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The Gravitational Potential of the Earth: EGM96
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How aresuchModelsObtained?

from various measurements:

ground data (expensive, not easily available)

satellite data (global coverage, �ight height:
� 300 km )

and from mathematical modelling

requirements on the model: accuracy, high
resolution of local features in a local model

dif�culty: this is an ill-posed/inverse problem
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What is an Ill-P osed/InverseProblem?

ILL-POSEDNESS: The gravitational potential at the earth's
surface does not depend continuously on the data at the
satellite orbit!

Geophysical reason: The details of the gravitational
potential are attenuated with increasing distance from the
earth.

Problems in the modelling:

measured data at the satellite orbit has errors

without `proper treatment', this may lead to a wrong
model

REGULARISATION deals with the ill-posedness
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Accurate Approximation of the Data is Essential!

Requirements on method for data approximation:

high accuracy 3

local approximation from only local data 3

ability to use scattered data 3

ability to handle large amounts of data 7

ability to handle errors in the data 7

One such method is

RADIAL BASIS FUNCTIONS (RBFs)
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Local Approximation of the Potential

(a) local model of potential (b) error of local model
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RBF Approximation on the Sphere I

(unit) sphere: S2 := f x 2 R3 : kxk = 1g

radial basis function (RBF):
� : S2 � S2 ! R with

� (x ; y) =  (kx � yk)

with  : R ! R
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RBF Approximation on the Sphere II

RBF INTERPOLATION:

data f (x i ) , i = 1; : : : ; N , of function f : S2 ! R

RBF interpolant � f (x) :=
P N

j =1 aj � (x ; x j ) satis�es

� f (x i ) =
NX

j =1

aj � (x i ; x j ) = f (x i ) ; i = 1; : : : ; N :

STRUCTURED LINEAR SYSTEM: symmetric,
positive de�nite , may be sparse
SOLUTION TECHNIQUES: domain decomposition,
fast summation, preconditioning
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Local RBF Approximation on a SphericalCap I

data at scattered points X = f x1; : : : ; xN g on or in a
neighbourhood of a spherical cap

C (z; r ) :=
�

x 2 S2 : dist(x ; z) � r
	

with the geodesic distance
dist(x ; y) := arccos(x � y)

z

r

assumption on data: no holes in data on the cap, that is,

h := sup
y 2 C (z; r )

inf
x j 2 X \ C (z; r )

dist(y ; x j ) ;

the local mesh norm w.r.t. the cap is suf�ciently small
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Local RBF Approximation on a SphericalCap II

NEW THEOREM 1 [Hesse, Le Gia & Sloan]: Assume

X = f x1; : : : ; xN g is a point set on S2,

C (z; r ) is a spherical cap with radius r � � =2,

the local mesh norm h of X w.r.t. C (z; r ) is small,

� is an RBF whose `native space' is the Sobolev space
H s(S2) with norm k � ks, where s > 1,

� f is the RBF interpolant of f 2 H s(S2) .

sup
x2 C (z; r )

j f (x) � � f (x) j � c h (s� 1) =2kf ks:
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Polynomialson S2 and PL -Unisolvent Sets

PL is the space of all spherical polynomials of degree � L .
Dimension of PL : dL := dim(PL ) = (L + 1)2

DEFINITION: A set of points X = f x1; : : : ; xN g � S2 is
called PL -unisolvent, if

p 2 PL and p(x j ) = 0; j = 1; : : : ; N , p � 0:

INTERPRETATION: X contains a subset f x0
1; : : : ; x0

dL
g

such that the interpolation problem has a unique solution:

Given f 1; : : : ; f dL , there exists a uniquely determined
p 2 PL such that

p(x 0
j ) = f j ; j = 1; : : : ; dL :
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Local Polynomial Reproduction on a SphericalCap

NEW THEOREM 2 [Hesse, Le Gia & Sloan]: Assume

C (z; r ) is a spherical cap with radius r � � =2,

Y = f y1; : : : ; yM g point set on C (z; r )

L � 1 integer such that the local mesh norm h of Y

w.r.t. C (z; r ) satis�es h � tan( r =4)

4
�

1+ 2p
3 cos ( r =2)

�
L 2

Then Y is a PL -unisolvent set, and there exist local
functions u j : C (z; r ) ! R, j = 1; : : : ; M , such that

MX

j =1

p(y j ) u j (x) = p(x) 8p 2 PL ; 8x 2 C (z; r ) ;

MX

j =1

ju j (x) j � 2 8x 2 C (z; r ) :
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Numerical Test

Error on the cap C(n;0.08) 
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data at 5000 points inside a cap C (n; 0:1)

RBF is chosen such that its `native space' is H 2:5(S2)

function which lacks smoothness along arc x = 0

f (x; y ; z) := exp( x + y + z) + 25x 3
+
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Applications and Futur eChallenges

improvement of the result (order not optimal)

results for the hybrid approach: polynomial part for
modelling large-scale global features + RBF part for
modelling local details with high resolution

smoothing (approximation rather than interpolation) for
the hybrid approach (essential to handle noisy data)

new application areas of RBFs

Filling in the Gaps – Local Data Approximation in Geodesy – p.14/14


