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ABSTRACT. In this paper we consider the problem of estimation of the spectral
density f(X) of a gaussian stationary sequence (process) on the base of observations
Xt,0 <t <T. We suppose that f belongs to the class of spectral densities analytic
and bounded inside a bounded region G 3 [a, b]. We found the rate of the asymptotic
minimax risk in Lp[a,b],1 < p < co when T — oo.

1. INTRODUCTION.

Let {X;} be a real-valued stationary Gaussian sequence with mean zero and
spectral density f(\). We assume that the spectral density f is unknown and
should be estimated on the base of observations

(1.1) X1, Xs, ... Xr.

Assume further that f € F where F is a given (known) class of spectral densities.
Let [a,b] C [—m, 7] be an interval and assume that we would like to estimate the
restriction of f on [a,b],{f(N\),a < X <b}. If fr is an estimator for f, we measure
its quality by the average Ly[a,b] distance from f, namely

b
ByIf = frly = By ([ 1100 = FrO0Pan) 1 <p < o,
By1f = Jrlee = Byfoup |00 — frOV])-

(1.2)

We denote by |.|, the norms in Ly, (a,b) spaces; the norms in L,(—m, ) are denoted

I]-1]p-
Let us define

(1.3) AT F) = Ap(T) = infsupE¢|f — fr|p
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where sup is taken over all f € F' and inf is taken over all possible estimators fr
of f. We are interesting in the asymptotic behaviour of the minimax risk A, (7T'; F')
when T' — oo. The rate of convergence of A,(T') to zero depends on F.

For example, let F' consist of all spectral densities f with uniformly bounded
in L, fractional derivatives of order 5. Then (see, for example, [1], [2], [3] and
references there)

__B
A, = (T) ™% 1<p< oo,
(1.4) p=(T) P

8

Ao = (T) ™% (InT) ™%

If F' consists of all 27-periodic functions analytic and uniformly bounded inside
a strip |Qz| < ¢,z = A +iu, then

[InT
AP(T)X HT? 1§P<OO,

A (T) < %vlnlnf

(1.5)

In this paper we study the asymptotic behaviour of A,(T) for the case when
spectral densities f are analytic in a bounded region G of the complex plane, [a,b] C
G. Some similar problems of curve estimation for curves analytic in a bounded
region has been considered in the author’s paper [4]. In this paper we use the same
approach as in [4].

Theorem 1.1. Let the expression A,(T; F) be defined by (1.2) where the set F
consists of all spectral densities analytic in some bounded region G,[a,b] C G, and
bounded there by a common constant M. Then

1
AT = |21 <p <,
T
(1.6) Ay (T) = ,/#(m InT)"*,

1
A (T) = ,/T(lnT)l—Q/u <p< oo

The next sect.2 and 3 are devoted to the proof of the theorem. Sect.4 treats
continuous time processes.

2. PROOF OF THE THEOREM 1.1. UPPER BOUNDS.

2.1. Without loss of generality we may and will suppose that [a,b] = [—1,1]. The
only exeption arises in the special case when one or both endpoints of the interval
[a,b] coincides with —7 or 7. A spectral density is naturally defined on the unit
circle or as a function 27-periodic on the real line. If [a,b] C (—m, ), the function
f is smooth in a vicinity of [a,b], but if a( or b) is —7 (or 7), the function f may
have jumps at this points. Sometimes we have to consider this case separately.

If O is a domain in the complex plane we denote by A(O, M) the class of functions
analytic in O and uniformly bounded there by a common constant M. The set G
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is contained inside an ellipsis E with the foci at the points =1 and the sum of half-
axes equal to R > 1. Evidently A(E, M) C A(G, M) and hence any function f € F
belongs to A(E, M). Functions f € A(F, M) can be represented by the Fourier
series with respect to the orthonormal Legendre polynomials P;(\), namely

(2.1) ) =Y @B = [ BN
1 —1

The coefficients a; decreases exponentially fast,

oo

T 12 M
(3 hl) < ()

see, for example, [5]. Hence
(2.2) |an| < cR™™ =ce” ™.

Here and below let ¢, C' represent constants; they may be different even inside the
same formula.
Denote I7(A) the periodogram

1. & g
Ir(N) = o | ST Xje
1

Because of (2.1)

b = / ALY

are natural estimators for aj. Consider estimators fy () for f(A) defined by the
formula

N
N = akPi(N).

The main result of this section is the following

Theorem 2.1. The estimators fn satisfy the folowing inequalities

Ef|f — fnlp < C(NY2T1/2 4 NT-3/44

T2 e M) 1<p <4,

E4lf — fnla < C(NY2(In N)VAT—1/2 4 NT—53/4
+T712 47N,

Ep|f — fnlp < C(Nl/Q(lnN)l—Q/pT—l/Q 4 NT-3/4
+T2 4 e N) p >4,

(2.3)

The upper bounds of the theorem 1.1 now follow easily from (2.3).
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Corollary 2.1. There exist estimators fT such that

P InT
Ef‘f_fT|P§C\/Ta1§p<4a
2.4 R
24 Byl frla < €y (ninT) /4

Bylf - frly < CT-/2(nT) 27,

The Corollary follows immediately from (2.3). Indeed, we can define frasf N(T)>
where N(T) = [% InT].
Proof of the theorem 2.1. Split the difference fx (M) — f(X) into the bias part

N 1 ')
by(\) = ZPk(A)/ (BIr(A) = fFN)dA = > ax
1 -1 N+1
and the random part
N

Zn(\) = (ar — Edg) Pe())
1
and bound them separately.
2.2. Tt is well known that the expectation EI7(\) of the periodogram is the Fejer
integral of the spectral density (see, for ex., [6]),

1 ™ sin? T2
2. Elr(\) = 2 .
(25) v = g | e SO0

Lemma 2.1. Let ®7(g)()\) denote the Fejer integral of a function g.
(i) If g € Ly(—m, ) and satisfies there the Hélder condition of order «, then

llg —@r(g)ll, <CT™*, 0<a<l,

(2.6) .
g —@r(9)ll, <CT™"InT, a=1

(i) If g satisfies a Lipschitz condition on an interval [a,b], then for any interval

[, ] C (a,b)

(2.7) sup lg(\) = @r(9)(N)| < CT .

The proof of the Lemma 2.1 can be find in books on approximation theory, see,
for example, [7].

Lemma 2.2.. For all 1 < p < oo the following inequality holds
(2.8) lonlp, < C(N32T=3/4 4 7712 om0,

Proof of the Lemma. The derivative f/(\) is bounded in a vicinity of [—1,1] by
a constant C' which depends on M and G only. Hence by (2.5 ) and (2.7) for all
A€ -1,1]

(2.9) [EIr(A) — fF(\)| < CT ' InT.
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It folows that
(2.10) \/ M(EIr(A) = f(N)dA| < C|Py[eT ' InT = CT ' InT.

On the interval [—1, 1] the Legendre polynomials satisfy the inequalities (see [5])
(2.11) [Pa(N)] < Pa(1) = (n+1/2)V/2.

Hence

lbx |, < CT- 11nTZk1/2 + Z lay| <
N+1
C(N3/4T—3/2 + e—'yN)
and the lemma is proved except the special case which has been mentioned above.
Indeed if the interval [a,b] of analyticity coincides with the interval [—m, 7] ,the
arguments proving (2.10) do not work becouse the periodic function f(\) may have

a jump at the points 7. This jump is the only possible singularity of f so in any
case it satisfies Holder condition of order 1/2 in the Ls-norm and by Lemma 2.1

[ Pa)EI ) — £ < [|Pallal[ @2 (f) — flla < T2,

—T

(Of course P, here are the polynomials orthonormal on [m,7]). The lemma is
proved.
2.2. We pass now to the investigations of the random polynomials Z .

Lemma 2.3. The norms of the polynomials Zn satisfy the following inequalities:

E|Zx|, < C(NY2T7V2 L NT™Y,  p<4,
(2.12) E|Zy|s < C(NY2T=V2(In N)V* 4 NT—3/%),
E|Zn|, < C(N'2/P7=Y2 4 NT3/%) p> 4.

Proof. We begin with p = 2. Evidently

N
EZv(NP = ) PPN
(2.13) kl=1

|| Pl Ptm)contE e, Fr(ea)dgs e

-1J-1

The covariation of I has the following integral representation (see [6], [8])
cov(Ir(N), Ir()) = 1 /7r sin(T'(1 — X)/2) smET( w)/2) f(l)dl]2—|—

[27TT _r sin((l = X)/2)sin((l — u)/2)

[ 1 /" sin(T'(1 — X)/2) sin(T(L + ) /2)
27T J_,. sin((I —X\)/2)sin((Il + u)/2)

(2.14)

E Fydi®.



Lemma 2.4. Let k,l < N. Then

1 1
fa= [ [ POORGeon(r (). r(yixdy =

(2.15) .

1
7 | (BORO) + BRI PN +rex

where |rrn| < CNT™L,

Proof. Using the representation (2.14) we find that Iy, is the sum of two sum-
mands

O Ty LM S
and

bt T sin — sin
- mosmtntly | ST

(1)

It is enough to study the first summand, I;;,”. Uniformly in A € [—1, 1] the integral

1 TsinT(—N)/2sinT( —p)/2
27T /,,T sin(l — A)/2  sin(l — p)/2 di =
N /7T sinT(l —\)/2sinT(l — )/2dl—|—

27T J_ sin(l—MA)/2 sin(l —p)/2
o) /_ yislsf(l(l |dl =
F)sinT (A —p)/2 InT
T sin(A—p)/2 + 0(7)7

and we have that

T 2T sin” =3¢

or 1 1 1 sin2 LQ=p)
1 =F [ PPN [ R
Let us define the 27-periodic function P(p) as

Bi(p)=P(p), Ipl <1,
B(p)=0, 1<[|g<m

It follows easily from properties of the Fejer integral that

L 1 .2 T(A—p
1 sin ,
/_1 orT /_IPZWTudu P(N)]7dx <

Sin
" 1 Tos ~ sin2 TQ=m) 5 -
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Hence

1
(216) 10 =2 [ B O)RO) P20+ O(NT ),
-1

In the same way

1
(2.17) 19 =20 [ PRV PN+ ONPT ),
—1

The relations (2.16), (2.17) prove the lemma if the endpoints a,b do not coincide
with +7. The exceptional case can be treated as in the proof of the Lemma 2.2.

We omit the arguments.
It follows from the lemma 2.4 that

N
E|Zy|3 =) Elay — Ea,|* <
1

47 1 N , ) _
?/_1(21:1%0))1“ (M)A + O(N3T—3/2)

< ONT~ !+ O(N3T—3/2),
Hence for all 1 <p <2
E|Zy|, < CNY2T~Y2 L O(N?T—3/4).

To consider the case p > 2 we need the following lemma.

Lemma 2.5. Let £ be a Gaussian random variable with values in an Fuclidian or
Hilbert space H and E{¢} = 0. Let A : H — H be a self adjoint bounded linear
operator. Then for any p > 2

(AE,€) — E(AE,€)P < ¢, EP/?|(Ag, €) — B(AE, €)%

Proof. The quadratic form (A&, €) has the same distribution as the sum Y 11;€2,
where {; are iid normal random variables with mean 0 and variance 1, while x; are
the eigenvalues of the operator RA where R is the correlation operator of £ (see [8],
Appendix ). Hence

E

E|(A¢,€) — B(AE &P = B> wy(€2 ~ 1P <
(D 12)"? = ¢, (27 (Var(Ag, €))7,

The lemma is proved.
Notice now that the value Zy () of the polynomial Zy at a point A is a quadratic
form of the variables X71,... Xp. Applying the Lemma 2.5 we find that

1
BlZvl, < ([ Blzv(pay'” <

(2.18) )
(/ (E|Zx (V)[2)2dN) 7.

—1
7



It follows from (2.13) and lemma 2.4 that

c N
BN < 7 [ 13 PR s+ OOVT ) =

(2.19) N

CT™'> PZ(\) + O(N°T—3/?).
1

Substitute the last estimate into (2.18). We find that
1 N /2 1/p )
(2.20) E|Zy|, < CTW(/ (>_P:)” d)\> + O(N3T—3/4),

The integrals on the right can be bounded as follows.

Lemma 2.6. For2<p<4

1 N
/ (ZPIS()\))pmd)\ < ¢,NP/2.
Forp=4
1 N
/ (Y PE(N)%dA < eN*InN.
Forp>4

N

1
[ (S ronar< e
1 1
Proof. The inequalities of the lemma follow imediatly from the inequalities (see
[5])
3
[P < (k+1/2)2, [PV < \/j(l — %)Y
0

The inequalities of the Lemma 2.5 together with (2.20) prove the bounds (2.12) for
p < oo. To treat the case p = oo we apply the following result ( see [7] ).

Lemma 2.7. Let Q be an algebraic polynomial of degree n. Then

Qlp < (p+ 1)VPn?/?|Q),,.

The last lemma gives that for any p > 4

E|Zx|oe < CN?PE|Zy|, < CN?/P(T~V2N'=2/P L O(N3T~3/%)) <
C(NT™Y/? 4 NAT—3/%).
The inequalities (2.12) are thus proved and we have finished the proof of the

theorem 2.1.
8



3. LOWER BOUNDS.

3.1. Let E be an ellipsis with the foci at the points +1 and such that G C F.
Then A(G, M) D A(E, M) and any spectral density f € A(E, M) will also belong
to F'. Hence it is enough to establish the lower bounds for the case G = E and
below we suppose that G = F.

We prove at first the necessary lower bounds for p # 4 utilizing methods de-
velopped by Ibragimov and Khasminskii ([9], [10]) and based on the use of Fano’s
lemma (see [9]). Namely, assume that there is a set S = {f1,... far} of spectral
densities from F' such that |f; — f;|, > 26 for any i # j. Then evidently for any
estimator f for f

sup Py{|f — fl, >0} > sup Pp{|f~fl, >0} >
fer 1<i<M
(3.1) 1 .
1 2 Prllf =1l >0}
1<i<M

Let 0 be a random variable taking values 1,... M with equal probabilities 1/M. It
follows from the inequality (3.1) that

inf sup Pp{|f - f|, > 6} >
I fer

(3.2) M )
il 37 3P0 #il0 =1} =
where the last inf is taken over all estimators 6 = é(Xl, ...Xr). By Fano’s lemma
(see [9])
I(0;X)+1n2
InM—-1 "~

where I(; X) denotes Shannon’s information in X = (Xy,... Xr) about 6.
The estimates (3.1) -(3.3) show that

(3.3) pe>1

inf sup E¢|f — f|, > inf sup Ef[f — f, >
f fer f fes

Jinfsup P f—f >0t >
(3.4) ifsup Al p = 6}
supg I(6,X) +1

>0l — —F——F—).

ope 2 6 W 1)

This inequality will serve as an initial points in our arguments for the cases p # 4.
To use it we study at first the asymptotic behaviour of I(8, X) when T — oo.
3.2. By the definition Shannon information (see [11])

dPy x

10, X) = B(In —20.X
(9, X) (ndngdPX

(6, X))
Let now P, denote the probability distribution generated by the stationary sequence
{X;} of iid Gaussian random variables with the spectral density equal to 1. Then

dPyg dPyg P,

—El El .

dPx o TRy
9

1(6,X)=Eln



By Jensen’s inequality

dPy dPy
Eln 2 <IhE-—2 <
dPx iy =
Hence
P
(3.5) 1(6,X) <Eln —1

0

Lemma 3.1. Let K(m, M) denote the class of all spectral densities f(\) such that
JO) =m>0,f(A) <M, [T _|f'(N|? <M. Let PT = Py be the distribution of the

sequence X1, ... Xt with the spectml density f(N\). Then

T [7 T [7 1
EIHW(X):—E/‘N hlf()\d)\+E/_ﬂIT()\)(m—l)dA‘i_RT,

where sup p¢ e |Rr| < oo.

For the proof of the lemma see [12], pp 50-59. If we apply the result of the lemma
3.1 to the inequality (3.5), we find that for f; € K

(3.6) I(6,X) < CTsup {|/ In f;(\)dA| +/ |f’ yIT )dA}.
J -7 T
3.3. We begin with the case 1 < p < 4, construct the set S and prove the lower

sin® A

bounds for this case. Introduce the function ¢(A\) = *55=. Evidently

(3.7) j S(V)dA =0, /Oo 6(N)]dA < oc.

— 00

The function ¢(z) is analytic in the whole comlex plane and on any strip |[Sz| < R
it satisfies the inequality

(3-8) |6(2)] < CeF.

Define the number s from the relation

((39)) / " 16(0)]dA = 100 [ o

—K N[>k
Take an integer NV and introduce the functions

sin® N(\A — 2jx/N)  sin® N(\ + 2jx/N)
o) =0 AT N T T gy oY

where the indices j run through the integers of the interval 1 < j < M, M = [~ ]
and the constants c;y = ¢; are defined in a such way that the integrals

$;(N)dA=0,j=1,..., M.

10



Notice that

N7m+2jK sin3()\)

lc;| < |2N dA| < ¢

Nm—2jKk A

Consider vectors a = (ay, ... an) where a; takes the values —1, 1. Define spectral
densities fa(\) as

M
faN) =0+ "a;pin(N)
1

The functions f, are analytic and in the strip |3z| < R they are bounded by
0 + Ce~(V=3R) Hence one can always choose 0 and 7 in a such way that all fa
will be spectral densities of a real stationary Gaussian sequence(fa(A) > 0,\ €
[—7, 7], fa(A) = fa(=A)) from F (|fa(z)] < M,|Sz] < R). Below for the sake of
simplicity we take 6 = 1.

Denote by A the subset of the vectors {a} such that for any two vectors a,b € A

M
Z|aj —bj| Z M/2
1

Define the set S = {fa,a € A}.
Lemma 3.3. (see [10], [4])The cardinality of the set S is
(3.10) card(S) = card(A) > 2M/3,

The L;-distance between any two functions f,, fp from S

|fa—fb\1=e-vN[l|Z< b)) dyn (VA >

N (2j+1)x/N
e ¢ (N)|dA—
Z /] r/N 19501
(3.11) o1/
3 / 16,(N)[dA) >
(2j—1)x/N

T#]

ce’”NN(/ |¢()\)|d/\—/» 6N S Ja; — bl > 0.
—K >k P

Taking into account inequalities (3.9) and (3.10) we find from (3.11) that there
exists a positive constant ¢ > 0 such that

(3.12) |fa — fol1 > eN%e "V,

For f, € S the Shannon information (6, X) is bounded by (see (3.6))

or </ﬂ (1fa = 1d+O(sup a0 — 1) + €

—T

11



Now

/ﬂ 11— falN)[2dA <

[ee] 3 -3 o
(3.13) Cle—N N 3 / |SH;2(A)‘ ISmA(A ' 2])|d)\ <
—(N-D)<<(N-1) 7~ (A=J)
CN*e 27N,

Following the program outlined above, we return to (3.4) and use the bounds
(3.12) for ¢ in (3.4) and the estimates of I(6, X) given by (3.13). We find that

sup, 1(6, X)

A(T) > cN?e N1 - C N

> cN?e ™1 - CTe VN3 + O(N7Y)).

Now take N =< InT in a such way that CT N3e 27N < 1/2. We find then that for

sufficiently large N
T\ /2
A1(T)ZC<—I; ) ,c> 0.

Hence for 1 <p< 4

1/2
A (T) > 2734 A\(T) > %%) .

3.4. Consider now the case p > 4. Define the set S of spectral densities f;. Let
T be a small positive number. Define f;(A) for |A| <1 as follows

fo) =1+ 37 Py(N),
N/2<G<N

(3'14) f1(>\) =1+e VN Z PQj()\)

N/2<j<N-Nr

where as above P, are the Legendre polynomials. Notice that Pa;(A) and hence
fj(A) are even functions. To any f; we associate the numbers

(3.15) () =150 = 1(V2+1),A-() = |f;(-1) = 1|(V2+1)
and set
fiN) =Lxe[-ma] N [-1=A-(), L+ A+ ()]

At the small intervals [-1 — A_(j), —1],[1,1 + A4 (j)] the function f;(X) is defined
as the broken line with slopes 1 and the knots at the points

(3.16) (—ij(—l)),(—1—|f(—1)—1\(1+\/%),1—%(&(—1)—1)),(—1—A—(J‘)71)
and
(317) (L f(0) (1+ /(1) - 1)+ %» 1- %(fj(l) — 1)), (14 A (), 1)

12



respectively.

The collection of functions {f;} will constitute the set S. The number of points
in the set is close to N/27. For large N all these functions are positive and thus they
are spectral densities. The restriction of f; on the interval [—1,1] can be continued
analytically into the whole complex plane as the function 1;(z) = 14+e~ 7V 3" Py(2).
The Legendre polynomials P,(z) for z ¢ [—1, 1] satisfy the inequality (see [5])

|P,(2)] < Cn1/2|z + (22 - 1)1/2|".

Hence it is possible to choose « in a such way that all f; € F', in other words,
[Y;i(z)] < M,z € E (if M is too small we change 1’s in the definition (3.14) of f;
to small §’s etc).

For any two functions f;, f; the distance |f; — f;|, satisfies

1 1/p
319) f-shze ([ 1S nora)
T kel(4,d)

where I(i,7) is an interval of the type [xN,yN] and y — x > .
By V.Markov’s inequality

(3.19) |P! oo < en?|Pploo < en®2.
It follows from (2.11) and (3.19) that
1 1
/ LS By > / S RPN > er N2 s,
1 ker(ig) 1=N"2 k(i)
Hence
(3.20) |fi = filp > erN3/272/Pe=N,

By the definition of fj,

/ﬂ (f;(\) = 1)d\ = Z/l P (\)dA = 0.
- — J_,

Hence by formula (3.6) Shannon’s information satisfies

10, X) < CTe N sup (/Tr |£i(A) — 12dX + O(sup | fj(N) — 1*) + O).
J -7 A

It follows that
(3.21) 10, X) < CTe NN + C.
Returning to (3.4), we find with the help of (3.20) and (3.21) that

. ClT672VN + CQ

A (T) > erN3/272/Pe=7N (1
p(T) Z c7 € ( [In 7|

13
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Take at first 7 so small that Co(|In7|)~! < 1/4 and then choose N < InT in a such
way that C1Te=2"N|In7|~! < 1/4. We then obtain

Ap(T) > T~ V2(InT) =P ¢ > 0.

3.5. The case p = 4. This case is more complicated and needs a special treatment.
We will only outline the proof omitting technical details concerning the estimation
of remainders. Consider the set A of vectors a = (a1,...ay) such that A = {a:
la)] < N2}. Set up in correspondence to a vector a € A the spectral density fa
defined in the following way. In the interval [—1,1]

N
faN) =14 T723 " a;Py(N).
1

Define now the numbers A_(a), A (a) as in (3.15) and set fa(\) = 1 outside the
interval [-1 — A_(a),1 = A — +(a)]. In the small intervals f, is defined by (3.16)
and (3.17). We denote the set {fa,a € A} also A. If we relate N and T by
N ~ 1/yInT, one can choose v in a such way that A C F.

We have then that

inf sup Ef|f - f|4 > inf SUP Ea|fa — f|4 2

T—1/2 lnf mesA / a‘ Z PQJ \4da

Let Py denote the distribution corresponding to the Gaussian statationary sequence
with the spectral density 1. It follows from (3.22) that

(3.22)

—-1/2
(3.23) ALT) 2 T it A/ 0{|Z 132J|4 }a
By Lemma 3.1 the likelihood ratio can be rewritten as

(3.24) In Z—;) = —T/4r [ In fa(A\)d\ — T/ [ IT(/\)(ﬁ —1)dA + Ry.

The integrals

/W (1 - fa(A)dA = 0.

Thus the main part of the right hand side in (3.24) is equal to

™

~1/sm [ (1= faPax+ /a7 [ ()~ BIr)(a(3) ~ 1A =

—T

—ﬂ—T/Sﬂ’/ﬁ (IT()\)_EIT( )(fa( )_1) A

8T o

The last integral is asymptotically normal with mean zero and variance |a|? /8.
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It follows then from (3.23) that for large T

N

AT = 2 /A E{eap{—[al® + (,)} 3 (a; — t;) P>y

1

}

where ¢ > 0 is a positive constant and £ = (&1,...&y) is the standard Gaussian
random vector.
It is shown in [4] that the expression on the right is bigger than

c N IN T
E: P> 1/4 5 1/4
\/TE{‘ - SJP2]|4} =z C T (ln) =~ C T (lnlnT)

Theorem 3.1 is thus proved. The main theorem 1.1 follows from Corollary 2.1
and the theorem 3.1.

4. PROCESSES WITH CONTINUOUS TIME.

In this section we suppose that X (¢) is a stationary (generalized ) Gaussian
process with mean zero and the spectral density f(\) observed at the interval [0, T].
In the case of generalized processes it means that the set of observables (=statistics)
consists of random variables X (¢), where ¢ runs over the set of all test functions
with the support in [0,7]. We estimate the restriction of the spectral density f on
an interval [a,b] and measure the deviation of estimates from f in L,(a,b) norms
|.|p. As above we define the minimax risk function A,(T; F) as

A, (T;F) = Ay(T) = infsupEf|fT = flps

where sup is taken over all f € F and inf is taken over all possible estimators fT.

Theorem 4.1. Let the set F' consist of all spectral densities of generalized processes
analytic in some bounded region G,[a,b] C G and bounded there by a common
constant M. Then there exist estimators fr such that

p InT
sup E¢|fr — flp SC\/TJ <p<4,
feF

(4.1) supEf\fT—f|4 SC’\/ln—T(lnlnT)l/‘l,
feF T

sup Byl fr = fly < T2 1) 4 <p < .
S

The constants C depend on G, M,p only.

Theorem 4.2. Let the set F' consist from all spectral densities of real-valued (not
generalized) processes analytic in some bounded region G,[a,b] C G and bounded
there by a common constant M. Then there exist positive constants ¢ > 0 such that

Ap(T) z ¢ lnTT,l <p<d
4.2
(4.2) Ay T) > ¢ %(mlnﬂl/‘m

A(T) > V2T 2P 4 < p < 0.
15



The constants ¢ depend on G, M, p only.

Proofs. As above for the sake of simplicity we suppose that [a,b] = [-1,1]. To
prove Theorem 4.1 we again expend f(A) in the interval [—1,1] into the Fourier
series with respect to the Legendre polynomials

N
FO) = a;P(N),
0)
estimate the coefficients a; by a@; and then consider as estimators of f(A) the sums

N
NN =D a;Pi(N).
0

Now, to estimate a; we proceed in the following way. If the process X (t) is not a
generalized one, we define

&kZ/ It (N) Pr(N)dA,

-1

where the periodogram

1 T i 2
Ir(\) = m|/0 e "X (t)dt|”

The other arguments coincide absolutely with the proof of the theorem 2.2.
If X(¢) is a generalized process, we define an analogue of the periodogram as

I 61) = 5l X (e )P,

where ¢ is a test function with the support in [0,7] and set again

1
ay :[1 It (X 1) Pr(N).

We have )

Elr (N ¢r) = T | b7 (1 — A) | f (1) dp,

where (j~> denotes the Fourier transform of ¢. One can now choose ¢ in a such way
that |¢7|? is a function with a sharp maximum at zero and
1 (o)

2
_— -1
5oz | 1or P

and proceed as in the case of not generalized process. We omit the details.
The proof of Theorem 4.2 coincides up to technical details with the proof of the
theorem 3.1 and we omit it.
16
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