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"Until recently, most people thought of
quantum mechanics in terms of the uncer-
tainty principle and unavoidable limitations
on measurement. Einstein and Schrodinger
understood early on the importance of en-
tanglement, but most people failed to no-
tice, thinking of the EPR paradox as a ques-
tion for philosophers. The appreciation of
the positive application of quantum effects
to information processing grew slowly.”

Nicolas Gisin
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Ouline: 5 lectures

1. Quantum information

2. Anyons and topological order

3. Topological quantum computation

4. The Quantum Hall Effect
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Quantum information

e Quantum generalities

e Qubits

e Measurement

e Separable vs Entangled and Pure versus Mixed states
e Density matrix and Von Neuman entropy

e NoO cloning

e Teleportation

Quantum computation



Promises and expectations...

Why cannot we write the entire 24 volumes of the
Encyclopedia Brittanica on the head of a pin?
R.P. Feynman (1959)

e In our quest for more volume and speed in storing
and processing information we are led to the smallest
scales we can physically manipulate. Currently com-
mercially available processors work at scales of 60 nm.
In 2006, IBM announced circuitry on a 30 nm scale,
which indeed makes it possible to write the Encyclo-
pedia Britannica on the head of a pin. To see how
close this is to the atomic scale: a square with sides
of length 30 nm contains about 1000 atoms.



e Under the historical pattern of Moore's law, inte-
grated circuitry halves in size every 2 years. If we con-
tinue on the same trajectory of improvement, within
about 20 years the components will be the size of
individual atoms, and it is difficult to imagine that

computers will be able to get any smaller.

e There is a certain poetry to this: Once a computer
has components on a quantum scale, the motion of
its atoms will no longer be random, and in a cer-
tain sense will not be described by classical statistical
mechanics, at the same time that it will be used to

process information on a macroscopic scale.
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Polynomial versus exponential

Suppose an elementary computational step takes At
seconds. If the number of steps increases exponen-
tially, factorizing a number with N digits will take
Atexp(alN) seconds, where a is a constant that de-
pends on the details of the algorithm. For example,
if At = 107% and a = 1072, factoring a number with
N = 10,000 digits will take 1037 seconds, which is
much, much longer than the lifetime of the universe
(which is a mere 4.6 x 10! seconds). In contrast,
if the number of steps scales as the third power of
the number of digits, the same computation takes
a' AtN3 seconds, which with '’ = 1072, is 10% seconds
or a little under three hours. Of course the constants
a, @’ and At are implementation dependent, but be-
cause of the dramatic difference between exponential
vS. polynomial scaling, for sufficiently large N there
is always a fundamental difference in speed.
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The qubit

The state of a qubit is described by a wave-
function or state vector |y), which can be
written as

1) = a|1) + B]0) with |a|? + |8]° = 1.

[40) is @a normalized vector in the 2-dimensional
complex " ket” space, denoted CQ, and we
can represent the state as a column vector

(5)
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The dual vector or " bra” space in C2 can be

represented as row vectors or alternatively
be written

(p| = (O]a™ + (1] .

This allows us to define the inner product
between two state vectors |¢) and

[¢) = ~I1) +6]0) as
(PlY) = (Yle)" =7"a+ 66



The constraint |a|? + |3|2 = 1 says that the
state vector has unit length: it defines the
complex unit circle in C2.

In terms of real and imaginary parts

a = a1 +tap and B = b1 + ib>

we have

a1 +anil? 4 |by +bi|? = a2 +a3+b7+b5 = 1.

The geometry of the space described by the
latter equation is just the three dimensional
unit sphere S3 embedded in a four dimen-
sional Euclidean space, R*.
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Each additional state (or configuration) in
the classical system yields an additional or-
thogonal dimension (complex parameter) in
the quantum system. Hence a finite state
classical system will lead to a finite dimen-
sional complex vector space for the corre-
sponding quantum system.

Any two level quantum system can poten-
tially be considered as a qubit. It is not
surprising that many alternative realisations
are investigated: Quantum computation has
become the Holy Grail of condensed matter
physics, quantum optics etc.
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Many qubits

The mathematical space in which the n qubits
live is the tensor product of the individual
qubit spaces:

C°®C%?®..9C%°=C?"
For example, the Hilbert space for two qubits
is C2® C2. This is a four dimensional com-
plex vector space spanned by the vectors
1) ® (1), [0) ®][1), [1) ®[0), and |0) ® |0).
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For convenience we will often abbreviate the
tensor product by omitting the tensor prod-
uct symbols, or by simply listing the spins.
For example

1) ® |0) = [1)[0) = [10).
The tensor product of two qubits with wave
functions |¢) = «|1) 4+ §|0) and |¢) = ~|1) +
6|0) is
[V)®|¢) = [¥)|¢) = ay|11)4~5[10)+B~[01)4346|00).
The tensor product is that it is multi-linear:

(a]0) + B]1)) ® [¢) = «|0) ® [¢) + B|1) ® |¢).
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Again we emphasize that whereas the classi-
cal n—Dbit system has 2" states, the n—qubit
system corresponds to a vector of unit length
in a 2™ dimensional complex space, with twice
as many degrees of freedom. For example a
three-qubit can be expanded as:

) = «@1|000) + a»|001) 4+ a3]/010) 4+ a4|011)
+ a5|100) 4+ ag|101) + a7|110) + ag|111)
Sometimes it is convenient to denote the

state vector by the column vector of its com-
ponents a1, an, ..., aon.



Observables

In the quantum formalism observables are
defined as hermitian operators acting on the
state space. In quantum mechanics an op-
erator is a linear transformation that maps
one state into another, which providing the
state space is finite dimensional, can be rep-
resented by a matrix. A hermitian opera-
tor or matrix satisfies the condition A = AT,
where AT = (A'™)* is the complex conjugate
of the transpose of A.
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T he physical observables are the components
of the spin along the x, y or z directions,
which are by convention written s; = 3oy,
Sy = %ay, etc.

The operators o; are the Pauli matrices:

(0 1 (0 —3 (1 O
r=\10) %7\ o) "7 \0 -1)
= QObservables are in general noncommut-

ing!
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Time evolution

The time evolution of the system is governed
by the Schrodinger equation:

dl(t))

= Hlu().

This is a linear differential equation express-
ing the property that the time evolution of
a quantum system is generated by its en-
ergy operator. Assuming that H is constant,

given an initial state [¢(0)) the solution is
simply

[p()) = U(L)[4(0)) with U(t) = e H/P,
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The time evolution is unitary, meaning that
the operator U(t) satisfies UUT = 1.

Ul = exp(—iHt/h)T =
exp(iHt/h) = exp(iHt/h) = U 1.

A unitary transformation indeed preserves the
norm, so time evolution moves the wave-
function around on the unit circle (three sphere).



A single qubit example

For the simple example of a single qubit, sup-
pose the initial state is

() = |2 + 1o = |} 3):

Consider the energy of a spin in a magnetic
field B directed along the positive z-axis*.

*Quantum spins necessarily have a magnetic mo-
ment, so in addition to carrying angular momentum
they also interact with a magnetic field.
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In this case H is given by H = Bs,, SO

U (1) = exp (—z'BtJZ) _ <exp(—7jBt/2h) 0 > |

2h 0 exp(iBt/2h)

Leading to an oscillatory time dependence
for the state, i.e.

1 [(e—tBt/2h
(e

: COS Bt (1 4+ 4 sin Bt (-1
— 1 — .
25 \1 2R\ 1

= Interactions can be used to manipulate
quantum information.

[1h(%))




Measurements

In general the probability of finding the sys-
tem in a given state in a measurement is
computed by first expanding the given state
1) into the eigenstates |x;) of the matrix A
corresponding to the observable, i.e.

) = > aglxg) where ap = (xglv). (1)
k

The probability of measuring the system in
the state corresponding to eigenvalue ;. is
P = |og|?.
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Labelling of states

As the operators A; are in general not com-
muting, so the outcome of a sequence of
measurements depends on the order in which
the measurements of operators that do not
commute, are performed. There are maxi-
mal subsets of mutually commuting opera-
tors these can be measured simultaneously.
These sets of operators can be used to label
a basis for the Hilbertspace of the system.
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Probabilistic nature of measurement

We see that the predictions of quantum me-
chanics are probabilistic but the theory is es-
sentially different from classical probability
theory.

On the one hand it is clear that a given
operator defines a probability measure on
Hilbert space, however as the operators are
non-commuting (like matrices) one is dealing
with a non-commutative probability theory.
It is the non-commutativity of observables
that gives rise to the intricacies in the quan-
tum theory of measurement.
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Collaps of the wavefunction

The act of measurement influences the state
of the system. If we measure s; = +3 and
then measure it again immediately afterward,
we will get the same value with certainty.
Doing the measurement forces the system
into the eigenstate |x4), and in the absence
of further interactions, it stays there. This
strange property of measurement, in which
the wavefunction collapses onto the observed
eigenstate, was originally added to the the-
ory in an ad hoc manner, and is called the
projection postulate.
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Projection postulate

This postulate introduces a rather arbitrary
element into the theory that appears to be
inconsistent: The system evolves under quan-
tum mechanics according to the Schrodinger
equation until a measurement is made, at
which point some kind of magic associated
with the classical measurement apparatus takes
place, which lies completely outside the rest
of the theory.
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Feynman (Lectures III):

"We would like to emphasize a very important differ-
ence between classical and quantum mechanics. We
have been talking about the probability that the elec-
tron will arrive in a given circumstance. We have
implied that in an experimental arrangement (even
in the best possible one) it would be impossible to
predict exactly what would happen. We can only pre-
dict the odds! This would mean, if it were true, that
physics has given up on the problem of trying to pre-
dict exactly what will happen in a given circumstance.
Yes! Physics has given up. We do not know how to
predict what would happen in a given circumstance,
and we believe now that it is impossible that the
only thing that can be predicted is the probability of
different events. It must be recognized that this is
a retrenchement in our earlier ideal of understanding
nature. It may be a backward step, but no one has
seen a way to avoid it.”

25



Classical versus quantum

e Note that a measurement does not allow
one to completely determine the state. A
complete measurement of the two-qubit sys-
tem vields at most two classical bits of infor-
mation, whereas determining the full quan-
tum state requires knowing seven real num-
bers (four complex numbers subject to a nor-
malization condition).

e In this sense one cannot just say that a
quantum state "contains” much more infor-
mation that its classical counterpart. In fact

26



strictly speaking one is only able by mak-
ing simultaneous measurements to extract
less information then from the corresponding
classical system, due to the non-commutativity
of the observables. In conclusion one may
say that there are two ways to talk about
quantum theory.

e If one insists that it is a theory of a sin-
gle system, then one has to live with the
fact that it only predicts the probability of
things to happen and as such is a retrench-
ment from the ideal of classical physics.



e Alternatively one may claim that quantum
theory is only a theory that applies to en-
sembles of particles. To measure the ac-
tual probability distributions one has to make
many measurements on " identically prepared”
quantum systems.

e In this perspective one has to compare the
dimensionality of Hilbert space with that of
classical distributions over the classical phase
space, which makes the difference far less
dramatic.
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Beyond quantum theory?

For some this raises the quest for a theory
underlying quantum mechanics which applies
to a single system.

However, so far nobody has succeeded in
providing clues to what such a theory would
look like however, in the contrary, attempts
to build such theories on the concept of "' hid-
den variables” have failed, in view of the ob-
served violations of the Bell inequalities.
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Multi qubit pure states

Quantum mechanically qubits can be cou-
pled in subtle ways that produce consequences
for measurement that are very different from
classical bits. Understanding this has proved
to be important for the problems of com-
putation and information transmission. To
explain this we need to introduce the op-
posing concepts of separability and entan-
glement, which describe whether measure-
ments on different qubits are statistically in-
dependent or statistically dependent.
29



Separable states

An n-qubit state is separable if it can be fac-
tored into n-single qubit states. An example
of a separable two-qubit is

¥) = (00) +101) + [10) +[11))
= ~(0)+ 1) ® ([0} + |1).

If an n-qubit state is separable then measure-
ments on individual qubits are statistically
independent

30



Measuring on a separable state

For the separable state, measuring the first
spin "up’, transforms the wave function as

~(10) + 1)) ® (0} + 1)) —

—~ 2511 (10) +11)) = 5(110) + [11).
Now measuring the second spin, the proba-
bility of finding spin up or spin down is still
50%. The first measurement has no effect

on the second measurement.
31



Entangled states

An n-qubit state is entangled if it is not sepa-
rable. An example of an entangled two-qubit
state is
1

) = 7
which cannot be factored into a single prod-
uct. For entangled states measurements on
individual qubits depend on each other.

(100) +[11)), (2)
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Measuring on an entangled state

A similar experiment on the entangled state
with observing spin "up” in the first mea-
surement, transforms the wave function as

1

V2
(Disappearance of 1/4/2 due to normaliza-
tion). Measuring the second spin we find
spin up! For the entangled example above
the succesive measurements are 100% cor-
related.

(100) +[11)) — [11). (3)
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Mixed states

Consider a mixed state in which there is a
probability p; for the system to have wave-
function ; and an observable characterized
by operator A. The average value measured
for the observable (also called its expectation
value) is

(A) = ZPi<¢i|A|¢z‘>- (4)

We can expand each wavefunction ; in terms
of a basis |x;) in the form

i) =D {x1va) x5

J
34



where in our earlier notation (x;|y;) = oz(>
Substituting into (4) and interchanging the
order of summation yields:

(A) = Z(Zm(xﬂ%ﬂ%lm)) Xkl Alx;)
J,k \ 1
= ) (xjlelxe) (el Alx;)
—
= ir(pA),

where p is the density matrix.

p= ZPH%M%L with tr(p) =1  (5)



Density matrix
The density matrix or operator p is defined
as:

p= sz'l%)(%l, with tr(p) =1

e Because the trace tr(pA) is independent
of the representation this can be evaluated
in any convenient basis, and so provides an
easy way to compute expectations.

e For a pure state p; = 1 for some value of ¢
and p; = 0 otherwise.

e Time evolution: i0p/0t = [H, p]

35



Examples
e Let ¢y =11 = |1). This is a pure state and
the density matrix is just

p=1)(1] = (é 8>.

T he expectation of the spin along the z-axis
is tr(psz) = 1/2.

e If the system is in a mixed state (beam of
electrons)

p=smal+ioen =2 (5 3).

In this case the expectation of the spin along
the z-axis is tr(ps;) = 0.
36



e Another example:

1(1 1 1.(1 0 0 1
p:§<1 1>:E(<o 1>+<1 o>)
—— 1 (1 O 1 O 1 0O
diag. D (o 1>+<o —1>):<o o)

Indeed a pure state: |[¢) = \/g(|0> + [1)).
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Von Neuman entropy

Von Neumann defined the entropy of a quan-
tum state in analogy with the Gibbs entropy
for a classical ensemble as

S(p) = —trplogp = —> p;logp;.  (6)
)

The entropy of a quantum state provides a
quantitative measure of “how mixed”’ a sys-
tem is. The entropy of a pure state is equal
to zero, whereas the entropy of a mixed state
IS greater than zero, if maximally mixed then
p;=1/d and S = logd.
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Partial measurements and traces

e In some situations there is a close relation-
ship between entangled and mixed states.
An entangled but pure state in a high di-
mensional multi-qubit space can appear to
be a mixed state when viewed from the point
of view of a lower dimensional state space.
The view of the wavefunction from a lower
dimensional subspace is formally taken using
a partial trace. This is done by summing
over all the coordinates associated with the
subspaces we want to ignore.
39



e Consider the entangled state \%ﬂOO) +

|11)), and trace it with respect to the second
qubit. To do this we make use of the fact

that tr(j)(]) = (). We get

tr (|vaB)(vYaBl)

= St (1)a(Ll5 +10)4(015) ({01 5(0La + (1]5(1].)

= (1AQLA(LIL) 5+ 10) 4(0]4(0[0) 5)

_ %(|1>A<1|A+ 10) 4(0] 4)

= mixed state (for the first qubit) with prob-
ability 1/2 to be either spin up or spin down.



e [ he corresponding entropy is also higher:
In base two S = —log(1/2) = 1 bit, while
for the original pure state S = 1log1l = 0. In
general if we begin with a statistically pure
separable state and perform a partial trace
we will still have a pure state, but if we begin
with an entangled state, when we perform a
partial trace we will get a mixed state. In the
former case the entropy remains zero, but in
the latter case it increases.

Thus the von Neumann entropy vields a use-
ful measure of entanglement.



The No-cloning theorem

Given an arbitrary state |¢¥1) on one qubit
and some particular state |¢) on another,
there is no quantum device [A] such that,

[A] 2 Y1) ® @) — |1) @ [1)-

Let Uy be the unitary operator representing
the device [A], then

[P1) 1) = Ualr)|é)

For a cloning device this property has to hold
for any other state |y»), i.e.

[P2) [12) = Ualpo)|9).
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T he existence of such a device would lead to
a contradiction. Since (¢|¢) = 1 and ULUA =
1, and Ugxly;)|¢) = Ug|d)|y;), the existence of
a [A] would imply that

W1lv2) = (@1l{@]) (|6)]w2))
(b1 (UL (Ual#)|9h2))
(@111 (Jhad [92)) = (1 |1ho).

The property (11 |1o) = (31]15)? only holds if
1 and o are either orthogonal or equal, i.e.
does not hold for arbitrary values of 1 and
Yo, SO there can be no such general purpose
cloning device.



Quantum teleportation

Teleported replica

f orieinal
Disrupted original of origina

A c

\ Send

B | A (lassical dat
\ Apply treatment

Scanning ( CHARLIE
ALICE ‘ '/

N\ '
A B s~ o C

(|
Original Entangled pair
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Bell states

The teleportation of this state is enabled by
an auxiliary two-qubit entangled state. We
label these two qubits B and C'. For technical
reasons it is convenient to represent this in
a special basis consisting of four (entangled)
states, called Bell states:

wiEhy = \/g<|13>|oc>i|og>|1c>>

&)y = \/g<|13>|1c>i|03>|oc>>.
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The teleportation procedure

1. Someone prepares an entangled two qubit
state BC (the Entangled pair in the dia-
gram).

2. Qubit B is sent to Alice and qubit C is
sent to Charlie.

3. In the Scanning step, Alice measures in
the Bell states basis the combined wavefunc-
tion of qubits A (the original in the diagram)
and the entangled state B, leaving behind
the Disrupted original.
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4. Alice sends two bits of classical data to
Charlie telling him the outcome of her mea-
surements (Send classical data).

5. Based on the classical information re-
ceived from Alice, Charlie applies one of four
possible operators to qubit C (Apply trea-
ment), and thereby reconstructs A, getting a
teleported replica of the original. If he likes,
he can now make a measurement on A to
recover the message Alice has sent him.
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Suppose the entangled state BC was pre-
pared in state |w§9‘c2>. In this case the com-
bined wavefunction of the three qubit state

IS:

Y aBC)

_|_

wh
14)[1)|0c) —114)[0B)|1¢c))

04)[18)|0¢) —104)|0B)[1c)).

If this is expanded in the Bell states basis for
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the pair AB, it can be written in the form:
1 _
bape) = 5 |IWig)(—alle) - Bl0c)

+ (Wi (—alie) + Bloe)
+ 1250 811e) + aloe))
+ 1N (—8110) + aloe))

We see that the two qubit AB has equal
probability to be in the four possible states:

Wi, W), el and [eGE).

which do not depend on either o or (.



Let |¢o) be the state of the C qubit, then it
iSs in one of the four states:

o= () (5): () ()

In step (5), Charlie selects one of four pos-
sible operators F; and uses it to measure the
C' qubit:

. 1 0. (-1 O\ (O 1), 0 —1
r=(o 5 (6 2): 3 o) 3 )
Then he has reconstructed the state |W 4):

[a) = o|1) + B|0) = Filoc) -
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Quantum computation

Quantum computation is the preparation, ma-
nipulation and readout of systems of qubits.
1. To prepare the initial state of a quan-
tum register we can use certain interactions
and/or measurements.

2. The actual computation consists of ap-
plying a sequence of quantum gates to the
initial state.

3. To readout the result of a calculation one
has to make the appropriate measurements.
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Quantum gates

One bit classical gate = NOT' gate.
One qubit quantum gate:

JW> U [g>

—_— U

Typical one-qubit logical gates are for exam-
ple the following:

0 1). (1t o0 \.,_ [1({1 1
X:<1 o>'P<9)_<o expw)'H_ 5(1 —1>
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The 2-qubit CNOT gate

1 0 0 O

10 1 0 O

CNOT : 00 0 1

O 010

(with basis (|00),|01),]10),|11))

It has the circuit diagram:

0> 0> o>

|0>:L 10> |1>:L
1>
e

10

N

1
|

0>

\

N

[e—
AN
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Why is quantum computation powerful?

The readout gives at most n classical bits of
information.

The readout is probabilistic: so one may
have to do the " calculation” a few times to
get the "right” answer.

At the calculational stage there is a massive
parallelism; every gate works on all 2™ ba-
Sis vectors simultaneously. That's where the
gain comes from.
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Decoherence

Successful computations are only possible if
one can guarantee that the system does not
decohere during the calculations. For exam-
ple interactions with the environment, cause
perturbations that may destroy the informa-
tion stored in the state of the system.
This is the central problem that has ham-
pered rapid progress towards any realistic im-
plementation of quantum computation be-
yond a few qubits for a very limited amount
of time...
= Topological Quantum Computation
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