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Langlands duality for groups

G - a complex reductive group
T G - amaximal torus
From this we get two natural lattices:

® chag := Hom(T;C )

® cochag := Hom(C ;T)

De nition: Two complex reductive groups G and Gare
called Langlands dual when chag = cochage.

Notation: Write - G = G%for the Langlands dual group of G
L() is a duality on the category of complex

reductive groups.
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® Suppose G = T is an af ne torus.

Langlands duality for Hitchin Systems — p.4/32


http://www.math.upenn.edu/~tpantev/langlands.pdf

Examples

® Suppose G = T is an af ne torus. By de nition -G is
the dual af ne torus.
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Lg = g for g of types AD,E,FG, and

LQB
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gc for g of types B and C.
B

Langlands duality for Hitchin Systems — p.4/32


http://www.math.upenn.edu/~tpantev/langlands.pdf

Examples

# For asimple Lie algebra g = Lie(G) we have:

Lg= g for g of types AD,E,FG, and

LQB =
Lgc = OB

#® Group examples:

Jc for g of types B and C.

G LG
GL, | GLj
Gy | G2
Eg | Esg

Langlands duality for Hitchin Systems — p.4/32


http://www.math.upenn.edu/~tpantev/langlands.pdf

Examples

For a simple Lie algebra g = Lie(G) we have:

Lg= g for g of types AD,E,FG, and

“gs = Oc
. ~ for g of types B and C.
Oc = OB
G LG
Group examples: Gln | Gln
Gy | G
Eg | Es
Unimodular character

lattices
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Examples

# For asimple Lie algebra g = Lie(G) we have:

Lg= g for g of types AD,E,FG, and
“gg =
“gc =

#® Group examples:

Jc for g of types B and C.

OB

G | LG
GL, | GLj,
Go Go
Es | Es

and

SL

Spiny,

SPINn+1
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Notation:

C a smooth compact curve of genus g.

G, -G a pair of Langlands dual complex reductive
groups.

Bun,-Bun the moduli space of semistable principal G
and -G bundles respectively.

Loc, “Loc the moduli space of semistable G and - G
local systems respectively.

A G-local systemonCisapairVv = (V;r ),
consisting of a principal G-bundle V on C and a at
holomorphic connectionr on V. Analitically, this is the
same thing as an element in Hom( 1(C); G)==G
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GLC (1)

Conjecture [Drinfeld,Laumon, ...]
(1) There is a natural equivalence of categories

c:DPLoc)g! DP(-Bun;D).
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(2) ¢ sends structure sheaves of points In Loc to
automorphic D-modules  on -Bun.
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GLC (1)

Conjecture [Drinfeld,Laumon, ...]
(1) There is a natural equivalence of categories

c:DPLoc)g! D°tBun;D).
(2) ¢ sends structure sheaves of points In Loc to
automorphic D-modules| on “Bun.

‘ Hecke eigensheaves I
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GLC (1)

Conjecture [Drinfeld,Laumon, ...]
(1) There is a natural equivalence of categories

c:DPLoc)g! D°tBun;D).
(2) ¢ sends structure sheaves of points In Loc to
automorphic D-modules| on “Bun.

For every local system V 2 Loc,
the D-module ¢(Oy) is an eigensheatf
of eigenvalue V with respect to the
action of the Hecke operators on

LBun .
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Conjecture [Drinfeld,Laumon, ...]
(1) There is a natural equivalence of categories
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Hecke correspondencs...

The moduli space “Bun has a natural family of
self-correspondences labelled by the points of C:
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L Heckey is the moduli space of triples (V;V® ), where

V and V%are principal - G bundles;

: = /0
-Vij xg! V

iCt xg'San Isomorphism.
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Hecke correspondencs...

The moduli space “Bun has a natural family of
self-correspondences labelled by the points of C:

hHeck
i
rF?rrr M‘-‘_p
o %

L Bun LBun

L Heckey is the moduli space of triples (V;V® ), where

V and V%are principal - G bundles;

: = /0
-Vij xg! V

iCt xg'San Isomorphism.

Note: py(V:V® )=V, g(V;V® )= VO
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...combined

- Heckey combine in a single correspondence:
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LHeckQ@%Q

LBun LBun C
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.combined

- Heckey combine in a single correspondence:

LHeckQ@%Q

LBun LBun C

Here

L Hecke = L Hecke,:
x2C

and
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.combined

- Heckey combine in a single correspondence:

LHeckQ@%Q

LBun LBun C
Here
L Hecke = L Hecke,
x2C
and
p(V;Vex, ) = V;

q(V;Vex; ) (VO x):
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Compositionand structur e

The Hecke correspondences form an algebra under the
natural berwise composition:
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Compositionand structur e

The Hecke correspondences form an algebra under the
natural berwise composition:

LHeckey Lgyn -Heckey /L Heckey
(V;ive ) (VOVO ) —(v;v® )

Also:

For any V 2 - Bun we can identify the ber p, (V) with
the af ne Grassmanian for -G.
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Compositionand structur e

The Hecke correspondences form an algebra under the
natural berwise composition:

LHeckey Lgyn -Heckey /L Heckey
(V;ive ) (VOVO ) —(v;v® )

Also:
For any V 2 - Bun we can identify the ber p, (V) with

the |afne Grassmanian for-G|.

The quotient - G((t))=- G[[t]], where t
IS a local parameter on C near x.
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Compositionand structur e

The Hecke correspondences form an algebra under the
natural berwise composition:

LHeckey Lgyn -Heckey /L Heckey
(V;ive ) (VOVO ) —(v;v® )

Also:

For any V 2 - Bun we can identify the ber p, (V) with
the af ne Grassmanian for -G.

The bers of py and g, are smooth in nite dimensional
Ind-schemes.
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Compositionand structur e

The Hecke correspondences form an algebra under the
natural berwise composition:

LHeckey Lgyn -Heckey /L Heckey
(V;ive ) (VOVO ) —(v;v® )

Also:

For any V 2 - Bun we can identify the ber p, (V) with
the af ne Grassmanian for -G.

The bers of py and g, are smooth in nite dimensional
Ind-schemes.

Remark: Need to cut down the size of " Heckey.
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Fix a dominant cocharacter 2 cocha;; = chag. Every
determines a subscheme

“Hecke, ‘Heckey:
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determines a subscheme

“Hecke, ‘Heckey:

L Hecke, parameterizes triples (V;V° ) satisfying:
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Finite dimensionalcorrespondences

Fix a dominant cocharacter 2 cocha;; = chag. Every
determines a subscheme

“Hecke, ‘Heckey:

“Hecke, parameterizes triples (V;V? ) satisfying: for
every irreducible representation :-G! GLp(C) the map
( ) induces an inclusion of associated locally free sheaves

V) (VY Oc(h; i x)
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Finite dimensionalcorrespondences

Fix a dominant cocharacter 2 cocha;; = chag. Every
determines a subscheme

“Hecke, ‘Heckey:

“Hecke, parameterizes triples (V;V? ) satisfying: for
every irreducible representation :-G! GLp(C) the map
( ) induces an inclusion of associated locally free sheaves

D E
V) (VY Oc ; X

—

‘ The highest weight of . I
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Properties

“Hecke, L“Heckey is a nite dimensional closed
subspace
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Properties

“Hecke, L“Heckey is a nite dimensional closed
subspace equipped with two projections

LHecke
Pugp i

L Bun L Bun
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Properties

“Hecke, L“Heckey is a nite dimensional closed
subspace equipped with two projections

LHecke
Pugp "y
LBun LBun
or

WHecke %

L Bun LBun C

collected over all x 2 C.
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Properties

“Hecke, L“Heckey is a nite dimensional closed
subspace equipped with two projections

LHecke
Pugp i

L Bun L Bun

Both maps px and gx are proper and are locally trivial
br ations in the smooth topology.

Langlands duality for Hitchin Systems — p.11/32



Properties

“Hecke, L“Heckey is a nite dimensional closed
subspace equipped with two projections

LHecke
Pugp i

L Bun L Bun

Both maps px and gx are proper and are locally trivial
br ations in the smooth topology.

The space “Hecke, is smooth if and only 2 chag is a
minuscule character of G.
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Properties

“Hecke, L“Heckey is a nite dimensional closed
subspace equipped with two projections

L Hecke
Pegp Wy
L Bun L Bun
Both maps px and gx are proper and are locally trivial
br ations in the smooth topology.

The space “Hecke, is smooth if and only 2 chag is a
minuscule character of G.

LHecke, ‘Hecke, for , and
“Heckey = lim “Hecke,
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Hecke operators

Note: “Hecke and “Hecke, act naturally on D-modules
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Hecke operators

Note: “Hecke and“Hecke, act naturally on D-modules ,
via the integral transform

Ly - DPLBun ;D) /'DP(LBuN ;D)
M g (p M IC ):
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Hecke operators

Note: “Hecke and“Hecke, act naturally on D-modules ,
via the integral transform

Ly - DPLBun ;D) /'DP(LBuN ;D)
M g (p M IC ):

—

Here IC is the Goresky-MacPherson intersection
cohomology sheaf of the trivial rank one local system on

LHecke .
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Hecke operators

Note: “Hecke and“Hecke, act naturally on D-modules ,
via the integral transform

Ly - DPLBun ;D) /'DP(LBuN ;D)
M g (p M IC ):

Remark:

The Hecke operators “Hy generate an algebra A of

endofunctors of DP(- Bun ; D) with respect to the
convolution product of integral transforms.
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Hecke operators

Note: “Hecke and“Hecke, act naturally on D-modules ,
via the integral transform

LH - DPLBun ;D) /'DP(LBuN ;D)
M g (p M IC ):

Remark:

The Hecke operators “Hy generate an algebra A of

endofunctors of DP(- Bun ; D) with respect to the
convolution product of integral transforms.

The Hecke algebra 'A is abelian and the subalgebra

'A  generated by “Hy for a xed x 2 C is a quotient of
the representation ring of G.
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Hecke eigensheses

Let V be a G-local system on C.
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Hecke eigensheses

Let V be a G-local system on C.

De nition: A Hecke eigensheaf on -Bun of eigenvalue V
is a D-module M on “Bun satisfying

"H (M) =M (VI d]
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Hecke eigensheses

Let V be a G-local system on C.

De nition: A Hecke eigensheaf on -Bun of eigenvalue V
is a D-module M on “Bun satisfying

"H (M) =M (VI d]

—

The irreducib le repre-
sentation of G with
highest weight
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Hecke eigensheses

Let V be a G-local system on C.

De nition: A Hecke eigensheaf on -Bun of eigenvalue V
is a D-module M on “Bun satisfying

"H (M) =M (VI d]

The dimension of the
ber s of p
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Hecke eigensheses

Let V be a G-local system on C.

De nition: A Hecke eigensheaf on -“Bun of eigenvalue V
is a D-module M on -Bun satisfying

"H (M)=M (V)[ d]
Explanation: The second part of the Geometric Langlands
Conjecture asserts that for every G-local system V 2 Loc,

the skyscraper sheaf Oy, corresponds to a Hecke eigen
D -module (Oy) of eigenvalue V, i.e.
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Hecke eigensheses

Let V be a G-local system on C.

De nition: A Hecke eigensheaf on -“Bun of eigenvalue V
is a D-module M on -Bun satisfying

"H (M)=M (VI d]

Explanation: The second part of the Geometric Langlands
Conjecture asserts that for every G-local system V 2 Loc,
the skyscraper sheaf Oy, corresponds to a Hecke eigen

D -module (Oy) of eigenvalue V, i.e.

“H ((Ov)) = (Oy)  (V)[ d] forall 2 chag.
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Discrepancy

Note: The rst version of the GLC is too naive and can not
be true as stated.
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Discrepancy

Note: The rst version of the GLC is too naive and can not
be true as stated. The moduli space “Bun is disconnected

otBun) = H(C; 1(*G)) = 1(tG):
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Discrepancy

Note: The rst version of the GLC is too naive and can not
be true as stated. The moduli space “Bun is disconnected

o(-Bun) = H3C; 1(*G)) = 1(-G):
a
Hence, D?(*Bun ;D) = DP“Bun ;D).
2 1(LG)
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Discrepancy

Note: The rst version of the GLC is too naive and can not
be true as stated. The moduli space “Bun is disconnected

otBun) = H(C; 1(*G)) = 1(tG):

a

Hence, D?(*Bun ;D) = DP“Bun ;D).
2 1(-G)

Discrepanc v:
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Discrepancy

Note: The rst version of the GLC is too naive and can not
be true as stated. The moduli space “Bun is disconnected

o(-Bun) = H3C; 1(*G)) = 1(-G):
a
Hence, D?(*Bun ;D) = DP“Bun ;D).
2 1(LG)

Discrepanc y: Loc is irreducible and so D°(Loc) is
idencomposable.
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Discrepancy

Note: The rst version of the GLC is too naive and can not
be true as stated. The moduli space “Bun is disconnected

otBun) = H(C; 1(*G)) = 1(tG):

a
Hence, D?(*Bun ;D) = DP“Bun ;D).

2 1(LG)
Discrepanc y: Loc is irreducible and so D°(Loc) is
idencomposable.

Correction: Replace the space Loc with the moduli stack

L oc of G-local systems.
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The X

The moduli stack L oc of semistable G-local systems is an
algebraic stack with coarse moduli space Loc.
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The X

The moduli stack L oc of semistable G-local systems is an
algebraic stack with coarse moduli space Loc.

Simplifying assumption: Work with the open substack
L oc™ of regularly stable local systems.
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The x

The moduli stack L oc of semistable G-local systems is an
algebraic stack with coarse moduli space Loc.

Simplifying assumption: Work with the open substack
L oc™ of |[regularly stable local systems

Local systems with minimal possib le
automorphism group
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The X

The moduli stack L oc of semistable G-local systems is an
algebraic stack with coarse moduli space Loc.

Simplifying assumption: Work with the open substack
L oc™ of regularly stable local systems.

Note:
Loc™! Loc"™is abanded Z(G)-gerbe.
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The X

The moduli stack L oc of semistable G-local systems is an
algebraic stack with coarse moduli space Loc.

Simplifying assumption: Work with the open substack
L oc™ of regularly stable local systems.

Note:
Loc™! Loc"™is abanded Z(G)-gerbe.

The derived category of coherent sheaves on a gerbe
splits into orthogonal pieces labelled by the irreducible
representations of the stabilizer.
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The X

The moduli stack L oc of semistable G-local systems is an
algebraic stack with coarse moduli space Loc.

Simplifying assumption: Work with the open substack
L oc™ of regularly stable local systems.
Note:

Loc™! Loc"™is abanded Z(G)-gerbe.

The derived category of coherent sheaves on a gerbe

splits | into orthogonal pieces labelled by the irreducible
representations of the stabilizer.

Provided that the stabiliz er Is reductive
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The X

The moduli stack L oc of semistable G-local systems is an
algebraic stack with coarse moduli space Loc.

Simplifying assumption: Work with the open substack
L oc™ of regularly stable local systems.

Note:
Loc™! Loc"™is abanded Z(G)-gerbe.
a
In particular D°(L oc'®) = DP(Loc's; ).

27(G)"
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The X

The moduli stack L oc of semistable G-local systems is an
algebraic stack with coarse moduli space Loc.

Simplifying assumption: Work with the open substack
L oc™ of regularly stable local systems.

Note:
Loc™! Loc"™is abanded Z(G)-gerbe.
a
In particular D°(L oc'®) = DP(Loc'S; ).
27(G)"

Z2(G)" = 1(-G).
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GLC (Il)
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GLC (Il

Conjecture [Drinfeld,Laumon, ...]
(1) There is a natural equivalence of categories

c:DP(Loc) ™ DP‘Bun ;D)
(2) ¢ sends structure sheaves of points in Loc to
automorphic D-modules on “Bun .
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Specializationfamilies (1)

L oc /dder_gyn 9.



Specializationfamilies (I)

L oc /99dr_gyn 9. More precisely, there is a family

H

|
C



Specializationfamilies (I)

L oc /99dr_gyn 9. More precisely, there is a family
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Specializationfamilies (I)

L oc /99dr_gyn 9. More precisely, there is a family

T_Buno H Loc C

0 2 C C
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Specializationfamilies (I)

L oc /99dr_gyn 9. More precisely, there is a family

T-Bun?® H‘ Loc C
| |
0 2 C C
Explicitly

8 9
5 22 C 2
H=  (Vir :2) 0—lad(V)—E(N)—Tc—D0 ™
R I 2

r =z id
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Specializationfamilies (1)

D /ddd&s T = grD on -Bun .



Specializationfamilies (I1)

D /ddds T = grD on -Bun . More precisely there is a
sheaf of algebras R ! “Bun  C such that
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Specializationfamilies (I1)

D /ddds T = grD on -Bun . More precisely there is a
sheaf of algebras R ! “Bun  C such that

RjLBun f zg= D for z6 0
RjLBun f 0g= ST:
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Specializationfamilies (I1)

D /ddds T = grD on -Bun . More precisely there is a
sheaf of algebras R ! “Bun  C such that

RjLBun f zg= D for z6 0
RjLBun f 0g= ST:

P . .
Explicitly R = Z’Pi2pD P2D '
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Specializationfamilies (I1)

D /ddds T = grD on -Bun . More precisely there is a
sheaf of algebras R ! “Bun  C such that

RjLBun f zg= D for z6 0
RjLBun f 0g= ST:

P . .
Explicitly R = Z’Pi2pD P2D '

Get a specialization of the categories of modules

DOLBun ;D) 9D bLBYN ;S T):
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Specializationfamilies (l11)

Expect: The geometric Langlands correspondence c
specializes as well.

Langlands duality for Hitchin Systems 19/32



Specializationfamilies (l11)

Expect: The geometric Langlands correspondence c
specializes as well.

DP(L oc) —C/Db(LBug ‘D)
DPLBun;S T)

|
DY%T-Bun 9 C—O/Db(T—LBun)
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Specializationfamilies (l11)

Expect: The geometric Langlands correspondence c
specializes as well.

DP(L oc) —C/Db(LBug ‘D)
DPLBun;S T)

|
DY%T-Bun 9 C—O/Db(T—LBun)

Note: T-Bun®= Higgs®, T-LBun = “Higgs - moduli of
Higgs bundles.

Langlands duality for Hitchin Systems — p.19/32



Specializationfamilies (l11)

Expect: The geometric Langlands correspondence c
specializes as well.

DP(L oc) —C/Db(LBug ‘D)

DPLBun;S T)
|
DY%T-Bun 9 C—O/Db(T—LBun)

Note: T-Bun®= Higgs®, T-LBun = “Higgs - moduli of
Higgs bundles.

K (V; ), V - principal G bundle, 2

HO(C;ad(V)  1).
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Classicallimit of GLC (l)

Expect: There Is an equivalence
c:DPHiggs)f DP(LH iggs) which restricts to the
equivalence c® : DP(H ig gs®)f DP(“Higgs).
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Classicallimit of GLC (l)

Expect: There Is an equivalence
c:DPHiggs)f DP(LH iggs) which restricts to the

equivalence c® : DP(H ig gs®)f DP(“Higgs).

Remark:
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Classicallimit of GLC (l)

Expect: There Is an equivalence
c:DPHiggs)f DP(LH iggs) which restricts to the
equivalence c® : DP(H ig gs®)f DP(“Higgs).

Remark: The spectral correspondence on “Bun gives an
identi cation

Coh(*Bun;S T)

Coherent Higgs sheaves
(E;' :E!' E bH,"r" =0
on “Bun .

Coh(-Higgs)
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Classicallimit of GLC (ll)

Note: The Hecke operators “H also have a well de ned
specialization.
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Classicallimit of GLC (ll)

Note: The Hecke operators “H also have a well de ned
specialization. The Hecke correspondences

LHecke%ﬁ

L Bun LBun C

again give operators:
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Classicallimit of GLC (ll)

Note: The Hecke operators “H also have a well de ned
specialization. The Hecke correspondences

LHecke%ﬁ

L Bun LBun C

again give operators:

g . P2CHiggs) Pt Higgs)

Higgs sheaves Higgs sheaves
on “Bun on “Bun
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Classicallimit of GLC (llI)

The classical Hecke operators “H are de ned as

"H ()=p (@ () 1):
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Classicallimit of GLC (llI)

The classical Hecke operators “H are de ned as

"H ()=p (@ () 1):

Here: g and p, operations on Higgs sheaves, and

| is a Higgs sheaf on “Hecke which is a
specialization of IC .
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Classicallimit of GLC (llI)

The classical Hecke operators “H are de ned as

"H ()=p (@ () 1):

Here: g and p, operations on Higgs sheaves, and

| is a Higgs sheaf on “Hecke which is a
specialization of IC .

Remarks:

Traditionally g and p, for Higgs sheaves are de ned
only for smooth and proper morphisms.
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Classicallimit of GLC (llI)

The classical Hecke operators “H are de ned as

"H ()=p (@ () 1):

Here: g and p, operations on Higgs sheaves, and

| is a Higgs sheaf on “Hecke which is a
specialization of IC .

Remarks:

Traditionally g and p, for Higgs sheaves are de ned

only for smooth and proper morphisms. To de ne
these operations in general one needs Sabbah's
formalism of the six operations for twistor M .
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Classicallimit of GLC (llI)

The classical Hecke operators “H are de ned as

"H ()=p (@ () 1):

Here: g and p, operations on Higgs sheaves, and

| is a Higgs sheaf on “Hecke which is a
specialization of IC .

Remarks:

Traditionally/q and p, for Higgs sheaves are de ned
only for smooth and proper morphisms.

The specialization IC /994 s not known
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Classicallimit of GLC (llI)

The classical Hecke operators “H are de ned as

"H ()=p (@ () 1):

Here: g and p, operations on Higgs sheaves, and

| is a Higgs sheaf on “Hecke which is a
specialization of IC .

Remarks:

Traditionally g and p, for Higgs sheaves are de ned
only for smooth and proper morphisms.

The specialization IC /904 js not known - extra
data on IC Is needed.
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Classicallimit of GLC (llI)

The classical Hecke operators “H are de ned as

"H ()=p (@ () 1):

Here: g and p, operations on Higgs sheaves, and

| is a Higgs sheaf on “Hecke which is a
specialization of IC .

Remarks:

Traditionally g and p, for Higgs sheaves are de ned
only for smooth and proper morphisms.

The specialization IC /994 s not known | was
constructed explictly by D.Arinkin.
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Classicallimit of GLC (IV)

B




Classicallimit of GLC (IV)

“Classical Limit” Conjecture
(1) There is a natural equivalence of categories

c:DPHiggs) ™ DP(-H iggs) which induces
c?: DP(Higgs®) © DP(“Higgs).

2) c? sends structure sheaves of points in Higgs® to
Hecke eigensheaves: for every

(V; 2H%ad(v) 1 2Higgs®

we have

“HocV; ) =%V ) (V) () d]]
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Cameral covers ()

Slogan: The equivalence c is a version of Cartier (or
Pontryagin) duality for commutative group stacks.
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Cameral covers ()

Slogan: The equivalence c is a version of Cartier (or
Pontryagin) duality for commutative group stacks.

Key step: Understand H ig gs as a commutative group
stack.
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Cameral covers ()

Slogan: The equivalence c is a version of Cartier (or
Pontryagin) duality for commutative group stacks.

Key step: | Understand H ig gs as a commutative group

stack.\

\ Hitc hin's abelianization |
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Cameral covers ()

Slogan: The equivalence c is a version of Cartier (or
Pontryagin) duality for commutative group stacks.

Key step: Understand H ig gs as a commutative group
stack.

Goal: Given (V; )-a ¢-valued G-Higgs bundle on C con-
struct a W-Galois cover € ! C - the cameral cover attached
to (V; ).
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Cameral covers (1)

Construction: Consider the adjoint action of G on g.
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Cameral covers (1)

Construction: Consider the adjoint action of Gong. The
guotient map g! g==Ginduces a natural map of
associated ber bundles:
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Cameral covers (1)

Construction: Consider the adjoint action of Gong. The
guotient map g! g==Ginduces a natural map of
associated ber bundles:

V. ad 91V ag (0==0G

|
ad(V) g==G C (g==0:
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Cameral covers (1)

Construction: Consider the adjoint action of Gong. The
guotient map g! g==Ginduces a natural map of
associated ber bundles:

V. ad 91V ag (0==0G

|
ad(V) g==G C (g==0:

Get a (polynomial) map of ber bundles

radV) ¢! (g 3)==G:
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Cameral covers (1)

Construction: Consider the adjoint action of Gong. The
guotient map g! g==Ginduces a natural map of
associated ber bundles:

V. ad 91V ag (0==0G

|
ad(V) g==G C (g==0:

Get a (polynomial) map of ber bundles
radV) ¢! (g 3)==G:

==G= t=W by Chevalley's theorem,
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Cameral covers (1)

De ne the cameral cover € associated with (V; ) to be the
ber product

€ o &
C
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Cameral covers (1)

De ne the cameral cover € associated with (V; ) to be the
ber product

1
& t C

C ﬁ(t c)=W.

This gives the Hitc hin map
h:Higgs! B;
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Cameral covers (1)

De ne the cameral cover € associated with (V; ) to be the
ber product

1
€ A

C ﬁ(t c)=W.

This gives the Hitc hin map
h:Higgs! B;

where
B = (Gi(t  ¢)=wW)

IS the Hitc hin base for G.
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Abelianization

Histor y. Abelianization of Higgs bundles: introduced by
Hitchin in 1987, who proved the rst version of the
abelianization theorem.
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Abelianization

Histor y. Abelianization of Higgs bundles: introduced by
Hitchin who proved the rst version of the abelianization
theorem. More general versions: Beilinson-Kazhdan,
Faltings and Donagi-Gaitsgory.
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Abelianization

Theorem [Donagi-Gaitsgor y'00] The universal cam-

eral cover : € ! C B together with the group G
determine an af ne abelian group scheme T ! C B
such that:
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Abelianization

Theorem [Donagi-Gaitsgor y'00] The universal cam-

eral cover : € ! C B together with the group G

determine an af ne abelian group scheme T ! C B

such that:

) h : Higgs ! B Is a principal homogeneous stack
over the commutative group stack Torst of T tor-
Sors.

(i) Every choice of a theta characteristic of C de-
termines a section of h, i.e. an isomorphism

Hig g%: Tors
B

of stacks over B .
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Abelianization

Theorem [Donagi-Gaitsgor y'00] The universal cam-

eral cover : € ! C B together with the group G

determine an af ne abelian group scheme T ! C B

such that:

) h : Higgs ! B Is a principal homogeneous stack
over the commutative group stack Torst of T tor-
Sors.

(i) Every choice of a theta characteristic of C de-
termines a section of h, i.e. an isomorphism

Hig g%: Tors
B

of stacks over B .
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Abelianization

Theorem [Donagi-Gaitsgor y'00] The universal cam-

eral cover : € ! C B together with the group G

determine an af ne abelian group scheme T ! C B

such that:

) h : Higgs ! B Is a principal homogeneous stack
over the commutative group stack Torst of T tor-
Sors.

(i) Every choice of a theta characteristic of C de-
termines a section of h, i.e. an isomorphism

Hig g%: Tors
B

of stacks over B .
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Cartier duality (1)

De nition: Given a space B and afamily H ! B of
commutative group stacks, de ne the Cartier dual of
H as the family of commutative group stacks

HP := Homgp(H ;BGn)
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Cartier duality (1)

De nition: Given a space B and afamily H ! B of
commutative group stacks, de ne the Cartier dual of
H as the family of commutative group stacks

HP := Homgp(H ;BGn)
= Homgp H ;Og[1]
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Cartier duality (1)

De nition: Given a space B and afamily H ! B of
commutative group stacks, de ne the Cartier dual of
H as the family of commutative group stacks

HP := Homgp(H ;BGp)
Homgp, H ;O [1]
Ext® H ;0q
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Cartier duality (1)

De nition: Given a space B and afamily H ! B of
commutative group stacks, de ne the Cartier dual of
H as the family of commutative group stacks

HP := Homgp(H ;BGp)
Homgp, H ;O [1]
Ext® H ;0q

Examples:
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Cartier duality (1)

De nition: Given a space B and afamily H ! B of
commutative group stacks, de ne the Cartier dual of
H as the family of commutative group stacks

HP := Homgp(H ;BGp)
Homgp, H ;O [1]
Ext® H ;0q

Examples:

1) IfA! B is afamily of abelian varieties, then AP is the
dual family of abelian varieties.
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Cartier duality (1)

De nition: Given a space B and afamily H ! B of
commutative group stacks, de ne the Cartier dual of
H as the family of commutative group stacks

HP := Homgp(H ;BGp)
Homgp, H ;O [1]
Ext® H ;0q

Examples:

1) IfA! B is afamily of abelian varieties, then AP is the
dual family of abelian varieties.

2 If ! B isafamily of nitely generated abelian groups,
then P=B( Op).
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Cartier duality (1)

De nition: Given a space B and afamily H ! B of
commutative group stacks, de ne the Cartier dual of
H as the family of commutative group stacks

HP := Homgp(H ;BGp)
= Homgp, H ;05[1]
Ext® H ;0q

Examples:

1) IfA! B is afamily of abelian varieties, then AP is the
dual family of abelian varieties.

2 If ! B isafamily of nitely generated abelian groups,
then P=B( Op).

@) If T! B is afamily of af ne tori, then TP = cha(T).
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Cartier duality (II)

IfH ! B Is acommutative group stack, then there is an
universal extension

P2Extt H H P04
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Cartier duality (II)

IfH ! B Is acommutative group stack, then there is an
universal extension

P2Ext' H H ;04
This is the same thing as a line bundle

P! H gHP
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Cartier duality (II)

IfH ! B Is acommutative group stack, then there is an
universal extension

P2Ext' H H ;04
This is the same thing as a line bundle

P! H gHP

Now the integral transform with respectto P gives a
Fourier-Mukai equivalence of categories

D(H ) = De(H )
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Theorems(l)

The construction of the classical limit ¢ of the GLC now
reduces to showing that:
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Theorems(l)

The construction of the classical limit ¢ of the GLC now
reduces to showing that:

Theorem [Donagi-P'06] There is a natural identi cation
of the Hitchin bases B = "B so that

D
"Higgs = Higgs

as commutative group stacks.
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Theorems(l)

The construction of the classical limit ¢ of the GLC now
reduces to showing that:

Theorem [Donagi-P'06] There is a natural identi cation
of the Hitchin bases B = "B so that

D
"Higgs = Higgs

as commutative group stacks.

To get that the restricted functor c is also an equivalence,
we need to understand the ner structure of the commutative

group stack h : Higgs! B.

Langlands duality for Hitchin Systems — p.30/32



Theorems(ll)

There are exact sequences
() 0——Higgsp—Higgs— 1(G)—0
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Theorems(ll)

There are exact sequences
() 0——Higgsp—Higgs— 1(G)—0

() 0—BZ(G)——Higgs’——Higgs *—0
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Theorems(ll)

There are exact sequences
() 0——Higgsp—Higgs— 1(G)—0

() 0—BZ(G)—Hig gs’——Higgs °*—0
L() 0—Bz(*G)—+Higgs—tHiggs —0
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Theorems(ll)

There are exact sequences
() 0——Higgsp—Higgs— 1(G)—0

() 0—BZ(G)—Higgs’—Higgs*—~0
() O0—Bz(+G)—+Higgs—*LHiggs —0
L( ) O0—Higgs>—~"Higgs — 1(-:G)—0
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Theorems(ll)

There are exact sequences
() 0——Higgsp—Higgs— 1(G)—0

() 0—BZ(G)—Higgs’—Higgs*—~0
() O0—Bz(+G)—+Higgs—*LHiggs —0
L( ) O0—Higgs>—~"Higgs — 1(-:G)—0

Theorem [Donagi-P'06] Cartier duality induces isomor-
phisms

“() =() and () =()

of short exct sequences.
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Theorems(lll)

Finally we get the complete classical limit of the GLC:
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Theorems(lll)

Finally we get the complete classical limit of the GLC:

Theorem [Donagi-P'06]
(1) The functor c restricts to an equivalence

c?: DP(Higgs® I© D2(‘“Higgs).

2) c? sends structure sheaves of points in Higgs® to
eigensheaves of the abelianized Hecke operators.
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