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1 Introduction

It is well known that there is no OnturalQintegral represemation formula
for holomorphic functions of seweral complexvariablesin dimensims greater
than one, see[8, p. 25] or [15 p. 144]. Howewer, Clifford analysis does
possessa natural analogue of the Cauchy integral formula in C; the cost
is that in Clilord analysis, regular functions take their values in an anti-
commutativ e algebra. This note is a report on joint work with John Ryan
exploring the connection between Cli'lord andysis and functions of se\erd
complex variables by using elemenary ideas arising from spectral theory
and the functional calculusof systemsof operators. The details will appea
elsewhere.

The integral represemation formula of Cli'ord analysis hasrecently been
applied to functional calculi for systems of operators by andogy with the
Riesz-Dunford functional caculus for a singe operator, see[4] for a decrip-
tion and applications to harmonic analysis, PDE and quantum physics If
A = (A, ..., A,) is an n-tuple of linear operators acting in a Banad space
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X, we can attempt to form the function f(A) of the operators A;,..., A,
via the higher dimensiamal analogue

f(A) = ., Go(A)n(z) f(x) dp(x) (1.
of the Riesz-Durford functional calculus,for a suitable opensubset() of R**!
with smooth orientedboundary 02, outward unit normaln(x) at z € 92 and
surfacemeasureu. The function f is assumedto have suitable decay and be
left monagenicin a neighbourhood of Q in R**!, that is, it takesvaluesin a
Clilord algebraC¢(C") generated by the n standard basis vectorsin C" and
saisbeshigher dimensiond analoguesof the Caudy-Riemann equations. If
the operaors A4, ..., A, donot commute with ead other, then a symmetric
functional calculus f — f(A) is obtained.

The Caudy kernel G,.(A) may be formed in a number of ways. If A
saisbPesexponential growth estimates,thenthe Weyl functional calculus'W 4
is applicable and we can set G,.(A) := Wa(G,) [5], [4, Secion 4.1]. If
the spedra of the operators (A,¢) = Z;;l A&, lie in a sectorin C and
saisfy uniform reslvent bounds for ¢ € R" with [{| = 1, then a plane
wave decompodtion can be used|[6], [4, Chapter 6]. In the commuting case
G.(A) may be debnedvia TaylorOdunctional calculus [18], [13], [1], [14].
Whichever method is usedto obtain the Cauchy kernel,the sety(A) c R**!
of singularities of the function = — G,(A) is cdled the monogenic spectrum
of the n-tuple A, by analagy with the spectrum o(A) of a singleoperator A
interpreted asthe se of singularities of itsresdvert map A —— (M —A)" L. If
A saisbesexponertial growth egimates, then ~(A) is preciselythe support
of the Weyl functional calculus[5], [4, Sedion 4.1].

By viewing( = (¢, ..., (,) € C" asann-tuple of multiplication operators
in the Clilord algebra C¢(C") in equation (1.1), we obtain the formula

f(o) = /8 G {On(a) (@) dua) (1.2

asscciating a left monagenic function f with its holomorphic courterpart
f. CauchyOgheoremin Clilo rd analysis ensuresthat f(¢) = f(¢) for ¢ €
R" becaisethe Caudy kerne G, (¢) is the maximal analytic continuation
into C™ of £ — G.(£), £ € R™, £ # x. It is the straightforward integral
representation theaem of Cli'lord analysis that facilit ates the represenation
(1.2). The monogenic spectrum ~(¢) of the complex vector ( € C" is an
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(n — 1) dimensionalhypersphere(n odd) or n dimensional ball (n ewven) in
R"*! certred at Re¢ = (Re(y,...,Re(,) with radius |Im ¢| whereIm ¢ =
(Im ¢y, ..., Im¢,). .

The main result of the paper [3] was that the mapping f —— f from
left monogenic functions f uniformly boundedon subsectors of a Pxedsector
in R*™ to holomorphic functions f uniformly bounded on subsectorsof a
coresponding sector in C" is actually a bijection. As a conseaience,if Dy,
is the n-tuple of dilerentiation operators on a Lipsditz surface ¥ in R**!,
then the equality f(Dys) = f(Dy) extends to all monogenic functions f
uniformly bounded on subsectorsof a bxedsector in R**! detemrmined by the
tangent hyperplanesof . Here f(Dy) is debPned by formula (1.1) in the case
that f hasdecg at zeroand inPnity and f(Dg) is debred via the Fourier
theory of [9], [12]. It is known that Dy, saisbPesOsquaréunction estimates",
sothe mapping f — f(Dy) hasa uniformly bounded extensionfrom left
monaogenic functions with deca at zero and inPnity to all left monogenic
functions uniformly boundedon a sec¢or containing almost all hyperplanes
tangen to X in its interior.

An esertial obsenation of the paper [3] was that the set of all complex
vectors ¢ € C" whos monogenicspearum v(¢) liesin a bxedsecta S,,(R**)
of angle0 < w < 7/2 in R*™ cdncideswith a secta S,(C") in C", see
Proposition 5.1 belon. The sector S, (C") has the property that for eat
¢ € S5,(C"), the exponertial function e(z, ¢) debnedin [9, p. 685 has deca
as|z| — oo for x € S,(R*1), 0 < v < w.

The integral represemation formula (1.2) is purely local, sothe quesion
arisesif the mapping f — f debnedby formula (1.2) is a bijection without
any uniform boundednessassumpions and if it is a bijection on domans
other than sectorsin R*™! and their courterparts in C". In [3], the recan-
struction of the monogenic function f from the holomorphic function f is
achieved by empoying the Fourier theay dewelopedin [9], which is nonlocal
in charader.

In this note, the represeniation formula deweloped in [16], [17] is used
to construct the inverse map f — f for holomorphic functions f debned
in sectorsin C" onto the vector spaceof left monagenic functions debned
in sectors in R**!. By avoiding the Fourier theay usedin [3], we produce
a local represertation for holomorphic functions dePnedin open subses of
C™ onto the spece of left monogenic functions debred in the corresponding
open subsetof R*™!. The carrespondence is obtained simply by taking the
restriction f, of a holomorphic function f debnedin an open subsetof C”,
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to its nonemply intersectionwith R and then, the left monogenicextension
f of fy into R*™!. In the process we establishthat the Cli! ord algebra
valued function f is actually the restriction to R**! of a complexleft regular
function dePnedin an open subset of C**1.

Besidesconsideling the monaogenicspectrum (¢) ¢ R**! of the complex
vector ¢ € C", the spectrum o (i¢) of the elemen i¢ = i((ie; + - - - + Cuey) OF
the Clilord algebra C¢(C") is also relewant to our studies. If |¢|Z # 0, then
o(i¢) = {£|¢|c} with projections

by which the functional caculus

b(i€) = b([Cle)x+(€) + b(=[Cle)x- (¢)

is obtained [12, Section5.2]. The complex sector S,,(C") may be viewed in
two complementary ways: as the set of all complexvectors{ € C" sud that
the spectrum o (i¢) of i¢ is cortained in a doublesectorS,,(C) of anglew and
following [3], asthe setof all complex vectors{ € C™ sud that the monogenic
spectrum ~(¢) of ¢ is cortained in a sector S, (R"*!) of angle w in R*™'. A
table of holomorphic functions b uniformly boundedon a doublesecta in C,
their holomorphic seweral variable counterparts ( — b(i¢) and their Fourier
transformsin R*! is givenin [9, pp. 701,7@]. As a consequencef Theorem
5.1 below, therestriction  — b(ix), x € R*\ {0}, of any sud function to
R\ {0} hasa unique left monogenic extension to a corregpponding sedor in
R,

2 Clifford Analysis

The red and imaginary parts of = € C are denoted by Re(z) and Im(z)
respectively and for an elemen ¢ = ((3,...,¢,) of C", the vector Re(¢) =
(Re(¢1), ..., Re(¢,)) € R" denotesthereal part of ( andIm(¢) = (Im(¢y), ..., Im((,)) €
R" denotesthe imaginary part of (.

Let C¢(C™) be the Clifford algebra generated over the peld C by the

standard basisvectors eg, e1, . . . , e, of C**! with conjugation v — u. Then
ep is the unit of C¢(C"), e; and e, anticommute for j, & = 1,...,n and
j # k, and e? = —1for j = 1,...,n. The conjugaion saisbese; = ey,
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e; =—e;jfor j=1,...,nand wo = vu for all u,v € C¢/(C"). Any nonzero
elemet u = Y7 u;e; of C/(C") is invertible and w" ' = w/(uu) becaise
uli = |ul’eo. In the casethat we donOttake the complex conjugae of the
complex coe"cients of the standard bass, we usethe symbol u© = Y g Uses

for u =73 4uses with ug € C. Then for the vector u = ", u;e; we have

j=0
n
wa® = E u?.
J
Jj=0

If wu® is not a negdive red number or zerq then the squareroot of the
complex number wu® with positive red part is dended by |u|c and |u|c = 0
if uu® = 0.

The Cli'o rd algebra C¢(C") is a complex vector spece with a basis eg,
S C{l,...,n} givenby es = e, ---¢e; if S={j1,....5x}and 1 < j; <
-+ < jx < nis an orderederumeration of S. If S =, theney = ¢y. In
particular, C¢(C™) hascomplex dimension2™. A function f: U — C{(C")
therefore has a unique represenation f = > ¢ fses in which fg : U — C
are scala valued functions for each subsetS of {1,...,n}.

The embedding z — zey, z € C, identiPesC with a closedcommutativ e
subalgebra of C¢(C™) and C"*! isidenti bedwith the closedlinear subspaceof
all elerents zpeg + z1€1 + - - - + zp€, Of C¢(C™) with z; € Cfor j =0,1,...,n.
Then C" is always identibed with the subspace{0} x C™ of C**! and then
with the correspnding subspace of C¢/(C"). Similarly, R, R* and R*"! are
identipedwith the corresponding real linear subspace®f C/(C").

The generalised Cauchy-Riemann operator is givenby D = Z?:o ej%.
Let U c R™"! be an open set. A function f : U — C/¢(C") is called left
monogenic if Df =01in U and right monogenic if fD =01in U.

The Cauchy kernel is given by

k(z —y) = L 2=y z,y € R x £y, (2.2)

o, |z —y|n

with o, = 2r"s /T () the volume of unit n-spherein R**!. The function
k is both left and right monogenic away from the origin. So, given a left
monogenic function f : U — C¢(C") debnedin an open subsetU of R**!
and an open subset() of U sud that the closureQ of Q2 is contained in U,
and the boundary 02 of €2 is a smooth oriented n-manifold, then the Caudy
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integal formula [2, Corollary 9.6]

f(y) = /a ko= y)nla)f @) du(o), y €9 2.2

is valid. Here n(z) is the outward unit normal at x € 092 and p is the
volume measureof the oriented manifold 0€2. The proof of the Clilo rd
Cauchy integral formula (2.2) is basedon StokesGheorem.

An elemen z = (zg,21,...,7,) of R*™ will often be written asz =
zoeo +x With @ = 37, 2;¢;. The expression k(z — y) will also be written
as G.(y)Na more corveniert notation wheny is replaced by an n-tuple of
operators.

3 The monogenic spectrum of a complex vector

Here we revisit the calculaions of [3] in order to setthe stage The Caudy
kernel for ¢ € C" is debnedin [3] as the maximal holomorphic extension
¢ — G,(¢) of formula (2.1) for ( € C™

2
1 = |z — (g & (—00,0], n ewen
G:p(C) = _%7 S Rn—H? (31)
on |z —Cle |z — (& #0, n odd.
Here .
—=C
e —(R=(-Q@=C) =25+ (v, - )
j=1
for x = (zg,21,...,2,) € R*"! andthe complexnumber |z —(|¢ is the square

root of |z — (|4 with positive real part, coinciding with the holomorphic
extension of the modulus function ¢ — |z — ¢, £ € R™\ {x} in the case
x € R". For ( € C" bxed the set () of singularities of the Caudy kernel
T — G.(0), v € R, is cdled the monogenic spectrum of the complex
vector ¢.

There is a discantinuity in the function (z, () — |z — ¢|c on the set

{(z,() e R""' x C": |x — (|2 € (—00,0] }.

The andogous reasoning for multiplication by z € R*"! in the algebra
CY(C™) just givesus the Caudy kernel (2.1), sothat v(z) = {z}, as ex
pected.
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Given ¢ € C», if n is even and singularities of (3.1) occur at x € R*!,
then |z — (|2 € (—o0, 0], otherwisewe can simply take the positive square
root of |z — ¢|4 in formula (3.1) to obtain a monogenic function of z. If n is
odd, then the denaminator of (3.1) is a power of |z — (|3, sox — G,(¢) is
monagenic provided |z — ¢|2 is nonzer.

To detemine the set of z € R*"! where singularities occur, write ¢ =
E+anfor &,me R and x = zpep + @ for xg € R and x € R*. Then

lr—(lg = xg"‘Z(xJ
= :E0+Z fj_mj

= wo+|fv &2 = [nl* — 2i(x — &,n). (3.2)

Thus, |z — (|2 belongs to (—o0,0] if and only if = lies in the intersection
hyperplane (x — £, n) = 0 passng through ¢ and with normal ), and the ball
3+ |x — &]? < |n|* certred at ¢ with radius |n|. If n is even, then

YO ={z=z0c0+z R (x—&n) =0, xg+ [z —¢ <[’} (3.3
and if n is odd, then
V) ={r =m0+ e R : (x—&m) =0, x5+ [z — &P =nf° }. (3.9

In particular, if Im(¢) = 0, then v(¢) = {¢} C R".
O! 7(¢), a cdculation showsthat the function = — G, (¢) is two-sided
monagenic, sothe Cauchy integal formula gives

/ G (2) du(z) (3.5

for a boundedopen neighbourhood €2 of v(¢) with smaooth oriented boundary
01}, outward unit normal n(z) at + € 00 and surface measure u. The
function f is assumedto be left monogenic in a neighbourhood of €, but
¢ — f(¢) is a holomorphic C¢(C™)-valued function as the closal set ~(¢)
variesinside (2. Moreover, f equalsf on QNR™ by theusud Cauchy integral
formula of Clilord analysis, soif f is, sa, the monogeiic extension of a
polynomial p : C* — C restricted to R", then f(g) = p((), asexpeded. In
this way, for ead left monogenic function f debnedin a neighbourhood of
v(¢), in a natural way we asscciate an holomorphic function f debnedin a
neighbourhood of (.
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4 Complex Clifford analysis

The complex generalised Cauchy-Riemann operatoris given by D¢ = Z;‘l:o ej%.
Let U Cc C"*! be an opensé. A function f: U — C¢(C") is said to be
complex left monogenic if Dcf = 0 in U and right monogenic if fDc = 0 in
U.

The complex Cauchy kernel is given by

1 z-¢
GZ(C):%‘Z P (4.1

with z,¢ € C**and 37 (2 — ;) # 0 if nis odd and =7 (2 — (;)* &
(—00,0] if nis even. If n = 2k + 1 is odd, then |z — ¢[¢*! = (327 (2 —
¢;)*)**, while for n even, we take |~ —(|c to be the squareroot of 3" (z; —
¢;)* with positive real part.

For each ¢ € C"*!, let N(¢) denotethe se of complex vectors z € C**!
at which the complex Caudy kernel = — G,(¢) hasa singularity.

Identifying C™ with {0} x C" ¢ C"*!, we obtain v(¢) = N(¢) N R**! for
each ¢ € C". For ead vector ¢ € C"™, we set y¢(¢) = N(¢) N R**!. The
subscript is usedto distinguish the set~¢(¢) from the monogenic spectrum
v(¢*¥ of a vector (* € C".

If (e C"™ and ¢ = £ +in for £, € R*™! and n is even, then

N(¢) = {z = 2060 + 2z € C" Xn:(zj —(;)? € (00,0 } . (4.2

7=0
1e(Q) = NQNR!
= {ER™ (= &) =0, x— &P <[P ) (43

and if n is odd, then

N() = {z—zoeo+z€C”H :i(zj—gj)Q—o } (4.9
=0
1e(C) = N NR™
= {zeR™ : (x—&n) =0, x—¢* =" }. (4.9

Let Q be a bounded open subset of R**! with smooth oriented boundary
0f) and suppose that 2 intersectsR" and f is left monogenicin a neighbour-
hood of Q. Then the function f dePnedby the Cauchy integral formula (3.5)
is holomorphic in the set {¢ € C" : v(¢) C 2} and equals f on 2 N R".
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In order to determine the range of the mapping f — f, asin [16, 17],
we note that f hasa complex left monogenic extension f€ in C**' debned
in the component «(Q2) c C**! of C**\ N(99) containing Q by virtue of
the formula

70 = / GOR@ @) dule). ¢ € RO (4.6

The domain ~(2) is an example of a cell of harmonicity discussedin this
context in [16, 17].

Let U be a nonempty open subse of R**!, Because a vectar ¢ € C**!
belongs to N(9U) if and only if v¢(¢) = N(¢) N R**! intersectsdU, the
equality

C"™\ N(9U) = {¢ € C"" 1 9¢(¢) € R\ 9U}
holds. The disjoint opensetstU and R**!\ U cannot disconnectthe se ¢ (¢),
soeither y¢(¢) € U or v¢(¢) ¢ R\ U. For any nonempty connectedopen
subsetU of R*"!, the componert of the openset {¢ € C"™! : () C U}
containing U is denotedby «(U). The following obsenation is an immedate
consequenceof the Cauchy integral formula (4.6).

Proposition 4.1. Let U be a nonempty connected open subset of R*™*. Then
k(U) N R = U and every left monogenic function f defined in U has a
unique complex left monogenic extension fC to k(U). The mapping f ——
f€ is a bijection. The inverse map is the restriction map of complex left
monogenic functions defined in k(U) to k(U) N R =T,

The question remains as to when a holomorphic function debPnedon
k(U) N ({0} x C") hasa complexleft monogenic extensionto x(U). In the
course of the proof of Theorem 5.1 below, we shall show that a holomorphic
function debnedon

R(SSR™) N ({0} x C) = {0} x SF(C")

has a complex left monogenic extension to x(S%(R**!)). Howewer, the sim-
plest exampleis when U is the open unit ball centred at zero in R**!, where
the set x(U) is computed below.

Example 4.1. Let n = 1,2,... and B;(0) = {z € R*"! : x| < 1}. Then
k(B1(0)) = L,,+1 where

Ly ={¢ € C L [CP +4/IC1 — €212 < 1} (4.7)
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is the Lie ball in C**!. Let ¢ € C**! and supposethat ¢ = & + in with
&neR™L I np =0, thenc(¢) = {¢} sothat B;(0) C x(B1(0)). Moreover,

Lo N ({0} x C") = {0} x L, n=1,2,....

To establishthe identity x(B;(0)) = L,+1, supposethat n # 0. According
to eguations (4.3) and (4.5), the set~¢(¢) is an (n — 1)-dimensiona ball or
spherewith radius |n| in R**!, lying in the hyperplane with normal  and
passng through £ € R Let 0 < Z(¢,n7) < « be the angle between ¢
and n in R*"!, that is (¢,7) = |£].|n| cos(£(&,n)). The projection of £ onto
{n}” has length |¢|sin(Z(£,n)) and the projection of ¢ onto 7 has lengh
€| cos(Z(€,m)). The projection of v¢(¢) onto {n}* is a ball or spherewhose
maximum distancefrom the origin is |£|sin(Z£(&, 1)) + |n| in the direction of
the projection of ¢ onto {n}*. Because{n}* is distant |¢|| cos(Z(&,7))| from
the hyperplanein R*™ in which ~¢(¢) lies, the maximum distance from the
origin of points belongingto 7 (¢) is v/[&[? cos?(£ (€, 1)) + ([¢]sin(£(&,m)) + [n)?,
SO

{¢ e C"™  yc(¢) C Bi(0)}
={CeC:(=Ctin, n# 0, [ + [0 + 2[¢]In] sin(£ (&, m)) < 1} U By(0)
={CeC (=& +in, |6 + [nl* + 2157 nl* — (&, m*)= < 1}
={CeC ¢+ /1K1 =121 < 1}

is a connected open set and the equality (4.7) follows. Consequertly, any
left monogenic function f : B;(0) — C¢(C") has a unique complex left
monagenicextensia f€ : L,,; — C¢(C") to the Lie ball L, ., in C"*! [16,
Proposition 7].

The complex left monogenic function € : k() — C¢(C") debnedby
formula (4.6) has anaher represenation which is best descriked by Prst
interpreting formula (4.6) in terms of diler ertial forms.

The boundary 052 of Q) is assumedto be an orientable smaoth n-manifold
in R"*. The R*"!-valued n-form w(dz) is debPnedby

w(dr) =Y (=1)ejdwo A~ Aday A+ Ada,. (4.8)

=0

Here the symbol d/@ meansthat the factor dz; is simply omitted from the
wedgeproduct. Given an n-dimensiond orientable submanifdd M of R,
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the pullback of w(dx) onto M by the enmbeddng of M into R*! is denaed
by the samesymbol. In terms of this diler ential form, equation (4.6) may
be rewritt en as

Q) = /a GLQld)f@). ¢ e R(@), 4.9

Now supposethat M is a red n-dimensiond orientable submanifold of
C"*l. The C""'-valued n-form w(d¢) is debnedby

n

w(dC) =D (=1Ve;dCy A+ NdG A -+ A dG,. (4.10)
=0
The pullback of w(d¢) onto M by the embedding of M into C**! is denoted

by the same symbol. Let ¢ € (). If M C x(Q2) and 992 are homologousin
x(Q) \ N(¢), then by Stokes(rheorem we obtain

70 = /M G.(C)w(d2)FE(2) (4.11)

from equation (4.9), because D¢ f€ = 0, sothat G.(¢)w(dz)fC(z) is a closed
C¢(C™)-valued dilerential form in x(Q2) \ N(¢).
The sum A + B of two subsetsA, B of a vectar spaceis the set

A+B={a+b:ac A beB}.
For eah » > 0, let
Sn(r):{xERnH Cxl =1}

bethe n-dimensiond hypersphereof radiusr in R***. The hyperspheres”(r)
is identiped with a subset of C**! via the enbedding of R**! in C*L. It
hasthe orientation induced from the standard orientation of R**! and the
outward unit normal. An application of Stokes®heaem ase — 0+ givesthe
following represemation.

Proposition 4.2. Let ( € C*"'. If f : U — CUlC") is a complex left
monogenic function defined in a neighbourhood U of ¢ in C*L, then there
exists € > 0 such that ( +S"(e) C U \ N(¢) and

£(0) = / G.(O)w(dz) f(2). (4.12)
C+8 ()
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If © is any nonempty open conneded subsetof R*™! and f : x(Q2) —
CY(C™) is a complex left monagenic function, then for each ¢ € () \ €,
following [16] we determine a simple real n-cycle M (¢) C x(2) \ N(¢) clos
to vc(¢) € R™ in an n-dimensiond complex a"ne subspaceof C**! and
homdogaus to the n-sphere( +S"(¢) in the imageof x(€2) \ N (¢) in complex
projective space CP". An application of StokesQheorem ensuresthat the
represenation

f(¢) = G.(Qw(dz)f(2) (4.13)

M(Q)
isvalid. The point of dile rencewith therepresntation (4.12) isthat (+S"(¢)
liesin the (n + 1)-dimensiond a'n e subspae ¢ + R*™! of C*™!. We look at
the casesof n odd and even sepaately.

4.1 n odd

Let ¢ € C**'\ R*"!. By equation (4.5), the monogenic spectrum ~¢(¢) =
N(¢)NR*! of ¢ is an (n — 1)-dimensiona spherein R*™! in the hyperplane
orthogonal to n = Im { # 0 and passing through ¢ = Re(. For each = €
vc(€), let C,(¢) denotethe complex line

{zeCiz=¢(4+ Nz —¢), NeC } (4.14)
passng through x and its antip odal point in v¢(¢). For each 0 < ¢ < ||, let
2 = Y {zeCuQilz—al <2} (4.15)
z&yc(C)
o) = |J {zeCuQilz—a|=¢}. (4.16)
x&vc(¢)

Then oz (¢) is ared n-dimensiond submanifdd of C"*'Nan S'-fibration
of 7¢(¢) C R™! mertioned in [16, p. 416]. The set 9x"(¢) is the
boundary of the open set Zé”“)(g“) containing ~¢(¢) and contained in an
e*neighbourhood of y¢(¢) in C**! for all ¢#> <. It is orierted from the stan-
dard orientations of R*™! and the unit circlesin C,(¢) for each = € y¢(¢), so

that 822"“)(0 hasthe orientation inducedby the (n+1)-form d{oA- - - Ad(,.

Proposition 4.3. Suppose that n € N s odd and €2 is an open subset of
R Let ¢ € k() \ Q and suppose that the convex hull of yc(¢) in R is
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contained in Q. If [ : k(Q) — CU(C™) is a complex left monogenic function,
then there exists € > 0 such that 8Z§”+1)(<) C k(Q)\ N(¢) and

1O = [ G-ORE1SC) (4.17)

Proof. First, weshow that the half-openline segmert [w, () = { Aw+(1-\)( :
0 <A <1}joining w € 95" (¢) and ¢ liesin the complemert of the null
cone N(¢) of (. Let ¢ = & +in with £,n € R*!. Represehing w as
w =&+ u(l+ 2/ul) for u € {n}* in R** with |u| = |n| and z € C with

|z| = ¢, we have

Aw+ (L=X¢—(¢lg = Nw—([Z
= N|—in+u(l+z/|u])2
= N (=n]* + |[ul (1 + 2/|u])?)
= /\2(2|77| +2)z, 0<A<L

Because |2|n| + z| > 2|n| —e > |n| > 0, it followsthat [w,() C C*™\ N(C).
Next we seethat [w,() C k(). Let & = u/|u|. For each 0 < A < 1, the
set
Ye(Aw + (1= A)¢) = (¢ + A(=in + u(l + z/[ul)))
is the (n — 1)-dimensiond spheee certred at £ + A(u + Re(z)a), with radius
(1 — A)n+ Am(z)u| and cortained in the hyperplane

{r € R™: (x — (6 + Mu+ Re(2)1)), (1 — N)n + Am(z)d) = 0 }.

Someopen neighbourhood of the convex hull of v¢(¢) is cortained in €2, so
for € su"ciently small, v¢c(Aw+(1—X)() is containedin €2 for each 0 < X < 1,
proving that that [w, ¢] C x(Q) for every w € 92"V (¢). Consequetly, we
can translate 829*”(() along the line segnerts [w, () C x(2) \ N(¢) for
w € s ().

Now supposethat £#> 0 is so small that ¢+ B..(0) C x(£2), where B..(0) is
the closedball of radiuss* > 0 certred at zeroin C**!. Choosed > 0 sothat
5(2|n|+¢) < £* Foreath w € 95"V (¢) there existsu € R™! asabove suc
that w — ¢ = —in+u(1+ z/|u|). Then d|lw —¢| < 6(|n] + [u(l+ 2z/|u])|) < &*
and 92" (¢) is homologousto the cycle

{¢+6(w—¢):wednt™ ()} C B(0)
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in £() \ N(C).

For ead u € {n}” with |u| = ||, let @ = u/|u| and 7 = n/|n| be unit
vectors in the v and 7 directions and let V' denotethe red threedimensiaal
subspacespannedby the vectors u,iu and i7. Accading to formula (4.4),
we have

VAN(©) = {(eV:[g=0}
= {zii+aif:2€C,ac€R, 22—a’=0}
= {a(atin): aeR}

The cycle debnedby —in + u + za, z € C with |z| = ¢ and the positive
orientation can be defamed in V' \ N(0) into the circle of radius |n| + ¢
certred at —in and then into 24, z € C with |z| = %, sothat 822”*1)(0 is
homdogaus to the cycle

C+{zt:ue R ue {n}*®\{0}, z€C, |z| ="} (4.18)
-C

in k() \ N(¢). Moreover, the n-form ﬁTﬂw(dz) is homogeneouson C"*!
“lc

and sodebres a closedn-form on complexprojective spaceCP". Becausethe
imagesof the cycle (4.18) and (+S"(¢) in CP" arehomologousand 82&”*1)(0
and (4.18) arehomologaus, the equality (4.17) is now a consequee of StokeD
theorem and Proposition 4.2. ]

4.2 n even

Let ¢ € C*'\ R*"!. By equation (4.3), the monogenic spectrum ¢ (¢) =
N(¢) "R of ¢ is an n-dimensiond ball in R*™! in the hyperplane orthog-
ond ton = Im{ # 0 and passing through £ = Re (. In particular, v¢(¢) isa
convex subsetof R,

For each z € R\ {¢}, let C,(¢) denote the complex line (4.14). In
polar coordinates, we have

Cx(C)Z{ZGCn+1;Z:§+T€i9x_§|7

r20,0§9<2w}.
lz ¢
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For eadh £ > 0, let

1 sin? @ cos? @
nirt¢) = {zE(C L= > + , 0§9<(zm§)
0= U R R (T
1 sin’ 6 cosZ @
on(nt1) = C.(Q): = = 0< 6 < (@2
€ <C) &g’.yJ z € 702 2 + (1 + 62)’77‘2, — <( )
C

The ellipsoid 92"V (¢) is an n-cycle in C**'. The set 95" (¢) is the
boundary of the open set ES;”“)(Q) containing ~¢(¢) and contained in an
e*neighbourhood of v¢(¢) in C™+! for &> ; 95"V (¢) hasthe orientation
inducedby the (n+1)-form d{y A --- Ad(,. If nis odd and the corvex hull of
ve(¢) in R** is contained in €, then the cyclesox!" " (¢) debnedby (4.16)
and (4.20) are homologous in xc(€2) \ N(¢). A proof similar to the casefor
n odd givesthe following result.

Proposition 4.4. Suppose that n € N is even and 2 is a nonempty con-
nected open subset of R*™'. Let ( € v(Q)\ Q. If f: k(Q) — C¢C")
1s a complex left monogenic function, then there exists € > 0 such that

ox" () € #(Q) \ N(C) and
o= [ g GO 12) (4.21)

In the caseof n odd or even, for { = {+in € k(Q)\ (2, the setEé"“)(C) lies
in asmdl neighbourhood of v¢(¢) contained in theintersectionof x(€2)\ N (()
with the n-dimensiond complexhyperplaneé + C{n}* in C"'. Becausethe
represertations (4.17) and (4.21) depend only on the valuesof f in an n-
dimensional complex hyperplane in C**!, they may be modibedto obtain
the complexmonogenic extension to C*** of a holomorphic function dePned
on an open subsetof C". We show how this is donefor the caseof sectasin
the next section.
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5 Holomorphic and Monogenic Functions on

Sectors
Let
S, (R = {r e R :x=xpe0 +x, |xo| <tanv|z| },
S]RM™Y) = {z e R™!':x=x0e0+x, x| < tanv|z| }.

It is clearthat if ( = £ +in liesin a sectorin C", say, |n| < || tanv, then
the monaogenic spedrum ~(¢) liesin a corresponding secta in R**'. More
precisely we have

Proposition 5.1 ( [4, Propostion 6.10]). Let ¢ € C*"\ {0} and 0 < w < 7/2.
Then v(¢) C S,(R™™Y) if and only if

[C|& # (=00,0] and  |Im(C)[ < Re(|¢|c) tanw. (5.1)

Let S,(C™) denotethe set of complex vectors ( € C" satisfying the in-
equality (5.1), that is, the complex sector

So(C") ={CeC":v(¢) C Sw(RnH)} (5.2
in C". The interior of S,(C") is writt en as S*(C"). For n = 1, we have

S,(C) = {z€C:|Imz| <tanw|Rez| },
S¥3C) = {z€C:|Imz| < tanw|Rez| }.

Theorem 5.1. Let n be a nonnegative integer and 0 < w < 7/2. Iff 18
a CL(C™)-valued holomorphic function defined on S*(C"), then there exists
a unique left monogenic function f defined on S2(R™1) such that f(x) =
f(zrer + - + zpen) for all x € R, & # 0. The linear map f — f is
continuous for the compact-open topology.

Sketch of the Proof. We descrile the casethat n is an odd integer. The case
of n evenis similar but a little more complicated. A calculation like that
in (4.3) shawvs that for each ( € C**!, 2 € C" and § € R, the intersection
N(¢) N (z+PRr) is either empty, a point or an (n — 2) spherecortained in
areal (n — 1) dimensionalhyperplane H, .y in C". Supposethat

inf diam(N (¢) N (= + eR")) > 2¢ > 0,
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sothat the radius of the (n — 2) sphereN(¢) N (z + ¢R™) is bounded belov
by ¢ asf € R varies For each u € N(¢) N (z + €“R") with v = 2 + ¥, let
Cyu(z,¢,0) denotethe 2 dimensiond plane in C" passng through « and the
certre of N(¢) N (z + ¢R") and parallel to H, in z + ¢R". Then

regz) = U {w € Cu(2,¢,0) : |w—u| <e(5.3)
0&(" 7] u&N(¢)' (z+e# .R™M)
o,z = U  {weCu(z0): |w—ul=e(.9

0&(" m,m] u&N(C)' (z+e* .R™)

The subsetFﬁ”“)(g“, z) of C" is areal (n + 1)-dimensiond manifold embed-
dedin C" with an n-dimensiond boundary 81“&”*”((, z). Furthermore, the
formula
f(¢h = Gu( P (duw) f(w) (5.5
ari" T (¢ 2)
debnesa complex left monogenic function for every (¥ ¢ C**!' sud that
N(¢# intersectsT " (¢, z) but is disjoint from or" ™ (¢, 2) [16]. Because f
hasa unique complex left monogenic extensionfrom an open subsetlU of its
domain in C" to same neighbourhood of U in C**' [16, p. 422], by StokeD
theoremthe samerepresetation holds for all orientable n-dimensiona mani-
folds homolagousin €™\ N (¢% to aT{™(¢, z). As¢ € C™+! and z € S3(C")
vary, we obtain a well-debPnedcomplex left monogenic function f [16, p. 418].
Let U,(C™*!) denotethe set of all { € C*** for which there exists 2 €
S$(C™) sudh that
inf diam(N (¢) N (= + ¢“R")) > 0 and N(¢) N (z + “R")  S¥(C"), V0 € R.
(5.6)
By virtue of the formula (5.5), we obtain a unique complex left monogenic
extension of f to U, (C™*') for which the linear map f — f is continuous
for the compact-open topology for holomarphic functions debPnedon S3¥(C"),
to the space of complex left monagenic functions debnedon U, (C"*1). To
camplete the proof, it su" ces to shaw that S*(R**!)\ R* C U, (C**) N
(R™\R").
Let z = xpep + & € SS(R™!) with 2 # 0. Then = # 0. Let z =
x(1 + itan 3) for tan" '(|zo|/|z|) < B < w. The certre of the (n — 2)-sphere
N(z) N (z + e“R) is

2
2 —e%¢infIm 2z (1 L)

| Tm z)?
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and it hasradius /(sin? 0% + cos? 0] Im z|?)(1 — 22/ Im z|?) > 0, sothat for
any € > 0, thereexiststan *(|xg|/|z|) < 8 < w sud that N(z) N (z+ ?R™)
is contained in a ball of radius € about z in C", for every # € R. Because
|zlc = |z|(1 + itan ), an application of Proposition 5.1 guarantees that
z € S3(cn).
With a su'ciently smdl choice of 3 > tan" !(|zo|/|z|), we can ensure

that

J (V@) 0 (= + e/RY) € SSR™.

0&R
This showvs that S$(R**!) \ R* C U, (C™') N (R*!\ R®). O

Corollary 5.1. The linear map f — f defined by formula (1.2) maps the
space of all left monogenic functions defined on S*(R™) bijectively onto the
space of all C¢(C™)-valued holomorphic functions defined on SS(C"). It is
continuous between the compact-open topologies on each space.

A C¢(C™)-valued real analytic function dePnedon an open subsetU of
R" necessaly has a left monagenic extension to an open subset of R**!
containing U by taking an expansion about ead point of U in monagenic
polynomials [2, Theorem 14.8]. In particular, the product ¢.¢» : VN R" —
C¢(C™) of two left monogenic functions debred in an open subsetV of R**!
intersectingR" = {0} x R™ hasa unique left monagenic extension ¢ -, ¢ to
a neighbourhood of V N R" caled the (left) Cauchy-Kowalewski product of
¢ and v. The following carollary shavsthat in the caseV = S$(R**1), the
product is actually debnedon all of V.

Corollary 5.2. Let ¢, be left monogenic functions defined on S®(RP1).
Then there exists a unique left monogenic function ¢-¢3 defined on SS(R*)

such that ¢ oY (x) = ¢(x).p(x) for every x € R\ {0}.

Proof. Let ¢ and ¢ be the holomorphic courterparts of the left monogenic
functions ¢ and v debnedby formula (1.2). Then the product function ¢.
is certainly a C¢(C")-valued holomorphic function dePred on the open secta
S$(C™). Accading to Corollary 5.1, there exists a unique left monogenic
function dePnedon S%(R»*!), which we denoteby ¢-,¢, sud that (¢-,1)) =
¢.1) as holomorphic functions debnedon S$(C™). An appeal to the Cauchy
integal formula (2.2) of Clilo rd analysis ensuresthat

¢ (x) = (¢ ¥)(w) = p(z).(2)
for every z € R™\ {0}. O
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6 The analytic functional calculus
for systems of operators of type w

As mertioned in the Introduction, onethe di"culties in forming a function
f(A) ofthen-tuple A = (A,,..., A,) of comnuting linear operators actingin
a Banad space X for a holomarphic function f of n complex variables,is the
absance of a suitably generalintegral represetation formula for functions of
seweral complexvariables Now we formulate an anaytic functional caculus
f — f(A) for holomorphic functions f dePnedon a sector S%(C") by using
the represenation (1.1) with the left monogenic counterpart f : S3(R*!) —
Ce¢(C™)) of f obtained from Theorem5.1 above.

Supposethat 7' : D(T) — X is a single closed denselydebnedlinear
operator acting in the Hilbert space . The spectrum of T' is denoted by
o(T). If 0 <w < 7/2, thenT is sad to be of type w, if o(T) C S,(C) and
for eath v > w, there exists C, > 0 sudc that

I(zI=T) Y < Clz[F, 2 ¢ S8,(C). (6.1)

Then the bounded linear operator f(7') is dePnedby the RieszDunford for-
mula

_ ! oyl
1) = 3 [ GT=T) ) i 6.2)
for any function f saisfying the bounds
|2]* $
<K,——— .
|f<Z>| —KV1+|Z|257 ZGSU<C)

The cortour C' can be takento be {z € C : |Im(z)| = tan 6| Re(z)| }, with
w<60<v.

The operator T of typew is sad to havea bounded H' -functional calculus
if for each w < v < 7/2, there exists an algebra homamorphism f — f(7T))
from H' (S%(C)) to L(3) agreeingwith (6.2) and a postive number C, sud
that [|/(T)|| < C|If [l for all f € H' (S¥(C)).

The following reault is from [10, Theorem 6.2.2]

Theorem 6.1. Suppose that T is a one-to-one operator of type w in H. Then
T has a bounded H' -functional calculus if and only if for everyw < v < m/2,
there exists ¢, > 0 such that T and its adjoint TC satisfy the square function
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estimates

! dt
[P < alul? wes 63
0
! N )
[9e(THul*— < allull’, w eIt (6.4)
0
for some function (every function) v € H' (S¥(C)), which satisfies
/' pil - / P02 1, and (6.5
0 t 0 t
W)l < o Lesyo) (6.6
— V1+|z|257 14 Y

for some s > 0. Here 1(z) = ¥(tz) for z € S¥(C).

We now useformula (1.1) to generalise this result to n-tuples of commut-
ing operators acting in a Hilbert spacel.

The (n — 1)-spherein R is denotedby S™" . The setof s € S*" ! with
nonzerocoordinates s; for every j = 1,...,n is denoted by Sj '. Then S *
is a denseopen subsetof S* ! with full surfacemeasure.

Definition 6.1. Let X be a Banadc spae and let A = (A4,,...,A,) be
an n-tuple of denselydebnedlinear operators A; : D(A,;) — X ading in
X sud that N%_;D(A;) is densein X andlet 0 < w < 7. Then A is sad
to be uniformly of type w if for al s € S !, the denselydebnedoperator
(A,s) =377 Ajs; is closed,a ({4, s)) C S,(C) and for each v > w, there
exists C,, > 0 sud that

I(zI = (A, 8)) I < Culel 1, 2 ¢ S,(C), sesy . (6.7)

It follows that s — (A, s) is continuous on Sj ! in the sense of strong
resohent corvergence [7, TheoremVII1.1.5].

If A is uniformly of type w, it turns out that we can debne the Caudy
kernel G, (A) for the n-tuple A by the plane wave formula

Gt = U () st [ i) (G ) = ()~ mosl) "

2 2
(6.9)
for all x = zgeo + x with 2, a nonzerored number, € R" and = ¢
S,(R™1). HereS™ ! is the unit (n — 1)-spherein R”, ds is surface measure
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and the inversepower ({(xl — A, s) — zosI) " istakenin the Cli'o rd module
L(X) ® Cl(C™), which is iderti Pedwith the set L,,)(X(,)) of all left module
homamorphismsof X,y = X ® C¢(C"), see[4, Equation (6.14)].

Supposethat 0 < w < v < w/2 and f is a left monogenicfunction debned
on S¥(R™!) sud that for every w < 6 < v there exists Cy > 0 and s > 0
sud that

S

(@) < 1T

< o o z € SY(RM)\ S, (R™). (6.9)

Now if w < ¢ < v and
Hy = {z € R™ : x = x¢e0 + &, |x0|/|x| =tanf} c S¥(R™),  (6.10)

then it is easyto ched that = — G,(A)n(z)f(x) is integrable with respect
to n-dimensiona surfacemeasurep on Hy. Therefore,we debne

f(A) = /H Go(A)n() f(z) du(z). (6.11)

The hypersurfface Hy can be varied in the regon where x —— G,(A) is
two-sided monogenic in the Cli! ord module L£(X) ® C/(C") and f is left
monagenicin S¥(R**1).

Theorem 6.2. Let A = (Ay,..., A,) be an n-tuple of densely defined com-
muting linear operators A; : D(A;) — H acting in a Hilbert space H such
that N;_,D(A;) is dense in H. Suppose that 0 < w < § and A is uniformly
of type w.

Suppose in addition, that T = i(Aje1+- - -+Ape,) is a one-to-one operator
of type w acting in Hp,y = CL(C")@H and T has an H' -functional calculus.
Then the n-tuple A has a bounded H' -functional calculus on S*(C") for
any w < v < /2, that is, there exists a homomorphism b — b(A), b €
H' (S3(CM), from H' (S3(C™)) into Ly(Hpy) and there exists C, > 0
such that |[b(A)|| < C,||blly for allb € H' (S3(C)).

Moreover, if f is the unique two-sided monogenic function defined on
SR such that b= f, as in Theorem 5.1, and there exists C,, > 0, s > 0

such that i
b(Q)| < Cp—52,

then f satisfies the bound (6.9) and b(A) = f(A) is given by formula (6.11).

¢ € SS(CM),
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Proof. By assumption, the operator 7" has an H' -functional caculus, so
there exists a function » € H' (S¥(C)) saisfying conditions (6.3) D (6.6).
In [3] aspecid choiceof ¢y wasmade, but we now seethat thisis not neessary

Following [10, Theorem6.4.3, our aimisto debneb(A) for b € H' (S%(C")),
by the formula

o) = [ (eoo@umunme)§ e

for all u,v € H,). The function ¢ : S¥(C") — C is constructed from v by
setting

o(¢) = ¥{iC} = ¢(I¢le)x+ () + v (=[¢le)x- (C),

for all ¢ € S¥(C"), by the functional calculus for multiplication by i¢. Let
$¢(¢) = ¢(t¢) for all t > 0 and ¢ € S¥(C),

Let b.,¢; bethe left monogenic function debnedon S¥(R»*!) by Corollary
5.2 that is, the Cauchy-Kowalewski product of the left monogenic courter-
parts of b and ¢;. Moreover, the proof of Theorem5.1 shons that b.,¢; sa-
ispesthe bound (6.9) with C, proportional to ||b||; , SO (b¢:)(A) = b.,¢(A)
is debnedby formula (6.11) and we have

/o! ’<(b¢t)(A)¢t<T)u>wt(T)<v) %

<suptanan { [ @} L[ prd )
e

Becausef(; w%)% = 1, we obtain the desiredfunctional calculusby analogy
with [10, Theorem6.4.3]. ]

The asaimptions of Theorem 6.2 are satisbedif the n-tuple A consists
of dilerentiation operatorson a Lipschitz surface [9]. The comnutativity of
the operators is most easly seenfrom the represemation in [9, p. 70§.
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