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Abstract

We survey the vector-valued theory of Fourier multipliers and sin-
gular integrals, especially concentrating on identifying the border be-
tween the one-parameter theory valid in UMD spaces and the multi-
parameter theory valid in UMD spaces with property (α). Some new
results are also proved which clarify this question.
MSC (2000): 42B15 (Primary); 42B20, 46E40 (Secondary).
Keywords: UMD space, property (α), Calderón–Zygmund operator,
R-boundedness. Received 10 May 2006 / Accepted 1 December 2006.

1 Introduction
After it s introduction in the early 1980Õsby D. L. Burkholder [10], the
probabilistic UMD property (unconditionality of martingale di!er ences; see
Def. 2.1) has becomethe central notion in Harmonic Analysis of functions
with values in inÞnite-dimensional spaces. Indeed, several results from the
classicalLit tlewoodÐPaley and Calder—nÐZygmund theories, including their
more recent extensions,remain valid in the context of X-valued functions
if and only if the Banach space X has UMD. Out of the vast amount of
examples,we record here the cont inuity in Lp(R , X) of (t he tensor extension
of) the Hilbert t ransform [6, 11], as well as the extensionsto Lp(R n , X) of
the MarcinkiewiczÐMihlin multiplier theorem [8, 45] and the DavidÐJournŽ
T (1) theorem[24]. While the ment ioned results wereall obtained by the end
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of the 1980Õs, there has been a revival of interest in the related questions
sincethe turn of the millennium. Thi s hasbeenboostedby the realization of
the connection of another probabili st ic notion, the R-boundedness (Def. 2.3),
to the continuit y of more general vector-valued Calder—nÐZygmund trans-
format ions wit h an operator-valued kernel [14, 57], as well as the successful
applicat ionsof theseideasto Partial Di!erent ial Equations. The UMD spaces
have retained their central position also for theserecent developments.

However, another probabili st ic Banach space condition, property (α) (see
Def. 2.2), has also frequently appeared in the assumptions of various results
on vector-valued Harmonic Analysis, and it is now known that in many
casesit cannot be avoided. Alr eady in the late 1980Õsit was shown that
the more general(comparedto MihlinÕs)MarcinkiewiczÐLizorkinmultiplier
theorem is not valid in certain UMD spaces [61], and more recent ly it was
realized[43] that a characterizat ion of thespaceswith this multiplier theorem
is UMD combined wit h (α). Since this observation, several further results
have considerably clariÞed the interplay of the UMD and (α) properties,
and the needfor the latt er hasbeenclearly related to the Òmult i-parameterÓ
nature of certain results [34, 36, 37]. The present article has a two-fold
purpose:

• to survey the state-of-art of the theory of vector-valued Fourier mult i-
pliers and singular integrals, with emphasison the r™le of property (α)
(and heavily biasedtowards the authorÕsown interests), and

• to supplement some new results, which establish a fairly sharp border
between the parts of the theory requiring or not requiring (α).

The paper will concentr ate on the vector-valued Calder—nÐZygmund theory
per se. For the applications to Partial Di!eren tial Equat ions we refer to the
recent monograph [19] and the lecture notes [42]. The latt er also contains
a detailed presentati on of the H ! -calculus of sectorial operators in UMD
spaces(not dealt with here), for which there is also the recent survey [58].

2 Probabilistic preliminaries
WeÞrst recall the two fundamental Banach spacepropertieswhich determine
the behaviour of singular integrals of vector-valued funct ions:
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Definition 2.1 ( [10]). A Banach space X is UMD if for some(and then
all) p ∈ ]1,∞[ there is a C < ∞ such that

(
E
∣∣∣

N∑

k=1

εkdk

∣∣∣
p

X

)1/p
≤ C

(
E
∣∣∣

N∑

k=1

dk

∣∣∣
p

X

)1/p

whenever N ∈ Z+ , (εk)N
k=1 ∈ {−1, +1}N , and (dk)N

k=1 ∈ Lp(! , F , P; X)N is
a martingale di!erence sequenceon some probabilit y space (! , F , P) with
expectation E :=

∫
! dP; i.e., there are sub-σ-algebrasF0 ⊆ F1 ⊆ · · · ⊆

FN ⊆ F so that dk ∈ Lp(! , Fk , P; X) and E(1Adk) = 0 for all A ∈ Fk" 1,
for all k = 1, · · · , N .

Examplesof UMD spacesinclude the reßexive Lebesgue Lp, Lorentz Lp,q

and Schatt enÐvon Neumann C q spaces, 1 < p, q < ∞. If X is any UMD
space, so are it s dual X#, the B™chner spacesLp(µ, X) for 1 < p < ∞, and
the closedsubspacesand quotients of X. UMD spacesare (super)reßexive,
and they have non-trivial type (and then alsoFourier-type) aswell ascotype.
There are a number of useful surveysof UMD spaces[12, 13, 51].

In the following deÞnition, and always thereafter, the εi , ÷εj , ε
(1)
k , · · · are

i.i.d. (independent identically distributed) random signs with distribut ion
P(εi = +1) = P(εi = −1) = 1/2. They are called the Rademacher variables.

Definition 2.2 ( [47]). A Banach spaceX has property (α) if there is a
C < ∞ such that

E
∣∣∣

N∑

i,j =1

εi ÷εj αij xij

∣∣∣
X
≤ CE

∣∣∣
N∑

i,j =1

εi ÷εj xij

∣∣∣
X

whenever N ∈ Z+ , (xij )N
i,j =1 ∈ XN $ N and (αij )N

i,j =1 ∈ {−1, +1}N $ N .

This property holds for the commutativ e Lp spaces for all 1 ≤ p < ∞,
and is also inherited from X by Lp(µ, X) for p in the samerange; on the
other hand, the (inÞnite-dimensional) non-commutativ e C q spaceshave (α)
only when q = 2. Unlike UMD, property (α) is not self-dual (e.g., %1 has
(α) while %! does not) ; however, it is important that the joint property
ÒUMDand (α)Óis inherited by the dual space. Every Banach spacewith a
local unconditional structure (l.u.st .), in parti cular every Banach lattice, has
property (α) if and only if it has Þnite cotype. A good reference is PisierÕs
original paper [47], where property (α) was introduced.

We also recall the main property that one typically needsto impose on
the rangeof operator-valued singular integral kernels:
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Definition 2.3 ( [1]). An operator collection T ⊂ L (X) is R-bounded if
there is a C < ∞ such that

E
∣∣∣

N∑

k=1

εkTkxk

∣∣∣
X
≤ CE

∣∣∣
N∑

k=1

εkxk

∣∣∣
X

whenever N ∈ Z+ , (xk)N
k=1 ∈ XN and (Tk)N

k=1 ∈ T N . The least number C
is called the R-bound and denotedby R(T ).

Even earli er, thi s not ion made anonymous appearancesin [8, 61], and
Bourgain [8] proved the useful fact that R(abcoT ) ≤ 2R(T ), where the
bar designatesthe strong operator closure, and abco standsfor the absolute
(or balanced) convex hull. A scalar-valued version of this inequality was
implicitly used already in MarcinkiewiczÕoriginal proof of his mult iplier the-
orem[44], which may explain why R-boundednesshas becomesuch a centr al
concept in the operator-valuedextensions of thi s classical result. This not ion
is studied in detail in [14, 57].

Another frequent ly usedresult in connectionwith the randomizednorms
is theinequalit y of Kahanewhich providesthe second,non-trivial comparison
in the following chain, where Kp < ∞ is constant only depending on p:

E
∣∣∣

N∑

k=1

εkxk

∣∣∣
X
≤

(
E
∣∣∣

N∑

k=1

εkxk

∣∣∣
p

X

)1/p
≤ KpE

∣∣∣
N∑

k=1

εkxk

∣∣∣
X

, 1 < p < ∞.

This implies that one can replace the L1 norms in DeÞnitions 2.2 and 2.3
by other Lp norms for 1 < p < ∞. (The p invariance of Def. 2.1 is due to
a di!erent reason.) Another useful inequality of Kahane is the contract ion
principle, for which the notion of R-boundednessgives the compact formu-
lation R(" · idX ) ≤ 2sup{|λ| : λ ∈ " }, whenever " ⊂ C.

It is sometimeshandy to transform R-boundednesson X into usual
boundednesson a certain larger space,Rad(X). The useof this space(well-
known in the Banach spacetheory) in the context of R-boundednessorigi-
nates from Girardi and Weis [27].

Definition 2.4. The Rademacher space Rad(X) is the completion of all
Þnitely non-zerosequences(xj )!

j = "! ∈ XZ in any of the following equivalent
norms, wherep ∈ [1,∞[:

∥∥(xj )!
"!

∥∥
Radp (X )

:=
(

E
∣∣∣

!∑

j = "!

εj xj

∣∣∣
p

X

)1/p
.
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Unlessotherwisesaid, we usethe L1 norm on Rad(X).

Let us identify a Þnitely non-zero sequence(Tj )!
"! ∈ L (X)Z with the

operator ÷T (xj )!
"! := (Tj xj )!

"! on Rad(X). For T ⊂ L (X), let us denote

÷T := {(Tj )!
"! ∈ T Z Þnitely non-zero}.

Then clearly R(T ) = sup{‖ ÷T‖L (Rad( X )) : ÷T ∈ ÷T } ≤ R( ÷T ). One of the
main implicat ions, and in fact a characterization, of property (α) of X is the
converse estimate R( ÷T ) ≤ CR(T ) for T ⊂ L (X), where C dependson
the (α) property constant of X only [14].

3 Littlewood–Paley decompositions
The Þrst step in BourgainÕs[8] approach to the estimati on of singular inte-
grals in UMD spacesis tr ansforming the deÞning unconditionalit y property
of martingale di!erences into another unconditionalit y estimate of more an-
alytic ßavour. This is an analogue of the classical inequalit y of Litt lewood
and Paley concerning the dyadic spectral decomposition of a function. For
an interval I ⊂ R, we denote #[ I] := F " 11I F , where F is the Fourier
tr ansform. Let I := {η

[
2k , 2k+1

[
: η ∈ {−1, +1}, k ∈ Z} be the collection

of dyadic intervals on R. The vector-valued Litt lewoodÐPaley inequalit y is
the following:

Theorem 3.1 ( [8, 45]). Let X be a UMD space and 1 < p < ∞. Then there
are constant 0 < c ≤ C < ∞ such that

c ‖f‖p ≤ E
∥∥∥

∑

I %I

εI #[ I]f
∥∥∥

p
≤ C ‖f‖p , f ∈ Lp(R , X).

Conversely, this estimate implies that X is UMD and 1 < p < ∞.

The proof of Bourgain [8] consistsof writin g the UMD inequality for the
tr anslated dyadic Þltrat ions (Dk − u)!

k=0 of R, where Dk := {2" k [j, j + 1[ :
j ∈ Z} and 0 ≤ u < 1, and averaging over the values of the tr anslation
parameter u. This yields an inequality similar to that of Theorem 3.1 but
with smooth and overlapping cut-o!s (decaying like (2kξ)2 resp. (2kξ)" 2 as
ξ → 0 resp. ξ →∞) in placeof the indicators of the intervals

[
2k , 2k+1

[
. The

desiredsharp cut-o!s are then reached by a perturbati on argument, which
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usesthe R-boundednessof the family of spectral projections #[ J ], whereJ
rangesover all intervals of R. This R-boundednessis a consequenceof the
boundednessof the single project ion #[ R + ] = (id + iH)/2, where H is the
Hilbert transform, the identit y #[ a + J ] = ei 2! ax#[ J ]e" i2! ax , and the basic
properties of R-bounded sets.

A di!erent approach to the vector-valued Littlew oodÐPaley decomposi-
tion is due to McConnell [45], who proved a Mihli n-type multiplier theorem
directly from the UMD inequalit y by means of heavy stochastic machin-
ery, and derived Theorem 3.1 as a corollary of his mult iplier estimate. In
BourgainÕsapproach, on the other hand, Theorem 3.1 is used to obtain the
multiplier theorem (seenext sect ion), which turns out to be sharper than
that proved by McConnell.

Theorem3.1 shows that on the one-dimensional Euclidean domainR, the
classicalspectral decomposition extendsto theUMD-valuedsituat ion, and in
fact reßectsthe one-parameter decomposition postulated in the deÞnition of
UMD. When we want to move to R n with n > 1, however, a one-parameter
decomposition cannot adequatelycapture the full n-dimensional structure of
the product domain R n = R ×· · ·×R, and thi s is whereproperty (α) enters
the scene.Of course,by simply iterat ing Theorem3.1, we obtain

c ‖f‖p ≤ E
∥∥∥

∑

I %I n

ε(1)
I 1

· · · ε(n)
I n

#[ I]f
∥∥∥

p
≤ C ‖f‖p , f ∈ Lp(R n , X), (3.1)

whereI n := {I = I1 × · · · × In : I1, · · · , In ∈ I }, and ε(1)
I 1

, · · · , ε(n)
I n

are i.i.d.

sequencesof Rademacher variables. The products ε(1)
I 1

· · · ε(n)
I n

, however, are
not quite the sameasoneindependent sequenceεI = εI 1$ááá$I n indexedby the
product intervals. Property (α), on the other hand, is preciselythe condition
under which the two random sumsare equivalent , and Zimmermann proved
the following:

Theorem 3.2 ( [61]). Let n > 1. There are constant 0 < c ≤ C < ∞
such that the following estimates hold, if and only if X is a UMD space with
property (α) and 1 < p < ∞:

c ‖f‖p ≤ E
∥∥∥

∑

I %I n

εI #[ I]f
∥∥∥

p
≤ C ‖f‖p , f ∈ Lp(R n , X).

All hope is not lost in generalUMD spaces,either, but wehave to content
ourselveswith a coarser decomposition, the so-called blocking by squares of
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Figure 1: The dyadic product decomposition (left) and it s blocking by
squares(right) .

the product decomposition I n . This consistsof the intervals

r " 1∏

i =1

ηi
]
0, 2ki +1

[
× ηr

[
2kr , 2kr +1

[
×

n∏

i = r +1

ηi
]
0, 2ki

[
(3.2)

with η ∈ {−1, +1}n , k ∈ Zn. Denot ing the set of theseintervals by In , the
result reads:

Theorem 3.3 ( [61]). Let X be a UMD space, 1 < p < ∞ and n ≥ 1. Then
there are constants 0 < c ≤ C < ∞ such that

c ‖f‖p ≤ E
∥∥∥

∑

I %In

εI #[ I]f
∥∥∥

p
≤ C ‖f‖p , f ∈ Lp(R n , X).

The two decompositions for n = 2 are illu strated in Fig. 1. Unconditional
decompositions and their products and blockings are studied in detail in
Wit vlietÕsthesis [59].

4 Vector-valued Fourier multipliers
While various classesof Calder—nÐZygmund operators and their generaliza-
tions have beentreated in UMD spacesby now, many of the typical vector-
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valued phenomenaare most easily illustrated in the context of Fourier mul-
tipl iers, whoseboundednesspropertiesare very closely related to the uncon-
diti onality of Lit tlewoodÐPaley decompositions. In fact, the two ingredients
usedin BourgainÕsapproach to the vector-valued Mihlin multiplier theorem
are Theorem 3.1 and an R-boundednessestimate for the classof mult ipli-
ers of bounded variation. The point is then to apply this R-boundedness
result to the Òdyadic piecesÓm1I of a Mihlin multi plier to obtain the bound-
ednessof the full mult iplier m. Essentially the same idea goes through for
operator-valued multiplier s; we only need to strengthen bounded variat ion
to R-bounded variation:

Definition 4.1. We say that a set M of functions m : R n → L (X) has
uniformly R-bounded variation if there exists a Þxed R-bounded set T ⊂
L (X), and for each m ∈ M a probabilit y measure µ on [− ø∞, ø∞[ and a
strongly measurable τ : [− ø∞, ø∞[ → T , such that for all x ∈ X

m(ξ)x =
∫

[" ø! ," ]
τ (y)x µ(dy).

We denoted ø∞ := (∞, · · · ,∞) and [− ø∞, ξ] := [−∞, ξ1]× · · · × [−∞, ξn ].
Typical examplesof R-bounded variat ion arisefrom mult ipliers m supported
on intervals J = J1 × · · · × Jn and having derivativ esD#m(ξ), α ∈ {0, 1}n ,
ξ ∈ J , such that ‖‖D#m(ξ)‖T ‖L 1(J ! ) ≤ C < ∞, where‖·‖T is theMinkowski
functional of an R-bounded set T , and J# :=

∏
i :# i =1 Ji ×

∏
i :# i =0 {inf Ji}.

Theorem 4.1 ( [8, 42, 61]). Let X be a UMD space and 1 < p < ∞. If
M is a uniformly R-bounded collection of functions on R n , then the set
of Fourier multiplier operators Tm := F " 1mF , m ∈ M , is R-bounded on
L (Lp(R n , X)) .

This result is actually equivalent to the Lp(R , X) boundednessof the
Hilbert tr ansform,sinceH itself has a scalar multi plier of boundedvariat ion,
whereasevery multiplier Tm with m ∈ M belongs to abco(T ·S ), whereT
is the R-bounded set appearing in Def. 4.1, and S := {#[ ξ + R n

+ ] : ξ ∈ R n}
whose R-boundednessfollows from the boundedness of H.

We can now formulate a genericmult iplier theorem:

Theorem 4.2. Let X be a UMD space and 1 < p < ∞. Let J be a
collection of intervals ⊂ R n such that {#[ J ] : J ∈ J } satisfies, for some
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0 < c ≤ C < ∞, the unconditionality estimate

c ‖f‖p ≤ E
∥∥∥

∑

J %J

εJ #[ J ]f
∥∥∥

p
≤ C ‖f‖p , f ∈ Lp(R n , X).

If a multiplier m : R n → L (X) has the property that the m1J , J ∈ J , are
of uniformly R-bounded variation, then Tm ∈ L (Lp(R n , X)) .

In fact, K := R(Tm1J : J ∈ J ) < ∞ by Theorem4.1, and then

‖Tmf‖p ≤
1
c
E
∥∥∥

∑

J %J

εJ #[ J ]Tmf
∥∥∥

p
=

1
c
E
∥∥∥

∑

J %J

εJ Tm1J #[ J ]f
∥∥∥

p

≤ 1
c
KE

∥∥∥
∑

J %J

εJ #[ J ]f
∥∥∥

p
≤ C

c
K ‖f‖p .

The following two results, which provide vector-valued extensionsof the
classical Mihlin and MarcinkiewiczÐLizorkin multip lier theorems, are now
consequencesof the genericTheorem 4.2 and the Litt lewoodÐPaley decom-
positions of the previous section:

Theorem 4.3 ( [8, 54, 57, 61]). Let n ≥ 1. If (and only if ) X is a UMD
space and 1 < p < ∞, then every multiplier m : R n \ {0} → L (X) such that

R(|ξ||# | D#m(ξ) : α ∈ {0, 1}n , ξ ∈ R n \ {0}) < ∞

satisfies Tm ∈ L (Lp(R n , X)) .

Theorem 4.4 ( [54, 61]). Let n > 1. If (and only if ) X is a UMD space with
property (α) and 1 < p < ∞, then every multiplier m : R n \ {0} → L (X)
such that

R(|ξ# |D#m(ξ) : α ∈ {0, 1}n , ξ ∈ (R \ {0})n) < ∞

satisfies Tm ∈ L (Lp(R n , X)) .

The caseof Theorem 4.3 when n = 1 and m is scalar-valued was proved
by Bourgain [8] and extended to n > 1 by Zimmermann [61]; a slightly
weaker statement had already beenobtained by McConnell [45] using di!er-
ent methods. The operator-valued statement wasÞrst achieved by Weis [57]
for n = 1 and extended to n > 1 by "t rkalj and Weis [54]; other proofs of
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this result are given in [19, 29, 42]. ZimmermannÕsoriginal formulat ion of
the scalar-multiplier caseof Theorem 4.4 was in the slightly smaller class
of UMD spaceswith l.u.st.; a similar but yet more restricted statement in
Banach lat tices was proved in [21], based on [45]. The classof UMD spaces
with (α) used by " trkalj and Weis is the largest possible, as observed by
Lancien [43].

Finally, it should be pointed out that the R-boundednessassumptions
are not only a matter of technical convenience,but a necessity to obtain
multiplier theorems,as shown by ClŽment and PrŸss[15]:

Theorem 4.5 ( [15]). Let n ≥ 1 and 1 < p < ∞. There is a constant C < ∞
such that if X is an arbitrary Banach space and m ∈ L1

loc(R
n , L (X)) , then

R(m(ξ) : ξ ∈ R n a Lebesgue point of m) ≤ C ‖Tm‖L (L p (R n ,X )) .

5 Bootstrapping and induction
In the context of vector-valued estimates,variouspossibilitiesof self-improve-
ment are looming around. A basic observation is the isomorphic (thanks to
KahaneÕsinequality) ident iÞcat ion of spaces

Rad(Lp(R n , X)) ! Lp(R n , Rad(X)) ,

which givesrise to an identiÞcation of operators (Tmj )
!
"! ! T(mj )!

"!
, where

on the right we have the Fourier multiplier wit h the sequence-valued kernel
ξ ,→ M (ξ) := (mj (ξ)) !

"! ∈ L (Rad(X)) . Thus, proving the R-boundedness
of a family of Fourier multiplier operators amounts to checking the bound-
ednessof the single L (Rad(X))-valued multiplier M (ξ). In the presence
of property (α), it is possibleto concludethat M inherits the required R-
boundednessestimatesfrom the original multip liers mj . Theseobservations
lead to the following:

Theorem 5.1 ( [9, 27, 41, 56]). Let n ≥ 1. If (and only if ) 1 < p < ∞ and
X is a UMD-space with property (α), then every family M of L (X)-valued
multipliers on R n such that

R(|ξ# |D#m(ξ) : α ∈ {0, 1}n , ξ ∈ (R \ {0})n , m ∈ M ) < ∞

induces an R-bounded family of operators {Tm : m ∈ M } ⊂ L (Lp(R n , X)) .
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This was Þrst proved for scalar-valued multiplier s by Venni [56]; the
operator-valued extensionwas found by Bu [9] and by Girardi and Weis [27]
(apparentl y independent ly). The necessity of (α) is shown in [41].

Another basic identiÞcation is the Fubini isometry

Lp(R n+1 , X) ! Lp(R , Lp(R n , X)) ,

whereLp(R n , X) hasUMD and/or (α) if X has,and 1 < p < ∞. This again
givesan ident iÞcat ion of Fourier mult ipliers,

T" %R n +1 &' m(" )%L (X ) ! T"1%R &' Tm ( " 1 ,á) %L (L p (R n ,X )) .

As it turns out, this kind of identiÞcation can be used, as done in [31],
to reprove Theorems4.4 and 5.1 for generaln ≥ 1 using only Theorem 5.1
for n = 1 and a simple induct ion on the dimension. While the inductive
method is not necessary for gett ing theseresults, as we saw, it may o!er at
least someconceptual simpliÞcat ion, which hasbeenexploited in proving new
estimatesfor singular integrals by Portal and the author [38]. It seems that
the inductive method is most useful in the presenceof (α), for otherwiseit is
di#cul t to ensure the required R-bounds of the sequence-valued multip liers,
but it may also be useful in somespecial situations without (α), as we see in
the proof of Proposition 6.1 below.

6 Scope of the two multiplier theorems
The Mihlin Multiplier Theorem4.3is a result typical of theclassical Calder—nÐ
Zygmund theory, which deals wit h classesof operators invariant under the
natural one-parameter family of dilations ξ ,→ δξ, δ > 0, of R n. The
MarcinkiewiczÐLizorkinMultiplier Theorem 4.4, on the other hand, is typi-
cal of the multi-parameter or product theory, allowing independent dilations
ξ ,→ (δ1ξ1, · · · , δnξn), øδ = (δ1, · · · , δn) > ø0, in the di!erent coordinate di-
rections. Since |ξ# | = |ξ# 1

1 · · · ξ# n
n | ≤ |ξ||# | (t ypically wit h strict inequality),

Theorem 4.4 imposes lessstringent conditions on the multiplier m, at the
cost of restrictin g the admissibleBanach spaces.

Sincethe main interest in results like Theorems 4.3 and 4.4 comesfrom
their applicat ions, it is natural to enquire about the di!erence of the two
conditions in pract ice: What are the typical multiplier s for which one needs
to usethe more general MarcinkiewiczÐLizorkin theorem? In his classicbook
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Singular integrals, Stein [52] gives two examplesof mult ipliers fail ing the
Mihlin condition but falling under the scope of the MarcinkiewiczÐLizorkin
theorem. The Þrst one is the multipli er

m(ξ) =
ξ1

ξ1 + i(ξ2
2 + ξ2

3 + · · · + ξ2
n)

(6.1)

related to parabolic equations,whereas the other example

m(ξ) =
|ξ1|# 1 |ξ2|# 2 · · · |ξn |# n

(ξ2
1 + ξ2

2 + · · · + ξ2
n)|# |/ 2

=
|ξ# |
|ξ||# |

=
n∏

i =1

( |ξi |
|ξ|

)# i

, (6.2)

whereα = (α1, α2, · · · , αn) ≥ ø0, Òis not untypical of a classarising in connec-
tion with the study of spacesof fractional potentialsÓ.

We will study themultiplier s of the parabolic type more systemat ically in
the next section and now takea closerlook at the secondexample(6.2). This
multiplier has the curious feature of formally belonging to the one-parameter
class,having invarianceunder the standard dilations ξ ,→ δξ, but fail ing the
Mihlin conditions for the derivatives. Nevertheless, there holds:

Proposition 6.1. For the multiplier m in (6.2), we have Tm ∈ L (Lp(R n , X))
for all 1 < p < ∞ and all UMD spaces X.
Proof. Let usÞrst observethat it su#cesto treat m(ξ) = m$(ξ) := (|ξ1| / |ξ|)$,
ε > 0: this is the specialcasewith α = (ε, 0, · · · , 0), but if weknow the bound-
ednessof thesemult ipliers, the general case of (6.2) also follows, sinceit is
just the product of our special multiplier and its rotated versions. We make
use of the identiÞcation Tm ! T"1&' Tm ( " 1 ,á)

, and verify the operator-valued
Mihlin conditions for the one-dimensional mult iplier M (ξ1) := Tm("1,á) .

Let usshow that {M (ξ1) : ξ1 ∈ R\{0}} is R-bounded in L (Lp(R n" 1, X)) ,
for which it su#cesby Theorem4.1 that the scalar multi pliers m(ξ1, ·) have
uniformly boundedvariat ion. For α ∈ {0} × {0, 1}n" 1, it is easy to compute

D#m$(ξ) = C$,#m$(ξ)
ξ#

|ξ||# |
= C$,#

∏

i :# i =1

|ξ1|$/ |# | ξi

(ξ2
1 + |ξ#|2)$/2|# |+1

,

whereξ# := (ξ2, · · · , ξn), and then
∫

R !
|D#m(ξ)| dξ# ≤ C$,#

∏

i :# i =1

∫ !

"!

|ξ1|$/ |# | |ξi |
(ξ2

1 + ξ2
i )$/2|# |+1

dξi

= C$,#

( ∫ !

"!

|x| dx

(1 + x2)1+ $/2|# |

)|# |
,
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which is a Þnite constant . We still need the R-boundednessof ξ1M#(ξ1),
but this is immediate from the work already done, once we observe that
ξ1D1m$(ξ) = ε

(
m$(ξ) −m$+2 (ξ)

)
.

Thus we observe that even if the full MarcinkiewiczÐLizorkin Mult iplier
Theorem4.4doesnot apply in a general UMD space,wecanstill go somewhat
beyond the Mihl in Multiplier Theorem 4.3. The next section elaborates on
this theme even more.

7 Parabolic theory of multipliers
The multip lier (6.1) is not well -behaved under the radial dilations, but it
has the property of being invariant under the anisotropic one-parameterdi-
lations ξ ,→ (δ2ξ1, δξ2, · · · , δξn), δ > 0. It turns out that this is essent ially as
good as the radial dilations, sincethere is also an anisotropic version of the
Lit tlewoodÐPaley inequality, which can be proved almost by a repetition of
the construction of the blocking-by-squares decomposition of Theorem 3.3.
The key observati ons to this end are the facts that

• the one-dimensionalLit tlewoodÐPaley Theorem 3.1 remains valid if
we replacethe dyadic intervals ±

[
2k , 2k+1

[
by any lacunary intervals

±
[
λk , λk+1

[
, λ > 1, (th is follows easily from the case λ = 2) and

• in constructing the blocking by squaresof the product decomposition,
we may take di!er ent one-dimensional decompositions in the di!erent
coordinate directions.

Using the decomposition with λ = 2%i in the ith coordinate, this con-
struction results in the decomposit ion In(θ), whoseintervals are

r " 1∏

i =1

ηi
]
0, 2%i (ki +1 )

[
× ηr

[
2%r kr , 2%r (kr +1 )

[
×

n∏

i = r +1

ηi
]
0, 2%i ki

[
,

whereη ∈ {−1, +1}n and k ∈ Zn. This decomposit ion for n = 2 is ill ustrated
in Fig. 2. We obtain the following theorems:

Theorem 7.1 ( [34]). Let n ≥ 1, θ = (θ1, · · · , θn) > ø0, X be a UMD space
and 1 < p < ∞. Then there are 0 < c ≤ C < ∞ such that

c ‖f‖p ≤ E
∥∥∥

∑

I %In (%)

εI #[ I]f
∥∥∥

p
≤ C ‖f‖p , f ∈ Lp(R n , X).
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!

"

Figure 2: The anisotr opic blocking decomposition wit h (2%1 , 2%2 ) = ( 5
2 , 2).

Theorem 7.2 ( [34]). Let n ≥ 1, θ = (θ1, · · · , θn) > ø0, X be a UMD space
and 1 < p < ∞. Then every multiplier m : R n \ {0} → L (X) such that

R(,%(ξ)%á#D#m(ξ) : α ∈ {0, 1}n , ξ ∈ R n \ {0}) < ∞,

where ,%(ξ) is the unique positive solution of
∑n

i =1 ξ2
i ,%(ξ)" 2%i = 1, satisfies

Tm ∈ L (Lp(R n , X)) .

Theorem 7.2 follows from 7.1 in the same way as Theorem 4.3 follows
from 3.3. It contains Theorem4.3 asthe special case θ = (1, · · · , 1), but also
applies to more generalmult ipliers of the parabolic type, like (6.1).

8 Multipliers for Sobolev-type inequalities
The following question of generalizedSobolev-type inequalities leads to an
interestingclassof Fourier multiplier s: Find the conditions under which the
following estimate for partial derivativesholds for all test functions, say u ∈
D(R n , X): ∥∥D&u

∥∥
p
≤ C

∑

#%A

‖D#u‖p . (8.1)

The classical problem for X = C has the simple answer, for p ∈ ]1,∞[, that
we must have β ∈ conv A , the convex hull of A (seee.g. [5]). The necessity
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follows by writin g (8.1) for appropriate sums of tr anslatesand dilatesof u.
A sketch for the su#ciency is as follows: By the boundedness of #[ R ' 1 ×
· · · × R ' n ], η ∈ {−, + }n , which commute with D# , and by symmetry we
may assumethat Fu is supported in R n

+ . By induction on the sizeof A , it
su#ces to tr eat # A = 2. The task is reduced to proving that

m(ξ) =
ξt# 0+( 1" t )# 1

ξ# 0 + ξ# 1
1R n

+
(ξ) =

1R n
+
(ξ)

ξ(1" t )( # 0" # 1) + ξt (# 1" # 0)
(8.2)

is a Fourier multipl ier of Lp(R n , X). It is readily checked to be a Marcin-
kiewiczÐLizorkinmulti plier, so we have (8.1) in UMD spaceswith (α). But
doesit hold in generalUMD spaces?

For n = 1, clearly yes. For n > 1, wemay observe that m(λ%ξ) = m(ξ) for
all λ > 0, provided that we chooseθ so that θ · (α0−α1) = 0. This is always
possible with someθ -= ø0, but may be not wit h θ > ø0. The homogeneity
of m is not in general of the parabolic type covered by Theorem 7.2, which
leads to the question: Doesthereexist a ÒhyperbolicÓversionof Theorem 7.2,
allowing θ ∈ (R \ {0})n , and stil l valid in all UMD spaces?

The answer to this general question turns out to be negative, as demon-
strated in the following sect ion, but for more speciÞc reasons there neverthe-
lessholds:

Theorem 8.1 ( [36]). Let X be a UMD space, 1 < p < ∞, and β ∈ conv A .
Then there is C < ∞ such that (8.1) holds for all u ∈ D(R n , X).

The proof exploit s theLitt lewoodÐPaley typeestimate(3.1), the fact that
the mult ipliers ξ# areproducts ξ# 1

1 · · · ξ# n
n of one-dimensionalmultipliers, and

Þnally a complex interpolation argument.

9 No hyperbolic theory of multipliers
We now prove the impossibility of the hyperbolic theory of multipliers that
one could have hoped for by the considerationsin the previoussection. Let
us Þrst look at some consequencesthat such a theory would have. If m ∈
C2(R \{0}) sat isÞesthe second-order Mihlin -typecondition

∣∣ξkDkm(ξ)
∣∣ ≤ C

for k = 0, 1, 2, then (ξ1, ξ2) ∈ R 2 ,→ m(ξ1ξ2) is a hyperbolic mult iplier with
dilation invariance under ξ ,→ (λξ1, λ" 1ξ2). If it was to be bounded on
Lp(R 2, X) ! Lp(R , Lp(R , X)) , then by Theorem 4.5, the set of operators
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Tm("1á) induced by the dilations of m would be R-bounded in L (Lp(R , X)) .
That such a result can only hold under the property (α) is the main content
of the following:

Proposition 9.1. There exists a Mihlin multiplier m ∈ C ! (R \ {0}) satis-
fying

∣∣ξkDkm(ξ)
∣∣ ≤ Ck for all k ∈ N , such that the following hold for every

1 < p < ∞ and every Banach space X:

• Tm ∈ L (Lp(R , X)) if and only if X is UMD, and

• {Tm(2j á) : j ∈ Z} is R-bounded on Lp(R , X) if and only if X is UMD
with (α).

Proof. The building blocks of our construction are a function öψ ∈ D(R)
supported in [1/2, 2] and sati sfying

∑!
j = "!

öψ(2j ξ) = 1]0,! [(ξ), and a sequence
(αj )!

j = "! ∈ {0, 1}Z chosensoasto contain asa subsequenceevery oneof the
(countably many) Þnite bit sequences.Our mult iplier is then deÞnedas

m(ξ) :=
∑

j %Z

αj
öψ(2" j ξ).

This clearly satisÞesthe Mihl in conditions of any order, so the asserted
boundednessfollowsTheorem4.3 and theR-boundednessfrom Theorem5.1.

Concerning the necessity of UMD, we observe that it su#ces to prove
‖F " 1(1]0,! [

öf )‖p ≤ C ‖f‖p for all f ∈ S (R , X) with supp öf a compact subset
of R \ {0}. Given such an f , let us denote

ρ := sup{|ξ| / |η| : ξ, η ∈ supp öf} < ∞.

By deÞnition, (αj )!
j = "! contains a subsequenceof 1Õsof length N + 1 where

N > log2 ρ, say αj ≡ 1 for j ∈ [j0, j0 + N ] ∩ Z. An appropriate dilation ög :=
öf (λ·), λ > 0, has the positive half of it s support on [2j 0 , ρ2j 0 ] ⊂ [2j 0 , 2j 0+ N ],
wherem(ξ) ≡ 1. Thus ‖F " 1(1]0,! [ög)‖p = ‖Tmg‖p ≤ C ‖g‖p, and by dilation
invariancewe have the same with f in placeof g.

We thencometo the necessity of (α) for the R-boundednessof thedilated
multipliers. Recall that this is equivalent to theboundednessof the operator-
valued Fourier mult iplier TM on Lp(R , Rad(X)) , where

M (ξ)(xj )!
"! := (m(2j ξ)xj )!

"!

= (αi + j xj )!
j = "! , if ξ = 2i .
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For this, it is necessary by Theorem 4.5 that the essential range of M is
R-bounded on Rad(X). This requires in parti cular that

E÷E
∣∣∣
∑

i %F

∑

j %G

εi ÷εj αi + j xi,j

∣∣∣
X
≤ CE÷E

∣∣∣
∑

i %F

∑

j %G

εi ÷εj xi,j

∣∣∣
X

(9.1)

for all Þnite F, G ⊂ Z and xi,j ∈ X. But we may chooseF = {n0 + Nk : k =
0, · · · , N − 1}, G = {% : % = 0, · · · , N − 1}, so that

{i + j : i ∈ F, j ∈ G} = [n0, n0 + N2 − 1]∩ Z

will be any desiredsequenceof N2 consecutive integers, and the correspond-
ing αi + j = αn0+ N k+ ( may be chosen as an arbit rary N × N array of bits.
Thus (9.1) becomespreciselythe deÞningcondition of property (α).

Wesaw earlier that the UMD condition alonesu#cesfor much of theone-
parameter theory of multip liers, which goes somewhat beyond the standard
Calder—nÐZygmund theory related to the radial dilations. In contr ast to this,
the previous Proposition shows that we cannot go much further: there is no
Òhyperbolic one-parameter theoryÓof multipliers on it s own right; it only
exists as a special case of the mult i-parameter theory, which requires the
additional property (α).

Incidentally, the fact that hyperbolic dilations, alt hough having only
one independent variable, should already be regarded as part of the mult i-
parameter theory, has been observed in other contexts, too. As pointed out
in [22] in connection to near-L1 estimatesfor maximal functions

MRf (x) := sup
x%R%R

1
|R|

∫

R
|f (y)| dy

related to di!erent families of rectangles R, Òthetwo-dimensional collection
of rectanglesof the form s× 1/s is already a two-parameter family.Ó

We have now found a fairly sharp border betweenthe multiplier theory
valid in all UMD spacesand only in UMD spaceswith (α), but somequest ions
still remain. E.g., it would beinteresting to know if themult iplier in Prop. 9.1
could be replaced by somemore naturally occurring one. Observe that the
m constructed in the proof in some sensecontains all information in the
universe,and onemay wonder if a lit tle less would be su#cient.

Furthermore,we have mainly excludedthe possibilit y of certain general
statements in all UMD spaces, but the continuit y or it s failure of a par-
ticular operator arising from a speciÞc application is not implied by these
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results, leaving the possibilit y for various interesting special theorems, like
the inequalit y (8.1) discussed in the previoussection.

10 Other Banach space properties
In the remaining three sections, we brießy survey other developments in
vector-valued Harmonic Analysis, which are independent of the above dis-
cussion of the border betweenone-parameter and multi-parameter theories.
We Þrst consider the e!ect on the multiplier theory of somefurther Banach
space properties(besidesUMD and (α)), which have beenstudied in a num-
ber of papers.

Fourier-type
In thescalar-valuedcontext , it is a classical result of Hšrmander that Mihlin Õs
multiplier theorem remains valid when changing the set of derivat ives for
which the estimate |ξ||# | |D#m(ξ)| ≤ C is required from α ∈ {0, 1}n to |α| ≤
0n/21 + 1. In the vector-valued case,a similar reduction of the needed total
order of di!er entiation is causedby the Fourier-type of the Banach spaceX.
Recall that X has Fourier-type t ∈ [1, 2] if the Hausdor!ÐYoung inequality
‖Ff‖t # ≤ C ‖f‖t holds for f ∈ Lt (R n , X) for one(and then all) n ∈ Z+ .

Theorem 10.1 ( [26, 30, 33]). Let n ≥ 1, 1 < p < ∞, and let X be a UMD
space (resp. UMD space with (α)) with Fourier-type t ∈ ]1, 2]. If

R(|ξ||# | D#m(ξ) : ξ ∈ R n \ {0}) < ∞,
(
resp. R(|ξ# |D#m(ξ) : ξ ∈ (R \ {0})n) < ∞

)
,

for all α ∈ {0, 1}n with |α| ≤ 0n/t1 + 1, then Tm ∈ L (Lp(R n , X)) .

The original realizat ion of the condition |α| ≤ 0n/t1 + 1 under Fourier-
type t is dueto Girardi and Weis[26]. The possibility of intersectingthis wit h
MihlinÕs resp.MarcinkiewiczÐLizorkinÕscondition was observed in [30] resp.
[33]. The assumptions may be furt her weakenedsomewhat by considering
appropriatefractional ordersmoothness, which allowsto approach thecritical
index n/t.
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Lattices
Rubio deFrancia [51] wrote about twenty years ago: ÒOur present knowledge
of the properties and structure of UMD latt ices is deeper than for general
UMD spaces.ÓThe state of a!airs is still very much the same today. The
additional tools available in UMD latt ices, especially maximal functions and
techniquesusing MuckenhouptÕsAp weights, have madeit possibleto prove
results like the following, which remain interest ing open problemsfor general
UMD spaces:

Theorem 10.2 ( [51]). Every UMD lattice X is a complex interpolation space
[H, Y ]%, 0 < θ < 1, between a Hilbert space H and another UMD lattice Y .

Theorem 10.3 ( [50, 51]). Let X be a UMD lattice and 1 < p < ∞. If
f ∈ Lp(T , X), then the Fourier series of f converges to f almost everywhere.

Theorem10.3 was Þrst proved by Rubio de Francia [50] for UMD spaces
with an unconditional basis and extended by the sameauthor [51] to the
generalit y stated above. Other results in UMD lat tices or UMD spaceswith
an uncondit ional basis have beenproved in [7, 28, 55].

Interpolation spaces
Theorem10.2 motivated the following deÞnition by Berkson and Gillespie:

Definition 10.1 ( [2]). The classI consists of thoseUMD spacesX which
are isomorphic to a closedsubspaceof a complexinterpolat ion space[H, Y ]%,
0 < θ < 1, betweena Hilbert spaceH and another UMD spaceY .

By Theorem 10.2, every UMD latt ice belongs to I, but I also contains
other UMD spaceslike the SchattenÐvon Neumann ideals C p = [C 2, C q]%,
1/p = (1− θ)/2 + θ/q. More generally, the interpolat ion properties of non-
commutativ e spacescoincidewith those of their commutat ive analoguesun-
der fairly broad conditions [20], which implies the membership in I for many
furt her operator spaces.

In some cases[2, 35, 38], improved results (compared to general UMD
spaces) have been proved in the spacesof class I by interpolatin g with the
estimatesavailable in arbitrary UMD spacesand the stronger onesthat one
can get in a Hilbert space. Thus it would be interest ing to know if I actually
contains all UMD spaces.
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Littlewood–Paley–Rubio property
Berkson,Gillespieand Torrea have recently introduced the following not ion:

Definition 10.2 ( [3, 25]). Let 2 ≤ p < ∞. A Banach space X has the
Lit tlewoodÐPaleyÐRubio property LPRp if there is C < ∞ so that for every
collection J of disjoint intervals J ⊂ R there holds:

E
∥∥∥

∑

J %J

εJ #[ J ]f
∥∥∥

p
≤ C ‖f‖p , f ∈ Lp(R , X).

The scalar ÞeldX = C, and then by Fubini also Lp(µ), sat isÞesLPRp by
an inequality of Rubio de Francia [49]. This inequality was usedby Coifman,
Rubio de Francia and Semmes[16] to improve the Marcinkiewicz multiplier
theorem. Similarly, the LPRp property of a Banach spaceX implies an
improvement of the vector-valued multiplier theorem, which was obtained
by Potapov and the present author:

Theorem 10.4 ( [38]). Let 1 ≤ s < 2 ≤ p < ∞ and X be a Banach space
with LPRp. Let m : R → L (X) be a function such that for all dyadic
intervals I = ±

[
2k , 2k+1

[
we have

sup
(
‖f (ξ0)‖s

T +
N∑

j =1

‖f (ξj " 1) − f (ξj )‖s
T

)1/s
≤ c < ∞,

where T is an R-bounded set, and the supremum is over all partitions inf I =
ξ0 < ξ1 < · · · < ξN = sup I. Then Tm ∈ L (Lp(R , X)) .

The case s = 1 above is the (vector-valued) Marcinkiewicz mult iplier
theorem valid in every UMD spaceand 1 < p < ∞ (although we have
only given the somewhat weaker formulat ion in Theorem 4.3 above). The
assumption becomesweaker with increasings. If we alsoassumethat X ∈ I,
then we may take s = 2 in Theorem10.4.

11 Singular convolution operators
In thevector-valued treatment of Calder—nÐZygmund operators beyond those
represented by Mihli n or MarcinkiewiczÐLizorkintypemulti pliers, the follow-
ing Òrestricted R-boundednessÓestimate for the translati ons τhf := f (· − h)
hasbecomean indispensable companion to the Lit tlewoodÐPaley inequalit ies
discussedearli er:
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Theorem 11.1 ( [8]). Let X be a UMD space and 1 < p < ∞. Then there
is a constant C < ∞ such that, whenever the functions fj ∈ Lp(R n , X) and
the colinear points hj ∈ R n , j ∈ Z, satisfy

suppFfj ⊆ {ξ : |ξ| ≤ 2j }, |hj | ≤ K2" j

for some K ≥ 2, there holds

E
∥∥∥

∑

j

εj τhj fj

∥∥∥
p
≤ C logK · E

∥∥∥
∑

j

εj fj

∥∥∥
p
.

This result of BourgainÕs[8] had apparently no scalar-valuedpredecessor,
but the scalar version of the theorem was independent ly discovered around
the same time by Yamazaki [60]. The original statement in [8] concerns
n = 1, but the transferenceto n > 1 is standard and may be found from [26].

Like the proof of Theorem3.1, also that of Theorem 11.1 starts from the
deÞning inequality of UMD spaces,but now applied to a lessobvious choice
of theÞltration. Every secondσ-algebrawill begeneratedby simpleintervals
N " 1 [k, k + 1[, k ∈ Z, but the atoms of the intermediate σ-algebraswill be
unions N " 1

(
[k, k + 1[ ∪ [n + k, n + k + 1[

)
, k ≡ 0, 1, · · · , n− 1 (mod 2n), of

two separatedintervals, where the separati on reßectsthe translati ons that
we are aiming at. Like in the case of Theorem 3.1, the estimate obtained
from the martingale inequalit y intr oducesextra smoothing in addition to
the desired translat ions. Moreover, we can only reach tr anslations which
sat isfy certain algebraic restrictions. In order to remove thesedeÞciencies,
a perturbat ion argument based on Theorem 4.1 is required. To make this
argument, we have to split the functions fj into approximately logK subsets
for separatetreatment, which givesrise to the logarithmic factor in the Þnal
estimate. The scalar-valued version in [60] is somewhat easier, since the
tr ivial casep = 2 can be extrapolated to the whole range of 1 < p < ∞ by
standard Calder—nÐZygmund methods.

The Þrst application of Theorem 11.1 is to the boundednessof singular
integrals of convolution type:

Theorem 11.2 ( [8, 39]). Let X be a UMD space and 1 < p < ∞. Let
K ∈ C(R n \ {0}, L (X)) satisfy the size and cancellation conditions

R(|x|n K(x), |x|n+ ) |y|" ) [K(x + y) −K(x)] : |x| > 2 |y| > 0) < ∞

for some δ > 0, and R(
∫

r < |x|<R K(x) dx : R > r > 0) < ∞, as well as the
existence of the limit lim$( 0

∫
$< |x|< 1 K(x) dx in the strong operator topology.
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Then the convolution f ,→ K ∗ f (initially defined on a test-function space)
extends to a bounded linear operator on Lp(R n , X).

Bourgain [8] Þrst demonstrated the use of his Theorem 11.1 to obtain
the scalar-kernel version of Theorem 11.2 for n = 1, and this was extended
to the n-dimensional operator-kernel setting by Weis and the present author
in [39], wherealso a more general but rather technical su#cient condit ion of
Hšrmander-type is given for the kernel K. As with multip liers, onegets the
R-boundednessof families of convolution operators under the additional as-
sumption of property (α). One shouldalso note that the improved estimates
for multipliers involving the Fourier-type (discussedin the previous section)
are actually based on convolution-kernel estimatesand, at the bottom, on
Theorem11.1.

In the proof of results like Theorem 11.2, the translation inequalit y of
Theorem11.1 assumes, to someextent, the r™leplayed by maximal funct ion
estimatesin the scalar-valued theory. In fact, the proof of the scalar-valued
caseof Theorem 11.2 by Littlew oodÐPaley theory is something like the fol-
lowing: First, by the Littlew oodÐPaley inequality, we have

‖K ∗ f‖p !
∥∥∥
( ∑

I %In

|#[ I](K ∗ f )|2
)1/ 2∥∥∥

p

=
∥∥∥
( ∑

I %In

|(ϕI ∗K) ∗ (#[ I]f )|2
)1/ 2∥∥∥

p
,

where the ϕI have Fourier tr ansforms öϕI , which are smoothed versions of
1I , say 1I ≤ öϕI ≤ 1I $ , where I ) ⊃ I is a slight ly larger rectangle. The
assumptions on the kernelK imply that the convolut ion operators (ϕI ∗K)∗
are point-wise dominated by the HardyÐLittlew ood maximal function, so
that the Fe!ermanÐStein maximal inequality and the reverse Lit tlewoodÐ
Paley est imate give

!
∥∥∥
( ∑

I %In

[M (#[ I]f )]2
)1/ 2∥∥∥

p
!

∥∥∥
( ∑

I %In

|#[ I]f |2
)1/ 2∥∥∥

p
! ‖f‖p .

The Þrst and last estimatesand the equality in the above chain remain
valid in the UMD-valuedsituation, thanks to Theorem 3.3, just by replacing
the squaresums

( ∑
|#[ I]g|2

)1/ 2
by the randomized sums E|

∑
εI #[ I]g|X ,

whereg ∈ {f, K ∗f}; however, a suitable analogue of the maximal inequality
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is not known, except in the lat tice setting. Thus the two estimatesin the
middle are replaced by the following computati on:

E
∥∥∥

∑

I %In

εI (ϕI ∗K) ∗ (#[ I]f )
∥∥∥

p
= E

∥∥∥
∑

I %In

εI

∫
(ϕI ∗K)(y)τy(#[ I]f ) dy

∥∥∥
p

= E
∥∥∥

∫ ∑

I %In

εI 2" j I n (ϕI ∗K)(2" j I y)τ2" j I y(#[ I]f ) dy
∥∥∥

p
,

where2j I ! the side-lengthof I and the integrals are over R n. The estimate
now cont inueswith

!
∫

R(2" j I n (ϕI ∗K)(2" j I y) : I ∈ In)E
∥∥∥

∑

I %In

εI τ2" j I y(#[ I]f )
∥∥∥

p
dy

!
∫

R(2" j I n (ϕI ∗K)(2" j I y) : I ∈ In) log(2 + |y|) dy · E
∥∥∥

∑

I %In

εI #[ I]f
∥∥∥

p
,

where the Þnal estimate uti lized Theorem 11.1. The above integral will be
Þnite under the assumptionsmade on K, whereasthe last randomized norm
is ! ‖f‖p by Theorem3.3.

12 General Calderón–Zygmund operators
The fundamental tools of vector-valued Harmonic Analysis introduced in the
earlier sectionhave beensuccessfully exploited to treat also the generalized,
non-translat ion-invariant, Calder—nÐZygmund operators. There is the fol-
lowing version of the DavidÐJournŽT (1) theorem [17]:

Theorem 12.1 ( [24, 40]). Let X be a UMD space. Let K ∈ C(R n×R n\{x =
y}, L (X)) satisfy the estimate

R( |x− y|n K(x, y), |x− y|n+ ) |x− x#|" ) [K(x, y) −K(x#, y)],

|x− y|n+ ) |x− x#|" ) [K(y, x) −K(y, x#)] : |x− y| > 2 |x− x#| > 0) < ∞.

Let T : S (R n) → L (S (R n), L (X)) be a linear operator such that

〈φ1, Tφ0〉 =
∫∫

φ1(x)K(x, y)φ0(y) dx dy (12.1)
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for all disjointly supported φ0, φ1 ∈ D(R n), and such that

R(rn 〈φ1(r · + h), T (φ0(r · + h))〉 : r > 0, h ∈ R n) ≤ C < ∞ (12.2)

for all “bump functions” φi ∈ D(B(0, 1)) with ‖D#φi‖! ≤ 1 for all |α| ≤ N
(some large number ). If T (1) = 0, T #(1) = 0 (in the sense of distributions
modulo constants), then T extends to an operator in L (Lp(R n , X)) for 1 <
p < ∞.

This result was Þrst obtained by Figiel [24] for scalar-valued kernels us-
ing a clever decomposition of the operator and mart ingale estimates. For
scalar kernels,one can even replace the conditions T (1) = 0, T #(1) = 0 by
T (1), T #(1) ∈ BMO(R n), and this condition is both necessary and su#cient
for the conclusion T ∈ L (Lp(R n , X)) under the other stated assumptions,
so that a full analogue of the DavidÐJournŽ theorem is valid. The operator-
valued extension, and a newproof building on the Fourier-analytic techniques
discussedin the previoussect ions, wasrecent ly found by Weisand thepresent
author [40]. It is possible to state sufficient BMO-type conditions for T (1)
and T #(1) even in the operator setting, but they are probably far stronger
than necessary. The problem may be reducedto the questionof boundedness
of operator-valued paraproducts, but the precisecondit ion for this is unknown
already in inÞnite-dimensional Hilbert spaces[4, 46].

While FigielÕsmartingale approach to the T (1) theorem di!er s quite a
lot from the techniquesdiscussedin this paper, there still exist parallel in-
gredients. In part icular, a key r™le is played by est imatesfor t ranslati ons of
the Haar functions from [23], which are analogousto BourgainÕsTranslat ion
Theorem 11.1. With appropriate modiÞcat ions of FigielÕsideas, it is also
possible to get an operator-valued extension of the T (b) theorem of David,
JournŽand Semmes[18]:

Theorem 12.2 ( [32]). Let X be a UMD space and let K and T be as
in Theorem 12.1, except that in (12.1) we have bi φi in place of φi , and in
(12.2) bi (·)φi (r · + h) in place of φi (r · + h),1 where b0, b1 ∈ L! (R n) satisfy
the accretivity condition Rebi ≥ c > 0. If T (b0) = 0 and T #(b1) = 0, then
T ∈ L (Lp(R n , X)) for 1 < p < ∞.

1The analogue of (12.2) is assumed in a st ronger form in [32], where also the φi are
required to vary inside the R-bound; however, it is easy to see that only the uniform
boundednessover the φi is actually required in the proof.

34



Again, for a scalar-valued kernel it is su#cient (and necessary) for the
conclusion that T (b0), T #(b1) ∈ BMO(R n), and there is an analogous su#-
cient condition in the operator-valuedcase.The accretivit y assumption may
be replaced by moregeneralpara-accretivity ; see[32]. The scalar-kernel case
of Theorem 12.2 can be easily deduced from Theorem 12.1 and the original
T (b) theorem from [18].

Variousresultshavealso beenprovedfor vector-valuedpseudo-di!erent ial
operators, of which the following is representativ e:

Theorem 12.3 ( [37, 48, 53]). Let X be a UMD space and 1 < p < ∞. Let
a ∈ L! (R n × R n , L (X)) satisfy

R
(
(1 + |ξ|)kDk

" i
a(x, ξ), (1 + |ξ|)k Dk

" i
a(x, ξ) −Dk

" i
a(y, ξ)

|x− y|)
: ξ ∈ R n

)

≤ C < ∞

for all x, y ∈ R n , i = 1, · · · , n and k = 0, 1, · · · , n + 1. Then the pseudo-
differential operator

Tf (x) :=
∫

R n
a(x, ξ) öf (ξ)ei xá" dξ

extends to T ∈ L (Lp(R n , X)) .

First results on operator-symbol pseudo-di!erent ial operators were ob-
tained in " trkaljÕs thesis [53] and worked out in a slight ly di!erent form by
Portal and "tr kalj [48]. The above statement is a special caseof the recent
results of Portal and the author [37]; in comparison to [48], fewer derivatives
are required, but somewhat more R-bounds (instead of just uniform bounds)
are imposed.
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