
1 Introduction

1.1 Motivation

We consider the maximum likelihood estimation of the correlation matrix of
a multivariate normal distribution under order restrictions among component
correlations. For example we want to estimate the correlation matrix of the four
variables X1;X2;X3 and X4 where X1 denotes the test scores in an entrance
examination acquired by students and X2;X3 and X4 denote respectively the
test scores acquired by the same student in the pre-tests executed in one month,
two months and three months ago respectively. Putting �ij the correlation of the
variable Xi and Xj it seems to be natural to assume the following two types of
monotonicity among component correlations,

Hc : �12 > �13 > �14 and �23 > �24 (1)

and
Hr : �13 < �23 and �14 < �24 < �34 (2)

Thus the situation where we now consider seems to be considerably realis-
tic. Here in general by Hc we denotes the column decreasing hypothesis, that is,
�i;j > �i;j+1 for all 1 � i � p and 1 � j � p�1 and by Hr the row increasing
hypothesis, that is, �i;j < �i+1;j for all 1 � i � p�1 and 1 � j � p. Further we
put H1 = Hr\Hc. Further we denote by H0 "no hypothesis", that is, the space is
the set of all correlation matrices and byH2 we denoteH1\f�ij > 0 for all i; jg.
Thus we have the following decreasing sequence of the hypotheses (or the sets
represented by the hypotheses)

H0 ! fHc;Hrg ! H1 = Hr \Hc ! H2: (3)

The problem is to obtain the mle for the correlation matrix under each hypothesis.
Though for simplicity we treat the hypothesis H0 and H2 in this paper the other
hypotheses are treated in a similar way.

1.2 Likelihood function

In this paper we assume the vector X = (X1;X2; :::;Xp) has the p dimensional
normal distribution Np(0;�) and that we have a sample of size N from this
distribution. Then the su�cient static for � is the sample covariance matrices
S = (sij) where si;j =

Pk=N
k=1 XikXjk=N and Xik is the k-th sample of the variable

Xi. Let W = NS. Then W has the Wishart distribution, W (N; p;�). The
density of W (N; p;�) is given by

1

2Np=2�p(
N
2
)j�jN2 etr(�

1

2
��1W )jW j(N�p�1)=2: (4)
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Now let R denote the sample correlation matrix, that is,

R = (rij); rij =
wijp
wiiwjj

(5)

and let vi = wii for i = 1; 2; :::; p and V = (v1; v2; :::; vp). Then the transforma-
tion of the variables

W = (wij)! (R;V ) (6)

has the Jacobian

dW =
p^

i�j

dwij =
pY

i=1

v
(p�1)=2
i

p^
i<j

drij

p^
i=1

dvi: (7)

We have the decomposition

W = diag(
p
v1;
p
v2; : : : ;

p
vp) R diag(

p
v1;
p
v2; : : : ;

p
vp) (8)

= V 1=2RV 1=2; (9)

where V=diag(v1; v2; : : : ; vp). Note that for simplicity we use the same symbol V
for the diagonal matrix diag(v1; v2; : : : ; vp) and the vector (v1; v2; :::; vp) and that
this usage will appear in other parts again without mentioning it.
Then the joint density of (R;V ) is given by

1

2Np=2�p(
N
2
)j�jN2

etr(�1

2
��1V 1=2RV 1=2)jW j(N�p�1)=2

pY
i=1

v
(p�1)=2
i :

Here we consider the corresponding decomposition of the population covariance
matrix � into the population correlation matrix � and the population variances
� = (�11; �22; :::; �pp),
that is,

� = diag(
p
�11;

p
�22; : : : ;

p
�pp) � diag(

p
�11;

p
�22; : : : ;

p
�pp) (10)

= �1=2��1=2: (11)

Then we have the following log likelihood function for � and �

�N

2
log j�j+N log

pY
i=1

ti �N log
pY

i=1

p
vi � 1

2
trace(��1TRT ); (12)

where ti =

s
vi

�ii
=

s
Nsii

�ii
and T = ��1=2D1=2 = diag(t1; :::; tp):

As far as the maximaization it su�ces to consider the following equivalent func-
tion with the likelihood function

`(�; t) = �N

2
log j�j +N log

pY
i=1

ti � 1

2
trace(��1TRT ): (13)

Note that in this paper we call the function `(�; t) of (13) as the likelihood
function.
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1.3 Maximization of the function `(�; t)

We need to maximize `(�; t) , that is, to take

sup
�2H

�

sup
t>0

`(�; t) (14)

where H� denotes any hypothesis in Subsection 1.1 and t > 0 means that ti > 0
for all i. In order to take the above maximization we execute the following two
maximization processes iteratively.

(A) Correlation maximization process
For a given ti, the i-th step value of t, we take the maximum with respect to
correlations, that is,

sup
�2H

�

`(�; t(i)) = `(�(i+1); t(i)): (15)

(B) Variance maximization process
For a given � = �(i+1) we take the maximum with respect to variances, that is,

sup
t>0

`(�(i+1); t) = `(�(i+1); t(i+1)): (16)

The maximization process (A) is done by a random search. That is, we gen-
erate a certain number, say k, of random correlation matrices on the hypothesis
H� and �nd a � which gives the maximum value of `(�; ti) among them. Note
that we used k = 1 in this paper for the limitation of computing time. This
means that maximization about � is done only through the iteration of (A) and
(B). The maximization process is done by solving a certain non-linear equation
numerically.
We iterate both processes and stop at a predetermined number of times. Finally
we adopt a pair of (�; t) as the maximum likelihood estimator which gives the
maximal value of the likelihood among all pairs that appear in the iteration. In
section 2 we show in the case of H� = H0, that is, no hypothesis case, two max-
imization (A) and (B) are solved exactly and need not any iteration and they
are given by the usual mles, that is, sample correlation matrix and sample vari-
ances respectively. In Section 3 we treat the process (A). There, we argue how
to generate the uniform random elements over the hypothesis considered by the
Gibbs sampling in detail. In Section 4 we argue about the maximization process
(B) in detail. We will show the maximum is obtained as the �xed point of the
iteration of some vector valued non-linear functional. In Section 5 we will study
the property of the mle by simulation.
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2 Estimation of R under Hypothesis H0

The unusual feature of our inference method can be characterized as the separate
inference for the correlation matrix and the variance vectors. This is introduced in
order to make an inference for the correlation matrix under the order restriction
among the correlations. Under the hypothesis H0 the mle for the correlation
matrix is the sample correlation matrix usually derived by the normalization
of the sample covariance matrix which is the mle of the population covariance
matrix. Here we show that our separate inference for the correlation matrix
and the variances gives the usual mle of population variances and a population
correlation matrix.
Though this should be so, it seems that there has not appeared such proof based
on this separate inference in literature. Further this also supports partially the
validity of our separate inference method under the other hypotheses. So we give
the proof below.

Theorem 2.1 Under the hypothesis H0 the mles for � and � obtained by

the maximization steps (A) and (B) give the usual mles, that is, the sample

correlation matrix and sample variance vectors respectively.

Proof. First we prepare some notations. For p�p square matrixA we de�ne A as
a matrix which has the same non-diagonal elements with A and all 0 diagonals.
Also like an usual convention diag(c1; c2; : : : ; cp) denotes a diagonal matrix with
the diagonal elements (c1; :::; cp). Further we de�ne the product C 
 D of two
matrices C and D by C 
 D = (cijdij). Taking the partial derivative of the
likelihood function `(�; t) with respect to � and t respectively, we have

��1 =
1

N
��1TRT��1 (17)

N

t
= (��1 
R)t (18)

(19)

where the partial derivative with respect to � is de�ned by

@`

@�
=

0
BBBB@

0 @`
@�12

� � � @`
@�1p

@`
@�12

0 � � � @`
@�2p� � � � � � 0 � � �

@`
@�p1

� � � @`
@�p;p�1

0

1
CCCCA : (20)

Let diag(�1; �2; : : : ; �p) and diag(�1; �2; : : : ; �p) be the diagonal matrix with diag-

onal elements of ��1 and
1

N
��1TRT��1 respectively and further let diag(m1;m2; :::;mp)

be the di�erence between them. Adding diag(m1;m2; :::;mp) to both side of the
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equation (17) we have

��1 � 1

N
��1TRT��1 = diag(m1;m2; : : : ;mp): (21)

Multiplying � from right both side of the equation (21) we have

I � 1

N
��1TRT = diag(m1;m2; : : : ;mp)�: (22)

The (i; i) element of the matrix of the left hand side of the equation (22) is

1� 1

N

pX
k=1

�iktirkitk = 1� 1

N
ti

pX
k=1

�ikriktk: (23)

From (18) the right hand side of the above (23) is 0 and thus all the diagonal
elements mi are 0. Then from (21)

� =
1

N
TRT: (24)

Noting the diagonal elements of (24) we have

1 =
t2i
N
; 8i: (25)

This means vi = wii=N = sii and � = R, which complete the proof of Theorem
2.1.

3 Gibbs sampling and uniform random correla-

tions

Here we consider to generate the uniformly distributed random elements over
the set of the correlation matrices. We use the Gibbs sampling method. The
Gibbs sampling is one of the methods to generate random vectors obeying the
target distribution in the limit through a certain Markov chain. In general the
one step of the Markov chain is composed of the iterative generations of one
dimensional random variable from the conditional distribution given all other co-
ordinate variables. For the de�nition of Gibbs sampling see Tanner [7] and for its
applications to restricted inference see Gelfand et. al[1]. In our Gibbs sampling
we cyclically generate correlation coe�cients with other correlation coe�cient
�xed. The following Lemma 3.1 and Theorem 3.1 states how the method works.
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Lemma 3.1 Let � = (�ij) > 0 be a correlation matrix, and ��ij be the set of all

upper half components of � other than �ij . For �xed ��ij , in order that � = (�ij)
is a positive de�nite correlation matrix, �ij must be in an interval.

Proof. Without loss of generality we assume i = 1 and j = 2. The condi-
tion that � is a positive de�nite correlation matrix is all the q(q = 1; 2; : : : ; p)-th
main diagonal square matrix from the right corner have a positive determinant.
Since the q-th (q � p� 1) main diagonal matrix is unrelated to the element �12,
the condition is equivalent to that the determinant of � is positive. We now show
this condition implies that �12 is in some interval. Let us expand the determinant
j�j with respect to the second column. We have

(�1)�12

���������

�12 �23 �� �2p
�13 1 �� �3p
� � �� �
�1p �3p �� 1

���������
+

���������

1 �13 �� �1p
�13 1 �� �3p
� � �� �
�1p �3p �� 1

���������
� �32

���������

1 �13 �� �1p
�12 � �� �2p
� � �� �
�1p �3p �� 1

���������

+(�1)p
���������

1 �13 �� �1p
�12 � �� �2p
� � �� �

�1;p�1 �3;p�1 �� �p�1;p

���������
> 0

The left hand side of the above equation is a polynomial of degree two in
x = �12 and the coe�cient of x2 is the main diagonal matrix obtained from � by
deleting �rst and second columns and rows from � and so is positive. Hence the
condition is the inequality

�ax2 + bx+ c > 0; a > 0:

This proves the �12 is in the interval [�; �], where � and � are two real roots of
the equation

�ax2+ bx+ c = 0:

Theorem 3.1 The iterative generations of the random numbers on 1-dimensional

intervals appeared in Lemma 3.1 generate uniform random correlations � 2 H0.

Further if we add the restriction such as �i;j�1 > �ij > �i;j+1 to the interval for

generating �ij it generate the uniform random correlation matrices on the hypoth-

esis Hr and if we add the restriction such as �i�1;j > �ij > �i+1;j to the interval

for generating �ij it generate the uniform correlation matrices on the hypothesis

Hr. For H1 it su�ces to add the both types of restrictions. Last for H2 we only

need to add the conditions of �i;j > 0 to that for H1.

Proof. From the general de�nition of Gibbs sampling and Lemma 3:1 this is
obvious.
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Table 1: Relative volume of Hypothesis H0

p 3 4 5 6 7
Relative Volume 61.7% 18.3% 2.2% 0.095% 0.0013%

In the maximization process (A) we generate uniformly distributed random
correlation matrices over the hypothesis, say, H0 by the Gibbs sampling to seek
the correlation matrix maximizing `(�; t) for a given t. A seemingly more easy
way to generate random correlations on H0 is to generate uniform random ele-

ments in the box [�1; 1] p(p�1)

2 and take out the element when it is in H0 and a
positive de�nite correlation matrix. However the relative size of H0 to the box is
very small even for p � 4 as is shown in Table 1. This is a main reason why we
propose the Gibbs sampling.

Next we show by simulation that the Gibbs sampling really generates the
uniformly distributed random elements. For simplicity we consider the case of the
hypothesis H0 and H2. We check the uniformity of Gibbs sampling by comparing
the marginal distribution of r12 with the exact marginal distribution obtained by
the lattice point counting method in which the probability of a set is given by the
number of points in the set divided by the total number of lattice points. Note
that though for dimension p = 4 we can use this lattice point counting method,
it gets rapidly di�cult for larger p. That is another reason why we propose the
Gibbs random search. Of course the convergence of the marginal distribution
does not necessarily implies the convergence of the joint distribution, it supports
partially the convergence.

Table 2

Marginal distribution of r12 by the uniform distribution

in H0(p = 4)
/ �1 � �0:8 �0:8 � �0:6 �0:6 � �0:4 �0:4 � �0:2 �0:2 � 0:0

Gibbs(%) 2.77 7.63 11.24 13.64 14.82
Exact(%) 2.81 7.59 11.21 13.61 14.77

/ 0 � 0:2 0:2 � 0:4 0:4 � 0:6 0:6 � 0:8 0:8 � 1:0
Gibbs(%) 14.79 13.57 11.69 7.57 2.80
Exact(%) 14.77 13.61 11.21 7.59 2.81
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Table 3

Marginal distribution of r12 by the uniform distribution

in H2(p = 4)
/ 0 � 0:2 0:2 � 0:4 0:4 � 0:6 0:6 � 0:8 0:8 � 1:0

Gibbs(%) 2.45 13.83 27.67 34.44 21.61
Exact(%) 1.14 11.97 27.72 36.35 22.82

We see from Table 2 and 3 the Gibbs random correlation matrices give the same
marginal distribution with that of the uniform distribution on H0. Moreover from
our simulation experience this holds for the other hypothesis.

4 Maximization process (B)

In maximization process (B) for given � 2 H we seek t = (t1; t2; :::; tp) which
maximize the likelihood `(�; t).

Theorem 4.1 For a given � 2 H t = (t1; t2; :::; tp) which maximizes the likeli-

hood is the solution of the following non-linear equation,

N=t = Bt;

where B = (bij) = (�ijrij) and 1=t = (1=t1; : : : ; 1=tp):

Proof. The equation is obtained by taking the partial derivative of the likelihood
with respect to t.

Our second main result is the following two theorems.

Theorem 4.2 The above non-linear equation has the unique solution in the

positive orthant.

Proof. The condition given by the equation with the variable ti is

ti =
ci �

p
ci + 4nbii
2bii

; (26)

where

B = (bij) and ci =
pX

j=1

bijtj: (27)

This implies that the set of the points satisfying i-th component equation makes
two hyper surfaces with ti > 0 and ti < 0 respectively. Thus the solution set is
the intersection of these 2p hyper surfaces and it consists of 2p points. Clearly
the only one solution is in the positive orthant.
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Theorem 4.3 If the iterative method described below converges, it converges the

unique positive orthant solution.

Description:Take a starting point t(0) = (t
(0)
1 ; t

(0)
2 ; : : : ; t(0)p ) in the positive or-

thant. Let t(0)(�i) be the set of (p� 1) components of t0 with the i-th component

deleted. First for the given t(0)(�1) we solve the equation with respect to the �rst

component t1, which is a degree two polynomial equation in t1. The equation has

the real solution and we adopt the positive solution and we denote it as t11. Then

we put t0 with the �rst component replaced by t11 as t
(0);1. For given t(0);1(�2) we

solve the second equation which is a polynomial equation of degree 2 with respect

to the t2. It also has the positive solution. We denote this positive solution as

t12 and denote t(0);1 with the second component replaced by t21 as the t(0);2. Like

this we have t(0);3; ::::; t(0);p and we denote the set t(0);p as t(1). For this t(1) we

repeat the same procedure above and we get t(2). And in the same way we have the

sequence t(0); t(1); :::;. This sequence converges the only positive orthant solution.

Proof. First we solve a equation of degree two in t1 and put the positive
solution as t1 = f1(t2; t3; : : : ; tp). Next we solve a second equation of degree two
in t2 with t01 in place of t1 and put the positive solution as t02 = f2(t01; t3; : : : ; tp).
Likewise we have t03 = f3(t01; t

0

2; : : : ; tp); : : : ; t
0

p = f2(t01; : : : ; t
0

p). Now we de�ne
the map f from <p to itself by (t1; t2; : : : ; tp)! (t01; t

0

2; : : : ; t
0

p). Clearly this map
describes just the one-step of our above iteration. Our iteration method thus can
be described as the iterative applications of the same mapping to the starting
point. That is, the sequence of the points is given by

t(n) = f (n)(t(0)) = f(f(� � � f(t(0)) � � �)): (28)

If these sequence of points converge to some point t(1) it is necessarily the �xed
point of the mapping. Since t(1) is the �xed point we have

t(1) = f(t(1)):

Then we have t
(1)
1 = f1(t

(1)
2 ; t

(1)
3 ; : : : ; t(1)

p ), t
(1)
2 = f2(t

(1)
1 ; t

(1)
3 ; : : : ; t(1)

p ), : : :,

t(1)
p =fp(t

(1)
1 ; t

(1)
2 ; : : : ; t

(1)
p�1): This show the �xed point t(1) is the solution of the

non-linear equation in Theorem 4.1. Moreover the process shows the solution is
in the positive orthant.

From our experience the non-linear equation can be solved by the process(B)
with at most 20 times iterations.

Remark 4.1 Theorem above does not make sure the convergence of our iteration
method. However it converges in our all simulation experiences. Partial result
about convergence will appear in Sakata et al.[6].
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5 Comparisons of relative errors of mle and oth-

ers

In this section we compare the relative error, the mean absolute error divided
by a true value, among three estimators of the population correlation matrix
� 2 H2, Rgibbs; Rpava and R. Rgibbs is the pseudo mle obtained by Gibbs sam-
pling, Rpava is the estimator obtained matrix order PAVA algorithm(see the page
27 of Robertson et al[4] for the de�nition of matrix order PAVA algorithm). We
brie
y describe our simulation scheme now.

First we choose �� 2 H2 which we call a true parameter and generate a sample
of size n, Y (1); Y (2); :::; Y (n) from p-dimensional normal distribution Np(0;��).
Then we calculate the sample covariance C = (cij) by

cij =
nX

k=1

Y
(k)
i Y

(k)
j =n (29)

and the sample correlation matrix R = (rij) where

rij =
cijq
cii
p
cjj

: (30)

Note that Rpava calculated from R by PAVA algorithm is also a correlation
matrix by the de�nition of PAVA. Though it has no direct relation to maximiza-
tion of the likelihood function it may be a competitive one to Rgibbs. In order
to run a Gibbs sampling on H2, �rst we choose an initial correlation matrix �0
in H2 and an initial variance vector V0. For each Gibbs sample of � we perform
the maximization process (B) for variances and after then we calculate the likeli-
hood for the set (�; V ) and register it. After repeating this step 50000 times we
take out Rgibbs which gives the most highest likelihood values among the 50000
Gibbs samples. Repeating this simulation 100 times we obtained the relative
error of Rgibbs. For other two statics we also calculated their relative errors by
100 simulated values.

We should note that in the above simulation �0 and �� 2 H2 are obtained as

�ij =

s
�1 + �2 + :::+ �i

�1 + �2 + :::+ �j
(31)

with �1 = 0:8; �2 = 0:6 and �3 = 0:4 for �� and �1 = 0:5; �2 = 0:7 and �3 = 0:8
for �0. Note that this type of correlation matrix is that of (Y1; ; Y2; :::; Yp) where

Y1 = X1

Y2 = X1 +X2

� � �
Yp = X1 +X2 + � � �Xp
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and where EXi = 0; V ar(Xi) = �i and Xi are mutually independent.

In the below we present the simulation results about the relative errors.

Table 4
True R� 2 H1

n X1 X2 X3 X4

X1 1:0000 0:9258 0:8452 0:7559
X2 * 1:0000 0:9129 0:8165
X3 * * 1:0000 0:8944

Table 5(n = 10)
Relative errors �100 of R (upper)
Rpava (middle) and Rgibbs(lower)

n X1 X2 X3 X4

X1 0:00 8:93 20:44 26:05
0.00 9:1 18:6 24:7
0.00 8:90 19.74 25:56

X2 * 0:00 9:62 15:50
* 0:00 9:35 15:10
* 0:00 9:16 15:26

X3 * * 0:00 6:68
* * 0:00 5:77
* * 0:00 6:60

Table 6(n = 20)
Relative errors �100 of R (upper)
Rpava (middle) and Rgibbs(lower)

n X1 X2 X3 X4

X1 0.00 6:59 14:28 17:45
0:00 6:38 13:3 19:4
0:00 6:64 14:56 17:48

X2 * 0:00 6:63 10:80
* 0:00 6:31 10:92
* 0:00 7:12 10:75

X3 * * 0:00 4:26
* * 0:00 4:44
* * 0:00 4:33

Remark 5.1 . Simulation study for mean square errors will appear in Sakata
et al.[5].
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Remark 5.2 It might happen that in place of R we had better use the Olkin-
Platt unbiased correction R� where

r�ij = rij +
rij(1� r2ij)

n� 1
: (32)

See Olkin-Platt[4] for the de�nition and the properties of the estimator. However
it is not sure whether R� is always a positive de�nite. And so we did not used it
here.

Remark 5.3 If we search � in an appropriate neighbourhood of R in stead
of searching the whole space of a hypothesis we could search more e�ciently.
However in that method it seems a little bit di�cult to determine an initial
starting point �0. So the method was not used in this paper. However that
direction may be of value to be developed in the future.

In conclusion we proposed a new method to estimate the correlation matrix of
normal distribution under the order restriction among correlations. Our method
seems to work well, though we could not show that Rgibbs is specially superior R
or Rpava in the relative error. It might happen that the relative error of Rgibbs

become more less if we take a more longer step of Gibbs sample, though we could
not do so due to the ability of our computer. In any way Rgibbs is more natural
and so more recommendable than R in the context that we can assume some kind
of restrictions among correlations. Finally we would like to note the following.
The sample variance vector has no information about the population correlation
matrix, however the sample correlation has some information about the popu-
lation variances. So we cannot separate the likelihood function into the part of
variances and the part of correlations. Looking at our iterative methods closely,
our method should be considered as an estimation method of both variances and
correlations under order restrictions among correlations. So we had better take
into account the estimation error in the variance estimation. In this respect fur-
ther study will be needed.
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