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stationary Schrödinger equation

stationary Schrödinger equation gives eigenvalue equation

H = E 

we consider atoms, use Born-Oppenheimer approximation
electronic Hamiltonoperator only depending on electrons
Hamilton-Operator H given by

H = �
NX

i

� i �
N;MX

i ;�

2
r� i

+
X

i< j

1
rij

� � i denotes kinetic energy of the electron
r� i distance between nucleus � and electron i
� 2=r� i gives Coulomb potential energy of electron in �eld
of nucleus
rij distance between two electrons
1=rij gives electron-electron repulsion energy
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variational formulation

Schrödinger equation for a potential P

� � u + P u = E u

in weak form gives equation
Z

R

d
(r u; r ' ) dx +

Z

R

d
P u ' dx = E

Z

R

d
u ' dx 8' 2 V :

�nite element method with piecewise d-linear ansatz
functions on grid 
 n results in discrete eigensystem

Hnun = � nMnun

Hamiltonian Hn, (Hn) ij = ( r ' i ; r ' j )L2
+ ( P(x) ' i ; ' j )L2

,
mass matrix Mn, (Mn) ij = ( ' i ; ' j )L2

and eigenvalues � n

boundary conditions is

u(x) ! 0 for x ! 1 ;

zero-Dirichlet on domain �
 = [ � a; a]d introduces error
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grid-based discretisation: curse of dimensionality

N = 2n points in one dimension gives mesh size hn = 2� n

usual grid has O(Nd ) grid points in d dimensions

d=6, n=8 results in 281 474 976 710 656 inner grid points

problem: curse of dimensionality

Remedy: Sparse grid approach, uses O(N log(N)d� 1) grid
points for similar approximation properties

here d=6, n=8 results in 141 569 inner grid points
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interpolation with hierarchical basis

� 3;1 � 3;5� 3;3
� 3;2

� 3;4 � 3;6 � 3;7

nodal basis

� 3;7� 3;1 � 3;3
� 2;1

� 1;1 � 3;5 � 2;3

hierarchical basis
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d-dimensional basis

generalisation to d-dimensions with tensor product ansatz

hierarchical values of d-dimensional basis functions are
bounded by size of their supports

kul1;:::; ld k2 � C � h2
l1 � : : : � h2

ld � kuk

for suf�ciently smooth functions u 2 H2
mix
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hierarchical subspaces Wl
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hierarchical subspaces Wl

W4; 1 W4; 2 W4; 3 W4; 4
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sparse grids

sparse grid space V s
n of level n is joint of Wl

V s
n :=

M

j l j1� n+ d� 1

Wl

approximation property in H2
mix ; (N = 2n)

jj f � f s
n jj2 = O(N � 2 log(N)d� 1)

number of grid points is of order

O(N log(N)d� 1)
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combination technique of level 4 in 2d
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4;4

f c
n =

X

l1+ l2= n+ 1

fl1 ; l2 �
X

l1+ l2= n

fl1 ; l2

Jochen Garcke opticom for eigenvalue problems



Schrödinger equation sparse grids combitechnique opticom

sparse grid versus combination technique

sparse grid work in hierarchical basis

somewhat complicated data structures

matrix is not sparse: O(K 2) ? O(K � log(K )?) ? memory

O(K 2 � d2) operation to build

for stiffness matrix: on-the-�y only O(2d � K ) operations

partial grids of combination technique use nodal basis

matrix operations O(K ), constants exponential in d

standard solvers can be used

each grid is small compared to sparse grid

embarrassingly easy to parallelise
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sparse grid combination technique

solve problem on sequence of full grids 
 l

l1 + ::: + ld = n + ( d � 1) � q; q = 0; ::; d � 1; lt � 0

combine results fl (x) 2 Vl for solution on sparse grid 
 (s)
n

f c
n (x) :=

d� 1X

q= 0

(� 1)q
�

d � 1
q

� X

l1+ :::+ ld = n+( d� 1)� q

fl (x)

corresponding eigenvalues are combined in the same way
number of partial spaces is O(dnd� 1)
partial spaces dim(Vl ) have size O(2d� 1 � N)
interpolation: combination technique is sparse grid funct.
solving PDEs: same approximation order as sparse grid
space, as long as certain error expansion holds

f � fl =
dX

i= 1

X

j1;:::; jm� 1;:::;d

cj1;:::; jm(hj1; : : : ; hjm) � h2
j1 � : : : � h2

jm
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combination technique for eigenvalue problems

combination of eigenfunctions not straightforward

eigensolver computes on each grid eigenfunctions, the
ordering is according to eigenvalues

ordering on different grids may vary

a-priori not obvious which eigenfunction on one grid
corresponds to which eigenfunction on an other grid
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identi�cation of eigenfunctions

de�ne two grids to be 'neighboring':
if their indices differ only in one coordinate direction by � 1
if their indices differ in two coordinate directions: one by � 1
and the other by + 1

traverse set of grids and pick that neighboring grid which
was encountered most recently
interpolate the eigenfunctions
search for pairs of functions with the smallest distance
measured in L2-norm [G.Griebel:2000]
now: use smallest distance measured in Operator-norm,
more stable results
another problem in case of multiple eigenvalues:

eigenfunctions in the associated eigenspace are not unique
and an identi�cation is not possible
imposing small perturbations (slighly different sized
domains) gives numerically distinct eigenvalues
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hydrogen atom

consider Schrödinger equation for the hydrogen atom

in Born-Oppenheimer approximation we get equation

� � u(x) �
2

jxj
u(x) = Eu(x):

length is measured in units of the Bohr-radius aBohr

energy is measured in Rydberg (note often measured in
Hartree = 1

2 Rydberg)

due to symmetry, can be reduced to one-dim. problem

for one-dim. analytical solution is known

three-dimensional hydrogen equation is numerically
demanding
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graded grids for adaption

non-smooth solutions: use adaptive re�nement
roughly know a-priori where more grid points are needed
use graded grids for the Coulomb potential
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combination technique with adaptive local re�nement is
dif�cult, but possible, see [Noordmans.Hemker:2000]
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combination technique of level 4 in 2d, graded grids

p p p p p ppppppp p p p p p

p p p p p ppppppp p p p p p

p p p p p ppppppp p p p p p


 4;1

+

p p p ppp p p p

p p p ppp p p pp p p ppp p p pp p p ppp p p p

p p p ppp p p p


 3;2

+

p
p
ppp
pp
p
p

p
p
ppp
pp
p
p

p
p
ppp
pp
p
p

p
p
ppp
pp
p
p

p
p
ppp
pp
p
p


 2;3

+

pp
pp
ppppp
pppp
pp
pp

pp
pp
ppppp
pppp
pp
pp

pp
pp
ppppp
pppp
pp
pp


 1;4

–

p p p ppp p p p

p p p ppp p p p

p p p ppp p p p


 3;1

–

p p p p p

p p p p pp p p p pp p p p p

p p p p p


 2;2

–

p
p
ppp
pp
p
p

p
p
ppp
pp
p
p

p
p
ppp
pp
p
p


 1;3

p p p p p ppppppp p p p p p

p p p p p ppppppp p p p p p

p p p p p ppppppp p p p p p

p p p ppp p p p

p p p ppp p p pp p p ppp p p pp p p ppp p p p

p p p ppp p p p

p
p
ppp
pp
p
p

p
p
ppp
pp
p
p

p
p
ppp
pp
p
p

p
p
ppp
pp
p
p

p
p
ppp
pp
p
p

pp
pp
ppppp
pppp
pp
pp

pp
pp
ppppp
pppp
pp
pp

pp
pp
ppppp
pppp
pp
pp


 c
4;4

=
f c
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X

l1+ l2= n+ 1

fl1 ; l2 �
X
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numerical results for hydrogen [G.Griebel:2000]

n points � n en
en� 1

en
�� n

�� n� 1
�� n

4 27 -0.75376 2.462�10� 1 - - -
5 135 -0.77119 2.288�10� 1 1.08 1.743�10� 2 -
6 495 -0.88938 1.110�10� 1 2.07 1.181�10� 1 0.15
7 1567 -0.92932 7.067�10� 2 1.57 3.994�10� 2 2.96
8 4543 -0.96595 3.404�10� 2 2.08 3.662�10� 2 1.09
9 12415 -0.98378 1.621�10� 2 2.10 1.783�10� 2 2.05

10 32511 -0.99321 6.787�10� 3 2.39 9.426�10� 3 1.89
11 82431 -0.99741 2.585�10� 3 2.63 4.201�10� 3 2.24
12 203775 -0.99879 1.204�10� 3 2.15 1.380�10� 3 3.04
extrapolated -0.99976 2.406�10� 4 - - -

exact -1.00 - - - -
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error of ground state of the hydrogen atom

error function for the spatial probability distribution of the
electron in the xy-plane for the ground state of hydrogen

error function at level 8 error function at level 11
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ground state of the helium atom

helium atom in Born-Oppenheimer approximation
(six-dimensional equation)
0

@
2X

j= 1

"

� � j �
2

jx j j

#

+
1

jx1 � x2j

1

A u = Eu; x = ( x1; x2) 2 [� a; a]6

biggest of the grids on level 12 has only 50.421 inner points

6-linear test and trial functions, a row of the stiffness matrix
has typically 729 non-zero entries

the biggest matrix has a size of 50.421, possesses
17.332.693 non-zero entries and needs about 350 MB
storage

complete set of grids which make up this sparse grid has
2.534.913 inner points
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numerical results for helium [G.Griebel:2000]

n � n en
en� 1

en
�� n

�� n� 1
�� n

7 -1.081117 2.553�10� 1 - - -
8 -1.136632 2.171�10� 1 1.176 5.551�10� 2 -
9 -1.310299 9.750�10� 2 2.226 1.736�10� 1 0.319

10 -1.369651 5.662�10� 2 1.722 5.935�10� 2 2.925
11 -1.419245 2.246�10� 2 2.520 4.959�10� 2 1.196
12 -1.442305 6.582�10� 3 3.413 2.306�10� 2 2.150

extra -1.443886 5.493�10� 3 - - -
reference value -1.4518622
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combination technique for eigenvalues ?

solve problem on sequence of full grids 
 l

l1 + ::: + ld = n + ( d � 1) � q; q = 0; ::; d � 1; lt � 0

combine results fl (x) 2 Vl for solution on sparse grid 
 (s)
n

f c
n (x) :=

d� 1X

q= 0

(� 1)q
�

d � 1
q

� X

l1+ :::+ ld = n+( d� 1)� q

fl (x)

corresponding eigenvalues are combined in the same way
actually that is wrong !

RQ(f c
n ) =

a(f c
n ; f c

n )
(f c

n ; f c
n )0;


we neglect mixed terms (fl ; fk ) (and a(fl ; fk )) in

(f c
n ; f c

n ) = (
X

l

fl ;
X

l

fl ) and a(f c
n ; f c

n ) = a(
X

l

fl ;
X

l

fl )
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correct combination technique for eigenvalues

in [G.Griebel:2000] we compute

d� 1X

q= 0

(� 1)q
�

d � 1
q

� X

l1+ :::+ ld = n+( d� 1)� q

RQ(fl )(x)

to be correct need to compute

RQ(f c
n ) =

a(f c
n ; f c

n )
(f c

n ; f c
n )0;


including mixed terms(fl ; fk ) and a(fl ; fk )
two problems

how to compute these terms
which eigenfunction out of the eigenspace to use
i.e. how to normalise fl
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how to compute (fl ; fk) and a(fl ; fk )

interpolate fl ; fk into least common upper space Vmax(l ;k)

upper space has level indices mi := max(li ; ki )

Vm is of order O(N2) (still independent of d)

compute (fl ; fk ) and a(fl ; fk ) in Vm

can be done on-the-�y since we only need mass or
operator matrix once

easily done for (fl ; fk )

doable, but quite (to very) time-consuming for a(fl ; fk )
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how to normalise eigenfunction ?

could use L2-Norm or Operator-Norm a(�; �)

but there doesn't seem to be the right way to normalise !

idea: don't care about normalisation, just compute "right"
combination coef�cients

use partial solutions as ansatz functions in eigenproblem

(H) l ;k (u)k = � (M) l ;k (u)k

Hl ;k = a(fl ; fk )

Ml ;k = ( fl ; fk )

uk optimised combination coef�cients

optimised combination technique for eigenvalue problems
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detour: combination technique for regression

Rreg(fN ) =
1
m

mX

i= 1

(fN (x i ) � yi )
2 + � kr fNk2

L2

Galerkin equations hold for minarg f 2 V of R(f ) and all g 2 V

1
m

mX

i= 1

f (x i )g(x i ) + � hr f ; r gi 2 =
1
m

mX

i= 1

g(x i )yi ;
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opticom [Hegland.G.Challis:2007]

regression is projection of f̂ (f̂ (x i ) = yi ) with scalar product

hf ; gi PLS =
1
m

mX

i= 1

(f (x i ); g(x i )) + � hr f ; r gi 2

minimise J(c1; : : : ; ck ) = kPVN
f̂ �

P k
l= 1 clPl f̂ k2

simple expansion gives, (simplify notation: fl := Pl f̂ )

J(c1; : : : ; ck ) =
kX

l ;j= 1

clcj (fl ; fj ) � 2
kX

l= 1

clkfl k
2 + kPVN

f̂ k2:

best combination coef�cients satisfy
2

6
6
6
4

hf1; f1i � � � hf1; fk i
hf2; f1i � � � hf2; fk i
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. . .

...
hfk ; f1i � � � hfk ; fk i
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4
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example: optimised combination technique
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from 5000 data
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value of residual and least squares error on the data
standard

f c
n =

X

l1+ l2= n

fl1;l2 �
X

l1+ l2= n� 1

fl1;l2

and optimised combination technique
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opticom uses partial solutions as basis functions

fl is Galerkin-solution in Vl [Hegland:2003], it holds

kflk
2 =

1
m

mX

i= 1

(fl (x i ); fl (x i )) + � hr fl ; r fl i 2 =
1
m

mX

i= 1

fl (x i )yi

reminder: optimised combination coef�cients satisfy
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hfk ; f1i � � � hfk ; fk i

3

7
7
7
5

2

6
6
6
4

c1

c2
...

ck

3

7
7
7
5

=

2

6
6
6
4

kf1k2

kf2k2

...
kfkk2

3

7
7
7
5

=

2

6
6
6
4

1=m
P m

i= 1 f1(x i )yi

1=m
P m

i= 1 f2(x i )yi
...

1=m
P m

i= 1 fk (x i )yi

3

7
7
7
5

f oc
n =

P k
j= 1 cj fj , and it holds 8l

kX

j= 1

cjhfl ; fj i =
1
m

mX

i= 1

fl (x i )yi

which means partial solutions are used as ansatz functions
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opticom for eigenvalue problems

opticom can be viewed as variational approach using the
partial solutions as basis functions

therefore: use eigensolutions from the grids used in
combination technique as basis functions for new
eigenvalue problem

this has size #grids � #grids

small but full matrix

matrix consists of mixed terms a(fl ; fk ) and (fl ; fk )

no additional computation necessary in regard to “correct”
combination technique (besides small eigenvalue problem)
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example: harmonic oscillator

regard isotropic harmonic oscillator with a potential P

P(x) =
DX

j= 1

x2
j ; x 2 [� a; a]D;

we get Schrödinger equation

� � u(x) +
DX

j= 1

x2
j u(x) = Eu(x); x 2 [� a; a]D:

Jochen Garcke opticom for eigenvalue problems



Schrödinger equation sparse grids combitechnique opticom

numerical results: harmonic oscillator

exact value is 3.0

n � n CT en� 1
en

� n OCT en� 1
en

4 3.104561195 3.332606319
5 3.026302752 3.975294 3.125476034 2.650755
6 3.006587651 3.992735 3.040546008 3.094658
7 3.001647688 3.998117 3.011983940 3.383362
8 3.000411970 3.999525 3.003284171 3.648999
9 3.000102995 3.999874 3.000863604 3.802866

10 3.000025749 3.999854 3.000221477 3.899287
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numerical results: hydrogen

exact value is -1.0

n � n CT en
en� 1

en
� n OCT en

en� 1
en

4 -0.75376 2.462�10� 1 - -0.75376 2.462�10� 1

5 -0.77119 2.288�10� 1 1.08 -0.77151 2.284�10� 1 1.07
6 -0.88938 1.110�10� 1 2.07 -0.90387 9.612�10� 2 2.37
7 -0.92932 7.067�10� 2 1.57 -0.95507 4.492�10� 2 2.13
8 -0.96595 3.404�10� 2 2.08 -0.98022 1.977�10� 2 2.27
9 -0.98378 1.621�10� 2 2.10 -0.99364 6.350�10� 3 3.11

10 -0.99321 6.787�10� 3 2.39 -0.99812 1.875�10� 3 3.38
11 -0.99741 2.585�10� 3 2.63 -0.99954 4.583�10� 4 4.09
12 -0.99879 1.204�10� 3 2.15
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Conclusions and Outlook

correct combination technique for eigenvalue problems:
use optimised combination coef�cients

partial solutions are ansatz functions in small eigenproblem

can the computation time be improved ?

how close is opticom to sparse grid solution ?

domain decompostion

coupled cluster

Jochen Garcke opticom for eigenvalue problems
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