. This distance can be decomposed

into a horizontal and a diagonal part. We de�ne

jx� yjd = lim
m!1

2�mndm(x; y); jx� yjh = lim
m!1

2�mnhm(x; y);

then jx � yjG = jx � yjh + jx � yjd. The distance in the set G is comparable to the Euclidean

distance.

We are now ready to state our upper bound.

Theorem 14 There exist constants c8:1; c8:2; c8:3; c8:4; c8:5 such that if jx � yjh > 0 and 0 < t <

minfc8:1; c8:2jx� yjlog(4=3)= log 2h g, or if jx� yjh = 0 and 0 < t < c8:2, then

pt(x; y) � c8:3t
�ds=2minfexp(�c8:4(jx � yjdwd t�1)1=(dw�1)); exp(�c8:5(jx� yjd0wh t�1)1=(d

0

w�1))g:

Proof This result follows from an extension of standard techniques. Fix x; y; t and let � > 0

be su�ciently small. We let �x; �y be the Hausdor� measure restricted to B�(x); B�(y), the ball

of radius � about x; y respectively, using the shortest path metric j � � � jG. We consider the set

A(x) = fz : jx � zji > 1
3
jx � yji; i = d; hg and assume that � < 1

6
min(jx � yji : i = h; d) unless

jx� yji = 0, in which case we take the maximum. We write

P�x(Xt 2 B�(y)) = P�x(Xt 2 B�(y); Xt=2 2 A(x)) + P�x(Xt 2 B�(y); Xt=2 2 GnA(x));
= I1 + I2: (16)

For the �rst term

P�x(Xt=2 2 A(x)) � max
z2B�(x)

Pz(Xt=2 2 A(x))�(B�(x))

= max
z2B�(x)

Pz(jXt=2 � xjd > 1
3
jx� yjd; jXt=2 � xjh > 1

3
jx� yjh)�(B�(x))

� max
z2B�(x)

min
�
Pz(jXt=2 � xjd > 1

3
jx� yjd);

Pz(jXt=2 � xjh > 1
3
jx� yjh)

	
�(B�(x))

We consider each term in the minimum separately. For the diagonal estimate, let m = inffk :

Dk(x) � Bjx�yjd=3(x)g. Then for t < c1

Pz(jXt=2 � xjd > 1
3
jx� yjd) � Pz(TBjx�yjd=3

(x) < t=2)

� Pz(TDm(x) < t=2)

� max
j=2;4;5

Pz(Wm
1 (j) < t=2)

� exp(�c2((9=2)mt)�1=(dw�1)): (17)
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By our choice of m we have 2�m � jx � yjd whence (9=2)m � jx � yj�dwd . Applying this in (17)

we have

Pz(jXt=2 � xjd > 1
3
jx� yjd) � exp(�c3(jx� yjdwd t�1)1=(dw�1)) = J1:

For the horizontal estimate we choose m = inffk : Dk(x) � Bjx�yjh=3(x)g. In the same way

as above, by choice of m we get the existence of constants c4 and c5 such that, for t < c4jx �
yjlog(4=3)= log 2h ,

Pz(jXt=2 � xjh > 1
3
jx� yjh) � exp(�c5(jx � yjd

0

w

h t�1)1=(d
0

w�1)) = J2:

Thus

P�x(Xt=2 2 A(x)) � minfJ1; J2g�(B�(x)):

Let q(z) = P(Xt 2 B�(y) jXt=2 = z), then using the on-diagonal bound we have

q(z) =

Z
B�(y)

pt=2(z; w)�(dw) � c6t
�ds=2�(B�(y)):

We now use these two expressions in (16). For I1 we have

I1 = E�x(q(Xt=2) : Xt=2 2 A(x))
� c6�(B�(x))�(B�(y))t

�ds=2minfJ1; J2g:

For I2, by the symmetry of pt(x; y),

P�x(Xt 2 B�(y); Xt=2 2 GnA(x)) = P�y (Xt 2 B�(x); Xt=2 2 GnA(x))

which is bounded in exactly the same way as I1. Adding the bounds for I1 and I2 gives

P�x(Xt 2 B�(y)) � 2c6�(B�(x))�(B�(y))t
�ds=2minfJ1; J2g: (18)

Now divide by �(B�(x))�(B�(y)) and use the continuity of pt(x; y) to get the result.

Remark 15 1. The diagonal term will dominate this bound in the sense that if we �x x; y with

jx� yjd > 0, then there exists a t2(x; y) > 0 such that,

pt(x; y) � c8:3t
�ds=2 exp(�c8:4(jx� yjdwd t�1)1=(dw�1)); t < t2(x; y):

2. If we consider points which are connected horizontally, in that jx � yjd = 0, then for 0 < t <

c8:2jx� yjlog(4=3)= log 2h ,

pt(x; y) � c8:3t
�ds=2 exp(�c8:5(jx � yjd0wh t�1)1=(d

0

w�1)):

As a corollary to our earlier estimate on the exit time distribution for a triangle neighbourhood,

we can obtain an almost everywhere upper bound.

Corollary 16 Let �
� be the product measure on G�G. For any 
 > d0w, there exist constants

c8:6; c8:7 such that for �
�-a.e. (x; y) we have, for 0 < t < (t0(x)^t0(y))jx�yjdw(� log jx�yj)�
,

pt(x; y) � c8:6t
�ds=2 expf�c8:7((� log jx� yj)�
 jx� yjdwt�1)1=(dw�1)

�(log[(� log jx� yj)�
 jx� yjdwt�1])�
=(dw�1)g:

Proof We follow the same steps as before, but just use the almost sure estimate for the exit time

distribution obtained in Lemma 7. Here 
 = �dw for � > log 2= log(3=2).
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9 Heat kernel lower bounds

The next issue is to obtain some control on the lower bound. The fact that there is di�erent

behaviour for di�erent types of points in the fractal means that we cannot hope for a uniformly

tight lower bound in the Euclidean metric. Again we have to consider points depending on how

close they are to the horizontal. We have already demonstrated an almost everywhere lower

bound for the on diagonal. We will now control this for all points. Note that if the points x; y are

su�ciently close to a horizontal line, we would expect that for �xed time the decay of the heat

kernel with distance should be slower than the typical behaviour.

For �-a.e. x 2 G, we have a lower bound on pt(x; x). In [HK98A] a worst case index, d
 ,

was derived which gave a uniform lower bound on the diagonal. However by using our branching

process bounds we �nd a better worst case index, which we write as

d0s =
2 log 3 log(3=2)

log 2 log(9=2)
=

2df

d0w
< ds:

Lemma 17 There exist constants c9:1 and c9:2 such that for 0 < t < c9:1 < 1,

pt(x; x) � c9:2t
�d0s=2; x 2 G: (19)

Proof As a horizontal crossing is possible within Dm(x) we have fTDm(x) < tg � fWm
1 (j) <

t; j = 1 or 3g. Thus, using the crossing time estimate (7), for t < c0(3=4)
m,

Px(TDm(x) < t) � c1 exp(�c2((3=4)�m=
h(9=2)mt)�
h=(1�
h)):

Now, by taking � = (3=4)�1=
h(9=2) = (9=2)log 2= log (3=2) and � = 0 in Proposition 8, noting that

c0(3=4)
m > c0m

����m, we have our uniform lower bound on the transition density.

Combining this with Corollary 9 and Lemma 11, we get the following.

Lemma 18 For any � > 1= log(3=2), there exist c9:3; c9:4 > 0 such that for �-a.e. x 2 G, if

0 < t < t1(x), then

pt(x; y) � c9:3t
�ds=2j log tj�� whenever R(x; y) � c9:4t

1=d0w j log tj�2� : (20)

There exist constants c9:5; c9:6; c9:7 > 0 such that for all x; y 2 G, if 0 < t < c9:5, then

pt(x; y) � c9:6t
�d0s=2 whenever R(x; y) � c9:7t

1=� ; (21)

where 1 > 1=� = 1� d0s=2 > 1� ds=2 = 1=d0w.

Proof To prove (20), suppose R(x; y) � c9:4t
1=d0w j log tj�2� , and t < t1(x), then by Corollary 9

and Lemma 11,

pt(x; y) � pt(x; x) � jpt(x; y)� pt(x; x)j
� c1t

�ds=2j log tj�� �R(x; y)1=2t�(1+ds=2)=2

= t�ds=2j log tj���c1 �R(x; y)1=2t�(1�ds=2)=2j log tj��
� c2t

�ds=2j log tj�� ;
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since 1� ds=2 = 1=d0w, where c9:4 is chosen so that c1� c1=29:4 = c2 > 0. For (21) we apply the same

ideas but use (13) and Lemma 17 in place of Corollary 9.

pt(x; y) � pt(x; x) � jpt(x; y)� pt(x; x)j

� pt(x; x)

 
1� c7:5

s
R(x; y)

tpt(x; x)

!

� c3t
�d0s=2

�
1� c7:5R(x; y)

1=2t�(1�d0s=2)=2
�

� c4t
�d0s=2;

if we choose y such that R(x; y) � c9:7t
1�d0s=2, with c3(1� c7:5c

1=2
9:7 ) = c4 > 0.

The �nal step is to construct a chaining argument. For this we require a path between arbitrary

points x; y, with resistance between adjacent points such that we can apply the previous lemma.

Note that we cannot get the lower bound uniformly the same as the upper bound, but instead get

worst case bounds.

In order to chain we need to understand the shortest paths in the fractal. As we have near

diagonal estimates in terms of resistances, and the resistance depends on direction, we introduce

paths which move on di�erent levels in di�erent directions. If we put

�m;m+k(x; y) = �hm(x; y) [ �dm+k(x; y);

then �m;m+k(x; y) is the set of horizontal edges in Gm and diagonal edges in Gm+k which make up

the shortest path from x to y. That is, we run the path at �ner levels in the diagonal direction.

For the points on the path we have

�m;m+k(x; y) = fxg [ fxi; xi+1 : (xi; xi+1) 2 �hm(x; y)g
[ fxi; xi+1 : (xi; xi+1) 2 �dm+k(x; y)g [ fyg

(repeated points are discarded), and put nm;m+k = nm;m+k(x; y) = j�m;m+k(x; y)j � 2 = nhm +

ndm+k + 1. Label the points of �m;m+k, x0 = x, x1; : : : ; xnm;m+k
, xnm;m+k+1 = y, ordered in the

order they appear on the path. Also, for j = 1; : : : ; nhm, let x
h
j = xh(j) be the jth point (6= x0)

which begins a horizontal edge on the path, and for j = 1; : : : ; ndm+k, let x
d
j = xd(j) be the jth

point which begins a diagonal edge. Clearly, nhm � 2m and ndm+k � 2m+k.

We can now derive a uniform worst case lower bound.

Theorem 19 There exist constants c9:8; c9:9; c9:10; c9:11 such that for all x; y 2 G and 0 < t < c9:8

we have

pt(x; y) � c9:9t
�d0s=2min

n
exp(�c9:10(jx � yj�ht�1)1=(��1) log(jx � yjht�1));

exp(�c9:11(jx � yj�0d t�1)1=(�
0�1) log(jx� yjdt�1))

o
;

where 1=� = 1 + ds=2� d0s and 1=�0 = log 2=� log (3=2).

Proof We �x x; y and t. If R(x; y) � c9:7t
1=�, then we have the bound by (21). Therefore we

assume that R(x; y) > c9:7t
1=�.
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Let Br(x) denote the ball of radius r at x, using the resistance metric rather than the short-

est path metric. From (5) we know that if xi; xi+1 2 �m;m+k(x; y) with �(xi; xi+1) = h, then

R(yi; yi+1) � c12
�m for yi 2 B2�m=3(xi); yi+1 2 B2�m=3(xi+1). Similarly, if �(xi; xi+1) = d, then

R(yi; yi+1) � c2(3=2)
�(m+k) for yi 2 B2�(m+k)=3(xi); yi+1 2 B2�(m+k)=3(xi+1).

From Lemma 18 we can deduce a lower bound for all points within neighbouring balls at

a given level. Firstly we consider the subsequence of vertices fxh(j) : j = 1; 2; : : : ; nhmg which

correspond to the �rst vertex of a horizontal edge in the path. If jx� yjh > 0, then since 1=� < 1,

we can always choose an m such that c12
�m � c9:7(t=2n

h
m)

1=� � c32
�m, whence

pt=2nhm(yh(j); yh(j)+1) � c9:6(t=2n
h
m)

�d0s=2;

for yh(j) 2 B2�m=3(xh(j)), yh(j)+1 2 B2�m=3(xh(j)+1). Also, for this m,

�(B2�m=3(xh(j))) � c43
�m log 2= log(3=2) = c42

�m log 3= log(3=2) � c5(t=2n
h
m)

df=�
0

;

noting that from (5), we can �nd a c6 such that R(x; y) � c6jx � yjlog(3=2)= log 2G for all x; y 2 G

with jx� yjG � 1.

Next, we consider the vertices fxd(j) : j = 1; : : : ; ndm+kg, which correspond to the �rst vertex

of a diagonal edge in the path. If jx � yjd > 0, then as 1=� < log(3=2)= log 2, given m we can

choose a k such that c2(3=2)
�(m+k) � c9:7(t=2n

d
m+k)

1=� � c7(3=2)
�(m+k), whence

pt=2nd
m+k

(yd(j); yd(j)+1) � c9:6(t=2n
d
m+k)

�d0s=2;

for yd(j) 2 B2�(m+k)=3(xd(j)), yd(j)+1 2 B2�(m+k)=3(xd(j)+1). Also, for this m,

�(B2�(m+k)=3(xd(j))) � c43
�(m+k) log 2= log(3=2)

= c4(3=2)
�(m+k) log 2 log 3=(log(3=2))2 � c8(t=2n

d
m+k)

df=�
00

;

where 1=�00 = log 2=�0 log(3=2) = (log 2)2=�(log(3=2))2.

We associate with each edge (xi; xi+1) in the path �m;m+k(x; y) the mass

~�(xi; xi+1) =
p
�(B(i))�(B(i + 1));

where B(i) = Br(i)(xi) where r(i) = 2�m=3 if �(xi; xi+1) = h, r(i) = 2�(m+k)=3 if �(xi; xi+1) = d,

and for the penultimate point in the path, r(nm;m+k) = r(nm;m+k � 1). Also write n(i) = nhm

if �(xi; xi+1) = h, n(i) = ndm+k if �(xi; xi+1) = d, and n(nm;m+k) = n(nm;m+k � 1). Putting

N = nm;m+k, we bound the transition density below by

pt(x; y)

�
Z
B(1)

� � �
Z
B(nm;m+k)

pt=2n(1)(x; y1)pt=2n(1)(y1; y2) � � � pt=2n(N�1)(yN�1; yN )

�pt=2n(N)(yN ; y)�(dy1) � � ��(dyN )

� �t

nhmY
j=1

pt=2nhm(yh(j); yh(j)+1)

ndm+kY
j=1

pt=2nd
m+k

(yd(j); yd(j)+1)

�
nhmY
j=1

~�(xh(j); xh(j)+1)

ndm+kY
j=1

~�(xd(j); xd(j)+1)
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where �t = pt=2n(1)(x; y1)pt=2n(N)(yN ; y)
p
�(B(1))�(B(N)). Thus

pt(x; y) (22)

� �t

"�
t

2nhm

��d0s=2#nhm 24" t

2ndm+k

#�d0s=235
ndm+k "�

t

2nhm

�df=�0#nhm 24" t

2ndm+k

#df=�0035
ndm+k

� �t expf�c9(nhm log (2nhm=t) + ndm+k log (2n
d
m+k=t)g; (23)

since df=�
00 > df=�

0 > df=� > d0s=2.

Next, with our choices of m and k we get,

nhm � jx� yjh2m � c10(jx� yj�ht�1)1=(��1); and

ndm+k � jx� yjd2m+k � c11(jx� yj�0d t�1)1=(�
0�1):

Finally, we can estimate �t using the previous lemma and the given values ofm and k. Replacing

the terms in (23) we then get the result.

Remark 20 1. Note that the bounds of Theorems 14 and 19 are not tight, with the exponents

di�erent in the upper and lower bounds for the leading term. Even if we could use the near

diagonal lower bound of (20), we would still obtain di�erent exponents for the upper and lower

bounds due to the fact we are working in the Euclidean metric.

2. In [HK98A] it was proved that there is homogenization, in the sense that on the in�nite fractal

lattice, rescaling the asymptotically one dimensional process by the Brownian time scaling, we

obtain the Brownian motion in the limit. Using this result it is clear that the long time heat

kernel bounds will be the usual estimates for Brownian motion on the Sierpinski gasket.

3. If we write dc = log 2= log (3=2), we have the following relationships between the exponents,

d0s = ds=dc; d
0
w = dcdw; �

0 = �=dc and d
0
w > dw > � > �0:
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