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1. Introduction

In our previous papers [7, 8] we introduced the notion of k-Hessian measure, associated to
certain upper semi-continuous functions through the k-Hessian operators, Fj, and proved
the weak convergence of Hessian measures with respect to the pointwise convergence of
functions. For k =1,--- ,n and u € C%(2), the k-Hessian operator, Fy, is defined by

Fy[u] = Si,(A\(D?u)), (1.1)

where A = (A1, -+, A\,,) denotes the eigenvalues of the Hessian matrix of second derivatives,

D?u, and Sy, is the k' elementary symmetric function in R”, given by

St = > A A (1.2)

1 <<t

That is, Fy,[u] = [D?u], the sum of the k x k principal minors of D?u, which may also be
called the k-trace of D?u.

Associated with Fj we introduce the notion of k-convexity, (or k-subharmonicity, alter-
natively). An upper semi-continuous function u : Q — [—o00,00) is called k-convex in
if it is subharmonic with respect to the operator Fy, that is, Fy[g] > 0 for all quadratic
polynomials ¢ for which the difference u — ¢ has a finite local maximum in Q. We will
also call a k-convex function proper if it does not assume the value —oo identically on
any component of { and denote the class of proper k-convex functions in £ by ®*(Q). A

function u € C?(Q) is k-convex if and only if A(D?u) lies in the convex cone

,k={AeR"| S;(N)>0,j=1,--- k}. (1.3)
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A basic property of k-convex functions is that if u € ®*(Q), then u € L} (Q) and the
mollification uj, = u * py, is k-convex in Qy, where Q) = {z € Q | dist(z, Q) > h}; see [8].
In this paper, we introduce mizred Hessian measures corresponding to mixed Hessian
operators, F k, determined by the polarized form gk of Si, and prove their weak continuity
with respect to pointwise convergence (or equivalently local L! convergence) in Theorem
2.4. Our approach follows that in [8], with the crucial local gradient estimates being ex-
tended to the mixed case in Lemma 2.1. Using the multilinearity of mixed measures, we
are able to define signed Hessian measures associated with differences of k-convex func-
tions. In Section 3, we introduce a notion of k-Hessian capacity and using our convergence
results from Section 2, we prove the corresponding quasicontinuity of k-convex functions,
Theorem 3.2, together with an improvement of earlier monotonicity results for continuous
functions, Theorem 3.3. A further notion of capacity is also introduced, yielding a fur-
ther monotonicity result, Theorem 3.4. In the final section, we consider comparison and

uniqueness results for the Dirichlet problem,
prlu] =v in (1.4)
u=¢ on O0f),
where v is a non-negative Borel measure and ¢ a continuous function on 9€2. A compari-
son principle is established for measures v which are continuous with respect to capacity,
Theorem 4.1. Finally we prove a uniqueness result for Dirac measures v, Theorem 4.5,

or more general measures v which are finite combinations of measures, continuous with

respect to capacity, and Dirac measures, Theorem 4.6.

2. Mixed Hessian measures

Let Sy : (R™)* — R be the polarized form of the k-homogeneous polynomial Sy. It is
uniquely characterized by being linear in each argument, A* € R"*, i = 1,--- , k, invariant

under permutation of \?, and satisfying

Se(A, -+, A) = Si(N) (2.1)
for A € R". Explicitly, we have the formula,
~ 1
Sp(AL, - ,A’“):H > AL AR (2.2)
i1 FFig

A fundamental inequality of Garding [3],

S(AL - 8y = TT (k)] " (2.3)
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for \L,--- A% €, &, guarantees S > 0 on (, k)k.

For ul,--- ,u* € C?(Q), we introduce the mixed k-Hessian operator:
Fplul, - uk] = Sp(AN(D2ub), - -+, A(D%uk)). (2.4)
From the above properties of S’k, we see immediately that F}, is linear in each u® € C?(Q),
s=1,---,k, invariant under permutations and
Fylu, - ,u] = Fy[u] (2.5)
for any u € C?(€2). Moreover, we have the explicit representation
- 1 i1
Fk[ulf'. ’Uk] - k! 51'1:'“33'2“111]'1 .-.uflcjk’ (2:6)
where uj; = Dju®, i,j = 1,---,n, s = 1,---,k, and 6;1;’; denotes the generalized
Kronecker delta, which vanishes if (i1,--- ,ix) # (j1,- - ,jx) and equals +1 according to
whether (i1, - ,ix) is an even or odd permutation of (jyi, -+ ,jx). Let
oy - o -
Mty juf ) = MSk[A(DZul), L A(D2uR)] (2.7)
ij
be the coefficient of ufj in (2.6). Then we have
. 1
ij[ua"' ,U] = Eij[u]? (28)
where 9
FPlu) = ——Sk[A(Du)). (2.9)
3ui]-
It is easy to check that
DiF7[ut,- - b =0, j=1,---,n. (2.10)
Hence we may write F}, in the divergence form
ﬁk[ulv e 7U’k] = Zu%ﬁ}ij[ul7 T 7U’k_1]
=" DAFI It uF Dty (2.11)
By (2.3) we have
k
Fk[u17..- ,uk] > HFkl/k[’u,s] (2.12)
s=1
for ul, - uF € ®¥(Q) N C?(Q2), while the matrix
[F[ut, - u*1] >0 (2.13)
for ul, .-, uk=1 € ®*(Q) N C%(Q), with trace given by
~ .. —k 1 -~
Foul, . ub] = %Fk_l[ul, —— (2.14)
for £ > 2.

The local estimates, Theorems 3.1, 4.1, 4.3 in our previous paper [8] are readily extended

to mixed Hessian operators.



Lemma 2.1. Letu',--- ,uf € ®F(Q)NC3(Q) satisfyu’ <0inQ, [, |u|<1,i=1,--- k.

Then we have the estimates

/ Frput, - uk] < C, (2.15)
|uk|pFl[u17"' 7“!] S C, (216)
QI
|Duk|qFl[u17"' ,’U,l] S 07 (217)
QI
for any subdomain ' CC Q, 1 =1,---,k, and exponents p,q > 0 satisfying p < nn(k2llc) if
2k <mn, q< "(k l) if k < n, where C is a constant depending on Q, ', n, k, and l,p,q as
appropriate.

Proof. Setting v = Y u?, by linearity and Garding’s inequality (2.3), we have
Fk[u17"' 7uk] < ﬁk[v7"' 7U] :Fk[v]

and
WP PE [t ul] < JolPFy o]

and hence (2.15), (2.16) follow immediately from the corresponding inequalities, (3.1),
(4.24) in [8]. To obtain (2.17), we write w = 22:1 U;, Wi = W + Uy, so that

DUt F[ut, - '] < (|Dw| + [Dwg ) Eifut, - ]

S 2q{|Dw|qﬁ’l[w, s ,w] + |Dwk|qﬁ’l[wk, v ,wk]}

and again (2.17) follows from the corresponding inequality (4.1) in [8]. O
Remark 2.1. Letting n > 0, € C3(£2), we have by (2.11), (2.14),

/Sznﬁk[ulv 7uk] = _/Qﬁlf;j[ulv"' 7uk_1]Di77Djuk

n—Fk+1 - _

<P [ Rt Da DA, (29
Q

so that (2.15) follows from (2.17). By the proof of Theorem 4.3 in [8], (2.16) is also a

consequence of (2.17). Accordingly Lemma 2.1 can be derived directly from Theorem 4.1

in [8], whose proof is purely local, thereby avoiding the global existence theory as used in

our proof of Theorem 3.1 in [8].

With the help of (2.15)-(2.17) we can prove
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Lemma 2.2. Let B, = B,(0) C Br(0) = Bg be concentric balls. Let wl,--- wk=1 vt v?
<0, € C*(Bg) N ®*(Bg). Suppose ||w¥|lprpey < 1, [0llpipy <1, 8 =1,--- k=1,
t = 1,2. Then for any € > 0, there exists 6 > 0 depending only on r, R,n,k, and €, such
that of ||1)1 — U2||L1(BR) <0,

/ Fr_1[wt, -, wb ot —v? < e (2.19)
B

Proof. Let Ac = {x € B(pir)2 | [v'(z) — v3(z)| > €}. Then |A| — 0 as § — 0. We
have, in view of (2.15),

/ (’Ul . ,02)—{—}';“1]6_1[,[017 . ,wk—l] < / (’Ul 2 8)+Fk_1 + 28/ Fk—l
B, B B

r r

< / (v! — 0% — &)Y Fy_1 + Ce
B

r

Let ¢ > 0,€ C2(B,/) be a cut-off function, with r < 7' < (R+r)/2 and ¢ = 1 on B,.
Setting z = (v! — v? — ¢)F, we then have, for k > 1,

/ dByafwh, - wh T < [ CeFyfwl e wh ]
B, B,

pij 1 k=2 k-1
=/, CzFy [w™y -+ w7 Dyjw
r!

= —/ ﬁ’,zj_lDz(Cz)Dka_l
AEﬂBr/

. 1/2 . 1/2
< </ F,:J_lDiwk_lewk_1> </ F,:’_lDi(Cz)Dj(Cz)> :
AEF‘IBT/ W

By Holder’s inequality,

/ P Dy Dyt < c( /
AEﬁBr/ B

for 2 < ¢ < 2%, By (2.17) we have

_ 2/q ~ 1-2/q
Fk_2|Dwk_1|q> (/ Fk—2>
AaﬂBr/

’V"

F_s[wt, - w2 Dw* 1 < C.
B,/

By induction we suppose that (2.19) holds when £ is replaced by & — 1. It then follows

that when ¢ is small enough,

/ Fr_sw', -~ "% < gy
AEﬂBr/
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with e; — 0 as 6 — 0. Next we estimate

| Bt ot DD, (c2)

— [ BLDGw - o - Dyt — o =)

!

<2 [ LD - Dt -+t [T DieniC

7_I

<2 [ BLDIE - DD - o)+ o

=2 @ —v)E7 Dij(vt —o?) + 2/ (vt —v?)2F  Di¢D;¢ + Ce?.
BT,I !

The first integral on the right hand side can be estimated as follows,

(vt —v?)F Dy (vt — v?)

‘ < / |vl+vz|13'k_1[w1,--- ,wk_z,v1+v2],
B,,J ’

which is bounded by (2.16). To control the second integral, we observe that
/ (v* — 02)2FZ{1D¢CD3~( < C’/ Fr_g[w?t, -+, w* 2]t — v?|?

’V"

S C |U1 + U2|2Fk—2[w17 e 7wk_2] S C7
B,

by virtue of (2.16). Combining the above estimates and interchanging v! and v? we obtain
(2.19). O

Lemma 2.3. Let {ul,},---,{uk} C C?(Q) N ®¥(Q) converge to ul, - ,u* in L} (Q).

Then Fylul,,--- ,uk ] converges weakly to a Borel measure p in Q.

Proof. We may assume without loss of generality that u), < 0in 2, s =1,---,k. Let
us fix concentric balls B, = B,.(y) C Br(y) = Bp C Q. Let 0 <r < p < R — hg and fix a

function n € C3(B,). Then for I,m =1,2,---, and
w® =w; =tv] + (1 —t)v,,, 0<t<1,

m?

we have, by integration by parts,

/ n(Fxlof, - of] = Filog, - op,))
Q

1 k
:/dt/ HZF,?[w},---,wf—l,wfﬂ,.--,wf]Dij(uf—vf;L)
Br

s=1

s\ 1%ir,,,1 s—1 s+1 k
/ dt/ Um)Fk [wt7"'7wt » Wy 7"'7wt]Dz’j77
Br = 1

<C/ dt/ S Bl =t b — v

PS].
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Therefore Lemma 2.3 follows from Lemma 2.2. [

From Lemma 2.3 we may define the mixed k-Hessian measure associated with w!,-- -, u¥

€ ®¢(Q) by

Q h—0 Q

for any n € C§°(2), where uy, is the mollification of u. Therefore we obtain

Theorem 2.4. For anyu',--- ,u* € ®*(Q), there exists a Borel measure fig[ul, - -+, u*] in

Q such that jig[ut,-- - uf] = Fk[ul,--- ,uf] when ul,--- uf € C%2(Q), andif {ul}, -,

k

{uF Y are sequences in ®*(Q) converging locally in measure to ul,---  u¥, respectively, then

fr[ul,, -+ ul ] converges to jix[ut, -+, u¥] weakly.

From Lemma 2.2 we also have

u'}nﬂk—l[u'lznv T 7U’I737,] - U’lﬂk—l[U’z? e 7U’k]

. . . 1
weakly as measures, provided u},, s =1,--- , k, converges to u® in L (Q).

Remark 2.2. Since the mixed Hessian operator Fj[ul, - -, u*] is invariant under permu-

tation, so is the mixed Hessian measure jigx[ul,-- -, u¥]. Furthermore, the mixed Hessian

measures are additive, that is

2
peful, - uf ot 0% = Zﬂk[ul, o uRT et (2.20)
i=1
for ul,- -, uk=1 vl v2 € ®*(Q). Therefore we can introduce, for any w € L}, (€2) which

can be decomposed as

W= w — Wsy (2.21)
with wy, we € ®¥(Q), a signed mixed Hessian measure
N/k[u 7"'7uk_17w]:ﬂ’k[u17"'au 7w1]_uk[u y U 7w2]- (222)

From (2.20) we see that the signed mixed Hessian measure is independent of the decom-
position (2.21). For any w!, -, wk € L1(2) such that w® = wj —wj with w{ € ®*(Q), we
can similarly define the mixed Hessian measure fig[w?!,---,w"*] by the expansion (2.22).
In particular, the mixed Hessian measures can be extended to semi-k-convex functions, as

defined in [7].

Remark 2.3. Not only can Fj[ul,--- ,u*] be extended as a Borel measure for u!,- -, u*
€ ®*(), but also the coefficients Fi’[u',--- ,u*~1]. To see this we fix u*(z) = z;z; and
define, for any ul,--- ,uk¥~1 € ®(Q), a signed measure

/ﬁcj[ulv e 7uk_1] = ﬂk[ulv T 7uk]'
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Then for any smooth function u*, we have
/j’k[u’17 e 7U’k] = lfllcj [U’17 e 7U/k_1]u’i’€j' (223)
The weak convergence result, Theorem 2.4, thus also holds for ﬁzj [ul, -+ uk=1].
When the sequences {ul },---,{uf } are bounded and monotone, the proof of Theorem

2.4 can be simplified by following the plurisubharmonic case [1,4]. We will use this approach
to obtain a further convergence result, relevant to our treatment of capacity in the next

section. First we note a couple of monotonicity results, corresponding to Lemmas 2.1 and
5.2 in [7]. Namely, if u®,ul,--- Jub=1 ub uk € C?(Q) N ®*(Q), and v} < uf in Q, uf = ub

on 02, then we have the inequalities
pgluty - uf)(Q) > fgfut, - us)(Q), (2.24)

/Quod/lk[ul, L uk(Q) < /Quod/lk[ul, L uk](Q). (2.25)

To prove (2.24), we have by (2.11),

/Q{ﬁk[ulv 7ulf] _ﬁk[u’lv"' 7u§]} = /69ﬁ;€'7[u17 7,u’k_l]’yil)j(ullC _U’I;) > 07

where v denotes the unit outer normal to 9€2. Consequently, we may assume u’ < 0 in

(2.25), whence we have
[ R = Rl b))
= [ =R ) = [ ORY D, 0 = )
<0
and hence (2.25) follows.

Lemma 2.5. Let {ul }, {ul}, -, {uk} be sequences in ®%(Q) converging decreasingly to
functions u®, ul, - - - uF € ®¥(Q). Suppose u® € L>®(Q), jxul,---,uF](Q) < oo, and ul,,
m=1,2,---, coincide outside a compact subset K of Q for each j =0,1,---,k. Then

R AT R ) (2.26)
Q Q
Proof. We first prove

limsup/ ud dipg[ub,, - -+ uk] < / wdpip[ut, - uk] =: L. (2.27)
m—oo JQ Q
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Indeed, if (2.27) is not true, there exist subsequences of {u },---, {uF } such that
R AR

Since {ul,} are decreasing, we have, for | < m,
RGNS 2

By Theorem 2.4 we have jiglul -+, uk] — fg[ut,---,u*] as measures. Hence by the

upper semi-continuity of u, we have, by sending m — oo,

/ u?dﬂ’k[ula 7uk] >L+e.
Q

We reach a contradiction as the above integral converges to L as | — oo. To complete the
proof of Lemma 2.5, by mollification and successive application of (2.25), we obtain for

fixed m,

/ngwdﬂk[u})w 7“51] > /ngnd/lm[ulf" 7uk]

Z/Uodﬂk[ulv"' 7uk]
Q

and hence (2.26) follows from (2.27). O

Remark 2.4. The condition that u?, coincide near 992 may be replaced by being uni-

formly smooth near 02 and coinciding on 0€2, i = 0,1,--- , k.

For functions u!,--- ,u¥ € ®¥(Q) and u° locally integrable with respect to jig[ul,- - -, u¥],
we may define a Borel measure

Ll ut, - uf] = uldjig[ut, - u]. (2.28)

From Lemma 2.5, we then obtain a further weak convergence result.
Theorem 2.6. Let {u® }, {ul}, .-+ {uk} be sequences in ®*(Q) converging decreasingly
to functions u°,--- ,uk € ®(Q), respectively. Then, if u® € L (Q), the sequence of mea-
sures Llud ul -~ uF ] converges weakly to L[u® u, - u¥].

Proof. Let B = Bpg be a ball of radius R and centre y in €2 and B,. the concentric ball of
radius r < R. For u € ®*(Q) and h > 0, we let u; be the mollification of u and construct
up, € ®F(Q) satisfying @, = up, in B, together with

uk[ﬁh] =0 in BR - Br, (229)

up =up on 0B,, u, =0 on O0Bp,
9



where we may suppose 4, < —1 in B by subtracting a linear function. Sending h — 0, we
obtain ug := limy,_,o up, € ok (Q) N CO’I(ER - FT-) Let

lb = C(|$ - y|2 - R2)7

where C' > 0 is chosen so that 1) < @ on 0B(r4r)/2. Let w be the component of {uy < ¢}

which contains 0B,., Define

_ g in Br —w,
u =

P in w

Applying Lemma 2.5, we then obtain
/ R TR TR A / todin[it, -+ k).
Q Q

The result then follows by replacement of €2 in (2.27) by compact K C B, in the first part
of the proof of Lemma 2.5. [J

3. Hessian capacities

The weak convergence result, Theorem 2.4, is a powerful tool in developing a potential
theory for Hessian operators. In this section we introduce a notion of Hessian capacity and
prove the quasicontinuity of k-convex functions. We follow the treatment of pluripotential
theory in [1]. It is not hard to see that the results in [1] can be extended to Hessian equa-
tions since Hessian equations have a similar integral structure to complex Monge-Ampere
equations and our weak convergence result is stronger than that for plurisubharmonic

functions in [1]. We refer to [5] for further discussion in this direction.

First we introduce a capacity. Let €2 be a bounded domain in R™ and F CC Q a Borel
set. We define the k-Hessian capacity by

Capi(E) = Capy(E, Q) = sup{ux[u](E) |u € ®F(Q), 0> u> —1}. (3.1)

The Hessian capacity satisfies the following properties:

(i) for any E1, By CC Q, Capg(E1 U Es) < Capy(E1) + Capy(Es);

(i) if Fy C Fo and Q1 D Qq, then Capg(E1, Q1) < Capy(F2,Q2); and

(iii) if 4y C Fy C --- are Borel subsets of €2, then Capy (U, Fp) = limy, 00 Capg(Er,).
Indeed, (i) and (ii) are obvious. To see (iii), for ¢ > 0 let u € ®*(Q), 0 > u > —1, be
chosen such that Capy(E) < pg[u](E)+¢€, where E = Uy, E,y,. Since limy, oo Capy(Ey,) >
limy, 00 p[u](Er), we have Capg(E) < limy,, o Capg(Fy,). The reverse inequality fol-

lows from (ii).
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Lemma 3.1. Let {u,} C C?(Q) N ®*(Q) converge decreasingly to u € ®*(Q). Then for
any e, > 0,
li_r)n Capi ({z € Qs | um(z) > u(z) +e}) = 0. (3.2)

Proof. There is no loss of generality in assuming ¢ = 1, u,,, < —1 in €2, and replacing
Q by a sub-ball, B = Bpg of radius R and centre y. First we suppose {u,,} is uniformly
bounded. Replacing u,, and u by max{u,,, 1} and max{u,}, where ¢ = C(|z —y|? — R?),
with C' chosen so that 1 < inf,cq um () on 0Qs, we can suppose u,, and u coincide near
OQ, with uy, = u =0 on 9Q. Let O, = {Uy, > u+ 1}. For v € C?(Q) N ®F(Q) satisfying

0> wv > —1, we estimate

/Om Fk[v]g/o (i — 1) Fi[v]

m

< /Q(um — u) Fy[v]
E—— /Q(um — U)ininj[U]

< [/Q(um — u)i(Um — U)jFlzj[U]} - [/{¢<—1} UinF’zj[v]] 1/2' (3.3)

The last integral on the RHS is bounded. To estimate the first integral on the RHS we
integrate by parts and obtain

/Q(um — )i (U — u)jF,ij[v] = /Q(um —w)dpg[v, - v, Uy — ]
< /Q(um — w)dpg[v, 0, U, + Ul (3-4)

Repeating the argument we finally reach

/o o] < C [ /Q (thn — ) Fitim, + u]] - (3.5)

m

The last integral converges to zero by Lemma 2.5. Hence Lemma 3.1 holds for bounded

functions.
In the unbounded case we need only to prove that

lim Capg(Ep,n) — 0

N——o0
uniformly in m, where E,, n = {u,, < —N}. To see this, we remark that for any closed

set K CC €,

Capi(K) < pu[w](€2) (3.6)
11



for any function w € ®*(Q) vanishing continuously on 9Q and satisfying w < —1 in K.
Indeed, for any u € ®*(Q) such that 0 > u > —1, let & = max(u,w). Then K CC {w <

—1} and we have
pi[u)(K) = pre[u] (K) < g [u] (€2).
Noting that & = w on 02 and u > w in Q, we have pg[u](Q) < uk(w](2). Hence (3.6)
holds.
By (3.6) and (iii) above, we have

Capr(Em,n) < [N~ um](Q)
< N7F g [um](92)
< ON " lum i (3.7)

from our modification of u,, near 0. Lemma 3.1 is proved. []

Theorem 3.2.  Let Q be a bounded domain and u € ®*(2). Then for any € > 0, there
exists an open subset O C Q with Capy(O) < e such that u is continuous on Q — O.

Proof. We may suppose that  is the unit ball and u is smooth near 9Q. Let {u,,}
be a sequence of smooth k-convex functions converging decreasingly to u. By Lemma 3.1,

there exists m; large enough such that
Capk(Oj, Q) < 2_j,

where O; = {z € Q | up, (z) > u—1/j}. Let G5 = Uj>,0;. Then u,, converges to u
uniformly in Q\G,, and

Capp(Gs,2) < anpk(oj,ﬁ) <27°,
Jj>s

Hence Theorem 3.2 holds.

We say that a measure p is continuous with respect to capacity if for any € > 0, there
is 0 > 0 such that for any open set F C Q with Capy(E,Q) < d, we have u(E) < e.

If follows that if pg[u] is continuous with respect to capacity, then for any e > 0, there

is an open set O with pg[u](O) < e such that the restriction of u on Q — O is continuous.

Obviously pug[u] is continuous with respect to capacity if it is locally integrable. It is easy
to see that ug[u] is continuous with respect to capacity if and only if pg[u]({u < —t}) — 0
as t — +oo. It follows that pz[u] is continuous with respect to capacity if u € ®¥(Q) is

bounded. Moreover, if puz,[u] is continuous with respect to capacity, and if v > u, v € ®*¥(Q),
12



then pg[v] is also continuous with respect to capacity. We point out that a nonnegative

measure f is continuous with respect to capacity if there exists € > 0 such that
W(By(w)) < Crr2hte (3.8)

whenever B,.(z) C Q. Indeed, for any set E with zero capacity, the Hausdorff dimension of
E is not larger than n — 2k, i.e., H*~2F+1(E) = 0 for any €1 > 0; see [5]. Hence u(E) = 0.

Theorem 3.3.  Suppose u,v € ®*(Q), u = v = ¢ continuously on 0. If uglu] and

pr[v] are continuous with respect to capacity, then
pu]({u < v}) = pe[v]({u < v}). (3.9)

Proof.  First we show that (3.9) holds when u, v are bounded functions. We may assume,
by replacing u by u 4+ 2J and letting § — 0, that u > v + 20 continuously on 0f2, (namely,
liminf,_,,eca0u(r) — v(z)] > 26). Hence the set Q' = {u < v + 4} is relatively compact in
Q. Let uj = p; * u and v; = p;, x v be mollifications of u, v such that u; “, u and v; v

in " as r; — 0. By the smoothness of u; and v; we have

pir[um]({um < 01}) 2 pfor] ({um < o1}). (3.10)

Indeed, in the smooth case we may take Q = {u < v}. For ¢ > 0, let v, = max(v — ¢, u).
Then v, = u near 9. Hence ug[u](2) = pk[v](2). Sending ¢ — 0, we obtain (3.10).

For any € > 0, let O be an open set with Capg(O) < e such that the restrictions of u,v
on 2 — O are continuous. By Tietze’s extension theorem, there is a continuous function v
such that v = v on Q — 0. We may suppose without loss of generality that |u| + |v| < 1,
so that ug[u](O) < e and pg[v](O) < e. Then

pr 0] ({m < v}) < pfv]({um < 0}) +e
< lim pufo]({um <v}) +e
l—o00
< lim pgv]]({wm < vi}) + 2¢
l—o00

since {u,, < v} is open and v < v; on 2 — O. By (3.10) we have then

Jim g [or] ({um < vi}) < Hmpug [ | ({um < vi})
< k[t ({tm < 0})

since {u,, < v} is closed. Next we have, when m is large enough,

i el ({tn < 0}) < T g fn] ({0 < )
< Jim pufun)({u < v} - 0) +¢
< pulul({u < v} 0) +¢

< plul({u < 0}) + 26
13



since {u < v} — O is closed. Note that pug[v]({um < v}) 7~ pr[v]{u < v}) as m — co. We
therefore obtain

pi[v]({u < v}) < pfu]({v < o}).

Replace u by u + ¢ for some constant ¢ > 0 and notice that {u + ¢ < v} / {u < v} and
{u+c<v} *{u<wv}, as ¢ — 0, we obtain (3.9) for bounded functions.

In the unbounded case, we observe that for any € > 0, we may take O = {u < —t}U{v <
—t}, where t > 1 is chosen large such that pg[u](O), pk[v](O) < e. The above proof is still
applicable. [

We introduce another capacity for k-convex functions. Let €2 be a bounded domain in
R"™ and E CC Q a Borel set. Let

capi(E) = capp(E, Q) = sup{pp_1[u](E) | u € ®*(Q),u <0, and |ullpr) < 1} (3.11)

Then capy (F) satisfies the same properties (i)-(iii) above. By Theorem 5.2 in [8] it is easy
to verify that for any sequence {u,,} C ®*(Q2) which converges to u € ®*(Q) in L} (),
and any cut-off function ¢ € C§°(Q2),

li_r>n sup{/ C(thyy, — u)dpp_1[v]; v € O*(Q), |v]|Lr) < 1} — 0. (3.12)
m oo Q

Similar to Theorem 3.2 one can prove that k-convex functions are quasicontinuous with
respect to the capacity capy (E, Q). That is, for any given u € ®*(Q2) and ¢ > 0, there is an
open set O C  with capg (O, Q) < e such that u is continuous in Q — O. By (2.16) we see
that pg_1[u]({u < —t}) — 0 as t — —oo. Hence for any u € ®*(Q2), pux_1[u] is continuous
with respect to the capacity Capy(F,2). Therefore the proof of Theorem 3.3 also yields

the following variant.

Theorem 3.4.  Suppose u,v € ®*(Q), u= v = ¢ continuously on 0. Then

pr—1u]({u <w}) = pra[v]({u < v}). (3.13)

14



4. The Dirichlet problem

We consider the Dirichlet problem

prlul =v in Q, (4.1)
u=¢ on 0,

where € is a uniformly (k£ — 1)-convex domain, ¢ is a continuous function, and v is a finite

nonnegative Borel measure. Let v be decomposed to
V=11 + v, (4.2)

such that v; € L'(Q2) and vy is the singular part of v, which is supported on a set K C
of Lebesgue measure zero. For simplicity we suppose dist(K,9€) > 0. The existence of

solutions has been proved in [8].

When k > n/2, a k-convex function is Holder continuous, with Hélder exponent o =
2 —n/k. Therefore a solution of (4.1) is automatically locally Holder continuous. In this
case, the uniqueness has been proved in [7] by a comparison principle. In the following we
are concerned with the case £ < n/2. In [5], Labutin established pointwise estimates for

k-convex functions. He proved that for any nonpositive u € ®*(Bsg) and point = € Bg,

o /R/2 [uk 1B >>]1/ dr <C/ [uk It >>]1/ L

" 43)

where C4,C5,C5 are constants depending only on k£ and R. From the estimate (4.3) it

follows that a k-convex function is locally Holder continuous in €2 if and only if the Hessian

measure ju[u| satisfies, for some € > 0,
palul(B,) < Crn=2+e (4.4)

for all Q' cc Q, B, C €, where C' is a constant depending on €)'.

In this section we will prove two uniqueness results for the problem (4.1) in the case
k < n/2. The first one, which follows from Theorem 4.1 below, asserts that the solution
is unique if the measure v is continuous with respect to capacity. Hence the uniqueness
holds when v is integrable. The second uniqueness result is for the case when v is a Dirac
measure. Our proof also applies to certain quasilinear divergence structure operators, such

as the p-Laplacian operators, leading to uniqueness results for their Green’s functions [9].

Theorem 4.1. Suppose u,v € ®*(Q) are such that the measures ug[u] and pg[v] are
continuous with respect to capacity, and v = v = ¢ continuously on 0. If pg[u] > ux[v],

then u < v in Q.
15



Proof. For if not, we replace u by us = u + d1g, where 1)y solves
Filvo] =1 in Q, 1p=0 on 00. (4.5)
By Theorem 3.3 we have

p[u]({us > v}) < prfus]({us > v}) < pr[v]({us > v}).

We reach a contradiction. Hence Theorem 4.1 holds. O

Next we prove the uniqueness of fundamental solutions. We need a few lemmas.
Lemma 4.2. Suppose u and v are two solutions to (4.1). If u > v in Q, then u=v in .

Proof. For ¢ > 0 small, let u, = max(u — ¢, v) such that u, = v near 9. Let {u,,} and
{vm} be two sequences in ®(Q) N C%(Q) which converge to u. and v, respectively, and

such that u,, = v,, on Q. For any n € C?(Q) satisfying n = 0 on 9, we have

/Q D(Ffttm] — Filom]) = / i / D ] (e — )i
/ dt / = Om) B i

where wy = (1 — t)up, + tvy,. Let n be a uniformly k-convex function. Then
F Twlnig > coFy—1[w,]
for some ¢y > 0 depending only on n, k, and 7. Since
Fr—1[we] > (1= ) F1 [um] + t* Fr—1 [vg],
we obtain

/S; (Fk[um] - Fk[vm]) = ﬁ / (Um - Um)(Fk;—l[um] + Fk—l[vm])-

Sending m — oo first and then sending ¢ — 0 we obtain, by Theorems 5.1 and 5.2 in [§],
0> [ (u= o)d(ueifu] + pea[o).
Q
That is,

pr—1u] = pr—1[v] =0 on {u > v}. (4.6)
16



If the lemma is not true, we choose 1y € ®*() such that
pe[to] =1 in Q,  ¢o=0 on O (4.7)

Replacing u by us = u + d1pg, by Theorem 3.4 we have

p—1[us]({us > v}) < p—a[v]({us > v}). (4.8)

Since 1p < 0, we have {us > v} C {u > v}. Hence by (4.6) we see the RHS is equal to
zero, but the LHS is greater than pug_1[d1o], which is positive. Hence the uniqueness is
proved. [

Remark 4.1. From Lemma 4.2 we see that to prove the uniqueness it suffices to prove
that if u,v are two solutions of (4.1), then max(u,v) is a subsolution of (4.1). So far, we

have succeeded only in the case when p[u] and pg[v] are Dirac measures.

Lemma 4.3.  If there is a subsolution u of (4.1), then there ezists a solution w of (4.1)

which satisfies w > wu in €.

Proof. By approximation we may suppose that v = 0 in Q — Q5 whence we can assume

u = on J and u € C’loo’cl(ﬁ — Qs), by replacing u by
u = sup{y € ®*(Q) | <u in Q5 and ¢ < ¢ on 00}

For any o € (0, %), we decompose the domain into the union of a finitely many disjoint
smooth subdomains D; with diameters < o (i.e., Q = U;D;) such that v(0D;) = 0.

Let up, be the mollification of u. Since u is a subsolution of (4.1), we see that

— v(D;)
a; = limy,_,g———24— < 1.
’ 7 plun)(Dy)
Let
Vo,h = Z o [unXxp; (4.9)

J

where x is the characteristic function. Then v, p < pglup]. Let w,, ) be the solution of
(4.1) with v replaced by v, p. Then w,p is Holder continuous and wg, > wup. Sending
h — 0 we have, by choosing subsequences if necessary, wy 5 — w, in LY(Q), wy > u, and
prlws] = v in Q, where v, = limy,_,o v, 5, in the weak sense. Note that v, — v weakly as
measures. We see that the limit w = lim,_,o w, satisfies pg[w] = v and w > v in Q, and
w = ¢ on 0L2. [J

17



Lemma 4.4. Suppose u € ®*(Q). Suppose px[u] is supported on a closed set E CC Q
with |E| = 0. Suppose lim,_,ycg u(r) = —oc. Then for any v € ®¥(Q), if u > v in Q, we
have p[u] < pglv].

Proof. There is no loss of generality in assuming 2 is uniformly (k£ — 1)-convex. By

Lemma 4.3 we may suppose u = 0 on J€2. We can also suppose, by replacing v by
U =sup{y) € D*(Q) | <v inQs, ¥ <0 on 0N}, >0 small,

that v = 0 on 0.

To prove Lemma 4.4 it suffices to prove that for any closed set K CC €, ug[u](K)
px[v](K). By Lemma 4.3, there exists w € ®¥(Q) vanishing on 9 such that pg[w] =
pr[u]x k. Hence to prove Lemma 4.3 it suffices to prove that ug|ul(E) < ug[v](F).

IN

Let uy = max{u, —N} and let n = ny = un € C°(Q). By approximation we have,

QAnﬂMMMW%M%ZACﬁLW—UMmeWAZ& (4.10)

where w; = (1 — t)u + tv. On the LHS we have that

AWMMF—MWD (4.11)

is independent of N. Since ny — 0 in 2 — F and F is closed,

N—o00

fm [ mvdp[v] = —p[v](B). (4.12)

It follows that pg[v](E) > pg[u](E). Hence Lemma 4.4 holds. O

Theorem 4.5. Suppose the right hand side of equation (4.1) is a Dirac measure. Then a

solution u € ®%(Q), assuming the boundary value @ continuously, is unique.

Proof. Let v = ¢,,, where g € 2. Suppose u, v are two solutions of (4.1). We want to

prove w = max(u, v) is subsolution of (4.1).

First we claim the uniqueness of solutions to the problem

pr[G] = 0z, in Bp(z0), (4.13)
G=0 on 0B.(xg).

Indeed, if u is a solution of (4.13), then u is locally Lipschitz in the punctured ball, B, (z¢)—
{zo}. Hence the method of moving planes is applicable and we conclude that a solution to

(4.13) must be a radial function. The uniqueness of radial solutions to (4.13) is obvious.
18



Let By(z¢) C €2. By Lemma 4.3 we see that the unique solution w of (4.13) satisfies

w > max(u,v). Hence by Lemma 4.4, max(u, v) is a subsolution to (4.1) with v = §,,. O

We point out that the same proof actually yields the uniqueness if v is a nonnegative
Borel measure supported on a countable set. Moreover, our proof also yields the uniqueness

of fundamental solutions to the equation
prlu] =6 in R™. (4.14)

such that u — 0 as |z| — oo, where k < n/2. The solution is given by

1/k
_1 1 7 k=12,

u(z) = (4.15)

1/k
1 1 —n n
] e k<

where wy, is the volume of the unit ball B;(0).

We conclude this paper by proving uniqueness when v = vy + v, where vy is con-
tinuous with respect to capacity and v, is supported on a finite number of points, i.e,

vy = Y i, 0y, where a; > 0.
Theorem 4.6. Let v be as above. Then the uniqueness for (4.1) holds.

Proof. We will only prove the case vo = dg. The general case can be proven in the same
way.

Suppose u, v are two different solutions. By Lemma 4.3, and using approximation, there
exist u,., v, € ®¥(Q) such that u, = v and v, = v in Q — B,.(0), and ug[u,] = pi[v,.] = 5o

in B, (0). Observe that, since v is continuous with respect to capacity,
px[ur](0By) = pg[v:](0B,) = 11 (Er) —0

as r — 0. Therefore if u # v, we may suppose that for some § > 0, the set £ = {v < u’}
and E, = {v, < ul} are not empty, where u® = (14 §)u+ 5, u® = (1 + 6)u, + 6+, and 3

is a uniformly k-convex, smooth function vanishing on 0€2. Observe that, by Theorem 4.5,

. up(7) — lim v ()
I @)~ A G

=1,

where G is the solution of (4.13). Hence E does not contains the origin and so by Theorem
3.3,

pi[or)(Br) > pi[ug) ().
19



That is, as r — 0,

0] (Br) > pi[u’](Er) — o(1)
> (1+6)* ui[u)(Ey) + 0% e[ (Er) — o(1)
ur[V](Er) + 6 ui[¢)(Er) — o(1)

v

where pg[](F,) > C > 0. We reach a contradiction if we fix a § > 0 small and send r — 0.
This completes the proof. [

1]
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