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Abstract

We survey the vector-valued theory of Fourier multipliers and sin-
gular integrals, especially concentrating on identifying the border be-
tween the one-parameter theory valid in UMD spaces and the multi-
parameter theory valid in UMD spaces with property («). Some new
results are also proved which clarify this question.
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1 Introduction

After its introduction in the ealy 1980sy D. L. Burkholder [10], the
probabilistic UMD property (unconditionality of martingale diler ences; see
Def. 2.1) has becomethe certral notion in Harmonic Analysis of functions
with valuesin inpPnite-dimensiond spacs. Indedl, sewerd reallts from the
classicalLit tlewoodEPaley and Calder—n®ygmund theories, including their
more recert extensions,reman valid in the context of X-valued functions
if and only if the Banad space X has UMD. Out of the vast amount of
examples,we recad here the continuity in LP(R, X) of (thetensa extension
of) the Hilbert transform [6, 11], as well as the extensionsto LP(R", X) of
the MarcinkiewiczDMihlin multiplier theaem [8, 45] and the DavidRJournZ
T'(1) theorem[24]. While the mertioned results wereall obtained by the end
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of the 1980Qsthere has beena revival of interest in the related questions
sincethe turn of the millennium. This hasbeenboosted by the realization of
the connection of another probabilistic notion, the R-boundedness (Def. 2.3),
to the continuity of more genewal vector-valued Calder—-abBZygnund trans-
formations with an operator-valued kemel [14, 57], as well as the succeshl
applicationsof theseideasto Partial Dilerential Equations. The UMD spaces
have retained their certral position also for theserecen dewelopmerts.

Howewer, another probabilistic Banadch spae condition, property («) (see
Def. 2.2), has also frequertly appeared in the assumptons of various results
on vector-valued Harmonic Analysis, and it is now known that in many
casesit cannot be avoided. Already in the late 19800st was showvn that
the more general(comparedto MihlinOs)MarcinkiewiczbLizorkinmultiplier
theorem s not valid in certain UMD spaces[61], and more recertly it was
realized[43] that a charaderization of the spaceswith this multiplier theaem
is UMD conbined with (a). Since this obsenation, sewveral further realts
have considerably clariped the interplay of the UMD and («) properties,
and the needfor the latt er hasbeenclealy related to the Ornlti-parameterO
nature of cetrtain results [34, 36, 37]. The presen article has a two-fold
purpose:

e to survey the state-d-art of the theay of vector-valued Fourier multi-
pliers and singular integrals, with emphasison the r™e of property («)
(and heavily biasedtowards the authorOswn interests), and

e to supplemen same new results, which establish a fairly sharp border
between the parts of the theay requiring or not requiring («).

The paper will concertrate on the vector-valued Calder—n®ygmund theory
per se. For the applicationsto Partial Dilerential Equations we refer to the
recert monogaph [19] and the lecture notes[42]. The latter also contains
a detailed presenation of the H' -caculus of sectorid operators in UMD
spaes(not dedt with here), for which there is alsothe recen survey [58].

2 Probabilistic preliminaries

We brst recdl the two fundamertal Banach space propertieswhich determine
the behaviour of singular integrals of vector-valued functions:
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Definition 2.1 ( [10]). A Banach space X is UMD if for some(and then
all) p € 11, o0[ thereis a C' < oo sudh that

(€3 el <c(@3al)”

wheneer N € Z,, (a)k; € {—1,+1}N, and (d)R, € LP(! ,.Z,P; X)N is
a martingale di!erence sequenceon same probability spece (! ,.#, P) with
expectation E : f dP; i.e., there are subv-algebras. %y C #; C --- C
In C F sothat dy € LP(! , %, P; X) and E(1pdy) = O for all A € - 1,
forall k=1---,N.

Examplesof UMD spacesnclude the rel3exive Lebesgie LP, Lorentz LPA
and Sdatt enBron Neumann ¥ spaes, 1 < p,q < oo. If X is any UMD
spae, so are its dual X% the B™hner spaces LP(u, X) for 1 < p < oo, and
the closed subspacesand quotients of X. UMD spacesare (super)rel3exie,
and they have non-rivial type (and then also Fourier-type) aswell as cotype.

There are a number of useful surveysof UMD spaes[12 13, 51].

In the following dePnition, and always thereafter, the ¢, & ,5(k), ... are

i.i.d. (independent idertically distributed) random signs with distribution
P(si = +1) = P(s; = —1) = 1/2. They are calledthe Rademader variables.

Definition 2.2 ( [47]). A Banach space X has property («a) if thereis a
C' < oo sudh that

E‘ Z €& Qj Tij ‘ < CE‘ Z Ei&) Tjj ‘

ij=1 ij =1
wheneer N € Z,., (zj)} 2, € XVN and (a5 )] o € {—1,+1}NSN,

This property holds for the commutative LP spaesfor all 1 < p < oo,
and is also inherited from X by LP(u, X) for p in the samerange; on the
other hand, the (inPnite-dimensional) non-commutative %9 spaeshave («)
only when g = 2. Unlike UMD, property (a) is not self-dual (e.g., ¢* has
(o) while ¢ does not); howewer, it is important that the joint property
OUMDand («)Ois inherited by the dual space. Every Banach spacewith a
local unconditional structure (l.u.st.), in particular every Banad lattice, has
property () if and only if it has Pnite cotype. A good reference is PisierOs
original paper [47], where property (a) wasintroduced.

We also reall the main property that one typically needsto impose on
the range of operator-valued singular integral kernels:
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Definition 2.3 ( [1]). An operator cdlection .7 C Z(X) is R-bounded if
thereis a C' < oo sud that

N N
E‘ ;ska:Bk’X S CE’ geﬂ(zk)x

wheneer N € Z,, (z)k; € XN and (Ti)R., € ZN. The least number C
is caled the R-bound and denotedby Z(.7).

Even ealier, this notion made anorymous appeaancesin [8, 61], and
Bourgain [8] proved the useful fact that Z#(abco.7) < 2%(.7), where the
bar desighatesthe strong operator closure, and abco standsfor the absdute
(or balanced) corvex hull. A scalar-valued version of this inequality was
implicitly used already in Marcinkiewicz®riginal proof of his multiplier the-
orem[44], which may explain why R-boundednessas becomesud a certral
concept in the operator-valued extensions of this classcal result. This notion
is studied in detail in [14, 57].

Another frequenly usedresult in connectionwith the randomizednorms
istheinequality of Kahane which providesthe secondnon-trivial comparisam
in the following chain, where K, < oo is constart only dependingon p:

N N N
P\ Lp
E‘ E ekxk‘x < (E‘ E skxk‘x> < KpE‘ E Ekxk‘x, l<p<ox.
k=1 k=1 k=1

This implies that one can replacethe L' norms in Debpritions 2.2 and 2.3
by other LP normsfor 1 < p < co. (The p invariance of Def. 2.1 is due to
a dilerent rea®on.) Another usdul inequality of Kahaneis the contraction
principle, for which the notion of R-boundednessgivesthe compact formu-
lation Z(" -idx) < 2sup{|A|: A €" }, wheneer" C C.

It is sometimeshandy to transform R-boundednesson X into usual
boundednessn a certain larger space,Rad(X). The useof this space(well-
known in the Banach spacetheay) in the cortext of R-boundednessorigi-
natesfrom Girardi and Weis[27].

Definition 2.4. The Rademader space Rad(X) is the completion of all
Pnitely non-zerosequencesz; )j’:..! € X4 in any of the following equivalert
norms, wherep € [1, oo[:

]
: P\ Up
H@j)‘!‘! HRadp(X) = (E‘ Z it ‘x) )

j="
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Unlessotherwisesaid, we usethe L! norm on Rad(X).

Let us identify a Pnitely non-zero sequence(7}):, € Z(X)* with the
operator T(zj)4 := (Tjz;)4 onRad(X). For 7 C Z(X), let us denote

F = {(T})n € 7% pnitely non-zero}.

Then clealy 2(7) = sup{||T||¢radx)y : T € F} < Z(F). One of the
main implications, and in fact a characterization, of property («) of X isthe
converse estimate Z(.7) < C#(.7) for 7 c £(X), where C dependson
the («) property constant of X only [14].

3 Littlewood—Paley decompositions

The Pbrst step in BourgainO$3] approach to the estimation of singular inte-
grals in UMD spacesds transforming the debnirg unconditionality property
of martingale dilerences into another unconditionality estimate of more an-
alytic Bavour. This is an analogue of the classicd inequality of Litt lewood
and Paley concernirg the dyadic spectral decanposition of a function. For
an interval I C R, we denote #[ I] := .# '1,.%, where .Z is the Fourier
transform. Let . = {n[2¢, 2! [ 1 p € {~1,+1},k € Z} be the collection
of dyadic intervals on R. The vectar-valued Litt lewoodEPaley inequality is
the following:

Theorem 3.1 ( [8,45]). Let X be a UMD space and 1 < p < oco. Then there
are constant 0 < ¢ < C < oo such that

el <E| D a# f]pr <Clfll,.  feLP(R,X).

| %7
Conversely, this estimate implies that X s UMD and 1 < p < oo.

The proof of Bourgan [8] consistsof writin g the UMD inequality for the
tr anslated dyadic Pltrations (% — u)i-, Of R, where  := {2'k[j,j + 1[:
j € Z}and 0 < u < 1, and averaging over the values of the translation
parameter . This yields an inequality similar to that of Theorem 3.1 but
with smooth and overlapping cut-o!s (decaying like (2€¢)? resp. (25¢)" 2 as
¢ — Oresp. £ — oo) in placeof the indicators of the intervals [2¢, 21 [ The
desiredshap cut-o!s are then readed by a pertur bation argumert, which
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usesthe R-boundednessof the family of spectral projections #[ J], where J
rangesover all intervals of R. This R-boundednessis a consequencef the
boundednessof the singe projection #[ R.] = (id +iH)/2, where H is the
Hilbert transform, the identity #[ a + J] = €2 ®#[ J]e' '#®, and the basic
properties of R-bounded sets.

A dilerent approac to the vector-valued Littlew oodDRaley decomposi-
tion is due to McConnell [45], who proved a Mihli n-type multiplier theaem
directly from the UMD inequality by means of heary stochastic machin-
ery, and derived Theaem 3.1 as a carollary of his multiplier estimate. In
BourgainOspproadch, on the other hand, Theorem 3.1 is used to obtain the
multiplier theorem (seenext sec¢ion), which turns out to be sharper than
that proved by McConnell.

Theorem3.1 shavsthat on the onedimensioal Euclidean domainR, the
classical spectral decanposition extendsto the UMD -valuedsituation, andin
fact ref3ectsthe one-paameter decanposition postulated in the debnition of
UMD. When we want to move to R" with n > 1, howewer, a one-parameter
decanposition cannot adequatelycapture the full n-dimensiona structure of
the product domain R" = R x --- x R, and thisiswhereproperty («) eners
the scene.Of course, by simply iterating Theorem 3.1, we obtain

cllfly <E| X e -e#nr| <Clfly. e PRNX). (3
1 %N

where #" = {I =1} x---x In: 1y, -+, Iy € I}, andel(?,---,el(:) arei.i.d.
sequence®f Rademacher variables. The products 5,(? ---5|(:), however, are
not quite the sameas oneindependert sequence, = ¢|,saaa3, iINdexedby the
product intervals. Property («), on the other hand, is preciselythe condition
under which the two random sumsare equivalent, and Zimmermann proved

the following:

Theorem 3.2 ( [61]). Let n > 1. There are constant 0 < ¢ < C' < o0
such that the following estimates hold, if and only if X is a UMD space with
property (a) and 1 < p < oo

cfll, <E| D a#tns| <clfl, ferPR™X).
| %N P
All hopeisnot lost in generalUMD spacesegither, but we haveto contert
ourseheswith a coaser decomposition, the so-cdled blocking by squares of
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]

Figure 1. The dyadic product decamposition (left) and its blocking by
squares(right).

the product decomposition .#". This consists of the intervals

n

r'1
[Im]o 29 [xn [2, 20 [ x ] m]0.29] (32
i=1

i=r+1

with n € {—1,+1}", k € Z". Dending the set of theseintervals by .#,, the
result reads:

Theorem 3.3 ( [61]). Let X be a UMD space, 1 < p < oo andn > 1. Then
there are constants 0 < ¢ < C < oo such that
clfl, <E| Y- a#tng| <clfl,, ferPR™X).
| %70 P

The two decompositionsfor n = 2 areillustrated in Fig. 1. Unconditional
decaonpositions and their products and blockings are studied in detail in
Wit viietOghesis [59].
4 Vector-valued Fourier multipliers

While various clas®s of Calder—nBygmund operators and their generaliza-
tions have beentreated in UMD spacesby now, many of the typical vector-
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valued phenomenaare most eadly illustrated in the corntext of Fourier mul-

tipliers, whoseboundednessproperties are very closey related to the uncon-
diti onality of Lit tlewoodEPaley decanpositions. In fact, the two ingredierts
usedin BourgainOsipproach to the vectar-valued Mihlin multiplier theaem

are Theorem 3.1 and an R-boundednessestimate for the classof multipli-

ers of bounded variation. The point is then to apply this R-boundedness
result to the Odwdic piece©m1, of a Mihlin multi plier to obtain the bound-

ednessof the full multiplier m. Esserially the same idea goesthrough for

operator-valued multiplier s; we only neel to strengthen bounded variation

to R-bounded variation:

Definition 4.1. We sa that a set .# of functions m : R" — Z(X) has
uniformly R-bounded variation if there exists a bPxed R-bounded set .7 C
Z(X), and for each m € .# a probability measure 1 on [—®, ®[ and a
strongly measurable 7 : [—®, @[ — .7, sud that for all x € X

m@r= [ reucn)

We denoteda := (o0, -+, 00) and [—a@®, &] := [—00,&1] X -+ X [—00, &)
Typical examplesof R-bounded variation arisefrom multipliers m supported
onintervals J = J; x --- x J, and having derivatives D* m(¢), a € {0,1}",
¢ € J,sutrthat ||| D*m(€)[| 71l 1yry < C < o0, where||-|| , is the Minkowski
functional of an R-bounded set.7, and J* := [[., oy Ji X [];.4, 0 {inf Ji}.

Theorem 4.1 ( [8, 42, 61]). Let X be a UMD space and 1 < p < oco. If
A is a uniformly R-bounded collection of functions on R", then the set

of Fourier multiplier operators Ty, = F ‘m.%, m € #, is R-bounded on

PL(IP(R", X)).

This result is actually equvalent to the LP(R,X) boundednessof the
Hilb ert transform, since H itself has a scdar multi plier of bounded variation,
whereasevery multiplier 7}, with m € .# belongs to abco(.7 -.%¥), where .7
is the R-bounded setappearing in Def. 4.1, and . := {#[{+ R7]: £ € R"}
whos R-boundednessfollows from the boundedhes of H.

We can now formulate a genericmultiplier theorem:

Theorem 4.2. Let X be a UMD space and 1 < p < oco. Let # be a
collection of intervals C R" such that {#[ J] : J € _Z} satisfies, for some
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0 < c < C < o0, the unconditionality estimate
cllfly <E| Yo eotlf| <Clifly.  Je LR X).
I% 7

If a multiplier m : R" — Z(X) has the property that the m1;, J € 7, are
of uniformly R-bounded variation, then Ty, € L (LP(R", X)).

In fact, K := %#(Im1, : J € ) < oo by Theorem4.1, and then

1 1
1T fllp < 26| S ot T f|| = 26| S oTmn, #1]
3%/ P 3%/ P

1 C
< SKE| Y et || < =K1,
C p C
I% 7
The following two results, which provide vector-valued extensionsof the
classical Mihlin and MarcinkiewiczBizorkin multip lier theorems, are now

consequencesof the genericTheorem 4.2 and the Litt lewoodEPaley decom-
positions of the previous section:

Theorem 4.3 ( [8, 54, 57, 61]). Let n > 1. If (and only if) X is a UMD
space and 1 < p < oo, then every multiplier m : R"\ {0} — Z(X) such that

(" D*m(€) - @ € {0,1}", £ € R"\ {0}) < o0
satisfies Tm € Z(LP(R", X)).

Theorem 4.4 ([54, 61]). Letn > 1. If (and only if) X is a UMD space with
property () and 1 < p < oo, then every multiplier m : R" \ {0} — Z(X)
such that

Z(1€"| D*m(€) 1 e € {0,1}". ¢ € (R \ {O})") < ¢
satisfies Tm € Z(LP(R", X)).

The caseof Theorem4.3whenn = 1 and m is scala-valued was proved
by Bourgain [8] and extendedto n > 1 by Zimmermmann [61]; a slightly
wealer statemen had already beenobtained by McConnell [45] using di'er-
ernt methods. The operator-valued statemen was brst achieved by Weis[57]
for n = 1 and extendedto » > 1 by "t rkalj] and Weis [54]; other proofs of
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this result are given in [19, 29, 42]. ZimmermannOsriginal formulation of
the scala-multiplier caseof Theorem 4.4 was in the slightly smaller class
of UMD spaceswith l.u.st.; a similar but yet more restricted statemert in
Banad lattices was proved in [21], basal on [45]. The classof UMD spaces
with (a) usedby "trkalj and Weis is the largest possible, as obsened by
Lancien [43].

Finally, it shauld be pointed out that the R-boundednessassunptions
are not only a matter of technical convenience,but a necessy to obtain
multiplier theaems, asshovn by ClZmen and PrYss[15]:

Theorem 4.5 ([15]). Letn > 1and 1 < p < co. There is a constant C' < oo
such that if X is an arbitrary Banach space and m € L (R", Z(X)), then

Z(m(§) : € € R" a Lebesgue point of m) < C'||Tw|| yqLprn x)) -

5 Bootstrapping and induction

In the context of vector-valued estimates, various possibilitiesof self-improve-
mernt are looming around. A basic obsewation is the isamorphic (thanks to
KahaneOsequality) identibcaion of spaces

Rad(LP(R", X)) ! LP(R",Rad(X)),

which givesrise to an identibcation of operators (T, ).y ! T(m,), . where
on the right we have the Fourier multiplier with the sequencevalued kernel

E— M) = (m (&) € ZL(Rad(X)). Thus, proving the R-boundedness
of a family of Fourier multiplier operators amounts to checking the bound-

ednessof the singe .Z(Rad(X))-valued multiplier M (£). In the presence
of property («), it is possibleto concludethat M inherits the required R-

boundednessestimatesfrom the original multip liers m;. Theseobservations

lead to the following:

Theorem 5.1 ( [9, 27, 41, 56]). Let n > 1. If (and only if) 1 < p < oo and
X is a UMD-space with property (), then every family 4 of £ (X)-valued
multipliers on R" such that

(€| D*m(€) i € {0,1}", 6 € (R\ {ON)",m € .A#) < 0

induces an R-bounded family of operators {Ty, :m € #} C L(LP(R", X)).
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This was Prst proved for scala-valued multiplier s by Venni [56]; the
operator-valued extensionwas found by Bu [9] and by Girardi and Weis[27]
(apparertly independertly). The necessiy of («) is showvn in [4]].

Another basicidentibcation is the Fubini isometry

LP(R™, X) ! LP(R,LP(R", X)),

where LP(R", X) hasUMD and/or («) if X has,and 1 < p < co. This again
givesan identibcaion of Fourier multipliers,
Trornst gmsez(x) b T ioRe Ty, %L (LP(RT X)) -

As it turns out, this kind of identibcation can be used, as donein [31],
to reprove Theorems4.4 and 5.1 for generaln > 1 using only Theorem5.1
for n = 1 and a simple induction on the dimension. While the inductive
method is not necessey for getting theseresults, as we saw, it may oler at
least same conceptual simplibcation, which hasbeenexploited in proving new
estimatesfor singular integals by Portal and the author [38]. It seens that
the inductive method is most usetll in the presenceof (), for otherwiseit is
di#cul t to ensue the required R-bounds of the seqiencevalued multip liers,
but it may also be useful in somespecid situations without («), as we see in
the proof of Proposition 6.1 below.

6 Scope of the two multiplier theorems

The Mihlin Multiplier Theorem4.3isaresllt typical of theclasscal Calder—nb
Zygmund theay, which deds with classesof operators invariant under the
natural one-paameter family of dilations ¢ — 6£, 6 > 0, of R". The
MarcinkiewiczbLizorkinMultiplier Theorem 4.4, on the other hand, is typi-
ca of the multi-parameter or product theay, allowing independert dilations

€ (01&1, -+, 0n&n), & = (61,---,0n) > @, in the dilerent coordinate di-
rections. Since|¢#| = |¢¥1...¢fn| < ¢! (typically with strict inequality),
Theorem 4.4 imposes lessstringert conditions on the multiplier m, at the
cost of redrictin g the admissible Banach spaces.

Sincethe main interestin results like Theaems 4.3 and 4.4 comesfrom
their applications, it is natural to enqure about the dilerence of the two
conditions in practice: What are the typical multiplier s for which one needs
to usethe more geneial Marcinkiewicziizorkin theorem? In his classicbook
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Singular integrals, Stein [52] gives two examplesof multipliers failing the
Mihlin condition but falling under the scope of the MarcinkiewiczbLizorkin
theorem. The Prst oneis the multipli er

&

MmO = e igr gy )

related to parabolic equations,whereas the other example

(6.1)

n

_ el el el ]y rlaly
m(§) = (2+ &G+ ...+ e2)Hi2 |§||#| - |1=_1[ (E) ; (6.2

wherea = (aq, o, - - -, an) > @, @6 not untypical of a classarising in connec-
tion with the study of spacesof fractional potertialsO.

Wewill study the multiplier s of the parabolic type more systematically in
the next section and now take a closerlook at the secondexample(6.2). This
multiplier has the curious feature of formally belongng to the oneparameter
class, having invariance under the standard dilations £ — §¢, but failing the
Mihlin conditions for the derivatives Newertheles, there holds:

Proposition 6.1. For the multiplier m in (6.2), we have Ty, € Z(LP(R", X))
forall 1 < p < oo and all UMD spaces X.

Proof. Let usbrst obsenethat it su#cesto trea m(&) = mg(€) := (|&1] /€)%,
e > 0: this isthe specialcasewith o« = (¢, 0, - - -, 0), but if weknow the bound-
ednessof thesemultipliers, the general case of (6.2) also follows, sinceit is
just the product of our specid multiplier and its rotated versicns. We make
use of the iderntibpcation T, ! T--l&-Tm(.,L@, and verify the operator-valued
Mihlin conditions for the onedimensiomal multiplier M (&) = Tme, 5.

Let usshow that {M (&) : & € R\{0}} is R-bounded in Z(LP(R"" 1, X)),
for which it su#cesby Theorem4.1 that the salar multi pliers m(&y, ) have
uniformly boundedvariation. For o € {0} x {0,1}"™ 1, it is easy to compute

D# = C 5# = C |£l’$/|#|§i
mg(§) = $,#m$(§)|§|m = G (e g
where&#:= (&,---, &), and then
! $/1#] | o
[ ptm@l dee < Cso T [ s apammer 96

i#i=1 /" 1

_ " jelde M
- C$,#</! (1+ m2)1+$’2|#|) )
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which is a Pnite constarnt. We still needthe R-boundednessof & M%&),
but this is immediate from the work already done, once we obsene that

§1D1ms(€) = €(mse(€) — msrz (€)). O

Thus we obsene that even if the full MarcinkiewiczbLizorkin Multiplier
Theorem4.4doesnot apply in agenera UMD space,we canstill go sanewha
beyond the Mihlin Multiplier Theorem 4.3. The next section elaborates on
this theme even more.

7 Parabolic theory of multipliers

The multip lier (6.1) is not well-behaved under the radial dilations, but it
hasthe property of being invariant under the anisotropic oneparameter di-
lations & — (0%¢1, 6&,, -+, 0&n), 6 > 0. It turns out that this is essenially as
good asthe radial dilations, sincethere is also an anisotropic version of the
Lit tlewoodPRaley inequality, which can be proved almog by a repetition of
the construction of the blocking-by-squares decanposition of Theorem 3.3
The key obsenations to this end are the facts that

¢ the one-dimensionalLit tlewoodEPaley Theorem 3.1 remans valid if
we replacethe dyadic intervals =+ [2¢, 21 [ by any lacunary intervals
+ [A, XN > 1, (this follows easily from the cae A = 2) and

e in constructing the blocking by squaresof the product decompsition,
we may take diler ent one-dimensioal decompodtions in the dilerent
coordinate directions.

Using the decamposition with A\ = 2% in the ith coordinate, this con-
struction results in the decompostion .%,(0), whoseintervals are

n

Hn 0.2H6°0) [  [24, 240 [ [ m]0.2% ],

i=r+1

wheren € {—1,+1}" and k € Z". This decompstion for n = 2isillustrated
in Fig. 2. We obtain the following theaems:

Theorem 7.1 ([34)). Letn > 1, 6 = (01,---,6,) > @, X be a UMD space
and 1 < p < o0o. Then there are 0 < ¢ < C < oo such that

clfly<E| Y a#nf| <Clfl,.  JeLR".X).
1 %7 (%
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o

Figure 2: The anisdropic blocking decanposition with (2%, 2%) = (3, 2).

Theorem 7.2 ( [34]). Let n > 1, 0= (01,---,0n) > @, X be a UMD space
and 1 < p < co. Then every multiplier m : R" \ {0} — Z(X) such that

R (o)™ D*m(€) 1 a € {0,1}", € € R"\ {0}) < o0,

where &) is the unique positive solution of > i, E20f€)" 2 = 1, satisfies
Th € Z(LP(R", X)).

Theorem 7.2 follows from 7.1 in the same way as Theorem 4.3 follows
from 3.3, It cortains Theorem4.3 asthe specialcaed = (1,---,1), but also
applies to more generalmultipliers of the parabolic type, like (6.1).

8 Multipliers for Sobolev-type inequalities

The following question of generalizedSobolev-type inequalities leads to an
interesting class of Fourier multiplier s Find the conditions under which the
following estimate for partial derivativesholds for all test functions, say u €
2(R", X):

[DSul|, < C Y (ID*ull,. (8.1)

# %o/

The classic problem for X = C hasthe simple answer, for p € ]1, oc[, that
we must have € corv 7, the convex hull of o7 (seee.g.[5]). The necessi
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follows by writin g (8.1) for appropriate sums of translatesand dilates of u.
A sketch for the su#ciencyis as follows: By the boundedress of #[ R, x

-x R:1, n € {—,+}", which comnute with D*, and by symmetry we
may assumethat .#u is supported in R . By induction on the sizeof 7, it
su#cesto trea # .o = 2. The task is reduced to proving that

_ gt#0+( 1" t)#1 _ 1RQ (5)
m(€) = o + £ ey () = EA (o™ #1) 4 (101" #o)

(8.2)

is a Fourier multiplier of LP(R", X). It is readily chedked to be a Marcin-
kiewiczbLizorkinmulti plier, so we have (8.1) in UMD spaceswith («). But
doesit hold in generalUMD spaces?

For n = 1, clealy yes. For n > 1, we may obsenethat m(\%) = m(¢&) for
all A > 0, provided that we choose# sothat 6 -(ag — 1) = 0. This is always
possible with somed 7 @, but may be not with 6 > @ The homogeneity
of m is not in general of the parabolic type covered by Theorem 7.2, which
leads to the question: Doesthereexist a OlgperbolicOversionof Theorem 7.2,
allowing 0 € (R \ {0})", and still valid in all UMD spae@s?

The answer to this generl questionturns out to be negative, as demm-
strated in the following sedion, but for more spedbc reasms there neverthe-
lessholds:

Theorem 8.1 ( [36]). Let X be a UMD space, 1 < p < 0o, and 3 € COnv <.
Then there is C' < oo such that (8.1) holds for all u € Z(R", X).

The proof exploit sthe Litt lewoodEPaley type estimate (3.1), thefact that
the multipliers ¢# areproducts &* - - - ¢# of one-dimensionamultipliers, and
Pnally a complexinterpolation argumert.

9 No hyperbolic theory of multipliers

We now prove the impossibility of the hyperbolic theory of multipliers that
one cauld have hoped for by the considerationsin the previous section. Let
us brst look at same conseguencesthat sud a theory would have. If m €
C?(R\ {0}) satisPeshe second-eder Mihlin -type condition |¢D*m(¢)| < C
for k= 0,1,2, then (&1, &) € R? — m(&.6,) is a hyperbolic multiplier with
dilation invariance under ¢ — (A&, A\ L&), If it was to be bounded on
IP(R?2,X) ! LP(R,LP(R, X)), then by Theaem 4.5, the set of operators
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T4 induced by the dilations of m would be R-bounded in Z(LP(R, X)).
That sud a result canonly hold under the property («) is the main content
of the following:

Proposition 9.1. There exists a Mihlin multiplier m € C' (R \ {0}) satis-
fying ‘kakm(ﬁ)‘ < Ck for all k € N, such that the following hold for every
1< p < oo and every Banach space X :

o T € Z(LP(R, X)) if and only if X is UMD, and

o {Theig i j € Z} is R-bounded on LP(R,X) if and only if X is UMD
with ().

Proof. The building blocks of our construction are a function 0 € 2(R)
supported in [1/2, 2] and satisfying 3 _., @2 ¢) = L, ((€), andasecuence
(o )J-!:..! € {0,1}# chosensoasto cortain asa subsequenceewery oneof the
(countably many) Pnite bit sequencesOur multiplier is then debPnedas

m(€) = Y q82¢).

juz

This clearly satisbesthe Mihlin conditions of any order, so the asserted
boundednesdollows Theorem4.3 and the R-boundednesdrom Theorem5.1.

Concerning the necessiy of UMD, we obsene that it su#ces to prove
17" *(Lor (Pl < C £l forall f € #(R, X) with supp Pacompact subset
of R \ {0}. Givensud an f, let us denote

p = sup{l¢|/[n] : & n € supp P} < o

By debpnition, (¢ )j!:..! contains a subsegenceof 10®f length N + 1 where
N >log, p, say oy = 1for j € [jo,jo+ N]JNZ. An appropriate dilation ¢ :=
AN, A > 0, has the positive half of its support on [20, p2io] c [2l0, 20+ N],
wherem(¢) = 1. Thus .7 *(Ljor (9)llp = [ Tmgllp < C llgll,, and by dilation
invariance we have the same with f in placeof g.

Wethencometo the necessy of («) for the R-boundednesof the dilated
multipliers. Recdl that this is equvalen to the boundednes®f the operator-
valued Fourier multiplier T)y on LP(R,Rad(X)), where

M(f)($j)'!'! = (m(zjf)%')'!'! .
= (isjaj)jen 0 £=2.
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For this, it is necessey by Theorem 4.5 that the essetial range of M is
R-bounded on Rad(X). This requiresin particular that

EE‘ SN s ai oy ]X < (JEE’ DICELT )X (9.)

9 | %G i%F | UG

for all Pnite £, G C Z and z;; € X. But we may chooseF = {ng+ Nk : k=
0,---,N—-1},G={¢:¢=0,---,N — 1}, sothat

{i+j:i€F,jeG}=[no,no+ N>—1]nZ

will be any desiredsequenceof N? consecutive integers, and the corregpond-
INg ci+j = ang+Nk+( May be chosen as an arbitrary N x N array of bits.
Thus (9.1) becomespreciselythe debningcondition of property («). O

We saw earlierthat the UMD condition alone su#cesfor much of the one-
parameter theory of multip liers, which goes somewha beyond the standard
Calder-rEZygmund theory relatedto the radial dilations. In cortrast to this,
the previous Proposition shows that we cannot go much further: there is no
Olperbolic oneparameter theoryOof multipliers on its own right; it only
exists as a spedal case of the multi-parameter theay, which requires the
additional property («).

Incidertally, the fact that hyperbolic dilations, although having only
one independen variable, shauld already be regarded as part of the multi-
parameter theory, has been obsened in other cortexts, too. As pointed out
in [22] in connection to near-L! estimatesfor maximal functions

Mgf(x) == sup i/ |f(y)| dy
xoryz | R| Jr
related to dilerent families of rectangles %, Othetwo-dimensional cdlection
of rectanglesof the form s x 1/s is already a two-parameter family.O
We have now found a fairly sharp border betweenthe multiplier theory
valid in all UMD spacasand only in UMD spaceswith («), but same quedions
still remain. E.g., it would beinteresting to know if the multiplier in Prop. 9.1
could be replaced by somemore naturally occurring one. Obsene that the
m constructed in the proof in some sensecortains all information in the
universe,and one may wonder if a little less would be su#cient.
Furthermore, we have mainly excludedthe possibility of certain geneia
statemeris in all UMD speaces, but the continuity or its failure of a par-
ticular operator arising from a specikc application is not implied by these
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results, leaving the possibility for various interesting special theorems, like
the inequality (8.1) discussd in the previoussection.

10 Other Banach space properties

In the remaning three sections, we briel3y survey other dewelgopmerts in
vector-valued Harmonic Analysis which are independert of the above dis-
cussia of the border betweenone-paameter and multi-parameter theaies
We prst considerthe elect on the multiplier theay of some further Banach
spae properties (besidesUMD and («)), which have beenstudied in a num-
ber of papers.

Fourier-type

In the scalar-valuedcortext, it is a classcal result of Hsrmander that Mihlin Os
multiplier theaem remains valid when changng the set of derivatives for
which the estimate |¢]* | D*m(¢)| < C is required from a € {0,1}" to |a| <
|n/2| + 1. In the vector-valued case,a similar reduction of the needed total
order of diler entiation is causedby the Fourier-type of the Banad spaceX.
Recall that X has Fourier-type t € [1,2] if the Hausdor!BYoung inequality
|7 fll < C||fll, holdsfor f € LY(R", X) for one(and thenall) n € Z, .

Theorem 10.1 ( [26, 30, 33]). Letn > 1, 1< p < oo, and let X be a UMD
space (resp. UMD space with («)) with Fourier-type t € ]1,2]. If

Z(|&" D*m(€) 1 € € R"\ {0}) < o0,
(resp. 2(1€*| D*m(€) : € € (R \ {0})") < o0),

for all a € {0, 1}" with || < [n/t] + 1, then Ty, € ZL(LP(R", X)).

The original realizaion of the condition |a| < |n/t| + 1 under Fourier-
typet isdueto Girardi and Weis[26]. The possibility of intersectingthis with
MihlinGs resp. MarcinkiewiczbLizorkinOsondition was obsened in [30] resp.
[33]. The assumpions may be further weekened somewhat by considering
appropriate fractional order smoothness which allowsto approach thecritical
index n/t.
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Lattices

Rubio de Francia [51] wrote about twerty years ago: O@r presen knowledge
of the properties and structure of UMD latticesis deeper than for genera
UMD spaces.OThe state of alairs is still very much the same today. The
additional tools available in UMD lattices especidly maximal functions and
techniques using MuckenhouptOsl,, weiglts, have madeit possibleto prove
results like the following, which remain intereging open problemsfor genera
UMD spaces

Theorem 10.2 ( [51]). Every UMD lattice X is a complex interpolation space
[H,Y]y, 0< 0 <1, between a Hilbert space H and another UMD lattice Y .

Theorem 10.3 ( [50, 51]). Let X be a UMD lattice and 1 < p < oo. If
f € LP(T, X)), then the Fourier series of f converges to f almost everywhere.

Theorem 10.3 was brst proved by Rubio de Francia [50] for UMD space
with an unconditional basis and extended by the sameauthor [51] to the
generality stated above. Other results in UMD lattices or UMD spaceswith
an unconditional basis have beenprovedin [7, 28, 55|.

Interpolation spaces

Theorem 10.2 motivated the following debrntion by Berkson and Gillespie:

Definition 10.1 ( [2]). The classJ consists of those UMD spacesX which
areisomorphic to a closedsubspaceof a complexinterpolation space[H, Y]y
0 < 0 < 1, betweena Hilbert space H and another UMD spaceY’.

By Theorem 10.2, every UMD lattice belongs to J, but J also contains
other UMD spaceslike the ScattenDwon Neumann ideals 6P = [€2, 6%y
1/p= (1 -0)/2+ 0/q. More generdly, the interpolation properties of non-
commutativ e spacescoincidewith those of their comnutative analoguesun-
der fairly broad conditions [20], which implies the menbershipin J for many
furt her operator speces.

In same cases[2, 35, 38|, improved results (comparedto general UMD
spa@s) have been proved in the spacesof classJ by interpolating with the
estimatesavailable in arbitrary UMD spacesand the stronger onesthat one
can get in a Hilbert space. Thusit would be intereding to know if J actually
contains all UMD speces.
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Littlewood—Paley—Rubio property

Berkson, Gillespie and Torrea have recerly introduced the following notion:

Definition 10.2 ( [3, 25]). Let 2 < p < oo. A Banach space X has the
Lit tlewoodDRaleyERubio property LPR, if thereis C' < oo sothat for every
cdlection ¢ of disjoint intervals J C R there holds:

E| > ar|| <Clfl,.  fe PR,
%7 P

The scdar beld X = C, andthen by Fubini also LP(y), saisPesLP R, by
an inequality of Rubio de Francia [49]. This inequality was usedby Coifman,
Rubio de Francia and Semmeq16] to improve the Marcinkiewicz multiplier
theorem. Similarly, the LPR, property of a Banach spaceX implies an
improvemen of the vectar-valued multiplier theorem, which was obtained
by Potapov and the presert author:

Theorem 10.4 ( [38]). Let 1 < s <2< p< oo and X be a Banach space
with LPR,. Let m ©: R — Z(X) be a function such that for all dyadic
intervals I = + [2", 2k+1 [ we have

N S
sup (7€)% + D16 — F@)I% ) <e< oo,
j=1

where T is an R-bounded set, and the supremum is over all partitions inf I =

So<& <o <én=9supl. Then Ty € Z(LP(R, X)).

The case s = 1 above is the (vector-valued) Marcinkiewicz multiplier
theorem valid in every UMD spaceand 1 < p < oo (although we have
only given the sanewhat wedaker formulation in Theaem 4.3 above). The
assumption becaneswedker with increasing s. If we alsoassumethat X € 7,
then we may take s = 2 in Theorem 10.4.

11 Singular convolution operators

In the vector-valued treatmert of Calder—nBygmund operators beyond those
represented by Mihli n or MarcinkiewiczbLizorkintype multi pliers, the follow-
ing Oresicted R-boundednes®estimate for the translaions 7, f := f(- — h)
hasbecomean indispensdle compania to the Lit tlewoodEPaley inequalit ies
discusseckalier:
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Theorem 11.1 ( [8]). Let X be a UMD space and 1 < p < oo. Then there
is a constant C' < oo such that, whenever the functions f; € LP(R", X) and
the colinear points hj € R", j € Z, satisfy

supp.Z f; C{¢: 11 <2},  |n| < K2
for some K > 2, there holds

B> |, < Crogi £ 3o 5],
j j

This result of BourgainO$8] had apparertly no scala-valued predecessr,
but the scdar version of the theorem was independertly discovered around
the same time by Yamazaki [60]. The original statemert in [8] concems
n = 1, but the transferenceto n > 1 is standard and may be found from [26].

Like the proof of Theorem 3.1, also that of Theorem 111 starts from the
debnirg inequality of UMD spaces,but now applied to a lessobvious choice
of the bltration. Every seconds-algebrawill be generatedby simpleintervals
N Y[k, k+ 1, k € Z, but the atoms of the intermediate o-algebraswill be
unions N" *([k,k+ U [n+ k,n+ k+ 1[), k=0,1,---,n — 1 (mod 2n), of
two separatedintervals, where the sepaation ref3ectsthe translaions that
we are aiming at. Like in the case of Theorem 3.1, the estimate obtained
from the martingale inequality introducesextra smaoothing in addition to
the desiredtranslations. Moreover, we can only reach translations which
saisfy certain algebraic restrictions. In order to remove these debciencies
a perturbation argument basd on Theaem 4.1 is required. To make this
argument, we have to split the functions f; into approximately log K subsets
for separatetreatment, which givesrise to the logarithmic factor in the bnd
estimate. The scala-valued versim in [60] is samewha essier, since the
trivial casep = 2 can be extrapolated to the whole range of 1 < p < oo by
standard Calder—-aBZygnund methods.

The Prst application of Theorem 11.1 is to the boundednessof singular
integals of convolution type:

Theorem 11.2 ( [8, 39]). Let X be a UMD space and 1 < p < oo. Let
K € C(R"\ {0}, Z(X)) satisfy the size and cancellation conditions

A(|a|" K(2), |2]") y| ) K (x+ y) = K(@)] ¢ |2] > 2]y| > 0) < o0
for some & > 0, and %(L<|X|<R K(z)dx : R > r > 0) < oo, as well as the

existence of the limit limgq f$< x|<1 K(x)dz in the strong operator topology.
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Then the convolution f +— K x f (initially defined on a test-function space)
extends to a bounded linear operator on LP(R", X).

Bourgain [8] brst demonstratedthe use of his Theorem 11.1 to obtain
the scdar-kernel version of Theorem 112 for n = 1, and this was extended
to the n-dimensiond operator-kemel setting by Weis and the presen author
in [39], wherealso a more genera but rather tednical su#cient condition of
HSrmander-type is given for the kernel K. As with multip liers, one getsthe
R-boundednessof families of convolution operators under the additional as
sumption of property («). One shouldalso note that the improved estimates
for multipliers involving the Fourier-type (discussedn the previous section)
are actually basedon convolution-kemel estimatesand, at the bottom, on
Theorem11.1

In the proof of results like Theaem 112, the translation inequality of
Theorem11.1 assunes, to someextent, the r™Igplayed by maximal function
estimatesin the scala-valued theay. In fact, the proof of the scdar-valued
caseof Theorem 11.2 by Littlew oodbRaley theory is something like the fol-
lowing: First, by the Littlew oodbRaley inequality, we have

1K« 7t [|(S e pE) |

1 %%,

= [ (S it = )= @ nnE) ™

| %4,

)
p

where the ¢, have Fourier transforms @,, which are smoothed versins of
1,say 1, < @& < 15, whereD D I is a slightly larger rectande. The
assumptions on the kernel K imply that the convolution operators () * K)*
are point-wise dominated by the HardyELittlew ood maximal function, so
that the FelermanBBtein maximal inequality and the reverse Lit tlewoodb
Paley edimate give

H(WZ.%[M(#[ ]]f)]z)llep ! H(IO/Z% |#[ ]]f’2>1/2Hp ! ||f||p_

The brst and last esimatesand the equality in the above chain remain
valid in the UMD -valued situation, thanks to Theorem 3.3, just by replacing

the squaresums (Y [#] I]g|2)1/2 by the randomized sums E|>" & #[ I1g] ,
whereg € {f, K x f }; howewer, a suitable analogue of the maximal inequality
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is not known, except in the lattice setting. Thus the two estimatesin the
middle are replaceal by the following computati on:

EH Z e (o * K) + (#] ]]f)”p = EH Z €| /(s0| * K)(y) (# 1f) dpr

| cy()ﬂn I O/(lﬂn

- EH/ S a2 e 1@ )y (1) 0|

| %%

where2' | the side-lengthof I and the integrals are over R". The estimate
now continueswith

L [w@ i  00@ ) T e AE| S am,@ 0] dy

| %4,

! /5?(2"1"'1(%0I <K@ 1) 1€ A log2 + [yl) dy - E| S a# 11

1 %%

R

where the Pnal estimate utilized Theorem 11.1. The above integral will be
Pnite under the assumptionsmade on K, whereasthe last randomized norm
is! [|f|l, by Theorem3.3

12 General Calderén—Zygmund operators

The fundamental tools of vector-valued Harmonic Analysisintroducedin the
ealier sectionhave beensuccesfully exploited to treat also the generdized,
non-ranslaion-invariant, Calder—n®ygmund operators. There is the fol-
lowing version of the DavidBJairnZ T'(1) theorem [17):

Theorem 12.1 ( [24,40]). Let X be a UMD space. Let K € C(R"xR"\{z =
v}, L (X)) satisfy the estimate

Z(|v —y" K(z,y), |z —y|"™) o — 27 ) [K(z,y) — K )],
z —y|™) |z — 2 ) [K(y,2) — K(y,29] : |z —y| > 2|z — 2% > 0) < 0.

Let T : (R") — Z((R"), Z(X)) be a linear operator such that

(61, Tdo) = / / o1(2) K (2, ) o(y) do dy (12.1)
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for all disjointly supported ¢o, 01 € Z(R"), and such that
B(r" (p1(r -+ Rh), T(¢o(r - +h))) :7>0,h e R") < C < o0 (12.2)

for all “bump functions” ¢i € D(B(0, 1)) with |[D*¢i, <1 for all o] < N
(some large number). If T(1) = 0, TH1) = 0 (in the sense of distributions
modulo constants), then T extends to an operator in L (LP(R", X)) for 1<
p < 0.

This result was brst obtained by Figiel [24] for salar-valued kernels us-
ing a clever decomposition of the operator and martingale estimates. For
scdar kernels, one can even replace the conditions 7(1) = 0, 7%1) = 0 by
T(1),T41) € BMO(R"), and this condition is both necessey and su#cient
for the concluson 7" € Z(LP(R", X)) under the other stated assumgions,
sothat a full analogue of the DavidDJaurnZ theoremis valid. The operator-
valued extension, and a new proof building on the Fourier-andytic techniques
discussedn the previoussedions, wasrecertily found by Weisandthe presen
author [40]. It is possible to state sufficient BMO-type conditions for 7'(1)
and 7%1) even in the operator setting, but they are probably far stronger
than necessary The problem may be reducedto the questionof boundedness
of operator-valued paraproducts, but the precisecondition for this is unknown
already in inPnite-dimension& Hilbert spaces[4, 46].

While FigielOsnartingale approach to the 7(1) theorem diler s quite a
lot from the techniquesdiscussedn this paper, there still exist parallel in-
gredierts. In particular, a key r™ is played by edimatesfor translaions of
the Haar functions from [23], which are anadogousto BourgainOd ranslation
Theorem 11.1 With appropriate modibcaions of FigielOsdess, it is also
possibleto get an operator-valued extension of the 7'(b) theorem of David,
JournZand Senmes[18]:

Theorem 12.2 ( [32]). Let X be a UMD space and let K and T be as
in Theorem 12.1, except that in (12.1) we have bj¢; in place of ¢, and in
(12.2) bi(-)¢i(r - + h) in place of ¢i(r - +h),! where by,by € L' (R") satisfy
the accretivity condition Reb; > ¢ > 0. If T(bo) = 0 and THb1) = O, then
T e Z(LP(R", X)) forl<p< oo.

1The analogue of (12.2) is assimed in a stronger form in [32], where also the ¢; are
required to vary inside the R-bound; however, it is easy to see that only the uniform
boundednessover the ¢, is actually required in the proof.
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Again, for a scala-valued kernd it is su#cient (and necessgy) for the
conclusion that T'(by), 7%b1) € BMO(R"), and there is an analogous su#-
ciert condition in the operator-valued case. The accretivity assumption may
be replaced by more generalpara-accretivity; see[32]. The scala-kernel case
of Theorem 122 can be easly deduced from Theorem 12.1and the original
T(b) theoremfrom [18].

Variousresults have also beenprovedfor vector-valued pseudo-dilerertial
operators, of which the following is represemativ e:

Theorem 12.3 ( [37, 48, 53]). Let X be a UMD space and 1 < p < co. Let
a€ L' (R" x R", Z(X)) satisfy

DXa(x, &) — D¥ a(y,
(1 1) DY (e, ). (L + )< S—yP' U9 ¢ crr)

<(C <o

forall z,y e R", 1= 1 ---,nand k= 0,1,---,n+ 1. Then the pseudo-
differential operator

Tr@) = [ aln e de

extends to T € Z(LP(R", X)).

First results on operator-symbol pseudo-di'erertial operators were ob-
tained in "trkalj@ thesis[53] and worked out in a dightly dilerent form by
Portal and "tr kalj [48]. The above statemert is a special case of the recen
results of Portal and the author [37]; in comparison to [48], fewer derivatives
are required, but samewhat more R-bounds (instead of just uniform bounds)
are imposed.
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