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Abstract

Johnstone & Silverman (1997) described a level-dependent thresholding method for
extracting signals from correlated noise. The thresholds were chosen to minimize a
data based unbiased risk criterion. Here we show that in certain asymptotic mod-
els encompassing short and long range dependence, these methods are simultaneously
asymptotically minimax up to constants over a broad range of Besov classes. We in-
dicate the extension of the methods and results to a class of linear inverse problems
problems possessing a wavelet vaguelette decomposition.

1 Introduction
Suppose that we are given n samples from a function f observed with noise:
Y;:f(tz>+ela 2:177’”’7 (1)

with ¢; = (¢ — 1)/n and e; drawn from a stationary noise process. Johnstone & Silverman
(1997) (JS below) discussed a number of wavelet thresholding prescriptions appropriate to
estimation of f in the presence of correlated noise e.

In particular, they described and illustrated a method for estimating thresholds from
the data based on an unbiased risk estimate. In addition they introduced a family of
asymptotic models encompassing both short and long range dependence and argued that
the good asymptotic properties (near adaptive minimaxity) of wavelet threshold estimators
are unaffected by the presence of correlations of these types.

The purpose of this paper is to describe the proof of this adaptive minimaxity result
for the unbiased risk based thresholding estimates. Even in the i.i.d. error case, the proof
given here is a simplification and correction of that given in Donoho & Johnstone (1995),
for example the technical device of random half samples used there is now avoided.

As an asymptotic model encompassing situations of both short and long range depen-
dence, we adopt the setting used in JS. We provide some details on the decorrelating effect
of the wavelet transform — for example long range dependent errors are converted in the
wavelet domain into p— mixing sequences in our model. We then show how the large devi-
ation inequalities of Bosq (1993) for a— mixing sequences may be exploited to show MSE
consistency of the empirical threshold choices.



It turns out that certain linear inverse problems possess a structure (captured in the
wavelet vaguelette decomposition of Donoho (1995)) that allows many of the methods and
ideas to be carried over from the regression with correlated noise setting. We describe this
in brief fashion in the concluding section.

1.1 Basic definitions and notation

We first establish some notation and recall the definition of SURE thresholding for observed
data. Let W be a periodic discrete wavelet transform operator (in practice implemented
with a fast cascade algorithm), and let Y be the n-vector of observations Y7,...,Y,. We
suppose that n = 27 for some .J. Write

wip=WY ) j=0,1,....J-1, k=1,...,2 (2)

with the remaining element labelled w_;. Let 8§ = Wf be the corresponding wavelet
transform of the signal f = (f(¢;))}"_;, and z = We be the transform of the noise.
To construct the estimator, define ng to be the soft threshold function

ns(w, A) = sgn(w) (jw] = A) ;. 3)

If the noise process e is stationary, then so are the processes k — z;; in the wavelet domain,
and so we denote their standard deviations by o;. Let A\; be a sequence of thresholds to be
applied to the coefficients at level j, and define 8 to be the estimator

Ok = n(wji, oj\;).

Here 1 might be soft or hard thresholding, or some compromise between the two, though
in this paper we focus on soft thresholding. We write 6 for the corresponding estimator of
f, and set

£ =w7.

Under this formulation, allowing signal at low levels (j < L, say) through without thresh-
olding corresponds to setting A; = 0 for the relevant j. At higher levels, where there is a
considerable number of coefficients at each level and the signal 6, can be assumed to be
sparse, the noise variance 032- at each level can be estimated from the data. One possibility
is to use a robust estimator such as

57 = MAD{wji, k= 1,...,27}/.6745. (4)

where MAD denotes median absolute deviation from zero and the factor .6745 is chosen
for calibration with the Gaussian distribution. Other estimates are of course possible, for
example mean absolute deviation. We do not dwell on the estimation of the variance; we
assume for the rest of this paper that it has been carried out, and treat 032 as known.

We measure error in the L? sense, and define the risk measure of an estimator by
R(0,0) = E||6 — 6||2, where the norm is the usual Euclidean norm. Since the discrete
wavelet transform is orthogonal, the risk of an estimator will be the same as that of its
discrete wavelet transform and so risk results obtained in the wavelet domain carry over
directly to the original “time” domain.

As shown in Johnstone & Silverman (1997), the co-ordinatewise nature of thresholding
implies that the Stein unbiased risk estimate investigated in the i.i.d. Gaussian error setting



by Donoho & Johnstone (1995) remains unbiased, even in the presence of correlation. To
be specific, we temporarily consider a general multivariate normal model in which X ~
N4(0,V). Stein’s method shows that the mean squared error of an estimator § = X + g(X)
may be written

E|X +g(X) =01 = E{tr V+|lg(X)||* + 2tr [V Dg(X)]} (5)
= BE{UtX)},

say, where Dg(X) denotes the d x d matrix with entries dg;/0z;(X). In the case of soft
thresholding at ¢, the kth component of g is

—t TE >1
gr(x) = —xp |z <t
+t T < —t

The key point is that thresholding operates co-ordinatewise, so that g is a function of xy
alone, and the matrix Dg in (5) is therefore diagonal.

If the covariance matrix V is homoscedastic, oy, = 2. If o2 is unknown, it can be
estimated by 2 as defined in equation (4). We will treat o as known, and via rescaling
(r = X/o) we may assume that 02 = 1. The unbiased risk criterion is then obtained by
substituting the properties of g:

Ut)=d+ Y (af At?) — 2I{|zy| < t}, (6)
k

which is identical to that used in the i.i.d. case. We therefore propose taking

Lt(x) = argming<, < /5 logd U(t). (7)
As explained in Donoho and Johnstone (1995) this minimization can easily be accomplished
in O(dlogd) time.

For ‘small’ sparse signals, the noise coordinates can swamp the signal coordinates in their
contribution to the SURE criterion. The behaviour of ¢ can be erratic, so one alternative
is to retreat to the use of higher, ‘fixed’ thresholds t. For further details, see Donoho
& Johnstone (1995). The pretest compares an unbiased estimate of [|0]|%, namely s3 =
d-! E‘f z3 — 1, to a threshold ~g:

/ 2

t(x) 53> Vd

(8)

Thus the unbiased risk choice # of (7) is chosen only when the pretest rejects.

Returning to the wavelet thresholding setting, we apply this prescription separately on
each level to the coefficients w; = {wji, k = 1,...27}. The stationarity assumption implies
the homoscedasticity condition needed in the derivation of (6). We then set

)\j:Ujf(wj/Jj), LSjSJ—l.

1.2 Asymptotic model

In Johnstone & Silverman (1997), it was argued that a useful class of asymptotic caricatures
of the finite sample model (1) is given by

Y(t) = F(t) + ¢* By (t), te o, 1]. 9)



Here, our target function for estimation is f = F’ and By (t) is fractional Brownian motion,
namely the zero mean Gaussian process on R with covariance function r(s,t) given by

r(s,t) = %(!5\2H+|t|2H—\t—s|2H), s,t €R, He[1/2,1).
The parameter o« = 2(1—H) € (0, 1], and the scale parameter € is thought of as proportional
to n~1/2.

Let 1;x(t) = 27/24)(27t — k) be a wavelet basis on R derived from a suitable wavelet 1 of
compact support with corresponding scaling function ¢. Here the index A runs over a set
A defined by pairs (j,k),j > jo,k=1,...,27 for the wavelet functions and (jo — 1,k),k =
1,...,2% for the scaling functions. Form the inner products yy = [¢xdY,0\ = [, f,
and v;z)y = [YadBpy where ’yjz = Var{ [ ¢dBy} = 72277172 Note that for j = jo — 1,
the inner products are taken with ¢,. To avoid annoying but inconsequential end effects,
we argue as in Johnstone & Silverman (1997) that a model nearly equivalent to (9) (i.e.
involving an approximation of the variance structure valid up to absolute multiplicative
constants) may be obtained as

yn = O\ + €52, A €A (10)

The noise variables z), which all have variance 1, are correlated, but can be shown to be
of “bounded dependence” in the sense that, for all A,

0 < co < Var(zylzy, p# ) < 1. (11)

We can think of the initial segments {y;; : j < J =logyn,k=1,...,27} in model (10)
with € = 71/%n~1/2 as being analogous to the empirical coefficients wjk in (2). While this
is not literally correct, of course, one can use this identification to transfer intuition from
the asymptotic models to empirical data.

It is, however, simpler to do rates of convergence calculations in the approximating
model (10). By some general decision theoretic and wavelet theoretic machinery (Donoho &
Johnstone 1997a) we expect that these results can be carried over to the original regression
model (1), but for reasons of space and complexity we omit the details.

It will be assumed that the parameters a and 7 are known—since the latter is a simple
scale parameter, we will set 7 = 1 without further loss of generality. We will therefore
have € = n~1/2, 'y]2 = 279(1-9) and 0]2 = 625‘7]2. This model encompasses both the long-
range dependence approximation (10) and, by setting o = 1, the short-range dependence
approximation.

We shall consider results for a broad range of function classes for the regression func-
tion f, corresponding to sequence space models for its coefficients 0. A flexible scale of
functional classes is given by the Besov family, which is specified in sequence space form as

follows. Set ||| = Zijzl 6P and

[e.9]

b9 ,(C) ={(0jr) : > _2°9|0;]8 < C9},  s=o+1/2—1/p.
=0

For a fuller discussion of these spaces and the important roles of the indices (o, p,q) see
Frazier et al. (1991) and Donoho & Johnstone (1997b). Here we note simply that o is
a smoothness parameter, corresponding to the number of derivatives that the function f
possesses in L,. The case p = ¢ = oo corresponds to Holder smoothness, defined by the
uniform condition |D™ f(z) — D™ f(y)| < Colz — y|°, where o = m + & with § € (0, 1].



To state the main result, we consider the sequence model (10), and soft threshold
estimators of the form

05 = ns(yn, ojA)) (12)
0 j<L

A=< 4

t(y;/o5) J =L

where # is the pretest threshold given in (8).
If the parameters (o, p, ¢, C,«) were all known, then the best possible estimation error
of any threshold choice over the class bgq(C) is given by the minimax threshold risk

Rj o (e:02,(C)) =inf sup  E|ld,) — 6],
’ (t5) bebg ,(C)

where é(tj) stands for the estimator (n(yjx.t;))jk and [|0]|* = 3 ,ca 0A]1 is the f2(A)
sequence norm. From results of Wang (1996), it is known that this minimax threshold
risk in model (10) is of the same order in € as the minimax risk over all estimators: i.e.
there is no great loss of efficiency, even in the presence of long-range dependence, due
to co-ordinatewise thresholding, and over b7 ,(C), we have Rro(n=/?) < n77@®)  where
r(o,a) =20a/(20 + ).

Against this background, we have the following result for the estimator 0% of (12) using
the unbiased risk based choice of thresholds:

Theorem 1 Set the pretest threshold in (8) at vqg = 27 V2 and let A = (1/p —1/2),
Suppose that (p,q) € [1,00),C € (0,00) and o > max(aA, A —«a/2,2aA — a/2). Then, as
n=¢el?2 00,

sup  E[|0* — 0] < Ry, (n~%07 ,(C)) (1 + o(1))
oebg ,(C) ’

This theorem says that the unbiased risk choice “gets the thresholds right” asymptoti-
cally: without needing to know (o, p, ¢, C'), and over a wide range of «, the estimator does as
well as if these parameters were known and used to explicitly set optimal thresholds. Note
especially that the extra logarithmic term present in Theorem 3 of Johnstone & Silverman
(1997) has been removed, due to the lower thresholds chosen by the data-based rule.

In our result we do assume that the dependence parameter o and overall scale 7 are
known, and so we do not incorporate estimation of scale through estimator (4). In Johnstone
& Silverman (1997) it was shown how to incorporate estimation of « in model (10) for a
different choice of threshold — we expect that a similar extension here would also be valid,
at the cost of further technical complications to the proof. The same comment could also
be made regarding estimation of 7.

2 Properties of the fBM sequence model

Rewriting (10), we consider the model

Yik = Ok + e wjp (13)
wip = /wjkdBH (14)



In this section, we draw conclusions about the reduced dependence structure of the wavelet
coefficients wj;, which will form the basis for the proof of Theorem 1. Following for example
Barton & Poor (1988), the stochastic integrals defining w;), have mean zero and covariances
given by

E / JdBy / gdBy = (1/2r) / FO)a@) e a (15)

In this section, we deduce some properties of the error process j — {wj;} that will be
used in the proof of Theorem 2. First, we use scaling properties of n(d§) = €]~ (=) d¢ in
(15), along with 1,1 (€) = e™*?77&4)(279¢) to conclude that

Tj(k) é ijkwjg = 2_j(1_a)7“0(k). (16)

In what follows, chiefly for convenience, we use the Meyer wavelet 1) (compare, for
example Daubechies (1992), Chapter 4). We recall, in particular, the properties

(i) supp ¢ C [~87/3, —27/3] U [27/3,87/3],
(i) On [—2m, —7] U [, 27, [¥] > co.

1°. Decay of autocorrelations ro(k). Using (15),
mik) = (1/2m) [P a7)
= (ko 2m) [Pl (18)

From property Meyer (i), we can assume | (w)| < eag|w|MoI{|w| < 37}. This implies

3
lro(k)| < (0%40/71‘)/{:_@_2]\40/ ‘w|2MO+a_1dw
0
< CaMk_a_QMO_ (19)

2°. Spectral density of k — woy : Decompose (—o0,00) into union of intervals of length 27
centered at 2w Z and apply to (17)

rok) = (1/27) / e S (€ + 2m)) 2€ + 2mi| 0 de

- jez

~ (1/2n) | "R f (€)de. (20)

—T

Key picture for Meyer wavelet:

We conclude that fy is bounded away from 0 and oo:

0 < frmin < fu(§) < frmae < 00 for all |w| < 7. (21)



From this follows a bound on eigenvalues: For any (a;) € £2(Z):

Indeed using (20), we have
™
> ajr(j - k)a, = (1/2) / [ D aje P fy(6)de,
Jk g
and using (21) together with orthogonality of exponentials gives (22).

3°. The sequence k — wjy, is p— mizing: We recall from (e.g. Ibragimov & Rozanov (1978))
that for stationary Gaussian sequences (X,,n € Z), we may define

p(n) = sup |Corr (Z a; X, Z b Xk)|. (23)
(a;),(bx) <0 k>n

Using correlation bound (19) on k — wqx and setting 5 = o + 2My,

Cov (Z a;woj, Z brwor) < CaM Z Z lajllj — k|_ﬂ|bk|
ik

§<0 k>n
< canr 3 lagl - [OICS (n + 1] + B) 7212,
71<0 k>0

< ZoullalllpI}_(n+j— 1)1/
720

< Gourlal bll(n — 270,

since S0 |ro + 1+ k| 72° < ré_zﬁ/@ﬂ —1) for g >1/2.
From the eigenvalue bound (22) on the spectral density,

D a} < frd - Var (Y ajwoy).
j

This yields a p— mixing rate for k — wqy:

p(n) < cant [y @ 2T (24)

3 Asymptotic oracle inequalities for hybrid-SURE

The goal of this section is to formulate and prove Theorem 2, showing that the hybrid-
SURE prescription is asymptotically consistent, in the sense that it essentially achieves the
best mean squared error possible among threshold estimators. The result is ‘local’ in the
sense that it applies for each signal p, and not just to worst case behavior over a set of
signals.

We assume that the data (z;)%_, is a subset (increasing as d increases) of a stationary
Gaussian sequence satisfying a set of conditions that we denote “Model S”:

Model S T = i + 25 i=1,....,d

where (z;);cz is a mean zero, unit variance stationary Gaussian sequence such that



(i) r.(k)= /OO eik5|$(£)|29(£) d¢; where v is the Meyer wavelet

— o0

(ii) g(&) is continuous and positive for || € [T, 37]

(iii) [g(&)] < e1lg]* for |¢| — 0, ¢ € R.

Although model S appears to impose rather special structure on the noise process (z;),
it is precisely the situation that applies to wavelet coefficients {wj;} from model (13) when
the level j is held fixed. Compare (16) and (17). It also is designed to apply to the noise
processes arising in the linear inverse problem settings described in Section 5.

Let us note some consequences of Model S which will be used in the proof of Theorem 2.
These properties reflect the fact that Model S forces the sequence (z;) to be “close to i.i.d.”,
and were established in the previous section for the case of the noise processes k — wjj, in
model (13).

(i) the spectral density f.(£) satisfies
0 < fmin < f2(§) < fimaz <00 for [¢] <,
(ii) correlation decay:  Given My € IN, 3 c3 = c3(Mp,g) s.t.
()] < eghms 1200,
(iii) p-mixing:

pz(n) S (03/fmin)nic272MO~ (25)

To state the theorem, we define the ideal threshold risk:
d
- . . '
R(p) = nf d Z{(t, i)

where r(t, ;) = E[ns(zi,t) — u;)? (compare (3)) and the fized threshold risk:

d

Rp(p) =d™") r(ty, m).
1

As in Section 1.1, we define our hybrid-SURE thresholding estimator in Model S by
setting = = (z;)%L,, s3=d ! E[{I(IL‘? —1), and

(o) = {n(xz-,tg) if 53 < 74 (26)

n(xi,f) if 33 > vy ’
where

t =arg minogtgthURE(t, (x4)), th = /2log d.



Thus, when 72 = 72(p) = d ! Z‘f 2 is small, the hybrid estimator will usually default
to the fixed threshold choice. When p = 0, this is guaranteed by the following large
deviations inequality for 33, established in the Appendix. Suppose that {z;,i = 1,...,d}
is drawn from a Gaussian stationary sequence of mean zero, variance one and bounded
spectral density f(w) on [0,7]: foo = sup{f(w):0 <w < 7}.Then

dt
P{|s3| >t} < 2€XP{—W -min(t/ foo, 1)} (27)
Theorem 2 Assume stochastic model S, and that

1> vy >>+/d llogd.
a) For each n > 0, uniformly in p € IR?
B | i = P R(w) + Rp(uI{r < 372} + O(d" ). (28)
b) There exists a positive constant c. such that uniformly in p for which 72(u) < %'yd,

d7'E | " = |*< Rp(p) + O(log d e, (29)

Notation. We begin the outline of the proof of Theorem 2 with some definitions. Let Fjy
denote the empirical c.d.f. of {u1,...,uq}. The empirical loss of thresholding estimator

d .
(ns (i, t))i:1 18
d

L(t, Fy) = d™" ) [n(wi, t) — il
1

and its corresponding risk

d

r(t,Fa) = EL(t, Fg) = d™" ) r(t, m).
1

The unbiased estimate of the risk of (ng(x;,t)) is given by

d
Ug(t) =d ™) 1 —2{af <} 427 AL
1

and it satisfies EUy(t) = r(t, F). The ideal threshold risk is defined as

R(p) = iItlf r(t, Fy).

We use a pretest decomposition based on the event Ay = {83 > 4}, which tests for the
presence of significant signal. Thus,

Ra(p) = d'E|| i* = p ||* = Ria(p) + Raa(p) (30)



and to establish Theorem 2, we show that

Rua(p) 2 7 B{| o — 1 |, Ag} < R(u) + ed"™2
Rog() = d7 B{| ji* = 1", AG} < Re(u)1{r* < 374} + o(d~"/?).

Strategy for “signal” term Riq: On Ag, we use SURE threshold £, so that

Rig(p) <d ) [n(wi,t) - 1> = EL(, Fy).

L(t, Fy) and U(t) are both unbiased for EL(t, Fy), so we have the bound and the basic
decomposition .
Ria(p) — R(p) < EAg

Ay = (t Fd) (f, Fd) + 7“(5, Fd) - Ud@) + Ud(f) — iItlf’r’(t, Fd).
We bound A, via maximal deviations of empirical process type:
Aal SIL(, Fa) = (5 Fa) oo +2 1 Ua() = 7 Fa) oo,

where [l = sup{lg(t)| , 0 <t <t7}.
For R4, the task is thus to show a uniform bound on the expected maximal risk
deviation
sup E, H i('de) - r('de) ”OOS cd’™1/?
uelRd

and a similar bound for the unbiased risk deviation. For this purpose, let

Wa(t) = L(t, Fy) —r(t, Fy)
Zy(t) = Uq(t) —r(t, Fa)

For expectations of V' = ||[Wy||s Or ||Z4|lo, We use the simple bound
EV < c+ (EVHY2P(V > ¢)'/2, (31)

where ¢ = ¢4 will be of the desired order O(d"~1/?).
To estimate sup norms, we use a simple discretization: let ¢; = jd, and J denote the
set of indices j for which ¢; € [0,t]]. Clearly,

[ flloe < sup|f(t;)] +sup Af(t;,6), (32)
J J
where
Af(t;,6) =sup{|f(t) — f(t;)| : t; <t < t; + 3}

Analysis of Wy We now describe how we reduce the analysis of Wy and Z; to the
application of appropriate exponential inequalities for dependent sequences. Write

Way( = IZ (x4, t —r(t, 1)
=4 d—lzm), (33)
1=1

10



from which it is seen that ¢ — Wy(t) is continuous and piecewise differentiable. From the
formula for r(¢, 1) in Donoho & Johnstone (1994) and direct calculation,

0 <Or(t,u)/ot < 2t, and (34)
(0/0t) [n(x,t) — pi]* = —2sgn wi[2; — (sgn a;)1] (35)
from which
[Willeo < 2 ave |2;| + 4t4. (36)
Let

Ay = Njes{IWalty)| < d/?)
By = {|Wglls < 6tq}

Then, so long as § satisfies 640 < d"~1/2, we have, from (32)
AgN By = |[Wylloo < 24712, (37)

In view of (31), (37) and the corresponding bound (72) for ||Z4|/s described in the
Appendix, the chief remaining task in the bound for the signal term Ri4 is to obtain good
tail bounds for the probabilities of A§, BS, C; and Dj. When the errors z; are i.i.d., this was
accomplished in Donoho & Johnstone (1995) using the well known Hoeffding exponential
inequalities for large deviations. When the errors z; are dependent, but strongly mixing,
Bosq (1993) has provided some explicit large deviations inequalities of Bernstein type which
we restate here for the convenience of the reader.

Bosq’s inequalities. Let (X;,i € Z) be a zero-mean stochastic process, and let F* __ and

Fiy, be the sigma-fields generated respectively by {Xs,s < i}, and {Xs,s > i + p}. The

«a— strong mixing coefficients are defined by

a(p) = supsup{|P(ANB) — P(A)P(B)|, A€ F' , B€ F},}.
i AB

The first Bosq inequality is oriented towards bounded X; and is given in the Appendix.
The second inequality imposes the ‘Cramer conditions’:

Proposition 3 Assume that there exist constants m < M such that

(@) 0<m<EX?<M, ic2Z (38)
(b) E|X;|" < M'24EX?; ~>3, icZ.

If Sy = X1+ ...+ Xy, and 1 < p, < 5, then for every € > 0 and v > 2, we have

1 e n
< -1 - -
P(|Sp] >ne) < (2pp+ 1+ M 7)exp( 10M5+epn) (39)
+dy (14 ¢ ") na(p,)™ (40)
where By =~v/(2y+ 1) and
(=) (Y12 4y
dy = NMODAEGYI 4 )

11



We illustrate the use of Proposition 3 to bound P(Ag). We show that the Cramér
conditions apply to X; = Y;(t) + €;, where Y;(¢) is defined in (33) and ¢; i N(0,1) are
introduced simply to ensure that EX? > Fe? = 1, so that m = 1 in (38). Since ¢; have a
distribution symmetric about zero, one can verify that, with S; = Zf X,

P{[Wy(t)| > ¢} <2P{d'|Sy| > ¢}. (41)
Analysis of soft thresholding shows that

(i, t) — pa ;7). and (42)

Using the bounds E|U+V|¥ < 27-YE|U|"+E|V["} and EZ?* < 2Fk! for Z ~ N(0,1); and
after some analysis, one verifies that (38) holds with the conservative choice M = M, =
163(1 + t3)3.

Bound (25) provides control on the p— mixing rate pz(p) for the underlying stationary
Gaussian noise sequence {Z;}. We call upon some standard results relating mixing coeffi-
cients to derive bounds on ax(p), the a— mixing rate needed to apply the Bosq bounds.

Indeed

4ax(p) < px(p) (44)
< py(p) (45)
< pz(p). (46)

It should be noted here that

px(p) = supsup{|Corr (U, V)| : U € La(FL ),V € La(FF,)}

which reduces to the earlier expression (23) only in the stationary Gaussian case. Inequality
(44) is standard (Bradley 1986, p. 166), while (45) follows, e.g. from the Csaki-Fischer
theorem (Bradley 1986, p. 173), and (46) follows because Y;(t) is a function of z;. We
conclude, for the Meyer wavelet, that for any M,

ax(p) < canfrp @ 2Mo, (47)

To apply Proposition 3, set ¢ = d7~ /2 in (41), and pg = d". We may write bound (47)
in the form a(p) < ap~® where a and b depend on (a, Mp). Using ¢1 to denote a constant
depending on v alone, we obtain from (39), after some bounding,

P{{Wy(t)| > d" '} < ey (48)
€1ld = 2d" exp(—dn/GOMd) + 01M3/2d1*(2b7ﬂ‘77*1/2)ﬁv‘ (49)
This bound, with appropriate choice of M allows control of P(Ag). The completion of

the bound for E||Wy||c, the corresponding bound for E||Z;||, and the treatment of the
‘noise’ term Ry, and the proof of part (b) of Theorem 2 are deferred to the Appendix.

12



A modified oracle inequality for fixed thresholds Before concluding this section
we state a slightly improved version of the oracle inequality of Donoho & Johnstone (1994)
and Johnstone & Silverman (1997). From Lemma 1 of Donoho & Johnstone (1994), the risk
of univariate soft thresholding satisfies the following two inequalities for all t > 0, u € R:

r(t,0) + u?
2 4+ 1.

r(t,p) <
<

r(t, p)
Combining these yields
r(t,p) < r(t,0) + (2 +1)(u® A 1).
This yields immediately:

Proposition 4 If X; has marginal distribution N(p;,1),¢ = 1,...d and [i; denotes co-
ordinatewise soft thresholding at t, then

d
Bl — pll? < dr(t,0)+ (£ +1) S p2 A1 (50)
We recall from (A2.6) of Donoho & Johnstone (1994) that for ¢t > 3/2,
r(t,0) < 8t %¢(t).
In particular, if ty = v/2Zlogd, then 7(v/2Togd,0) < 2d~'(logd)~3/? and
d

E|\fir, — pl* < 2(logd) "/ + (2logd + 1) > pZ A L.
1

Finally, if now y; has marginal distribution N (6;,0%),i = 1,... ,d, if 6F denotes soft thresh-
olding at tg4o, and if d = 27, then

E|0F —0|* < c(j %P0+ 5 07 No?). (51)

The significance of (51) vis-a-vis previous versions of the oracle inequality is that the first
term j~%/202 is now a summable sequence in j. We note also that the bound (A.24) in
Donoho & Johnstone (1995) is incorrect — consider Z = 0 — but that systematic use of (51)
below corrects the error.

4 Proof of SURE Minimaxity

In this section we describe the main steps in the proof of Theorem 1. We assume model
(13) and note that it implies

Var y;i, = U2k: 2egmil=a) (52)
We rescale to use variance one oracle inequalities by level:

zj = (yjk/0;) T Jj<L
B = (ij/ﬁj) ry) = { oji*(x;) j>L

13



where L is fixed. Then
E|0 =0 = ZE

= ZZJU +( Y +D) aGEi () — uyll?

j<L L<j<jo Jj>Jjo
< 0(620() + Sle + 526'
Our approach is to decompose E||6* — || into low, mid and high levels:

e low levels (j < L): trivial, since L is fixed.
e mid levels (L < j < jo): use global oracle inequality (28)

e high levels(j > jo) : use ‘small signal’ oracle inequality (29).
Hence, using the global oracle inequality (28) for mid levels:
Ste < Z 2j0']2-{R(Hj) + RF(MJ‘)I{Tj2 <3y} + 2=l
J<Jjo
= St1e + S12¢ + S13e

and using the small-signal inequality (29) and the bound dlogd - =% = O((log d)~3/2)
for high levels:

Soe < Z QjJJQ-RF(,uj) + 60]2-]'_3/2
J>jo
= S91e + 522
Focus first on the main term, Sqic:
2
S <Y me||9 ) — 05 |
J<Jjo
Hence, by maximising over © = b7 (C):
sup Si1e < inf sup EH@(t y— 0 ||
e (t) o
= Ri(e,0) =< €.
The proof is completed by showing that we may choose jo so that all other terms are
o0(€?"). We start with Sioc : let 0?6 = 3fyj2j0]2- with v; = 2=Vi. Then
Sie <Y E6] — 0;071{]16;]* < €.
J<jo
e {iToi+j fo NG90 < e}

J<jo

IN

where we have used the modified oracle inequality (51). To further bound Si2, we borrow
a definition from Theorem 3 of Johnstone & Silverman (1997):

Wy(0,C;n) = sup 262/\30
[zl <C

B min(nd?,CP6%P) 0<p<2
o min(nd?, C%n'=2/7) 2<p< oo

14



where, in both cases, the minimum is obtained at nd? if and only if § < Cn~/P. Defining
also the Besov ‘rings’:

0V =0 N{0: 0, =0,V5 # j,Vk}

one checks easily that ©0) is essentially isomorphic with the £, ball {8, : [|0;], < C27%}.
Hence

Slép S12e < ¢ Z j_3/20']2- +c Z Jmin{Wy(a;, C27%;27), Wa(aj, cje; 27)}.
J<Jjo J<Jo
Write Wp;(e), Waj(e) as abbreviations for the preceding terms. We first analyse Wp,(e). In
the case p < 2,

2g3 if 0; < C275I7i/p

CPasiPg? P if ;> 02779, (53)

Wy(0j,C27%7;27) = {

The function j — 2ja]2~ = €292J® grows exponentially in j while j — C”Z_Sjpaf-_p =

(Ce*“)p62a2*jp["+°‘(1/ 2-1/P)] decreases exponentially in j. The functions cross at the switch-
ing value j, € R given by the solution to the equation o; = C2-(+1/P)j namely

oix(ota/2) — Cem, (54)
The value at the crossing point j, (which yields the maximum of j — W);(€)) is then
2j*0_]2* _ 62042j*o¢ _ Cr/0'627"

(recalling that r = 20/ (20 + «).)

For the case p > 2, the situation is the same as in (53) except that the second term is
now C22-2s721(1=2/p) — (22-2i%  Note, however, that the switching value j, is still given
by (54). In summary, we conclude that j — W);(e) decays geometrically from a maximum
Jx:

Wi(e) < Cr/oe . gmli=il, m >0 (55)
so long as
o>a(l/p—1/2);. (56)

For small j, however, the small signal constraint contained in Wy;(e) leads to the better
bound. Indeed, since Wa(4, C;n) = né? A C?, it follows that

Waj(e) = QjUJQ» A c?e = c?e < 327 Vigiage,
Recalling that r = 20a/(20 + a),a —r = a?/(20 + «) and (54), we obtain
T Waj(e) < 3022/ (20+a) 9—Vi+(i—jx) (57)

Combining (55) and (57), and letting ¢; = ¢;(a, 0, C), we get

Jo
e TsupSize < o(l)+ec Z je 2 Waj(e) + che_QTij(e)
©

J<i1 Ji
< o) +a Z jg—\/j-&-(j—j*)a 1 e Z jg—m(j—j*) =o(1)
J<i JZ
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if we choose, for example, j; = j. + (logy jx)?%.
Turning now to Si13c we have

2S5 = 2o Z 2i(atn=1/2)

Ji<jo

Since (o — r) = a?/(20 + ), this term is automatically o(1) if a +7 —1/2 < 0. On the
other hand, if &« +7 —1/2 > 0, then

€285 < ce2la=r)gjo(at+n—1/2)

Writing jo = bj. and recalling (54), we find that the exponent of ¢ is positive when
b<a/la+n—1/2). (58)

The analysis of terms in Sy, is straightforward (and deferred to the Appendix) except
for the constraint on jo imposed by the ‘small-signal’ requirement of Theorem 2, namely
that the inequality 72 < (1/3)y; be valid for all u; = 6;/¢ and 6; € ©U) for j > jo. Since
0U) is essentially equivalent to the £, ball {6; : ||6;]|, < C27%7}, the requirement is that

Sup{HejH% 2181l < CQ_Sj} < (1/3)’Vj2j032-

for all j > jo. Noting that sup{HGH%m : 0llpn < 7} = n(72/P+12 ] and recalling that
2jo']2- = 27%¢2%; the condition is that for all j > jo,

(29—255+(1-2/p)+J < (1/3)7j2aj62a. (59)

Let 6 =s—(1/2—1/p)+ = 0 — A since & equals o if p > 2 and s if p < 2. Since v; = 2-Vi,
condition (59) becomes

3022\ﬁ7(a+25‘)j S 6204.

If 425 > 0, the function j — j(a+25)—+/7 is increasing for j > ji (o, ) = [2(a+27)] 2.
Since jo = jo(€) T as € — 0, we get for sufficiently small € that (59) will hold for all j > 7
so long as

a+26>0 (60)
3022m—j0(a+25) S 626!. (61)

Writing jo = bj. where 2/ was defined at (54), it follows by comparing exponents of ¢
that (61) is met for all small € so long as

b> (a+20)/(a+ 20— 2A). (62)

In summary, all terms other than Sii. are o(e?*") so long as (56) and (60) hold and
jo = bj« can be chosen so that b satisfies both (58) and (62). Some algebra shows that
these latter conditions amount to

o>alo>A—-a/2, and o> 2aA — a2,

and this completes the proof of Theorem 1.
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5 Extensions to a class of linear inverse problems

The purpose of this section is to sketch how the preceding results for threshold selection in
correlated noise might be carried over to a class of linear inverse problems. The discussion
will be informal and mostly by example. We imagine data observed indirectly in a model

y=Kf+z (63)

where K is a bounded linear operator of Ly, and Cov(z) = I. Specific examples that we
have in mind include

1. Integration

_ /_ 7; F(t)dt

2. Fractional Integration

/ 1) FOA—w) t, 0<a<l.

\t—u!l o

(Here €2 is a homogeneous function of degree 0, and for example, o = 1/2 corresponds
to the Abel Transform)

3. Certain Convolutions:

Kf(u) = /OO E(u—t)f(t)dt, where

Examples include

The heuristic connection between correlated noise and linear inverse problems can be
expressed almost trivially. Consider a correlated regression model y = f + e where e has
covariance operator X, and suppose that > has invertible non-negative square root L, so
that ¥ = LL* and e 2 Lz. Formally writing L™ly = L™ f + 2, we may then identify K in
(63) with ¥ ~1/2,

To exploit this connection, we use the notion of a wavelet-vaguelette decomposition of
K due to Donoho (1995). This is a modification of the singular value decomposition which
aims to simultaneously almost diagonalize K and achieve sparse representations of functions
f likely to be of interest.

We review some elements of the WVD here. Suppose that the function f we wish to
recover has wavelet representation f = Y (f,;i)¢;,. However, the observed data is (a
noisy version of) K f, so we suppose in addition that it is possible to construct representers
vk such that

[Kf7 ij] = <f7 w]k>
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Then for observed data y;, = [y, Vi), we have

Eyi = [Kf,vjk] = (f, ¥5r),

which motivates use of a thresholding based reconstruction rule:

F=7 nyieti) ¥k

ik

The proposal here, of course, is to use a version of the unbiased risk estimate (SURE)
to estimate fj from the data y.

Two conditions will be necessary for asymptotic results on the validity of this thresh-
olding proposal. First, the WVD structure itself requires fine scale homogeneity:

vjll2 ~ 277, J— 0 (64)
uniformly in k. Secondly, we impose
if f =0, k — y;i is a stationary sequence. (65)

The proposed estimator essentially applies existing software to the data ({y;x}):

1. (Data:)

wik = [Y, Vi)
2. (robust scale estimates): Fix L

for j > L, § = M.AD.(yjp,k=1,...,27)/.6745

w

. (hybrid-SURE thresholding)

AE §jﬂ*(w]‘/§j) L<j<J
J Wj j <L

4. (reconstruction)
F=> i ya
A
By Parseval’s inequality

E|f = fI? = Eli; — wy|?
i

where W; = {wWj, k =1,...27}.
To formulate an asymptotic result, consider a Gaussian white noise model for our linear
inverse problem:

Y (du) = K f(u)du + eW (du), u € [0,1] (66)

and convert it to sequence space form by integration against the collection of representers
YA

[7)\7}/] = [’)/)\,Kf]—i-G[’)/)\,W], )\GA,
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so that, using an obvious notation,
yx = 0y + ewy, A€ A. (67)

We proceed by analogy with the fractional Brownian motion model (10) but with a different
noise normalization. Indeed, the observed noise components have covariance structure

Ew\wy = / TN = / AN

and in view of (64) and (65), we have at level j, JQ = Var(w)) ~ 2%7€¢2. As an example, in

the case of fractional integration, where 7y (w) = K‘A;w) . %(w), we find

o

Q)2

Ewy\wy = [ ¥y Yy

The covariance structure of k¥ — {w;;} is thus analogous to that of the wavelet coeffi-
cients of fractional Brownian motion (compare (13)). In particular, in the examples listed
earlier, Model S will apply. (for example, for fractional integration, g(&) o [€]2%/|Q(€)[?])
Note however that the noise level here is parametrized by e (and not €*), and that the
levelwise variances 0]2- ~ 2217¢% will, for the typical case in which v > 0, grow with j (in
contrast to the fractional Brownian motion case in (52). In the construction of the hybrid
estimator (26), it is necessary to use higher thresholds in the small signal case when 53 < g

here we replace v/2logd by
th = \/231logd, (68)

where § = 1+ 2v4, and vy = max(y,0). This phenomenon was originally noted by
Abramovich & Silverman (1997). With this modification, Theorem 2 remains true at each
resolution level j.

It is now possible to mimick the proof of Theorem 1 to obtain an asymptotic adaptive
minimaxity result for the hybrid SURE estimator, simultaneously over a broad scale of
Besov constraints.

Theorem 5 Suppose that operator K in model (66) possesses a WVD satisfying (64).
Suppose that the sequence data (67) satisfies (65). Let 0* be the SURE pretest estimator
specified in (12) with a? = €222 and t§ = \/2Blogd in (26) for B =2y+1. Seta = 2y+1
and A = (1/p — 1/2)4. Then for (p,q) € [1,00),C € (0,00) and o > max{aA,A —
a/2,2aA — o /2},

sup E||6" — 6]|* < R, (n™'/2507 4 (C))(L + (1)),
0ebg ,(C) ’ ’

and, as shown by Donoho (1995),
Rty ) (n™?) =000, (y,0) = 20/(20 + 1+ 27).

Notice that the range of validity of this result is constrained to functions of greater smooth-
ness as < increases (in the sparse case, A > 0.) This phenomenon is discussed further in
Mallat (1998) who also shows how appropriate wavelet packet bases can be used to address
the problem.
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6 Appendix

Proof of (27). Using the spectral representation of the process {z;}, we can find i.i.d. N (0, 1)

variates (; and eigenvalues \; g < foo so that 2‘11 22 = Zf NiaC?. Setting a; = d71\; 4, we
have

d
si=> (G -1).
1

Using the elementary identity

PUY ai(( - 1)] > £ < 220 R oi-lult

for |u| < 1/4(max |a;|), and optimizing over u, we obtain (27).

Proof of Theorem 2.

Bound for P(By). It follows from (36) that {ave;|z;| < t4} implies B4. On the other hand
(ave|z;])? < s% 41, so

P(BS) < P{sZ>1t5—-1}
< e UED/80 — ¢y

where we have used the tail bound (27) for s?l. Clearly e5q << €14, so we will ignore this
term below.

Completion of bound for E||Wy| Bound (31) calls for a crude bound for E||[Wg||%,. Using
[Wallo < Wa(0) + tal|[Walloo
< Wa(0) + 4¢3 + 2t gave |z,

together with the observation that W;(0) 2 d_l(x%d) —d) and (ave |z])? < s3 + 1, leads,
after some calculation, to

B|[Wall% < (8t3)%.

Substituting this and (48) into (31) (with ¢ = 2d"~'/2) and letting Ny

6t3d1/2_77 denote the number of discretization points, we have =
E[Walloo <2472 + 8t3\/Nae1a,
uniformly in g € R. The dominant term in /Ngeqq is
V/Nyera ~ M4t 4d(1/2B/2=n=br+n=1/2)5]
so some algebra shows that E||Wg||oo = O(d"~'/2) so long as
b=a+2My > [5/2— 35+ (12— )]/ (2n5,). (69)
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Analysis of Z4 By definition,
d
Zg(t) =d™ 'Y 1 —2[{a? <} + 2] AP —r(t, ) (70)
i=1
“a Yy v,
The functions ¢ — Y;(t) are discontinuous, so we need to give a stochastic estimate of
AZy in (32). If t < ¢/, we have, using (34),
Y (') =Y (@) < 2+ (') =) I{t < |z <t} + 2t4(t' — ). (71)
Let Ny(t,t') = #{t : t <|a;] <t'}. From (71),
AZy(t,8) < 2(1+ 5tg)d " Na(t;, t; + 8) + 25t,.
Clearly, Ed"'N(t;,t; + &) < ¢(0)§ where ¢(z) is the standard Gaussian density. Let

8Nd(tja5) = d_l{Nd(tjvtj +5) _ENd(tjvj —i—(S)}, and
Ca = Njes{lZa(t:)| < d"/%}
Dy = Njes{0Na(t;,0)| < (1/3)d"/?}.

It follows from the above analysis and (32) that if we take § = d~'/2/t4, then for
sufficiently large d,

CyN Dy = || Zglloe < 24" 1/2. (72)

Bound for E||Z||o. We first state the inequality from Bosq (1993) appropriate for bounded
random variables.

Proposition 6 Assume that there exist constants m < M such that
0 <mp <esssup |X;y1 + -+ Xiyp| < Mp, 1€ Z,p>1. (73)
IfS,=X1+4+ -+ Xp, and 1 < p, < n/2, then for every € > 0,

e n M n
mp—) + 18 —a(pn). (74)

V/me py,

We follow the approach for E||W||s, using now (74) to estimate P(C9) and P(DY).
Consider first C§, and note that (73) hold for X; = Y;(t) (defined in (70) ) with m =1
and M =2+ t?l. As before, we have the a-mixing bound ax (p) < ap~® with b = a + 2M,.
We apply Proposition 6 with parameters € = d"~/2, p; = d", and find, after simplification,
that

P(|S,| > ne) < 8exp(—

P{|Zy(t)| = d"?} < e
€39 = czexp{—d"/25(2+ t2)2} + cyd®/ 4= O+3/2m,
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Turning to Dg, we note that (73) holds for X; = I{t; < z; < t;+0}—P{t; < x; < t;+6}
with m = 1/4 and M = 1. Again using Proposition 6, now with e = d"~%/2/3 and py = d",
we eventually obtain

P{IoN4(t;,6)] > (1/3)d" %} < ew

e1qg = c5exp{—ced"} + cpd®/AmO+3/2n,

The dominant term in both ezg and eqq is O(d®/*~(F3/27) Noting that §~ 'ty = t2d/?+e
and assembling pieces, we find that

P{”ZHoo > 2d7771/2} < 08t3d7/4+67(b+3/2)77‘
Since || Zglloo < 2+ t3, (31) yields
E||Zglloo < 2d"7 V2 4 (24 12) - P(| Z4)|00 > 247" Y/2)Y2,

Combining these last two displays, some algebra shows that E||Zy|lcc = O(d"~/2) so long
as

b=oa+2My > (3/4+1/24€¢)/n. (75)

Combining the conclusions reached from (69) and (75), we obtain for M{ chosen sufficiently
large, the ‘signal term’ bound

Rig — R(p) < ed’™1/2.

Bound for ‘noise’ term Roq. On the event AJ: fixed thresholding is used:

Rog = d ' E[Y_(n(xisty) — mi)* Ag) < Rp(n) (76)

)

It remains to show that 72 > 3+, forces P(AS) to be small enough that Rag = o(d~'/2). On
event A

A7 (@ th)? <dT Yy a? <1+,
% 7

and so
Roq < 2(1 474+ 7)P(AY). (77)

When 72 > 374, we may write

A = {dD) @ -D+d ) 2mz < (77 = 7a)} (78)
C {2< T3 U{VaRd 'Y 2z < —77/3) (79)
é B'rd U CTd' (80)

For event B4, use the large deviation inequality (27) to write

dr?

7212

(1+ 73 P(Brg) < 2(1+7%) exp{— min(72, 3 fx)} (81)

= o(d™Y/?)
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since d’yﬁ >> logd.
For event Crg4, Vig = > piz; is Gaussian with mean 0 and variance bounded by foo > ,ulz =
foo72d. Consequently,

(1+72)P(Crq) < (1 +72)P{(2/d)T\/ fsod N(0,1) > 72/3} (82)
= o(d™1/?) (83)

for 72 > 3~4. Combining (81) and (82) with (77) shows that Rog = o(d~'/2) uniformly when
72 > 3v4.

Proof of Theorem (2) (b): We use the decomposition (30) as before, as well as the bound
Roq < Rp(p) from (76). By Cauchy-Schwartz, we have

dR1q < P(A)"? Y (En(xi, ts) — mi]*)"/. (84)

Using (42),
Eln(wi,ts) — pa]" < 4E[2] + 3]° < 16t (85)

We use a decomposition of Ag similar to (78), along with the bound 72 < 74/3, to write

Aq (s> 7a/3} U {Va > 7a/3} 2 B4 Ca.
Arguing as before, we obtain

max{P(By), P(Cy)} < 2e~ i

from which we conclude, in conjunction with (84) and (85) that dRyq = O(dlog d-e~%d) =
O(e—c0h1a).
6.1 Completion of proof of Theorem 1

We now bound the terms in Sy.. First

Saze < CZUJZJ_S/Q
J>Jjo
— C€2a Z ]—3/22—](1—04)
J>Jjo
< Jde.
Thus

6—2rS226 < C/EQ(a—r) _ 0(1)

since a —r = a?/(20 + a) > 0.
Using the oracle inequality (51) and p— maximal ideal risk bound

Sae < ¢ Z E|0] - 051

J>Jjo

S SRR S
J>Jjo k

< ey iPat e ) iWle)
J>Jjo J>Jjo

/ 1
- 8216 + 8216'
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The first term is bounded exactly as for Sz, while (55) shows that
¢ Z jorlog=m=ix)
J>jo
< cj02_771(j0_j*) _ cj02_771(b_1)j* =o(1)

727” "
€ " So1e

IN

since (62) forces b > 1.
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